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BETA TYPE INTEGRAL FORMULA ASSOCIATED WITH
WRIGHT GENERALIZED BESSEL FUNCTION

W. A. KHAN anp K. S. NISAR

ABSTRACT. The object of the present paper is to establish an integral formula in-
volving Wright generalized Bessel function (or generalized Bessel-Maitland function)
JL{ (2) defined by Singh et al. [21], which is expressed in the terms of generalized
(Wright) hypergeometric functions. Some interesting special cases involving Bessel
functions, generalized Bessel functions, generalized Mittag-Leffler functions are de-
duced.

1. INTRODUCTION

In recent years, many integral formulas involving a variety of special functions have
been developed by many authors (see [1, 2, 3, 4, 5], [7, 8], [10, 11, 12]). Several
integral formulas involving product of Bessel functions have been developed and
play an important role in several physical problems. In fact, Bessel functions
are associated with a wide range of problems in diverse areas of mathematical
physics. Here, we aim at presenting two generalized integral formulas involving the
generalized Bessel-Maitland function, which are expressed in terms of generalized
(Wright) hypergeometric functions. Some interesting special cases of our main
results are also considered.

The Bessel-Maitland function (or the Wright-generalized Bessel function) is
defined by (see [14]):

(1) B =Y

= > 0;2 € C).
2 T+ pm + 1) (n>0;2€C)

An interesting generalization of the Bessel-Maitland function J}',(2) is defined
by (see [9]):
o0 _1 m(z\v+20+2m
(1.2) Jl,(2) = S

mz::oF(a+m-i—1)F(V+a+um-i-1)7

where p > 0; z,v,0 € C. Here and in the following, let C and N be the sets of all
complex numbers and positive integers, respectively.
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Further, another generalization of the generalized Bessel-Maitland function
Jit7(2) is defined by (See [21]):

- () (=2)"
1.3 JE(2) = an___ 1
( ) v,q (Z) W;P(V+Mm+ 1) m' ?
where p, v,y € C; R(v) > 0, R(p) > 0,R(y) > 0and ¢ € (0,1) N and (y)o = 1,
(V)gn = F(ll(ﬁ;’)m), denote the generalized Pochhammer symbol.

We investigate some special cases of the generalized Besssl-Maitland function
(1.3) by given particular values to the parameters u, v, 7, q.

(i) Setting ¢ = v = 1 and replacing v by v + ¢ and z by %, to get

(1.4) J;‘fml(é) =T(oc+m+ 1)(%)_”_20J;g(z),

where J/(z) denotes the Bessel-Maitland function defined by (1.2).
(ii) Letting ¢ = 0, equation (1.3) reduces to
(1.5) T (2) = JU (2),
where J#(z) is the generalized Bessel function defined by (1.1).
(iii) Setting ¢ = 0 and replacing v by v — 1, equation (1.3) reduces to
(16) T o(—2) = D, i 2),
where ®(u,v; z) know as Wright function (see [23, 24, 25])
(iv) Replacing v by v — 1, (1.3) reduces to
(1.7) Ty 4 (=2) = Bl (2),

where p, v,y € C, R(u) > 0,R(v),R(v) > 0,¢ € (0,1) UN and E}I(2) denotes
the generalized Mittag-Leffler function defined by Shukla and Prajapati [19].
(v) Setting ¢ = 1 and replacing v by v — 1, (1.3) reduces to

(1.8) S (=2) = B (2),

where «, 3,7 € C; R(a) > 0, R(3) > 0,R(y) >0 and £,
function defined by Prabhakar [16].
(vi) For v = ¢ = 1 and replacing v by v — 1, (1.3) reduces to

(2) is the Mittag-Leffler

(1.9) J5f1,1(_z) = Eu.(2),

where v € C; R(p) > 0,R(v) > 0 and E,, (%) is the Mittag Leffler function
defined by Wiman [22].

(vii) Setting v =0, ¢ =y =1, (1.3) reduces to
(1.10) G (=2) = Bu(2),

where z € C and I'(s) is the Gamma function; o > 0 and E,(z) is the Mittag-
Leffler function defined by Ghosta Mittag-Leffler [15].
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The generalization of the generalized hypergeometric series , Fy, is due to Fox [6]
and Wright ([23, 24, 25]) who studied the asymptotic expansion of the generalized
(Wright) hypergeometric function defined by (see [20, p.21]; see also [18]):

p
(alaA1)>---a(O‘vap); o ljlr(aj+A]k) Zk
(1.11) »Yy z| = Z J;— R
(ﬂl ) Bl)a""(ﬂlI’Bq); k=0 4 1F(ﬁj+Bjk) )
j=
where the coefficients Aq,..., A, and By,..., B, are positive real numbers such
that
(1.12)
q p
(i) 1+ZBj—ZAj>O and 0 < |z| < o0; 2z #0.
j=1 j=1
(1.13)
q p
(i) 1+ Bj—Y A;j=0 and 0<|z[ <A™ .. A4, "B B
j=1 j=1
A special case of (1.11) is
p
(01,1),.--,(051”1); I;Ilr(aj) A1y ..., Op]
(1.14) WY, 2| =4 oFy z|,
(ﬂlvl)v"'a(ﬁqvl); H F(ﬂj) Blv"'vﬁq;
j=1

where , Fy is the generalized hypergeometric series defined by [17]

A1y ..y Qp; - > (al)n---(ap)n ﬁ
(115) qu [ 617._.,ﬁq; ] _7;0 (ﬁl)n(ﬁq)n n!

