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DIAGONAL FUNCTIONS OF THE k-PELL AND k-PELL-LUCAS
POLYNOMIALS AND SOME IDENTITIES

P. CATARINO

ABSTRACT. In this paper, rising and descending diagonal functions of k-Pell and
the k-Pell-Lucas polynomials are introduced and generating functions is provided.
Some identities are also studied.

1. INTRODUCTION

Pell and Pell-Lucas sequences are integer sequences that have been studied by
several authors and constructed with the same recurrence relation but different
initial conditions. Namely, for n > 2, the Pell numbers { P, } satisfy the recurrence
relation

P,=2P, 1+ P, 2, Ppb=0, P =1,

whereas the Pell-Lucas numbers {@,,} satisfy the recurrence relation

Qn = 2Qn71 + anQa QO =2, Ql =2.

For more details about these sequences, see, for example, [2], [6], [8], [10], [12],
[15], and [16], among others.

In the literature, we find several studies involving generalizations of these se-
quences, such as for positive real number k, the case of the k-Pell sequences and k-
Pell-Lucas sequences, (see, for example, [3], [4], [5], [18], and [17], among others).
Such sequences have the same recurrence relation but different initial conditions.
The k-Pell sequences { Py} are defined by

(1) Pon=2P,pn1+kPypn_2, Pro=0, Pp1=1,
whereas the k-Pell-Lucas sequences {Qy »} satisfy the recurrence relation

(2) Qi = 2Qk -1+ kQrn—2, Qro=2, Qr1=2.

The polynomials that can be defined by Fibonacci-like recursion relations are
called Fibonacci polynomials and they were studied in 1883 by E. C. Catalan and
E. Jacobsthal. For example, E. C. Catalan studied the polynomials F,(x) defined
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by the recurrence relation
(3) Fo(z) =aF,_1(x) + Fh_2(x), n>3, Fi(z) =1, Fy(z)=u=.

In 1965, V. E. Hoggatt [11], introduced Lucas polynomials defined by the re-
currence relation

(4) Lppi(x)=aLly(z)+ Lp—1(z), n>1, Lo(x) =2, Li(z) ==

Several authors have dedicated their research to polynomials of different type
of sequences such as the work of S. Arolkar and Y.S. Valaulikar in [1], where the
authors study the h(z)-B-Tribonacci and h(z)-B-Tri Lucas Polynomials whenever
h(z) is a polynomial with real coefficients. Also in [14], some properties of the
(p, q)-Fibonacci and (p, ¢)-Lucas polynomials are provided and in [7], the study of
Pell polynomials modulo m is stated.

Pell numbers and PellLucas numbers are specific values of Pell polynomials
P, (z) and Pell-Lucas polynomials Q. (x), respectively. Both families were studied
extensively in 1985 by A.F. Horadam and J. M. Mahon in [13], where the authors
recorded some properties of these polynomials. The first few terms of these se-

quences {P,(z)} and {Q,(x)} are

n P () @n(z)

n=010 2

n=1]1 2z

n=2|2x 422 + 2

n=3|4z>+1 823 + 6x

n=4|8z%+4x 16z + 1622 + 2
n=>5|16z* + 1222 + 1 322° + 4023 + 10z

n=6 | 3225 + 3223 + 6z 6425 + 962* + 3622 + 2
n="7| 6425 + 80z + 2422 + 1 | 12827 + 2242° + 11223 + 14z

Table 1. The Pell and Pell-Lucas polynomials for 0 < n < 7.

Also in [15], we have more details about these polynomials. Recall that the Pell
and Pell-Lucas polynomials, respectively, are defined by

(5) Poio(z) =22P,1(x) + Po(z), Po(x)=0, Pi(z)=1
and
(6) Qn+2(x) = 2$Qn+1($) + Qn(x)7 Qo(.’L‘) =4 Ql(x) = 2z.

