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HARMONIC AND BIHARMONIC MAPS
BETWEEN TANGENT BUNDLES

L. BELARBI anp H. EL HENDI

ABSTRACT. In this paper, we investigate the harmonicity and biharmonicity of
a tangent map ¢: (T'M,g*) — (TN,h®) in the case where the tangent bundles
TM, TN are endowed with Sasaki Riemannian metrics g°, h®.

1. INTRODUCTION

Let ¢: M — N be a smooth map between the smooth manifolds M, N. The map
¢ induces the tangent map ¢ = dy: TM — TN between the tangent bundles
of M and N. In the case where M, N are Riemannian manifolds, their tangent
bundles TM, TN may be endowed with the corresponding Sasaki metrics so that
they become Riemannian manifolds. The motivation of this paper is to study
harmonicity and biharmonicity of the tangent map ¢: (T'M, g°) — (T'N, h®).

In this paper, we deal with these problems in the case where the tangent bundles
TM, TN are endowed with Sasaki Riemannian metrics ¢g*, h®*. We show that the
map ¢ is harmonic if ¢ is totally geodesic. Further, if TM is a compact tangent
bundle, ¢ is harmonic if and only if ¢ is totally geodesic.

In the biharmonicity, we show that if T'M is a compact tangent bundle and
¢: (TM,g°%) — (TN, h®) the tangent map of harmonic map ¢: (M,g) — (N, h),
then ¢ is biharmonic if and only if ¢ is harmonic. Furthermore, we calculate the
bitension field of tangent map ¢.

1.1. Harmonic maps

Consider a smooth map ¢: (M™,g) — (N™, h) between two Riemannian manifolds,
then the energy functional is defined by

1) B =5 [ 1a6Pdu,

(or over any compact subset K C M).
A map is called harmonic if it is a critical point of the energy functional E (or
E(K) for all compact subsets K C M). For any smooth variation {¢}.e; of ¢
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with ¢g = ¢ and V = %\tzo, we have
d
@ GE@lm0 == [ 1(r(0). Vo,
where
(3) T(¢) = trg Vdo

is the tension field of ¢. Then we have the following theorem.
Theorem 1.1. A smooth map ¢: (M™,g)— (N™, h) is harmonic if and only if
(4) 7(¢) =0.

If (%) 1<i<m and (y*)1<a<n denote local coordinates on M and N, respectively,
then equation 4 takes the form

N 9P g
« — (03 1] (0% —
1 0 00 N
APY = —— - [ L M™ T
where A¢ o107 (\/lglg D ) is the Laplace operator on (M™,g) and I'§,

are the Christoffel symbols on N.

1.2. Biharmonic maps

Definition 1.1. A map ¢: (M, g) — (N, h) between Riemannian manifolds is
called biharmonic it is a critical point of bienergy functional

(© Bae) = 5 [ Irto)Pav,
where
(7) %E2(¢t)|t=0 =- /M h(72(¢), V)du,.

The Euler-Lagrange equation attached to bienergy is given by the vanishing of
the bitension field

(8) 72(p) = —Jo(7(9)) = —(A?7(p) + trg RV (1(0), d)dp),
where J,, is the Jacobi operator defined by
© Jo: D@7 H(TN)) = T(¢~ (TN)),

V = APV +try, RN (V,dp)de.

The biharmonic map introduced by Eelles and Sampson in 1964, is a generalization
of harmonic maps. One can refer to [9], [11] and [15] for background on harmonic
and biharmonic maps.
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2. BASIC NOTIONS AND DEFINITION ON T'M

Let (M, g) be an n-dimensional Riemannian manifold and (T'M, 7, M) be its tan-
gent bundle.

A local chart (U,z%);—1.., on M induces a local chart (7=Y(U),z*,y%)i=1..n
on TM. By Ffﬁ denote the Christoffel symbols of g and by V, the Levi-Civita
connection of g.

We have two complementary distributions on T'M, the vertical distribution V

and the horizontal distribution #, defined by

9 .
Vigw = ker(dmz) = a'=— ; a' €RY,
() (A7 (2,u)) { 3 (o }
0 o 0 )
= - —a'u’ ki 5 ¢ GR
H(z,u) {8.I‘l|(:c,u) @y 8yk‘(x7u) ;@ }’

where (z,u) € TM such that T(LU)TM = /H(%u) &3) V(m,u)
Let X = X* 8‘2,-, be a local vector field on M. The vertical and the horizontal
lifts of X are defined by

.0
(10) XV =Xx_—
oy’
) (0 ik 0
11 xH = x .:XZ{ - Jwayk}.
(11) ot oxt Y
For consequences, we have (a‘zi)H = sii and (a‘Zi)V = 82“ then (aii’ a?;i)izlmn

is a local adapted frame in TT M.

Definition 2.1. The Sasaki metric g° on the tangent bundle T'M of M is given

for all vector field

»n

X,Y € I(TM).

Proposition 2.1 ([10]). Let (M,g) be a Riemannian manifold and V be the
Levi-Civita connection of the tangent bundle (T M, g®) equipped with the Sasaki
metric. Then

~ 1
(VXHYH)(z,u) = (VXY)g;,u) - §(RI(X7 Y)U)Vv
~ 1
(Vxr YY) o) = (VxY) o + i(RI(u,Y)X)H,
-~ 1
(Vv ¥ M) @y = 5 (Ra(u, X)Y),
(ﬁXVYV)(J:,u) =0
for all vector fields X, Y € T(TM) and (x,u) € TM.



190 L. BELARBI anxp H. EL HENDI

Definition 2.2. Let (M, g) be a Riemannian manifold and F € T}(M) be a
tensor of type (1,1). Then we define a vertical and horizontal vector fields VF, HF
on T'M by

VF:TM — TTM, (z,u) — (F(u))Y,
HF:TM — TTM, (z,u) — (F(u))".

Proposition 2.2 ([9]). Let (M,g) be a Riemannian manifold and ¥ be the
Levi-Civita connection of the tangent bundle (TM,g®) equipped with the Sasaki
metric. If F € TH(M) is a tensor of type (1,1), then

~ 1
(VxuHF) () = HVXEF) (g0) — 5(R,E(Xgﬁ,Fgc(u))u)V,
~ 1

(v HE) ey = (FOVE 4y + 5 (R, X) F (),

(z,u

(Vv VE) oy = (F(X) s

where (z,u) € TM and X € T'(TM).

Proposition 2.3 ([9]). Let (M,g) be a Riemannian manifold and R be the
Riemann curvature tensor of the tangent bundle (T M, g°) equipped with the Sasaki
metric. The the following formulae hold:

1. RxV,yV)zV =o,
H

)
T

2. R(XV,YV)z! = [R(X, Y)Z—s—iR(u,X)(R(u,Y)Z)—i5u,Y)(R(u, X)Z)}

3. RXH yVyzV=-— ER(Y, Z)X + iR(u, Y)(R(u, Z)X)} "

x

)

4 R(XH yVyzH= ER(R(u, Y)Z, X)u—i—%R(X, Z)YL‘;— %[(VXR)(u, Y)ZKI,

5. R(XH yH)zV = {R(X, Y)Z + iR(R(u, Z)Y, X)u — iR(R(u, 7)X, Y)u}:
4 % (VxB)(w.2)Y — (VyR)(u, z>x]j,

6. R(XH yH)zH = %[(VZR)(X, Y)u}:

+ [ROXY)Z + iR(u, R(Z,Y)u)X + iR(u, R(X, Z)u)Y

1 H
+ R, R(X, Y)u)Z]

x

for all vectors u, X,Y, Z € T, M.
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3. HARMONIC MAPS BETWEEN TWO TANGENT BUNDLE

Lemma 3.1 ([17]). Let ¢: (M™,g) — (N", h) be a smooth map between Rie-
mannian manifolds. The map ¢ induces the tangent map

¢ =dp: (TMmagS) - (TNn’ hs)) (a:,y) = (90($)’d<p(y))
For all vector field X € T(T' M), we have
do((X)") = (de(X))", o (X)) = (dp(X))" + (Vdp(y, X)) "

Theorem 3.1 ([17]). Let ¢: (TM™, g°) — (T N™, h®) be a the tangent map of
w: (M™,g) = (N™ h), then the tension field associated with ¢ is

H .

(12)  7(¢) = (1) + trn RN (dp(u), Vdip(u, *))dp(x)) " + (div(Vde))(u))

Theorem 3.2. Let ¢: (TM™, g°) — (TN™, h®) be a the tangent map of ¢:
(M™, g) — (N", h), then ¢ is harmonic if and only if the following conditions are
verified:

T(QD) =0, trg RN(dQD(U), Vd@(ua *))d@(*) =0, le(VdSO) =0.

Corollary 3.1. Let ¢: (TM™,g%) — (TN™ h®) be a the tangent map of ¢:

(M™ g) — (N™, h), if ¢ is totally geodesic, then ¢ is harmonic.

Lemma 3.2. Let ¢: (TM™,g°) — (TN™, h®) be a the tangent map of p:
(M™, g) — (N"™, h), then the energy density associated ¢ is given by

14

(13) e(6) = 26(¢) + 5 try [ Vel (o, 1)

Proof. Let (z,u) € TM, (p(z),de(u)) € TN, and {e#
orthonormal frame on 7'M, then

el }i=1..m be a local

(A Z

1—1

Using Lemma 3.1, we obtain

m

26(6) (o) ) = D (Pt ot (@p(e0)) ™, (dip(e))™ )
+ (hia(m dw(u»((dﬂei))v,(dw(ei))v)
i=1

+ Z (h(tp(x) de(u)) (Vdgo(u 61))‘/’ (VdQO(ua ei))v)

= de(p) + try, [Vdp(u, ¥)|2.
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Theorem 3.3. Let TM be a compact tangent bundle and ¢: (TM™, g°) —
(TN™, h®) be its the tangent map of @: (M™,g) — (N™, h). Then ¢ is a harmonic
if and only if ¢ is totally geodesic.

Proof. If ¢ is totally geodesic, from Corollary 3.1, we deduce that ¢ is harmonic.
Inversely.
Let w: I x M — N be a smooth map satisfying

w(t,z) = p(x) = 1+ t)e(x)  and  w(0,2) = p(z).
forallt € I =(—¢,e),e >0and all z € M.

The variation vector field v € T'(¢ 'TN) associated the variation {p;}icr is
given for all x € M, by

d
v(z) = d(&ﬂU)“(&)'
From Lemma 3.2, we have
e(¢r) = 2e(pr) + (14 6)*[Vdep(x, u)Pdoy,s.

If ¢ is a critical point of the energy functional, from equation 2, we have

d
&E(qﬁt)t:o =0= 72/ h(v, 7(p))dvgs Jr/ |Vdgp(*,u)\2dvhs
™ ™

If ¢ is harmonic, hence 7(¢) = 0, then Vdp = 0. O

4. BIHARMONIC MAPS BETWEEN TWO TANGENT BUNDLE

In the section, we denote
(14) () = T(p) + tra RN (dp(w), Vdp(u, %))dip(*)
(15) 7°(¢) = div(Vde))(u).

Theorem 4.1. Let TM be a compact tangent bundle and ¢: (TM™,g°%) —
(T'N™, h®) the tangent map of harmonic map p: (M, g) — (N, h), then ¢ is bihar-
monic if and only if ¢ is harmonic.

Proof. Let s be a compactly supported variation of ¢ defined by

pr() = (1 +t)p(x), and  po(x) = (x).
From the formulas (14) and (15), we have

m(0e) = (L+1)°7"(9),
T(¢e) = (L+)7°(9),

Ba(6) = 5 [ 170
= 5 [ @okan+ 5 [ @oan

6 2
B @ / 7 (9)duns + LD / 7 (@) dvns.

2
hs d’l}hs

2
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Since the section ¢ is biharmonic, then for variation ¢;, we have

= *Ez (&¢)]i=0 —3/|T |hd’Uh+/|T )7

Hence 7"(¢) = 0 and 7%(¢) = 0, then 7(¢) = 0. O

Lemma 4.1. Let ¢: (TM™,g%) — (TN™ h®) be a the tangent map of p:
(M™, g) — (N™, h), then the Jacobi tensor J,((7%(4))V) is given by

To((T"(0)" )t (a) o)
= {trh(V“’)2T”(¢)}V
(p(@),de(u))
+ { trn (B(deo(). VT (9))de () + R(-(9). Vdip(u, )i ()
+ JR(Ap(0), T O)RUs(u), Vdolu, ()}

for all (p(x),dep(u)) € TN.

Proof. Let (¢(x),dp(u)) € TN, and {el eV

e ;” 1 be a local orthonormal frame

on TM such that (V,e;), =0, denoted by F; = 2R(x,7%(¢))de(e;), we have

V¢ v V_|_V¢ 3 \%
( ™ (9) v 9) )«a(x),dw(u))
TN v \%
= v(dap(ei,))H-F(Vdcp(u,ei))VT (¢) |(w(w),dw(u))
v 1 v
= (Vape) ™ (D)) (p(e),do(uy) + 5 (B(de(u), 7 (¢))dep(en)™
= (de(ei)Tv(¢))Kp(x),d¢(u)) + HFi(p(z),dp(u)).

Then

trgs V(7" (8)Y) (p(2) dp(w))

[ ¢ v m o wb u .
VeV }(w(w))dw(u)) +;{veyvey7 (@) }(

Ms

N
Il
-

#(x),dep(u))

NgE

s
I
—

v 1%
{Vw DA +(dp(uen)¥ (VapenT (‘ﬁ))(dso(r))dsp(“))+HFi}(gp<x>,d¢<u>>

I
M=

v(d¢ ))H thp(e (d)))v

Il
-

1

+ Vidper HFi + Viap(u, e»)vHF}(@(m) dp(u)’
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Using Proposition 2.2, we obtain

trgs V(7 (9)V) (o (@) de(u))

m

= Z{ Vag(e) Vape) T (9)) o (@).do(u))
1%

_ 7R(d(p(el) (dgo(u), T’ (¢))d<p(ez))d<,0(u)}(¢(£)7d¢(u))

+ Z {SREP0), Vap(e 7" (8)dpled) + 5 (Vagien) Rldiolw), 7 (6))dp(er)

if“ (), V(o ) Rl (u), 7 (8) ()

1 H
+ S R(Vdp(u,e;), 7" (4))dp(e; ‘
5 B(Vdep(u, e:), 7°(6))de( )}(Lp(:v),d@(“))

From Lemma 3.1, we have

tr,s RN ((1Y(¢))", d¢)dé
= Z {RTN((T”( ,dg(ef"))do(e] )+RTN((T”(qb))V,d¢(e}’))d¢(eiv)}

= S RN 0)Y (dele) ™) (dp(e)”
=1

+ RTN((79(9))Y, (dep(en) ) (Vdp(u, e;))"

+ R ((77(9))Y, (Vdo(u, ;) )(dw(ei))H}-
By calculating at (i2(x), dp(u)), we obtain

trgs (RN ((7%(¢))", d6)dd) (dp(a) dp(w)

m

1

— 1 B(B(dp(u), 77(9))dp(ei), dp(eq))dio(u)

—

.
Il

_|_

R(de(es). dp(e)r(6)} +Z{ 0), Vdp(u,e))dp(e:)

R(dep(u), 7° () R(dep(u), Vdie(u, e;))dp(e;)

R(dep(u), Vdp(u, e:))) R(dp(u), 7°(¢))dp(ei))
R(T(0)), Vdep(u, ei))dep(ei)

R(dep(u), 7°(¢)) R(dep(u), Vdip(u, e;))dp(e;)

(Vapteo (), 7 (8))dp(en)}

_l_
l\D\»—*rM»-ﬂwM—wM»—wa—l O = =
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Considering the formula (9), we deduce

Jo((T° (") (o (@), dep(u))

\4
{trh( PO}y T L RARW), VET (@))dp(er)
R (0) Tt e)dple)

)
5 R(Ap(u), 7 (6) R(di(w),, Vp(u, e5))de(es) ) |
From the following equality
Vag(en R(dp(u), 7°(8))dp(e;)
= (Vag(en R)(dep(u), 7°(8))de(ei) + R(Vag(e,)dp(u), 7 (¢))dep(e;)
+ R(dp(u), Vage,) 7" (0))de(e:),
the proof of Lemma 4.1 is completed. O

H

(p(@),dp(u)

Lemma 4.2. Let ¢: (TM™,g°) — (TN™,h®) be a the tangent map of p:
(M™,g) — (N™, h), then the Jacobi tensor Ju((7"(¢))H) is given by

To (T (O™ (ot o))
= trp {2R(7" (), () Vi (1, %)
+ S R(R(Ap(u), Vdg(u, +)dp(=), 7" (6))dp(u)
- Re(n). VI @)}
+ iy { VEVET! () + R(do(u), Vdp(u,2) VEVET (6)
+ 5 R(Ap(w), VETdp(u )7 (6)
+ R(dg(u), R(7"(9), dp(+))dip(x)
+ (Vo oy B)(dplu), Vep(u, %)) dp() }
for all (¢(z),dp(u)) € TN.

Proof. Let (¢(x),dp(u)) € TN and {el, e}
on TM such that (V,,e;), =0, we denote by

H

(p(x),de(u))

V3m | be a local orthonormale frame

(16) Fi = L R(dg(er), 7(6)+
and

(17) Gi = 3 R(x, Vdo(u,e)™"(6),
then

(18) Li = 3 R(x, de(e))r" (9)
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First, using Proposition 2.1, we calculate

trys V(7" (0)") (ow) i)
=3 {9V ()"
i=1 o

= i {v(dtﬂ(ei))H ((vdcp(ei)Th(Qb))H —VF,+HG; + HLZ)}

i=1 (p(@),dp(w))

+> V4 v @
(p(@).do(w)) ; Ve O e asun

+> {V<de(u,ei))" ((de(ei)Th(dﬁ))H - VF + HG + HLi) }Mz) dota
1=1 s

From Proposition 2.2, we have
(19)
trgs V(7" (0)™) (o (@) dpu))
i 1
= Z {(thp(ei)vdcp(ei)Th(¢))H + (§R(d@(u)a Vd@(u7 ei))vdtﬂ(ei)Th((b))H

=1

—V(Vagen F) = (Fi(Tdp(u, )" = (GR(p(e1), Vagien 7" (6))dio(w))

— (3 Rl (), Fi(dp()dp(e)) ™+ H (Vap(e, Gi) — 5 (R(dp(er), G(dp(u)dp(w)”
(Gi(Vep(u,e0)))" J(R(dp(w), Tdp(u, ) Gildp() + H(Li(dip(e:)))

1 H

2 (RUe(u),dpea) