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MEIR-KEELER TYPE CONTRACTION
VIA RATIONAL EXPRESSION

KOTI N. V. V. VARA PRASAD anD A. K. SINGH

ABSTRACT. In this paper, we establish a fixed point theorem for a Meir-Keeler
type contraction via Gupta-Saxena’s rational expression. This result extends and
improves the corresponding results of B. Samet et al. [6], Najeh Redjel et al. [5],
and Dass and Gupta [2].

1. INTRODUCTION

The Banach contraction principle is widely recognized in metric fixed point the-
ory. This principle has been generalized in different direction in different spaces
by many authors. Among them, one of the interesting generalization of Banach
contraction principle was given in 1969, by Meir-Keeler [4].

Meir-Keeler proved the following theorem.

Theorem 1.1 ([4]). Let (X,d) be a complete metric space and let S be a
mapping from X into itself satisfying the following condition:

Ve >0, 36(g) > 0 such thate <d(z,y) <e+d(e) = d(Sz,Sy) <e.
Then S has a unique fized point u € X. Moreover, for all x € X, the sequence
{8™z} converges to u.

In 1975, Das and Gupta [2] proved the following theorem.
Theorem 1.2 ([2]). Let (X,d) be a complete metric space and let S be a
mapping from X into itself satisfying
(1 + d(x, Sz))d(y, Sy)
d(S(z),S <
for all x,y € X, where o, are constants with o, > 0 and o + S < 1. Then

S has a unique fized point u € X. Moreover, for all x € X, the sequence {S™x}
converges to u.

+ Bd(z,y)
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Some generalizations of Theorem 1.2 exist in literature; see [1, 6].
In 2013, Samet et al. [6] proved a fixed point theorem of Meir-Keeler type that
extends the above Theorem 1.2 as follows.

Theorem 1.3 ([5]). Let (X,d) be a complete metric space and let S: X — X
be a mapping. Assume that the following condition holds. For any e > 0 such that

Jorao#y or Syty,
(1+ d(w, Sz))d(y, Sy)
%< (i)

=  d(Sz,Sy) <e

(1.1) +d(w7y)) < 2e+4(e)

for all x,y,€ X. Then S has a unique fized point & € X. The sequence {S™x}
converges to &.

In 1984, Gupta and Saxena [3] proved the following theorem.
Theorem 1.4 ([3]). Let S be a continuous selfmap on X, we assume that the
following condition satisfies
(1 + d(x, Sz))d(y, Sy) d(x, Sz)d(y, Sy)
gy
1+d(z,y) d(z,y)
for all xz,y € X, x # y, where a1, as, a3 are constants with a1, as,a3 > 0 and

a1 +as +ag < 1. Then S has a unique fized point w € X. Moreover, for all
x € X, the sequence {S™x} converges to u.

d(S(x),S(y)) < an

+ a3 d(aj? y)

In [5], Radjel et al. established a fixed point theorem of Meir-Keeler type in-
volving Gupta-Saxena expression which extends Theorem 1.4 in case when ay,
i=1,2,3in (0, 3).

Theorem 1.5 ([5]). Let (X,d) be a complete metric space and let S: X — X
be a continuous mapping. Assume that the following condition holds. For any
€ > 0 such that for x #y or Sy # y,

(1 +d(z, Sx))d(y, Sy) _ d(=x,Sz)d(y, Sy)
(1.2) ses ( 1+ d(z,y) " d(x,y)
=  d(Sz,Sy)<e

+d(z, y)) <3¢ +4(e)

for all x,y € X. Then S has a unique fized point & € X. The sequence {S"x}
converges to £.

In this paper, we obtain a new fixed point theorem of Meir-Keeler type con-
traction via Gupta-Saxena rational expression which extends Theorem 1.3 and
Theorem 1.5. Throughout this paper, (X,d) is a complete metric space denoted
by X.
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2. MAIN RESULT

Our main result is following.

Theorem 2.1. Let S be a continuous selfmap on X, we assume that the fol-
lowing condition satisfies

(2.1)
(1 +d(x, Sz))d(y, Sy) d(z, Sx)d(y, Sy)
€= qS(max{ 1+d(z,y) ’ d(z,y)
=  d(Sz,Sy)<e

,d(x,y)}) <e+ A(e)

forall x,y € X,z # y ory # Sy, where ¢: Ry — R4 is a continuous monotonic
increasing mapping, ¢(t) < t for all t > 0 and ¢(0) = 0. Then S has a unique
fized point ¢ € X. Moreover, for all x € X, the sequence {S™x} converges to (.

Proof. The equation (2.1) trivially implies that
x # yory# Sy implies

(1 +d(=, Sx))d(y,Sy) d(x, Sx)d(y, Sy)
d(Sz, 5y) < ¢(max{ 1+d(z,y) ’ d(z,y) d(z, )})

First, let zg € X and consider the sequence

(2.3) Tpy1 = Sy for allm € N.

(2.2)

Now, we have to prove that the sequence {x,,} is a Cauchy sequence in X. Suppose
that x,, = Tn,+1 for some ng € N, then clearly z,, is a fixed point of S. Now,
assume that x, # x,41 for all n € N. Let us denote d,, = d(z,,z,+1) for all
n € N, from (2.2) and (2.3), we have

dn = d(x'ru xn+1) = d(anfh Smn)

(1+d(zp-1, Stn-1)) d(xn, Sz,)
< o max { e T

d(zn—h Szn—l)d(xny an)
(2.4) d(Tn_1,%n) » dzn, x")})
_ (1 + d(xn*hmn))d(xnaxrurl)
— ¢<max{ TP

d(l‘n—h xn)d($n7 ,’L‘n+1)7
d(xn—l,l‘n) 7d($n,17;(;n)})_

)

Suppose that max {d(mn, Tnt1), d(Tp-1, xn)} =d(Tnt1, Tn)-
Then from (2.4) and by the property of ¢, we get

d(@ns Tpt1) < S(d(@n, Tptr)) < d(Tn, Tot1),
a contradiction. Thus
(2.5) d(Tn, Tni1) < O(d(Xp-1, Tn)) < d(Tpn-1, Tpn).
Therefore, d, < d,_1 for all n € N.
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Suppose that d,, converges to some € > 0 and moreover, d,, > ¢ for all n > 0,
we have ¢(max {dn, dn_l}) — g asn— oo.
From (2.1), if € > 0, there exists A() > 0 such that

e < p(max{d,, dn-1}) <e+ Ae) = d(Szp_1, Szp) =d(xn, Tpy1) =dn <e,

a contradiction. Then we obtain that d,, — 0 as n — oo.

Now, let € > 0, condition (2.1) remains true with A\(¢) replaced by A!(g) =
min {)\(6), €, 1}. By the convergence of sequence d,, — 0 as n — oo, there exists
ko € N such that

)\1
(2.6) d(zp, xpy1) < Ale) for all p > k.
Now, we consider the set
(2.7 E={zp | p> ko, d(zp, T1y) <+ ()}

First, we prove that S(Z) C Z. Let a € E, there exists p > k¢ such that o = z,
and d(xp, Tx,) <e+ A(e). If p = ko, we have S(a) = z,+1 € Z by (2.6). Then
if we take p > kg, we get the following two cases.
Case 1:
(2.8) e < d(xp, Thy) < €+ A(2).
Now using (2.2) and (2.3), we have
(1 + (pr, Z'p+1))d(l‘k0 ) xko-i-l)
I+ d(xlﬂ ‘Tko)
d(mlﬂ xp+1)d(xk07 xko-ﬁ-l) ’ d(.’]?p, mko)}) )
d(xp’ xko)

Using (2.6), (2.8) in RHS term of the above equation, we get
RHS term of the above equation

d(Szp, Szk,) < (b( max {

)

= ¢<max{ ATy, Thot1) | ATp, Tpi1)d(Thos Trot1)

1+ d((Ep, xko) 1+ d(xpv xko) ’
d(wp, Tp41)d(Thys Tho+1)
d(xpaxko) 7d(l'p,xk0)}).

Since
A(e)
2

d(xkov 'T/fo-i-l)

<1
1+ d(zp, xk,)

< d(Xgy, Thot1) <

- ¢<max{*2<€> . ”2@, ”2@,5 FAE))
)

(e
2

<¢<max{)\1(6), ,5+)\1(5)}) <+ M (o),
by (2.1), we have

(2.9) d(Szp, Sxy,) < €.
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Using triangular inequality, and (2.6), (2.9), we have

1
(2.10)  d(Szp, xk,) < d(Sxp, Stky) + d(STRe, Thy) < €+ AT(E) <e+A(e).

It follows that S(E) C E.
Case 2:

(2.11) d(zp, xp,) <€

From (2.2) and (2.3), we get
(2.12)
d(Szp, Try) < d(Szp, Stiy) + d(STiy, Thy)

(1 + d(xpv xp+1))d(x7€07 mko+l)
< ¢(max{ 1+ d(zp, k) ’

d(@p, Tpt1) d(@hes Tho+1)
d(Ip’ ggko) s d(xpv xk,‘(])}) +d(.’£k0+1’ mk0)7

. d(Trys Tho+1) A(e)
simce m S d(IkO, :Ck0+1) < 5 <1

If d(zky, Tho+1) < d(zp, Tk, ), then (2.12) becomes

d(zp, d(ZTky, Thy
d(Szp, Tk,) < ¢(max {d(a:ko, Thot1) + (2 11—):21)@( ’;k )k +1)
P> 0

tom s il dy ) o
M) M(e) A(e) e}) A(e) AL(e)

<¢(max{ 5 T2 o Tty sEt

If d(zk,, Tho+1) > d(2p, Tk, ), then

d(SxPkao) < d(leﬂx}?) + d(‘rlﬂxko)
= d(prrlawp) + d(xp,xko)

< d(@pt1,7p) + ATk Tho+1)

M) [ M)

In both Cases, we have S(a)=S(z,) =xpt1 € E. Thus d(zy,x,) < € + A (e)
for all m > kg.
If m,n € N satisfying m > n > kg, then

(T, Tn) < d(@Tm, Thy) + d(Tn, 21y ) < 26 + M) = 3¢,

This implies that the sequence {z,} is a Cauchy in X. Since X is complete, then
it follows that there exists ¢ € X such that x,, converges to ( as n — oco. In fact,
from (2.3) and continuity of S, we get S¢ = ¢. Thus ( is a fixed point of S.
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Suppose now that 1 is another fixed point of S. Using our inequality, we get
14 d(n, Sn)]d((, S d(n,Sn)d(¢, S
d0.€) = d($n,5) < o (max { A BENALS0) ARIVECE, 45,1
= ¢(max {0,0, (d(n,C})
< é(d(n, ¢) < d(n,q),

a contradiction. This proves the uniqueness of the fixed point and completes the
proof of the theorem. O

Corollary 2.1. Let S be a continuous selfmap on X, we assume that the fol-
lowing condition satisfies
1+ d(z,Sz))d(y, S d(z, Sx)d(y, S
+d(z,5x))d(y, Sy) | d(z, Sz)d(y, Sy) +d(x’y))
1 +d(z,y) d(z,y)
forallx,y € X, x #y ory # Sy, where ¢: Ry — Ry is a continuous monotonic

increasing mapping, ¢(t) < t for all t > 0 and ¢(0) = 0. Then S has a unique
fized point ¢ € X. Moreover, for all x € X, the sequence {S™x} converges to (.

(s, 5y) < o

The following corollary is a corollary of Corollary 2.1 and Theorem 1.4.

Corollary 2.2 ([5]). Let S be a continuous selfmap on X, we assume that for
x#yorSy) £y, S satisfies

als(o).s) < o(LHADEN ) | A0 ZOWT) gy, y),

where k €]0, 3[ is a constant. Then S has a unique fized point u € X. Moreover,
for all x € X, the sequence {S™(x)} converges to u.

Proof. We get it by taking ¢(t) = k ¢ in Corollary 2.1. O

Example 2.2. Let X = [0,1] and define a mapping S from X into itself. We
define a function Sz = “fT””, where z € X, and ¢: Ry — Ry by ¢(t) = % for all
t € Ry. The function ¢ is continuous monotonic increasing, ¢(t) < t, for all t > 0,
¢(0) = 0. Now, we Verify the condition (2.2). Assume that if © < y, then

-y

‘dexSy)<¢ (z,y)) ’\[

It leads to the result that condition (2.2) holds and 1 5 is a unique fixed point of S.
In particular, at x = 1 and y = 0, Corollary 2.2 does not hold.

Corollary 2.3. Let S be a continuous selfmap on X, we assume that the fol-

lowing condition satisfies
(1+d(x,5z))d(y, Sy)
<
d(Sz, Sy) < ¢( 1+ d(z.y) + d(w,y))

forallx,y € X, x #vy ory # Sy, where ¢: Ry — Ry is a continuous monotonic
increasing mapping, ¢(t) < t for allt > 0 and $(0) = 0. Then S has a unique
fized point ¢ € X. Moreover, for all x € X, the sequence {S™x} converges to (.
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Corollary 2.4. Let S be a continuous selfmap on X, we assume that the fol-

lowing condition satisfies
(1 + d(z, Sx))d(y, Sy)
d(Sz, Sy) < cb(maX{ I+ d(.y) ,d(:c,y)})

forallx,y € X, x #y ory # Sy, where ¢: Ry — Ry is a continuous monotonic
increasing mapping, ¢(t) < t for all t > 0 and ¢(0) = 0. Then S has a unique
fized point ¢ € X. Moreover, for all x € X, the sequence {S™x} converges to (.

The following corollary is a corollary of Corollary 2.4.

Corollary 2.5. Let S be a continuous selfmap on X, we assume that for x # y

or S(y) #y, S satisfies
a(S(x), S(y)) < k( (1 + dﬁ if?jéy Sy)

where k €0, %[ is a constant. Then S has a unique fixed point ( € X. Moreover,
for all x € X, the sequence {S™(x)} converges to (.

Proof. By taking ¢(t) = k t in Corollary 2.3. O

+ d(af,y))7
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