= Fy(an,...,0p; P1,... 04 2),

where (), is the Pochhammer’s symbol [17]
For our present investigation, the following interesting and useful result due to
MacRobert [13] will be required:

() T'(B)

1
(1.16) /o 271 - 2)az +b(1 — 2)] 7 Pde = @b (a1 B)’

provided R(a) > 0 and R(3) > 0.
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2. INTEGRAL FORMULA INVOLVING GENERALIZED
BESSEL-MAITLAND FUNCTION

Theorem 2.1. If o, B,v,u,v,A € C, 1+ u— A > 0, R(a) > 0, R(B) > 0,
R(v) >0, R(v) > 0, then

R - Cap gy | 2abz(1 — )
(2.1)
_ 1 (7, A), B,1), (1) _
B aabﬁm)?’% [ v+1Lp), (a+52) ; 2} '

Proof. To establish our main result (2.1), we denote the left-hand side of (2.1)
by I and then using(1.7), we have

1 aor(l —x
(2.2) = /O 1’a71(1 _ x)ﬁfl[ax +b(1l —x)] 7" »3J’£‘>\7 [[ai;ié(ll—i‘)]} dx.

Now changing the order of integration and summation, which is justified by the
uniform convergence of the series in the interval (0,1), we arrive

(2.3) -

Z F’er/\m (a+m)T(B+ m) —2™

ao‘bﬁf‘ (v+1+pm)T(a+B+2m) m!

Finally, summing up the above series with the help of (1.11), we easily arrive at
the right-hand side of (2.1). This completes the proof. O

Next, we consider other variation of (2.1). In fact, we establish an integral
formula for the Bessel-Maitland function J,’jf V(z), which is expressed in terms of
the generalized hypergeometric function ,Fj.

Variation of (2.1). Let the conditions of our main result be satisfied. Then the

following integral formula holds true:

(2.4)
1 2911 — 28 Vg N 2abz(1 — x) .
/0 (1= 2)7 [z + b(1 — 2)] 2] {[aﬂb(l _xy)d d

L(@)T'(8) A ), o B Mgt
T @b T (v + )T (a + B) 2Bt | A+ 1), AlZa+PB) g |

where A(m; [) abbreviates the array of m parameters %, L S l'”" L meN.

Proof. In order to prove the result (2.4), using the results
Ila+n)=T(a)(a)n

=), (5, ).

(Gauss multiplication theorem) in (2.3) and summing up the given series with the
help of (1.15), we easily arrive at our required result (2.4). O

and
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3. SPECIAL CASES

(i). On setting A = v = 1 and replacing v by v + ¢ and z by (é) in (2.1) and
then by using (1.4), we get

1xa_1 VT B g 2abz(1 — x) -
/O (1 - )" az + b(1 — @) AL, [[ax—kb(l—xy)P] ‘
(3.1)
_ L v (171)7 (av 2)3 (ﬂa 2); _1‘|
aobh 372 v+o+1,pu), (a+ps,4); 7

where a, 8,v, u,0 € C; R(a) > 0, R(B) > 0, R(v) > 0, R(o) > 0.

(ii). On setting A = v = 1 and replacing v by v + o and z by (%) in (2.4) and
then by using (1.4), we find:

(3.2)
ll‘ail . B—1 az _ —a—B 11 2(1[)17(1 *l‘) .
[ et ey e s - e, [[ax e xy)]z} a

_ [()L(B)
~a*bPT (v + o)l (a + B)

1, A(2;a), A(2;8); 4
5Fp+4 ]

A(psv+o+1), Alda+p8); #
where a, 8,v, u,0 € C; R(a) > 0, R(B) > 0, R(v) > 0, R(o) > 0.

(iii). On setting A = 0 in (2.1) and then by using (1.5), we attain:

/0 27 (1 = 2)" " faw + b1 —2)| I {[afibzg - ZHJ v
(3.3)
| (@1, (B ]
= ooy 2¥2 )
a®b v+1p), (a+p,2);

where a, 8, v, i, € C; R(a) > 0, R(B) > 0, R(v) > 0.