2
Note that Pn(l) = Pna Qn(l) = Qnapn(%) = FnaQn(%) = L?u where anQnaFna
and L, are the nth Pell, Pell-Lucas, Fibonacci and Lucas numbers, respectively.
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Furthermore, P,(1z) = F,(z), Qn(3%) = Ly(z), where F,(z) and L, (z), respec-
tively, are the nth Fibonacci and Lucas polynomials (see, [13]).

The diagonal function of k-Lucas polynomials and Lucas polynomials were in-
troduced in [9]. Also, in the same paper, the authors an established rising and
descending diagonal function and generating matrix of k-Lucas polynomials and
Lucas polynomials.

In this paper, we introduce the k-Pell and k-Pell-Lucas polynomials and consider
rising and descending diagonal functions of these polynomials. Furthermore, some
properties and generating functions of these polynomials are provided.

2. THE k-PELL AND k-PELL-LUCAS POLYNOMIALS

In this section, we consider a new class of polynomials and provide some of its prop-
erties. For any positive real number k, k-Pell numbers and k-Pell-Lucas numbers
are specific values of the k-Pell polynomials Py ,,(z) and k-Pell-Lucas polynomials
Q. n(x), respectively. Both families are defined recursively by

(7) Py ny2(z) = 20P p1(2) + kPin(x), Pro(z) =0, Pyi(z)=1
and
(8)  Qrn+2(2) =22Qpn11(2) + kQpn(z), Qro(z) =2, Qpa(z)= 2z
The first few terms of these sequences { Py ()} and {Qg ()} are as follows

n Py n(z) Qk.n(T)

n=0]|0 2

n=1|1 2x

n=2|2x 4z? + 2k

n=3|4r>+k 823 + 6k

n=4|8z3+ 4xk 162* + 1622k + 2k

n=>5 |16z + 1222k + k> 3225 + 4023k + 10xk?

n==6 | 322° + 3223k + 6xk? 6425 4 9624k + 36x2k2 4 2k3

n =71 6425 4+ 80z*k + 242%k? 4+ k3 | 12827 + 2242°k + 11223k + 142k3

Table 2. The k-Pell and k-Pell-Lucas polynomials for 0 < n < 7.

For the particular case of k = 1, we get the Pell and Pell-Lucas polynomials
referred before.

The next result states the Binet-style formula for each one of these polynomial
sequences.
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Theorem 2.1 (The Binet-style formula). For n > 0 and any positive real
number k, we have
1. Pyo(z) = =)

r1—r2

2. Qpn(z) = (r)" + (r2)",
where 11 = x + Va2 +k, ro = x — Va2 +k are the roots of the characteristic
equation \? — 2z\ — k = 0 associated with the recurrence relations (7) and (8).

Proof. 1. Since the characteristic equation has two distinct roots, the sequence
(9) Pyn(z) = c(ri)" +d(r2)"

is the solution of the equation (7). For n = 0, 1 in (9) and solving this system
of linear equations, we obtain a unique value for ¢ and d, which are, in this case,
c = Tlim and d = r;rl. So, using these values in (9) and performing some
calculations, we get the required result.

2. In a similar way, easily we get the second Binet-style formula. O

Next, we present some identities related with this type of polynomial sequences.
As a consequence of the Binet formula of Theorem 2.1 for these sequences, we get
the following interesting identities.

Proposition 1 (Catalan’s identities). For n and s, nonnegative integer num-
bers, such that s < n, and for any positive real number k, the Catalan identities
for the k-Pell and k-Pell-Lucas polynomials are given by

Pk,n—s(l')Pk,n—&-S(x) - (Pk,n(x))2 = (_l)nJrlisknis (Pk,S(x))z
and
Qo (2) @ +(2) = Qun(@)® = (~1)"* ((Qus(@)) ~ 4(=K)")
respectively.

