Acta Math. Univ. Comenianae 173
Vol. LXXXVIII, 2 (2019), pp. 173-185

ANALYSIS OF SEMILOCAL CONVERGENCE UNDER
W-CONTINUITY CONDITION ON SECOND ORDER
FRECHET DERIVATIVE IN BANACH SPACES

J. P. JAISWAL, B. PANDAY anp N. CHOUBEY

ABSTRACT. This article includes semilocal convergence of Homier type method in
Banach spaces by considering recurrence relation technique under w-continuity con-
dition which is more generalized than Lipschitz continuity condition. The existence
and uniqueness theorem has been formed along with an error bound. A numerical
example has been presented to vindicate the theoretical results.

1. INTRODUCTION

The techniques to find the solution of nonlinear equations are commonly used in
analytical and numerical branches of mathematics. Newton’s method is a promi-
nent method to solve this kind of problems. Newton-Kantorovich theorem [15]
is commonly used for the convergence of Newton’s method. Furthermore, in the
last few years, many research papers have been devoted to analyze the semilocal
convergence of various iterative methods for solving nonlinear problems. A few
years ago, in the reference [17], the fifth order iterative method for solving systems
of nonlinear equations was given by

bj

aj — %FJT(%‘),
(1) ¢; = a; — [T'(6;)] ' T(ay),
aje1 = c; — [2[T"(b))] 7" = T,]T(cy),
where I'; = [T"(a;)]~*. The aim of this paper is to discuss the approximate solution
a* of a nonlinear equation
(1.2) T(a) =0,
where nonlinear operator 7" is defined from the set U to set V; U and V' are two Ba-

nach spaces defined in the open subset €. In the article [14], the above scheme was
extended in Banach spaces by assuming the below mentioned assumptions:
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(A1) Dol <,

(A2) [[ToT (ao)ll < p,

(A3) IT"(a)]| < K,

(A4) there exists a positive real number L such that

17" (a) = T"(b)|| < Llla = bll,  a,beQ, L>0,

and studied their semilocal convergence. It was observed that some of the nonlinear
equations may not satisfy the Lipschitz continuity condition (A4). Many articles
such as references ([10], [4], [2], [3], [9]) are devoted to find the solution a* of the
nonlinear integral equation of mixed Hammerstein types, which is given by

m g
(1.3) a(s) + Z/ Qi(s,t)Ni(a(t))dt = u(s), s € le, f],

where u, Q; and N; are well-known functions —co<e< f < 400, (i =1,2,...,m.).
Out of them, some particular types of Hammerstein equation do not fulfill the
condition (A4) (one example has been considered in the numerical testing section).
To settle this circumstance, we may consider the more general continuity condition,
i.e., w-continuity ([6], [11]) given by

(1.4) IT"(a) = T"(®)]| < w(lla —b]),a,b € 2,

where w(a) is defined as continuous real function for a > 0 and w(0) > 0. In the
literature ([7], [12], [13], [8], [1], [16], [18]), various papers were published to
relax the condition (A4) for higher convergence schemes.

In this paper, we discuss the semilocal convergence of a multi-point fifth or-
der iterative method (1.1) for finding solution of nonlinear equations (1.2). The
semilocal convergence of the scheme is derived by using recurrence equations and
the hypothesis that second order Fréchet derivative fulfill weaker continuity con-
dition which is known as w- continuity condition. The existence and uniqueness
theorem is included along with an error estimate. A Numerical example is worked
out to justify the significance of present discussions.

2. RECURRENCE RELATIONS

In this article, we denote D(a,k) = {b € U : |[b —a| < s} and D(a,k) =

{beU:|b—al| <k}. Lt T: Q CU — V be twice Fréchet differentiable

nonlinear operator from Banach space U to V', where {2 is an open set, ag € .

Postulate that

(C1) Lol < 7,

(C2) LT (ao)ll < p,

(C3) |1 T"(a)|]| < K,a €,

(C4) |1 T"(a)=T"(b)|| < w(|]la—0b||) for all a,b € Q, where w(u) is a non-decreasing
continuous real function for 1 > 0 and satisfies that w(0) > 0,
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(C5) there exists a non-negative real function v € C[0, 1] with v(u) < 1, such that
w(up) < v(w)w(p) for u € [0,1], p € (0,+00).
Now, we describe the following scalars functions p, §, and ¢ as

2 o =
(2:2) ) = o
ot = [+ g 57 o
(2.3) + {ng, + %‘h + (2“2)} Eg_ ;¢(u,v)
+ ;Eg = gzw(u, v)’,
where ud u? Jiv
¥(u,v) = 2—w? 2@—w 2 T

J1 = /01 v (g) du, Jy = /01 v(u)(1 — u)du, Jg = /01 v(u)du.

Let us suppose g(u) = up(u) — 1, and since ¢(0) = —1 and ¢(2) = 400, hence
g(u) has at least one zero of the function ¢(u) in (0,2) and let us denote it by ¢.
In the following lemmas, we mention some properties which follows by the above
defined functions.

Lemma 1. Suppose that the scalar functions p, § and ¢ are defined as men-
tioned in the equations (2.1), (2.2), and (2.3), respectively, then
(1) p(u) > 1, 6(u) >1 forue (0,¢), p(u) and 6(u) are increasing functions,
(2) p(u,v) is also increasing for u € (0,¢), v > 0.

Proof. The proof is straightforward. O

Now, we define initial values pg = p, 10 = 7, 09 = K79p0, Bo = Topow(po), and

ro = 6(00)p(00, Bo). Moreover, we also describe the following sequences for j > 0,
(2.4) Pi+1 = TjPj

(2.5) Ti+1 = 6(0;)T5,

(2.6) oj+1 = KTjt1pj41,

(2.7) Bj+1 = Tjr1pjr1w(pj+1),

(2.8) i1 = 0(0541)¢(0)41, Bj+1)-

From the definition of 41, 11, and relations (2.4)—(2.7), we can deduce that
i1 = 0(05)r;05,
Biv1 < 6(0j)rv(r;)B;
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Lemma 2. Presume the real functions p, 0, and ¢ are defined as in equations
(2.1), (2.2), and (2.3), respectively, and

(2.9) 0 <op < o, (5(0’0)7‘0 <1,

then

(1) 6(oj) > 1 and 6;¢(04,B;) <1 for j >0,

(2) the sequences {p;}, {o;}, {B;}, and {r;} are decreasing,
(3) ploj)oj <1 and 6(oj)r; <1 for j > 0.

Proof. Using the equation (2.9) and Lemma 1, it follows that §(cg) > 1 and
§(o0)¢(00, Bo) < 1. Relations (2.4)—(2.7) conclude that p; < pg, o1 < 09, f1 < Bo
and 1 < ro. Now, we find that §(o1)p(01,581) < 6(00)e(00, o), and thus, we
showed the next part for j = 0. So, we can say that p(o1, 81)01 < p(00, 5o)oo < 1
and §2(a1)p(o1, B1) < 6%(00)p(00, Bo) < 1, which is true for the third part when
7 = 0. By mathematical induction, it can be proved that all these parts are true
for all 7 > 0. O

Lemma 3 ([14]). Let T: Q C U — V be a continuously twice Fréchet dif-
ferentiable nonlinear function from the Banach spaces U to V', § is a open set,
then

T(aj1) = 5T"(ag) w; — a;) [T (65)] 1" (a) oy — by)

|

1
+/HW%+%%*%DowmmWrWMENm
0

+Aﬂ”%+%%—%D—TMMWrWﬂM%H—®

(2.10) - %A [T’/(aj + g(wj - aj)) _ T//(aj)](’wj - a‘j)du<aj+1 _ cj)
+ %/0 [T"(a; + g(wj —aj)) —T"(a;)]du(w; — a;)T;T(c )

1
+ [+ uta = ) = T'w)l e - ¢
where w; = a; — I';T(a;).

Lemma 4. Suppose that the scalar operators p, § and ¢ are specified in the ex-
pressions (2.1)—(2.3), respectively, and let & € (0,1), then p(€u) < p(u),
8(6u) < O(u), and p(Eu,fv) < E¢(u,v), @(€u, 1) < Do (u, v)
foru e (0,9).

Proof. Since,

~u(4—u)(6—u) 2
p(u) - (2 _ ’U,)?’ + (2 _ ’U,)’ 56 (O’ 1)7




ANALYSIS OF SEMILOCAL CONVERGENCE UNDER W-CONTINUITY ...

hence, we obtain

guld —gu)(6-gu) | 2

Similarly, we have
6(&u) < 6(u),
and ) 7 7
pleuo) = |2+ EEIR L S e
|+ S5+ | e
§U (6 — &u)®
5 otV (€0’
< E¢(u,v).

In the same manner, we can show that
p(&u, EH D) < (Do (u, v).
This completes the proof.

177

d

For j = 0, the presumption of I'g intends the occurrence of wgy and by. Therefore,

we obtain
(2.11) [wo — aoll = [[ToT (ao)[l < po
and
(2.12) b0 — aoll < %
Thus wy, by € D(ag, Rp), at that point R = 1;(7%';)0).
Assume N(ag) =To[T"(ag) — T"(by)], then
(2.13) [N (ao)ll < K7llbo — aoll < —
Applying Banach lemma, we can say that the operator [I + N(ag)]~! exists and
fulfills
2

(2.14) 1 4+ N(ao)] |l < if oo < 2.

2— (2]
Hence, we get

2

2.15 — < .
( ) ||CO CLQH = (2 — UO)PO
Similarly,
(2.16) leo — wol| < 2 s

Again by virtue of Banach lemma, we observe that [T'(by)] ! exists and

(2.17) 1T (b)) ) < —2

1—-

15
20
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Now, since

IT(co)ll < 1T+ [T" (b))~ [T" (a0) — T" (bo)][[I1T" (a0) — T" (bo)[[I[T0T (ao) |

1
(2.18) + 1l /0 (T"(ao +u(co — ag) — T"(ao))du(co — ao)|
Kpj N 2K pg
_2700 (270’0)27

appropriately, we obtain

(6 - 0’0)

(219) ”al - CUH < (2 — 0,0)

7ol T (co)ll,

and
a1 — aol| < la1 — coll + [[co — aol|
(6—0‘0)(4—0‘0)0’0 + 2
- (2—0’0) (2—0’0)
< p(00)po-

(2.20) Po

Using the hypothesis ro < 1/d(0p) < 1, we obtain that a; € D(ag, Rp). For o9 < ¢
and p(o0) < p(d), we gt

11 =ToT"(ar)[| < [ITo[|[T"(a0) — T'(ar)]|

< Kolla — ao|

(2.21)

< oop(00)

< 1.
Furthermore,

T0
IT1]| € 77— = d(00)70
(2.22) (1 —oop(00))
=7 <1

Now, we try to find the norm of T'(¢g). From the result obtained in [5], we have
1
T(cy) = / T" (wy, + u(cy, —wy))(1 — w)du(e, —w,)?
0

1
— /0 T" (by, + u(wy, — by))(wy, — by)du
(2.23) [T/(b7t)]71[T/(bn) = T'(an)](wn — an)
1
+ / [T (an + w(w, — an)) — T (a,)](1 — w)du(w, — ay)?
0

1/t 1
+ 3 / [T"(an) — T"(an + iu(wn — ap)]du(wy, — a,)?,
0
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and hence, we can obtain

1
IT(co)ll < 5 Klleo = woll®

(2.24) + K?||T (bo) || llwo — bollllbo — aollllwo — aol|
w
+ (§O)J1||wo —ag||* + w(po)J2|lwo — ao||>.

Thus, we attain

6
lar - coll < 92 ey |
(2.25) (2 = 09)
. (6—00) [(1 i J1Bo
< .
S 2=0) 2(2700)24-2(2700)4— 5 + J2B0 | po
By Lemma 3, we can write
(2.26)
o w J
TGl < | 2+ wlpohpads) + 220z o))
Koopo

K
+ [puton) + Bw(oo) + 5 P = col + 5 o — ]

(2—-09
Considering the equations (2.22) and (2.26), it follows that
(2.27) l[wr = ar[| < IT17(aq)]]
< 6(00)¢(00, Bo)po = ropo = p1-
Since p(og) > 1, hence
(2.28) w1 —aoll < [lwr — axl + llax — ao
< p(oo)(1+19)p < Rp,

which gives wy € D(ag, Rp). So that we can conclude

KT [[[[T1T(a1)]| < 6(o0)rooe = o1,
IT1 T2 T (@) [w (T T (a1)]]) < Topow(po) = Br-

Continuing this procedure, we can establish the following system of recurrence
relations.

(2.29)

Lemma 5. Using the presumption of Lemma 3 and Lemma 4, the hypotheses
(C1) — (Cb) preserve. For allm > 0 the following properties are true
(1) There exists T'; = [T"(a;)]™" and ||T;| < 75,
(2) 11T (ay)ll < pj,
3) KITH{T5T (ag)|| < o5,
(4) T4 T (ay)[[w([T5T (ai)l) < B,
() llajtr —a;ll < ploj)p;,
(6) [lw; — aoll < Rp,
(7)

7) lle; — aoll < R,
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p(o0)
1 —6(a0)p(00, bo)
Proof. The proof of results (1)—(5) is obvious by applying preliminaries results

and induction principle. So, we prove only results (6)—(8). Using Lemma 2 and
assumptions (C1)—(C5), we obtain

(8) llaj+1 — aoll < Rp, where R =

J
ey — aoll < llwy — ayl + lla; - aoll < ploo) Y pi.

=0
lle; — aoll < llej — ajll + lla; — aoll
(2.30) i1
<57 g + ; laiv1 — all
j—1 j—1
<plaj)p;+>_ (o) <ploo) Y pis
=0 =0
and
j
lajr = aoll < llaips — ail]
1=0
(2.31) ; P
<Y vlon <aton) 3 (T )
i=0 i=0 ;=0
Thus proof is over. O

Now, we consider ¢ = 6%(0g)p(00,50) and A = 1/6(cp). Since o1 =
§2(00)(00, Bo)oo = (oo, B1 < (Bo, so that by virtue of the equation (2.8) and
Lemma 4, it can be written as r1 < d(Co0)¢(Co0,(Bo) < C31_15(JO)¢(JO,BO) =

)\C?’l. Suppose 741 < A%, j > 1. From Lemma 2, we obtain oj+1 < 05 and
d(oj)r; < 1. Thus

(2.32) ris < 0(0))(8(a)rs05,0(05)riB;) < AT

So, we have r; < /\C3j, j >0, and

i—1 i—1 )
(2.33) [T <[] =x¢=. i>o.

1=0 1=0
After using the above relation in equation (2.31), we get

. ogi_g
laj+1 — aoll < p(o0) pEi_gA"¢ 2
(2:34) i
< p(oo)p = < Rp.

Similarly, |w; — ao|| < Rp, ||¢; — ao|| < Rp. This completes the proof.
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Lemma 6. Let R = ’;(_%'TOO). If og < s and §(og)ro < 1, then R < 1/0y.

Proof. The proof is obvious. (]

3. SEMILOCAL CONVERGENCE

In this section, we focus on deriving the existence and uniqueness theorem, which
shows the semilocal convergence of the scheme (1.1).

Theorem 1. Consider € is an open subset and T: Q C U — V is a twice
Fréchet differential operator from Banach spaces U to V. Suppose that ag € 2
and the hypotheses (C1)-C5) are true. Let o9 = Ktp, fo = Tpw(p), ro =
§(00)¢(00, Bo), 00 < ¢, and 6(og)ro < 1, where p, 6 and ¢ are given by the
equations (2.1)-(2.3). Let D(ag, Rp) C Q with R = p(o0)/(1 — §(00)p (00, 5o),
then starting from ag, the sequence a; originated by the scheme (1.1) tends to a
solution a* of T'(a) = 0 with a;,a* belonging to D(ao, Rp), and a* is the unique
solution of T(a) = 0 in D(ag, (2/M7) — Rp)(\ Q. Furthermore, an error bound is
given by

(3.1) laj —a*|| < (p(o0)pN ¢ /2,

o
T 1=
where { = d(og)ro and A = 1/(0p).

Proof. Using Lemma 5, first we prove that a; is a Cauchy sequence. For this,
we consider

laj+m — ajll < lajm — ajm—1ll + -+ [laj41 — a4

Jj+m—1 j+m—1
< Z laiv1 — ail| < Z p(oi)pi
(32)
/11— )\m+1<33'(3"2n+1)
< N (2 .

which shows that a; is a Cauchy sequence, and hence there exists a* such that
lim;_, a; = a*. Suppose j = 0, m — oo, we have
(3.3) lla* — ap]| < Rp.

Above result shows that a* € D(ag, Rp). In the same way, we observe that a* is
a solution T'(a) = 0. Now

(3.4) IToT (ao) | < I T (@)l < --- < TG (@)l < pj-

If, we consider j — oo in (3.4), which shows that || T'(a;)|| — 0 since p(c;) < p(oo)
and p; — 0. T is a continuous operator in © and T'(a*) = 0. Let us assume that
¢* is another solution of T'(a) = 0 in D(ao, (2/M7) — Rp) (2. To prove a* is a
unique solution of the function 7', hence

(3.5) 2 _Rp= (%—R)p>Rp.
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By Taylor’s theorem, we have

1
(3.6) 0=T(c*")—T(a*) = /0 T'((1 — u)a* 4+ uc*)du(c* — a*)
and
IToll / (T'(1 = w)a™ + uc®) — T (ao)du]
(3.7) < KT/O [(1 = w)|la* — ao|| + ullc” — ao|]du
<ﬁ[3 —I—Kl—Rp} ~ 1.

Using Banach lemma, we observe that fo T'((1 — w)a* 4+ uc*)du is invertible, and
hence ¢* = a*. Now, by assuming m — oo in (3.2), we have the expression (3.1).
O

R-order of convergence

Theorem 2. Suppose the hypothesis of Lemma 3 and Lemma 4 are true, then
R- order of convergence of the scheme (1.1) is at least 3+26 and its error estimate
is given by

. p(oo)p ( 1/(2+29)>(3+29)j
. o) < B0P .
(3.8) laj —a™|| < ot () ¢

Proof. Using the hypothesis of Lemma 3 and Lemma 4, the sequence {p;} can
be converted into the form

pj =0(oj—1)p(05-1,Bj-1)pj—1
(3.9)

3+20)9 —1)

_ p<H5 o3)p(0, Bs) > < p)\jc(( 2+20)

As a result of A < 1 and ¢ < 1, it concludes that p; — 0 as j — oo; which shows
that the sequence {p;} converges to zero. When j > 0, m > 1,

(3.10)
Jjtm Jjtm

Z pi<p Z N

. jtm .
:pc—l/(2+20) (Aj<(3+29)J/(2+29) + Z A1<(3+29) /(2+29))
i=j+1
(3+20)7 ((3+26)™ +(2426)
(2+20)

1—Amti¢

1— ,\C(3+29)j
Therefore, Z;io p; exists. The theorem immediately follows by using relations
obtained above in Theorem 1. O

< p)\j§(3+2‘9)j_1)/(2+29)< ) for j > 0.

It is noted that if # = 1, then the R-order becomes five.
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4. NUMERICAL RESULT

In this part, we find the solution of mixed Hammerstein type integral equation,
which is given as
7

(4.1) =1 +/ Q(s, t a(t)? + — G (t)3)dt, s € [0,1],
and T: Q C C[0,1] — C[0, 1], where a € C[0,1], ¢ € [0, 1], and Green’s function @
is defined as follow
(1—s)t t <s,
Qs 1) =
s(l1—t) s<t

To attain the solution of above Hammerstein type integral equation, we take

T(a) = 0 such that
(42)  T(a)(s) = als) — 1 — /O Q(&t)(%a(tw? Fosalt)f)dt, s e [0,1]

where 2 = D(0, 2). First and second Frechet derivative of T' can be obtained as

7

1
T'(a)b(s) = b(s) = | Qeut) §a<t>3/2+%a<t>2)b<t>dt,
(a /Qst 15 a(t)/? + 8 ())b( Ye(t)dt.

It is observe that second derivative of 7" doesn’t satisfy the Lipschitz condition
because

17 () - T'®)] < 2| / Qs |l — b2 + % /01Q<s,t>dtH||ab||,

since

(4.3) H/o Qs e = H/Osl(l_s)ltd?ré 8(11— e
=[-306-3) +5ll=%

15 21
) % N < Zlla—=blY2 + Z=)la — bll.
(4.4) 177 (a) =T @)l < o lla = bl 7= + 21 lla — bl

hence, we can obtain

Now for t € [0, 1], we can write

(45) witn) = oo () + 2 (0) < (),

64
which implies that
o(t) = t1/2.
Suppose that the initial approximation is ag(t) = 1. Furthermore, we possess
15
1T (ao)ll =

128
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and
I-T t)dt]| = — < 1.
=Tl = g1 [ @t = 1 <
By Banach lemma, we have
1 128
Dol < =— =T
ol = T ==y ~ w7
Moreover, we get
15
IToT (ao)ll < 170l T (ao)ll < g7 =P
and
152 21 15v2
T tydt|| = ——
@< (B2 20 [ s nan =52 4 2 =
Thus
(4.6) o0 = 0.2505
and
(4.7) p(oo)og = 0.539167 < 1.
Above value proves that oy < ¢ and
(4.8) 8(c0)ro = 0.0477459 < 1.

As a result, it also follows that the solution a* belongs to D(ag, Rp) =

D(1,0.251...) C 2 = D(0,2) following the hypothesis of the Theorem 1. More-
over, it is unique solution in D(1,1.118...) N Q.
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