(iv) On setting A = 0 in (2.4), and then by using (1.5), we acquire:

2abz (1 — x)
)

/01 2211 = 2)P [az + b(1 — &) "B I [

(3.4)
_ ['(a)L(B)
~ abPT (v + DI (a + B

Alpv+1), A2+ pB); 24
where a, 8, v, 1, € C; R(a) > 0, R(B) > 0, R(v) > 0.

] oF 42
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(v) On setting A = 0 and replacing v by v — 1 and then by using (1.6), we find:

2abx(1 — x)
[ax+zm1awn2>dx

/01 271 - 2)az + b(1 — 2)] 7> P@ (,u; v;

(3.5)
1
= qop 202

(o, 1), (B, 1); 2]
(o), (a+B.2); |
where o, 8,v,u € C; R(a) > 0, R(B) > 0, R(v) > 0.

(vi). On setting A = 0 and replacing v by v — 1 and then by using (1.6), we
get:

1xa_1 — V5 ax B v 2abx(1l — x) .
e @ e b1 = )
(3.6)
__ _Lr® oo @, g1
BTN +8) =" (i), 20+ 8); 2

where o, 8,v,u € C; R(a) > 0,R(8) > 0,R(v) > 0.

(vii) On replacing v by v — 1 and then by using (1.7), we obtain:

Lo - o —2abz(1l — z)
22711 = 2)P Yaz — )" PE) T
R R R ) [ e e I
(3.7)
. 1 v (’77>‘)> (a7 1)7 (B? 1); 2]
e (), (a+B8+2); |

where «, 8,7, u, A € C; R(a) > 0, R(B) > 0, R(A) > 0, R(y) > 0, R(v) > 0.

(viii) Replacing v by v — 1 and then by using (1.7), we get
(3.8)

1 ety _ iy ST —2abz(1 — ) .
/0 (=27 oz +5(1 ~2)] Bl [[ax +b(1 — xy)]J d

_ T(@T(B) r
T aebPT(W)D(a + p) MR

AN ), a, B; AA]
Apsv), A2Zya+p); 2

where a, 8,7, € C; R(p) > 05, R(A) > 0, R(vy) > 0, R(v) > 0.
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(ix) Setting A = 1 and replacing v by v — 1 in (2.1) and then by using (1.8),
we get
2 _
abz(1l — x) de
[ax 4+ b(1 — zy)]?

/01 21 — 2)Paz + b(1 — x)] 72 PEY {

v

(3.9)

b

1 @[”’”’ @0, G
ST T ), @48t

where o, 8,7, 1 € C; R(u) > 0, R(A\) > 0, R(v) >0, R(v) > 0.

(x) Setting A = 1 and replacing v by v — 1 in (2.4) and then by using (1.8) ,
we get

v _ o 2abz (1 — x)
2271 — )8 ez — )" PRy T
e R T M e e

(3.10)

__ T@re) " o P
VTN B) | A, (atpt2), ;2

3

where o, 8,7, u € C; R(u) > 0, R(A\) > 0, R(v) >0, R(v) > 0.

(xi) Setting A = v = 1 and replacing v by v — 1 in (2.1) and then by using
(1.9), we get

1 (g _ A1 _ y-e-Bg 2abx (1 — x) .
/0 (L= o) oz + o1 = )8y [[ax +b(1 - 903/)]2] ¢

(3.11)
- 1 l (Ll)a (O‘al)a (63 1); 2]

= —opp 302
asb? (o). (a+p+2) ;
where a, B,v,u € C; R(aw) > 0, R(B) > 0, R(v) > 0, R(p) > 0.
(xii) Setting A = v = 1 and replacing v by ¥ — 1 in (2.4) and then by using
(1.9), we get

2abx(1 — x)
az+b(1 = xy)]Q] a

/01 2211 — 2)P[az + b(1 — 2)] P EY [[

(3.12)

__Ter® o b S
a® b T (a+B8) " " | Apw), A@ia+p) ;20

where a, 8,v,u € C; R(«) > 0, R(B) > 0, R(v) > 0, RN(p) > 0.
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(xiii) On setting v = 0,A =+ =1 in (2.1) and then by using (1.10), we get

2abz(1 — x)

[ax 4+ b(1 — zy)]? da

/1 2711 —2) ax + b(1 — 2)]7*PE,
0

(3.13)

1 (1’1)a (04;1>7 (ﬁal);
= TbBS‘Ijz 21,
“ (Lp), (a+p,2) ;

where «, 8, 1 € C; R(u) > 0, R(a) > 0, R(B) > 0.

(3.

(xiv). On setting ¥ = 0, A =y =1 in (2.4) and then by using (1.10), we get
2abz(1 — x)

[ax 4+ b(1 — zy)]? dz

/1 2711 —2) ax + b(1 — 2)]7*PE,
0

14)
_ F(a)F(B) 3F ) 17 «, Ba 5
@+ 8) " | A1), A+ 8) ’

where «, 8,1 € C; R(u) > 0, R(a) > 0, R(B) > 0.
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