Proof. Using the Binet formulae in Theorem 2.1 and the fact that rire = —k,
we get the required results for both cases. O

Note that considering Catalan’s identity, in particular, the case of s = 1, we
get the Cassini identity for the k-Pell and k-Pell-Lucas polynomial sequences. In
fact, for s = 1, the identity stated in Proposition 1 yields for both cases

Py (@) Pis1 (2) = (P (@)® = ()" (Pra(2))?,

Qrn—1(7)Qrny1(T) — (Qk,n(l“))Q = (—k)n_l ((Qk,l(x))2 - 4(—k)> :

Using one of the initial conditions of each polynomial sequence, we obtain the
following result.

Proposition 2 (Cassini’s identities). For a natural number n and any positive
real number k, if Py, (x) and Qg (), respectively, are the nth k-Pell and k-Pell-
Lucas polynomials, then the following identities are true:
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L. Pep1 () Phint1(7) = (Prn(2))? = (—1)"k" 1,
2. Qrn1(2)Qrnt1(2) = (Qrn (@) = 4(—k)" " (22 + k).

The d’Ocagne identities can also be obtained using the Binet formulae of The-
orem 2.1, and in this case, we obtain the following propositions.

Proposition 3 (d’Ocagne’s identities). For some natural numbers m, n and
any positive real number k, if m > n and Py, (x), and Qg n (), respectively, are the
nth k-Pell and k-Pell-Lucas polynomials, then the d’Ocagne identities for Py ,(x)
and for Qp n(x), are given by

Pryms1(2) Pen () = Pron () Pos1 (2) = (—=1)" T K" Py ()
and

Qke,m+1(2) Qi () = Qi (2) Q41 ()

= (~1)"k"2v/2? 1 k (ka_n(x) —2(a- \/W)m") ,
respectively.

Proof. Once more, using the Binet Formulae of Theorem 2.1, and the fact that
riry = —k, 11 — 9 = 2v/x2 + k, we get the required results. O

The next identity is a consequence of Catalan’s identity established in Propo-
sition 1.

Proposition 4. For a natural number n and any positive real number k, the
Gelin-Cesaro identities for Py ,(x) and for Qi n(x), are given by

Prn—2(2) Prn1(2) Pens1 (2) Prio(x) — (Pon(z))?
= (="K 72 (422 (1)K 4 (k= 40) (P ()’
and

Qroin—2(2) Qi1 (2) Qo1 (2) Qi 2(2) — (Qun (@)
= 4(=k)" (@ + k) (1622 (=R)"2(22 + &) + (14 (k) 42%) (Qun(2))°) |
respectively.

Proof. Using the first identity of Proposition 1, we have for s = 1 and s = 2,
Pyn1(2)Pis1 (2) = (Prn(@)® = (=1)"k" " (Pra ()’

and

Pin—2(2) Ponsa2(2) — (Pon(@))” = (—1)" 715" 72 (Pra(2))? .
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Now, by the initial conditions, we have
Py (@) Prs1 (2) = (P (2)® = (1)K
and
Pyna(@)Prnsa(r) = (Pra()® = ()" 15" 2 (20)°.
These identities are equivalent to
Pyt (@) Pis1 (x) = (=1)"k" " + (Pyn(2))’
and
Ppon—2(2) Pypsa(z) = (=1)" k" 242% + (P (@)

respectively.
Therefore, multiplying both sides of these identities, we obtain

Pk,n—l(x)Pk,n—i-l(x)Pk,n—2(x)Pk,n+2(x)
= (0" 4 (Pra(@)?) (=) k2422 + (P (2))?)

_ 4$2(71)2n71k2n73 + ((71)nkn71 +4x2(71)n71kn72) (Pk,n(l'))Q + (Pk,n(x)yl,

and then the result follows.
For the Gelin-Cesaro identity for Qg (), a similar way can be used in the
proof. O

The next result establishes relation between both sequences of polynomials.

