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COMPLETE FRACTIONAL MONOTONE APPROXIMATION

G. A. ANASTASSIOU

ABSTRACT. The theory of complete fractional simultaneous monotone uniform poly-
nomial approximation with rates using mixed fractional linear differential operators
is developed and presented in the paper.

To achieve that, we establish first ordinary simultaneous polynomial approxi-
mation with respect to the highest order right and left fractional derivatives of the
function under approximation using their moduli of continuity. Then we derive
the complete right and left fractional simultaneous polynomial approximation with
rates, as well we treat their affine combination. Based on the last and elegant ana-
lytical techniques, we derive preservation of monotonicity by mixed fractional linear
differential operators. We study some special cases.

1. INTRODUCTION

The topic of monotone approximation introduced in [5] has become a major trend
in approximation theory. A typical problem in this subject is: for a positive integer
k, approximate a given function whose k-th derivative is grater or equal to zero
by polynomials that have this property.

In [2], the authors replaced the kth derivative with a linear differential operator
of order k. We mention this motivating result.

Theorem 1. Let h, k,p be integers, 0 < h < k < p, and let f be a real function,
@) continuous in [—1,1] with first modulus of continuity w; (f(p),x) there. Let
aj(z), j = h,h+1,...,k be real functions, defined and bounded on [—1,1], and
assume that ap(x) is either > some number o > 0 or < some number 8 < 0
throughout [—1,1]. Consider the operator

k &
(1) L= j;aj(x) [d}
and throughout [—1,1], suppose that
(2) L(f)=0.
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Then, for every integer n > 1, there is a real polynomial Qn(x) of degree < n such
that

(3) L(Qn) > 0 throughout [—1,1]
and
@ g 17(0) - Qulo)] < Co v (£, 1),

where C' is independent of n or f.

The purpose of this article is to extend completely Theorem 1 to the fractional
level. All involved ordinary derivatives will become now fractional derivatives and
even more we will have fractional simultaneous approximation.

We need the following definitions

Definition 2. ([3, p. 50]) Let o > 0 and [a] = m, ([-] ceiling of the num-
ber). Consider f € AC™([0,1]) (space of functions f with f(m=1 ¢ AC([0,1]),
absolutely continuous functions), z € [0,1]. We define the left Caputo fractional
derivative of f of order « as follows:

(5) (D2.f) () = % / C@ - e (1)t

I'im-—a

for any x € [z,1], where T is the gamma function.
We set
© D f(x) = f(=),
D" f(x) = "™ (x) for all = € [z,1].
Definition 3 ([4]). Let a > 0 and [a] = m. Consider f € AC™([0,1]),
z € [0,1]. We define the right Caputo fractional derivative of f of order « as
follows:

M P = e [ g ar

for any x € [0, z].
We set
D? =
® - f(a) = f(z),

D™ f(x) = (=1)™f™) () for all z € [0, z].

Remark 4 (to Definitions 2, 3). Let n € N with f(® ¢ AC™([0,1]), where
a>0, [a] =m with a ¢ N, and [n+ a] =n+ [a] =n + m, then
1 r (m)
a ¢(n) - - _ 4ym—a—1 (n)
(D) (@) e (1)

I'(m-«

(9) _ 1 ¢ T — (n+m)—(n+a)—1 £(n+m)
I‘((ner)f(nJra))/Z (z =) frm e

= DM f(x).
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That is,
(10) (D;'; f(”)) (z) = D"Ff(z),  forall z € [2,1].

Similarly, we get

(o219 61 = o [ sy ()

I'im-—a
(11> _ (_1)n+m (_1)n ? —x (n+m)—(n+a)—1 p(n+m)
S T(ntm) = (nta) / (t—2) frea

=(=1)"DIf ().

That is,
(12) (Dg_ f(")> () = (~1)"D™°f (z)  forall z € [0, z].

Next we consider f € C([0,1]) and the Bernstein polynomials

(Ba ) (1) = kfj_of (%) (3 )ra-o

for all t € [0,1], N € N, of degree N.
We have Byl =1, and By are positive linear operators.

Theorem 5 ([1]). Let 0 < o < 1, 7 > 0 and f € AC([0,1]) such that f' €
Lo ([0,1]).
Then we have

1 1
||BNf_f||oc < I'(a+1) (1+ (a+1)r)

[sup n (D2 for B (= 1" i) (0.2)

1
(a+1)>
> [0,2]

z€[0,1]
(13) ) HB" (‘ _ x|a+1 Xjo.a] (-) ,x) (atD)
1
+ sup w <Dfxf,7’ By, (I' — 2" X () x) m“))
z€[0,1] o0 [@,1]
B (k= ol e ©,2) [T ] forannen.

x above stands for the characteristic function, also the two first moduli of conti-
nuity are over the intervals [0, ] and [z,1], respectively, as indicated.

Remark 6 (to Theorem 5). Next, we choose r = —5,p = 757 > 1,¢ = 125 > 1

11—«
; 1,1
with erq =1.
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‘We observe that
By (- =" o (), 2) , B (| — ol X (), )

(14) <B, (| Y ) N atl (];]’)xk (1= 2V

(by discrete Holder’s inequality)

atl atl

(S ) () T - ey

< : = : 1
(N (avN)’

We have proved the following important auxilliary result.

for all z € [0,1].

Theorem 7. Let 0 < a < 1, f € AC([0,1]) with f € Lo([0,1]), N € N. Then

-«

1B f = £l

sup wi (D _ f, - %)[0 .
(16)

~ T F( +1)N?% Le[o 1] 2(a+1)N

L )M} —: T (f) < oo.

+ su w(DfT,i
e 'fz(a+1)N%

z€[0,1]

Proof. By (13) and (15).
By [1], we get that the quantity within the bracket of (16) is finite. O

So as N — oo, we derive By f — f (uniformly) with rates.
2. MAIN REsuLT

We give the following simultaneous approximation fractional result.

Theorem 8. Let 8 > 0, 8 ¢ N with integral part [8] = n € Zy such that
B =n+a, where 0 < a < 1. Let f € AC™Y([0,1]) and f™+V € L,([0,1]),
N € N. Set

F®) (
Pryn (f) (2) :=

(17) + /; (/OL (/O"L By (f<">) (tl)dt1> day . ) A1

nl k) @
=0

for all 0 < z < 1, a polynomial of degree (N +n). By (f(")) is the Bernstein
polynomial of degree N. If n =0, the sum in (17) collapses.

OM‘

=
|
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Set also
21—04 1
(18) o [la+1)N> [»Le[o g 2@ +1)N2 /g 4
1
+ sup w (Dfmf, 1) <00
z€[0,1] ' 2(a+1)N= /|, 1]]
for every N € N.
Then P}Vln (f) = PNin—i (f) and
. TV (f)
19 HP(’L) (3) < IN , ,=0,1,...,n.
(19) e A N N CED Z !

As N — oo, we derive with rates P](\,Ln(f) 5 F,

Proof. Notice that [8] = (n+ 1) € N. By (16) we have

) [ (#) =5 oy =T (5) < o0
that is,
@) =T§ (57) < By (£7) (0) = £ (1) < TR (£)
for every 0 <ty <z <1.

Set
(22) Py(f)(@) == By (™) (@).

Hence it holds

Ty (f(n)) x1 < /0””1 By (f(n)) (t1)dty

(23) -
7/ FO (1) dty < TS <f<n>) -
0
that is,
0 oy < 15 (f<">) z
Set
@) PvalN@ =0+ [ By (7)) dn,
that is,
(26) Pyyi(f)(@) = Pn(f)(z)  allz€0,1].
Hence

@) 1§ (5) o1 < Paa () (1) = 7070 (@) < T (1)
for all 2y € [0, 1].

107
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Continuing the procedure, we get
e (f0) T < pn-2) " d
NS 5 =/ (0) + N1 (f) (1) doy
(28) 0
— D) () < TR (f<n)) 3
T2) S 4N B)

forall 0 <z <y < 1.

Set,
(20) Pysa(f)(@) == £ (0) + / " Pyar(f) (a1) da,
that is,
(30) Plyo(1)() = Py (F)(@),
and
(31) Pl o(f)@) = Py (f) (z)  allz€[0,1]

So far we have

for all z5 € [0, 1].
Similarly, we derive

3 T3
=T (1) 5 < 1000+ [ Prsalf)ea)da - 70 as)

(33) p
< TR
for all 0 < 29 < 3 < 1.
Set
(34) Psa()(e) == £ 90 + [ Pysa((az)den
that is,
(35) Py i3(f)(x) = Prny2(f)(2),
and
(36) Py s(f)(x) = Pn(f)(x) for all = € [0,1].
Hence

3
(67 —T3 (£7) 5 < Pras(f)las) = FOaa) < T (£7)

for all z3 € [0, 1].
Continuing as above, after n steps we get

38) 15 (1) I < Paa(D)(e) — ) < TR
with 0 < z,, < 1.
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As above
(39) Py in(f)(@) = £(0) + / " Pasno(F) (@) dzs,
that is,
(40) Pl )(@) = Pyons () (@),
and

(41) P (@) = Py(f)@) = By (f™) (@) allz e 0,1].

109

So clearly, Py, (f) has the representations (17), the second one comes from Tay-

lor’s theorem.
By (21), we get

(42) [P = 1@< TR,
by (27), we find
(43) | s () = s < TR,
by (32), we derive
3 T (n)
(14) |y eat) - g2 < D
by (37), we obtain
Ta ()
(45) |Bxsstr) - p2)| < TRUZD,
and by (38), we have
Ta (F
(16) 1Pxsalf) ~ fllo < RUZ)
So, we have proved that
, | TS (f)
(%) () N .
@) PR s sy i=0tn
Based on (10) and (12) we derive that
(48) T (f™) = T (f).

By [1], the quantity within the bracket of (18) is finite.
The proof of the theorem now is complete.

We completely left fractionalize Theorem 8, to have

Theorem 9. Suppose that all terms and assumptions are as in Theorem 8.
Consider a; >0, j=1,...,n €N, suchthat op =0 < a3 <1 <ay <2< a3z <

3< << ap <n. Then

- " (f)
O = T( —ay +1)(n =)V

(49) [|DS3(f) = DG (Prn(£)) ]|
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j=0,1,...,n. Notice that (49) generalizes (19).

Proof. Let a;j > 0,7 =1,...,n,suchthat 0 < a1 <1 <ax <2<a3 <3<
<o <ap<n Thatis, [a;] =4,7=1,...,n
We consider the left Caputo fractional derivatives

50) (DS £) () = G 1_ — /Ow(x — im0 () dt

(Diof) (@) = 1P (@),
and

(D3 Pr () @) = s [ =07 (P ()Y (1

G |
(Dly(Prsa($) @) = Pavsn(F)Y

We notice that

| (DI f) (2) = (D4 (Pn+n(f))) (2) |

| [ e e
- / o 7 (P (1)) (1
e [ e (10 - <PN+n<f>><j><t>)dt‘
(52) G [ 1900 - (P (0] a
<> (/0 A=
W TR @ TROU)

(53) TG0 —a)n—3) TGt

We have proved
| (D% £) (@) — (DG (Py+n(f))(@))]

(54) o TTOTRN) " (/)
TTG -t ) T TG -+ ) (=)

for every z € [0, 1], which proves the claim. O

We completely right fractionalize Theorem 8, to have
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Theorem 10. Suppose that all terms and assumptions are the same as in
Theorem 9. It holds

T3 (f)
T(j—a;+1)(n—j)

(55)  ||DiZ(f) — DY (PN+n(f))Hoo,[o,1] <

j=0,1,...,n.
Observe that (55) generalizes (19).

Proof. We notice that

| (DY f) (@) = (DY (Py4n())) () |

- r(;ia]) /:(t — gy f0) (p)de
-/ (e = 2y (P () (0
(56) - o | e (190~ B ()9 0) o
< ). (=2 |19 ) = (P () ()]
57) _ (—wym TR0

I'(j—a;j+1) (n—5)
We have proved
| (DY2f) (@) = (DY (Prn(£)) (@)

(58) _ (—apm TR T5°(f)
Tl ) (=) T T - 1) (=)

for all « € [0, 1] which proves the claim. O

Next the important corollary follows.

Corollary 11. Suppose that all terms and assumptions are the same as in
Theorem 9. Let X € [0,1]. Then

I(ADZ () + (1= N DY ()
= (ADE (Pyn() + (1= 2) DY (Pren ()l o

5 (f)
ST —a;+1) (n—j)

(59)

j=0,1,...,n.
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Proof. We see that
|(ADSS (f) + (1 = A) DY (f))

(AD*O (PN+n(f)) + (1= 2D (Pysnf)| ooy
= [|IM (D5 (f) = D% (Pyin(F)))
(60) + (1 =) (DY) = DY (Pyin (D) | o
<MD (f) = DG (Pyn(F))]]
+ (1= N [|DY(f) = DY (Prsn(F)]|
((49),(55)) B0 T8
(6D =AM fafv+ e TR USEET mp e
T3 (f)

TT( eyt ()

which proves the claim. O

Next we come to our main result that is the complete fractional simultaneous
monotone uniform approximation, using mixed fractional differential operators.

Theorem 12. Let >0, 8 ¢ N, n =[] e N: f=n+4+a, 0 < a <1
f € AC™1([0,1)), and f*+Y € Lo ([0,1]). Let A € [0,1], and h,k € Z, with
0 < h<k<mn When A # 1, we take h to be even. Consider the numbers

=0<a <1<m<2<a3 <3< < <a, <n Letaj(x),
j=hh+1,...,k be real functions, defined and bounded on [0,1], and suppose
that ay(z) is either > @ >0 or < 3 <0 on [0,1]. We set

, T=h,... k.

(62) I, := sup |a;1(x)a7(x)
z€[0,1]

Tf,’o‘(f), N € N, as in (18), (N — o0). Consider the mized fractional linear
differential operator

k
(63) L* = Z z) [ADSg + (1 — \) DY7].

Then for any N € N, there exists a real polynomial QN 4r of degree (N +n) such
that
1) for j=h+1,...,n, it holds
I(ADS (f(2)) + (1 = ) DY (f(2)))
— (ADS @na(@) + (1= X) D (@Quan(@)) o o

5 (f)
ST(G—a;+1)(n—j)

(64)
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2) for j=1,...,h, it holds
|(ADZ () + (1= X) DY)
— (ADZ (@n+n) + (1= X) DI (Qn+n)) Hoo,[O,l]
k

(65) < Tx"(f) [ . +<

T =TG-+ 1)

.{)\F(h—j+1 d-x rzf T(h—j—0+1)

I'h—a;+1) I'h—a; —0+1)

i

and

3)

B,c
(66) [If — Qn-nllo 01]—T (f)<zl“7—arj—71)(n—7)'+1>'

r=h

The set

(67) A:= {()\, z) € (0,1)%: Aah= 4 (1 - X) (1 —2)" > T (h—ay + 1)}
1§ not empty.
We assume that L* f(x) > 0 for every x € A. Then L* (Qn4n) > 0.
IfL*f(0) >0 and 0 <A< 1—-T(h—ap+1), then L* (Qn+n) (0) >
IFLf(1)>0andT'(h—ap+1) <A <1, then L* (Qn4n) (1) > 0.
Given L*f(0) > 0, A =0, we get L* (Qn+n) (0) > 0.
Given L*f (1) > 0, A = 1, we derive L* (Qn+n) (1) > 0.
Let A\ =0, h even, h > ay,, L*f(x) > 0 for z € (0,1) such that
x<1-T(h—a)+ 1)ﬁ , then L* (QN+n) (z) > 0.
Finally:

7. Let A\=1, h > ap, and = € (0,1) with x > (T'(h — ap, + 1))ﬁ Assume

that L* f(x) > 0, then L* (Qn+n) (z) > 0.

Proof. Let h,k be integers 0 < h <k <n,and ap =0< a1 <1< a3 <2<
a3 <3< <o <y <n,thatis, [a;] =4,7=1,...,n. Weset

Al

(68) l;, == sup |o<;1(a:)ozj* (x)} < 0, h<j.<k,
z€[0,1]

and
69 =T ( :
(69 o (;hr e ey <n—j*>!>
I. Throughout [0, 1], suppose that ay(z) > @ > 0. Call

h

x

(70) QN-HL(I) = PN+n(f)( )+PN Ik

where Py (f)(z) the same as in (17).
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Then by (59), we obtain

. . {Eh
H (ADZ + (1= X) D7) <f(x) + /JNh!)
(71) = (ADLG + (1= A) DY2) (Qnn ()| o1y
T3 (f)
TG +1)(n—)!

)

forall 0 <j < n.
When h + 1 < j < n, immediately by (71), we obtain

[(ADSG + (1= X) DY) (f(x))
— ()\Dfé +(1- /\) D?i) (QN-i—n(x))Hoo,[oJ]

5 (f)
ST(G—aj+1)(n—j)

(72)

that proves (64).
Next we treat the case of 1 < j < h. After we get calculations

(73)

D 2"\ _ T(h—j+1)ahe
OA\R)  T(h—a;+1)(h—j )

and

o xzh 1
Pis <h'> = o

— . [hzf <(h;]>> (—1) {IF((hh—_oi_—eej-ll))(l B x)haje}] ,

6=0

Hence by (71), we have

—q th_aj
H()\ng + (1 =N DY) (f(2) + pw {)\FF(h j+1)

(h—a; +1)(h—j)!

(1-3) [§2 (b= _pypero [ L(A=5—0+1) R )
o AR o )

0
— ()\Dfoj +(1=X) D?i) (QN+n(x))Hoo,[oy1]

forall 1 <j <h.
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By (75) and triangle inequality we get
|(ADSS + (1= X) DY) (f) — (ADg + (1 — A) Di?) (QN+n)||oo,[o,1]

5 (f)
ST —a;+ 1))
PN T (h—j+1) < (h =4\ T (h—j—6+1)
o)) {/\F(h—aj—kl)—i—(l_)\) L_O< 0 )I‘(h—aj—9+1)

o () %" (f) (
' .

(76)

}

TTG-ar )= (h=))

_{Ar(h—j+1)

P(h—Olj+1)

(h—§\ T(h—j—0+1)
\ 0 )T(h—a;—0+1)

}

,1

T (f) ! 3 L
=Gy lfu—aﬁlﬁ@ (r-ar -1

)\F(h Jj+1) (1- 2 'h—j—0+1)
r'h-— a]—i—l 9 'h—a; —0+1)

So we have derived
I(ADS + (1= X) Dy?) (f)
— (ADZ + (1 =X Di7) (QN+n)Hoo,[o,1] < K,

j=1,...,h, proving (65).
When j = 0 from (71) we obtain

(78)

h B,a

(19) e+ onfy vt < B
00,[0,1 :
Hence
"
1 = Qo < 25 + TV
_IRW) Lr TN (f)
(80) R (Z I'(r—a,+1)(n—1)! * Nn!
() L

(81) = Nh! (;F(T—O&T—Fl)(n—T)!—’_l ’

proving (66).
Furthermore, if (A, z) is in the critical set A, see (67), and L* f(x) > 0, we get
@ 'L (Qn+n) = g (o) L* (f())

ph—on (1 _ x)h—ah }

(82) + pN {)\+(1—)\)
L'h—ap+1) L'h—ap+1)
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(when X € [0,1), we assume that h is even)
fe o .'lfh
Zah 2a; (@) { (D5 + (1= D) [ Q) = 110 = o |}

(71) h—ap _ p)h—an
> pN{AI‘(I,+(1)\)M}

h—ap +1) T (h—ap+1)
- TR (f)
jzhljff—aﬁl)(n—j)!
B ph—an (1 _ x)h*ah
p e Cu,
p(h_#{)\zh +(1=NA=2)" =T (h—an+1)}
(83) = A(z, ).

The set
(84) A= {(/\,a:) € (0,1)%: Ax" " 4 (1= A\)(1 —2)" > T (h— an + 1)}

is not empty.
If h = ay,, then A = (0,1)°. Assume that oy, < h.
Let us choose A =2 = § € (0,1), some want to find specific examples of

(85) gith=en L (1 — )" th=r > D (h—ap, +1).

The minimum value of I" over (0, 00) is I' (1.46163) ~ 0.885603, we take 1+h—ap, =
1.46163 and 6 = 0.99.
Hence

(0.99)"10%%% 1 (0.01)" 1% = 0.985417497 + 0.001193274

(86)
= 0.986610771 > 0.885603.

Similarly, we have that " (1.4) = 0.887264, and by taking § = 0.95 and 1+h—ay, =
1.4, we get

(0.95)"* 4 (0.05)"* = 0.930707144 + 0.015085441

(87)
= 0.945792585 > 0.887264.

Hence A # 0.

Hence over A, we get A (x,\) >0, thus L* (Qn4n) > 0.

We know that I'(1) = 1, T'(2) = 1, and T is convex and positive on (0,00). In
general 0 < h —ap < 1,hence 1 <h—ap+1<2and0<T(h—ap+1) <1
that is 1 —T'(h —ap +1) > 0.

Next we argue as in (82)—(83).

Further we have

(88) A(OA):ﬁ{u_»_m_ahm}zo,
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when 0 < A < 1 —T(h—ap+ 1) which proves the case L* (Qn+rn)(0) > 0,
provided L* f(0) > 0.
Similarly, we observe that

(89) A(l,A):ﬁ{/\fF(hfathl)}ZO,

where ' (h — ap, + 1) < A < 1, that proves the case L* (Qn4r) (1) > 0, provided
L*f(1) > 0.
Clearly, we have

(90) A(O’O):ﬁ{l_r(h_ah‘kl)}za

that proves L* (Qn+r) (0) > 0 with A = 0, provided L*f(0) > 0 and

(91) A(l,l)zﬁ{l—l“(h—ah—kl)}zo,

that proves L* (Qn+n) (1) > 0 provided L*f(1) > 0 with A = 1.
We see also that

PN h—a
92 A )= ——— (1 — n—T (h— 1)y >0
provided (1 —z) >T'(h —ap + 1) an , equivalently, provided
1
z<1-T(h—ap+1)"==r with h > ap and z € (0,1).
In case L* (Qn4n) () > 0 with A = 0 and h even, provided L* f(z) > 0. Finally,
we observe that

(93) Az, 1) = ﬁ {xh_ah —T(h—ap+ 1)} >0,

provided z >T" (h—ap,+1) e with i > ap and z € (0,1). Incase L(Qn+n) (x) >0,
with A = 1, provided L* f(x) > 0.

I1. Throughout [0, 1], suppose that ay(z) < 3 < 0. Call now

h

(94) Qu4n(@) = Prsn(H)(@) = prv -
Then by (59), we obtain
X . l‘h
H (AD% + (1= ) D§7) (f(x) — PNh!>
(95) ~ (AD + (1= N D) (Qu+a(@)) |

0,[0,1]

T35 (f)
ST(G—a+1)(n—j) =
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As earlier, we obtain the inequalities (64), (65), (66). Furthermore, if (\,z) € A
and L* f(xz) > 0, we get

(@)L (Qn4n) = g (@) L* (f()) —

ph—on (1 _ x)h—ah
pN{AF(hathl) +(1_/\)F(ho¢h+l)}

(when A € [0,1), we assume that h is even)

+Zah (@), (x {(AD% (1-A) DY) {szm(w)—f( )+PN£Z}:”

(95) ph—an (1 _ x)h*ah
< S S R JS ?
= pN{)\F(h—ah+1)+( )\)F(h—ah—i-l)}

5 (f)
IT(j—aj+1)(n—j)!

j
ph—an (1 _ I)hfah,
1—da—r LY
pN{ {)\F(h—ah—i—l) + )\)F(h—ah-i—l)}}
:—F - 1) — {zhor (1 - X)) (1 — z)mon
(97) T o 1) LB on 1) = Qa0 (1= A) (- 2)™ )
=: B(z,\).
Hence over A, we get B (z,A) <0, thus L* (Qn+rn) > 0.
Next we argue as in (96)—(97):
Further we have

+
M?r

PN
B =————AI'(h — 1) —(1- <
when 0 < A < 1-T'(h — ap + 1), that proves the case L* (Qn+r) (0) > 0, provided
L*£(0) > 0.
Similarly, we observe that
PN
B(1l,\)=————{T'(h— -2} <
(99) (1,2) F(h—ah—i—l){ (h—an+1) = A} <0,
where ' (h — ap + 1) < A < 1, that proves the case L* (Qn+n) (1) > 0 provided
L*f(1) =0
Clearly, we have
PN
1 B = ———{I'(h — 1)—-1} <

that proves L*(Qn+r)(0) > 0, provided L* f(0) > 0 with A = 0.
Also it holds

(101) B(l,l):ﬁ{l“(hfah+l)fl}§0,
(

that proves L* (Qn+n) (1) > 0, provided L*f(1) > 0 with A = 1.
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‘We see also that

(102) B(2,0) = % PN

m{r(h—ah—i—l)—(l—x)h—ah} <0,

provided (1 —z) > T (h— ap + 1)”’1% with h > ay, and x € (0,1), h is even.
In that case L* (Qn4n) () > 0 with A = 0, provided L* f(x) > 0.
Finally, we observe that

PN ){F(hfathl)th*O‘h}gO,

(103)  B(z,1) = s

provided that x > T'(h — ap + 1) an with h > ap, and z € (0,1).
In that case again L* (Qn+n) (z) > 0, with A = 1, provided L* f(z) > 0. O

Corollary 13. Let 8 >0, 8 ¢ Nyn=[fleN:B=n+a, 0 < a <1
f e AC™1([0,1]), and £t € Lo ([0,1]). Let hk € Zy with 0 < h < k < n.
Consider the numbers ag =0 < a1 <1< a3 <2< a3<3< - <--<a, <n.
Let a; (x), j = h,h+1,...,k be real functions, defined and bounded on [0, 1], and
suppose that ay(x) is either > @ >0 or < B <0 on [0,1]. We set

(104) I, == sup |a;1(x)a7(x)| , T=h,... k
z€[0,1]

Consider the left fractional linear differential operator
k
(105) L= a;(z)DJ.
j=h

TE*(f), N € N is the same as in (18).
Then, for any N € N, there exists a real polynomial Qnirn of degree (N + n)
such that

1) forj=h+1,...,n, it holds

5 (f)
T(j—a;+1)(n—j)

(106) | D% f - DSSQNJWHOO,[OJ] <

2) forj=1,...,h, it holds
I1DZ5 () = D5 (Qn-+n) llos,fo,1)
_ I 1
I'(

(107) =TG-+ 1)
: I T(h—j+1)
* (TZ}LF(T—@T—l—l)(n—T)!) (F(h—aj—i-l)) ’

3)

o) (v L
(108) 1f = @l o) < =55 (ZlF(T—aT—H)(n—T)!—H |

T=
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Further we have

a) Given Lif(1) >0, then L1 (Qn4n) (1) > 0.

b) Let h > ap and v € (0,1) with + > (T(h—an+ 1))ﬁ
Assume that Ly f(z) > 0, then L1 (Qn+n) () >0

Proof. By Theorem 12 and for A = 1. O

We finish with the following corollary.

Corollary 14. Let 8 >0, 8 ¢ N, n=[fle N: 8 =n+a, 0 < a <1
f e AC™([0,1]), and fO*D € Lo ([0,1)). Let hyk € Zy with0<h<k<mn, h
is even. Consider the numbers apg =0< a1 <1< a3 <2<a3<3< - <+ <
an, <n. Let aj(x), j =h,h+1,...,k be real functions, defined and bounded on
[0,1], and suppose ay,(x) is either > @ >0 or < <0 on [0,1]. We set

(109) ;= sup |ay ' (2)ar(z)|, T=h,.. k.
z€[0,1]

Consider the right fractional linear differential operator
k
(110) Ly:=Y a;(x)D}’.
j=h

Tf,’a(f), N € N is the same as in (18).
Then, for any N € N, there exists a real polynomial Q N1y of degree (N +n)
such that

1) forj=h+1,...,n, it holds

5 (f)
L(j—a; +1)(n—j)

(111) |DY2f = DY2QN+nll oo jo1) <

2) forj=1,...,h, it holds
IDYZ(f) = DYZ (@N+n) llooyfo,1)

)

T3 (f) 1
(112) = =) [F(j—aﬁl)
: L L (h7\ Db+ 1)
+ (;uTaTH)(nT)!) L;( 0 >F<ha9+1> ’
3)
Tﬁ»a f k l7-
(113) |If = @ntnllooo,1) < Nhg( : (;LF(Taerl) (n—1)! +1>

Further we have

a) ]f Lgf(O) > 0, then L2 (QN+n) (0) > 0.
b) Let even h > ay, x € (0,1) such that x < 1— (T'(h—ap + 1)) | and
Lof(x) > 0. Then Ly (Qn4n) (x) > 0.

Proof. By Theorem 12 and for A = 0. O
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