Proposition 5. For any positive real number k and a non negative integer n, if
Py (z) and Qi.n(x) are the nth term of the k-Pell and k-Pell-Lucas polynomials,
then

Pk,n—&-l(x) + kpk,n—l(x) = Qk,n(a:)

Proof. Using the Binet formulas of the k-Pell and k-Pell-Lucas polynomials and

the fact that % = -2 and % = —2%, we have
n+1 _ n+1 ]{3 n—1 _ k n—1
Py ny1(w) + kPgpn1(x) = () (ra)™” + bln) (ra)
Ty — T2
B (ry)"™ (T1 + %) + (o)™ (—7‘2 - %)
- T — T2 ’

and finally, performing some calculations, we get the required result. O
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3. RISING DIAGONAL FUNCTION FOR THE k-PELL
AND k-PELL-LUCAS POLYNOMIALS

This section aims to set out the Rising Diagonal function for k-Pell and k-Pell-
Lucas polynomials and some elementary results.

Consider the Rising Diagonal functions R;(x,k) and r;(z, k), 0 < 4, for the
k-Pell and k-Pell-Lucas polynomials, respectively, stated in Table 3.

n R, (z,k) ro(z, k)

n=010 2

n=1|1 2z

n=2|2x 422

n=3 |4z 83 + 2k
n=4|82%+k 16z* + 6k

n=>5 | 162* 4 4zk 3225 + 1622k

n =6 | 32z° + 122%k 6425 + 4023k + 2k
n="7| 6425 + 3223k + k% | 12827 + 962k + 10zk>

Table 3. The Rising Diagonal functions for the k-Pell and k-Pell-Lucas polynomials for 0<n <7.

Observe that in Table 3, for n > 3,

(10) rno1(z, k) = Rp(x, k) + kR —3(x, k),
(11) ro(x, k) = 2zr,_1(x, k) + krp—s(z, k),
(12) R, (x, k) =2xRy—1(x, k) + kRp—s(z, k).

Next, we give the generating functions for these Rising Diagonal polynomials.
We write each type of sequences of polynomials as a power series where each
term of the sequence correspond to coefficients of the series, and from that fact,
we find the generating function. Let f(z,k,t) and g(z,k,t) be the generating
functions of the Rising Diagonal polynomials corresponding to the k-Pell and k-
Pell-Lucas polynomials, respectively. By definition of the generating function of
some sequences, we have

o0

(13) fla,k,t) =Y Ri(z, k)t'

=1

(14) g(fﬂ,k,t) = Zri(ka)ti'



154 P. CATARINO

Theorem 3.1. The generating functions for the Rising Diagonal polynomials
{Ri(z,k)} and {ri(z,k)}, respectively, are

1. Et)= —

f(xv b ) 1_2xt_kt37
2(1 — xt)

2. ) = = %Y

9@ kt) = T

Proof. 1. For the {R;(z,k)} sequences, by taking into account (12) and the
values of R;(x,k) and Ra(x,k), we have

flz, k,t) = i Ri(x, k)t" = Ry (x, k)t + Ro(x, k)t* + i Ri(x, k)t

i=1 o0 i=3
= Ry(z, k)t + Ry(x, k)t* + > (22R; 1 (2, k) + kR;_s(, k)) '
=3 oo 00
= Ry (2, k)t + Ro(z, k)t* + 22y Rioy(a, k)t + k> Ri_s(a, k)t’

=3 oct=3
1

_ t+2xt2+2xt<z Ri(z, k)t — R (x, k)t) +kt3<z Ri(z, k)t — Ro(x, k:)).

i=1 1=1

Therefore,
fa, kt) =t +2atf(x, k,t) + kt3 f(z, k, t)
which is equivalent to
flz k,t) (1 =22t — kt*) =,
and then the generating function of {R;(z,k)} can be written as
4
[l kt) =

1 — 2zt — kt3’
as required.

2. Similarly, we can show the generating functions of {r;(x, k)} by taking account
into (11) and the values of r1(z, k), ro(z, k). O

In what follows, we present the summation formulae related to these polynomial
sequences and standard techniques are used to generate them.

Proposition 6. For any positive real number k and natural numbers n, j, if
{Rj(x,k)} and {r;(z,k)} are the jth term of the Rising Diagonal polynomials for
the k-Pell and k-Pell-Lucas polynomials, then for 2z +k —1 # 0, x # 0), the
following identities are valid:

1. i:o Rj(z,k) = Ryi1(z, k) + &k (Rp—1(z, k) + Ro(x, k) — 1

2 +k—1 ’
2 S5 ri(a k) = rnii(z, k) + K (rnle(% ]2 —_k ro(z, k) + 2(x — 1)}
j=0 T+ 1

3% (By(o k) (o)
_ ((3 = 20) (o) b (s (0.8) + Fo(0.8) - ”) 2Ry g1 (2. B).
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Proof. 1. We have

Ro(z, k) =0, Rs(x, k) = % (Ry(z, k) — kRy(z,k)),
Rl(x, k) = 1,
Ro(x, k) = %Rg(z, k), R, (x, k) = % (Rpt1(z, k) — kRp—o(x, k))

by the use of (12), and then
RO(xa k) + Rl(xa k) + RQ(‘T7 k) + R3(x7 k) +oeet Rn(xa k)

1 1
= R()(.’E, ]i)) + Rl({E, k) + %Rg(fb, k) + % (R4(£E, k) - le(.’t, k)) —+ ...

1
% (Rp+1(z, k) — kRp—2(z, k)) .
Hence
2x Z Rj(x,k) = 2aRo(x, k) + 22 Ry (z, k) + Z R;(x, k)
7=0 =0

+Rn+1($(}, k)—R()(!L‘7 k’) - Rl(l‘, k)—RQ(JJ, k)

—k > Rj(w,k)+kRy_1(x, k) +kRn (2, k).
3=0

Using the values of the first three elements of the sequence {R;(x,k)}, we obtain

n
(2w +k—1)>  Rj(x,k) = Rpy1(x, k) — 1+ kR _1 (2, k) + kR (2, k),
3=0
which is equivalent to the required result.
2. In a similar way, we show the summation formula for the sequence {r;(x,k)}.
3. By the identities (10) and (12), and the value of initial conditions, we have

(Bj(w, k) +rj(@. k) = ) (Bj(@, k) + Rjy1 (2, k) + kR;j—2(2, k))

Jj=0

<.
Il

M3 o

Il
=)

(Rj(z,k) + Rjs1(z, k) + (Rj1 (2, k) — 22R;(x, k)))

n n

= (1 — 21‘) ZRJ(JJ,k') + QZRj-&-l(x, k)

J=0 Jj=0

= (]. - 21}) zn: Rj(!l?, k) +2 zn: Rj (LU, k) - QR()(.’E, k) + 2Rn+1(.’b, ]i))

=0 =0
= (3 —21) Z Rj(x, k) + 2R, 41(z, k).
=0

Now, the use of the identity 1. gives the required result. O
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4. DESCENDING DIAGONAL FUNCTION FOR THE k-PELL
AND k-PELL-LUCAS POLYNOMIALS

In this section, we present the Descending Diagonal function for the k-Pell and
k-Pell- -Lucas polynomials and some properties are provided.

Consider the Descending Diagonal functions D;(z, k) and d;(z,k), 0 < 4, for
k-Pell and k-Pell-Lucas polynomials, respectively, stated in Table 4.

n D, (z,k) | dn(z, k)

n=0]0 2

n=1]1 20+ k
n=2|2x+k (2z + k) (2x + 2k)
n=3| 2z +k)?| (2z+k)*(2x + 2k)
n=4|2z+k)>| (2z+k)32x + 2k)
n=>5| 2z +k)?*| 2z + k)*(2z + 2k)
n==6|2z+k)>| (2z + k)°(2z + 2k)
n="T|Q2z+k)°"| (2z+k)°(2x + 2k)

Table 4. The Descending Diagonal functions for the k-Pell and k-Pell-Lucas polynomials for
0<n<7T.

Observe that in Table 4, for n > 2,

(15) Dy (z,k) = 2z + k) Dp—1 (2, k),
(16) dn (2, k) = (22 + k)dn_1 (2, k),
(17) dn (2, k) = (22 + 2k) Do (, k),

(18) = ])C =2 +k

(19) M = 2 + 2k.
Let

(20) h(z, k,t) = i Dj(z, k)t

and -

(21) Iz, k,t) = i di(x, k)t
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be the generating functions for the Descending Diagonal polynomials for the k-Pell
and k-Pell-Lucas polynomials, respectively.

Theorem 4.1. The generating functions for the Descending Diagonal polyno-
mials {D;(x,k)} and {d;(z,k)} are

1. =
Mz, k. ) 1—2xt — kt’
2x + k)t
2. Uz, k,t) = %, respectively.

Proof. 1. For the {D;(x,k)} sequences, by taking into account (15) and the
value of Dq(z, k), we have

h(z,k,t) =Y Di(x,k)t' = Dy(x,k)t+ Y Dz, k)t'
=1 =2

= Dl(LL', k)t + i ((21‘ + k)Di,l(a?, k)) ti

=2

= Di(, k)t + 2z + k)t Y D (a, k)t !

=2

+ (22 + k)t (ZD (z, k)t )

Therefore,
h(z, k,t) =t + (2x + k)th(z, k,t)
which is equivalent to
h(x, k,t) (1 — 2zt — kt) = t,
and then the generating function of {D;(z,k)} can be written as
t
M k) = T
as required.
2. Similarly, we can show the generating functions of {d;(x,k)} by taking into
account (16) and the value of dy (z, k). O

Next, we present the summation formulae related to these polynomial sequences
and we use the identities (15) and (16) in the proof.

Proposition 7. For any positive real number k and natural numbers n, j, if
{Dj(z,k)} and {d;(z, k)} are the jth term of the Descending Diagonal polynomials
for the k-Pell and k-Pell-Lucas polynomials, then for (1 —2x —k # 0, x #0), the
following tdentities are valid:

k)
1. Y D, _ 1= Dnnilw k)
Z (@, k) 1—22—k '
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2— (224 k) —dnpa(z, k)

di(w, k) = 1— 27 — k ’

<
I
o

<
I
o

(D;(x, k) +dj(x, k) = 2z + 2k +1) (W) _

Proof. 1. We have

Dy(z,k) =0, Ds(x, k) = (2 + k) D2 (z, k),
Dl(l‘,k‘) = 1, N
Dy(x,k) = (22 + k) D1 (x, k), Dy (z,k) = (22 + k)Dyp—1(x, k)

by the use of (15), and then

Do(x,k) + D1(z, k) + Do(z, k) + D3(x, k) + ... + Dy (2, k)

=0+1+ (2cv+k)Di(x, k) + 2z + k)Da(z, k) + ...+ 2z + k)Dp_1(x, k).
Hence

> Dj(w,k) =1+ 2z +k)Y_ Dj(x,k) — (22 + k) Dy (2, k).

Jj=0 Jj=0
So, performing some calculations and using (15), we get the required result.
2. Using a similar way, we show the summation formula for the sequence {d;(z, k)}.
3. By the identity (17), we have

> (Dj(a, k) +dj(x, k) =D (Dj(x, k) + (2x + 2k)D; (2, k))

Jj=0 Jj=0

=@z +2k+1))_ Dj(x,k).
§j=0
Now the use of identity 1. is sufficient to obtain the desired result. O

5. CONCLUSIONS

Sequences of polynomials have been studied for several years, with emphasis on
the well known Fibonacci polynomial sequence, and consequently, on the Lucas
polynomial sequence. In this paper, we have also contributed to the study of
k-Pell and k-Pell-Lucas polynomial sequences and the respective Rising and De-
scending Diagonal functions. We have deduced some formulae for the sums of
such sequences of polynomials, presenting the generating functions, the Binet for-
mula and some identities. Our intention is to continue the study of this type of
sequences, exploring the several types of its generating matrices.
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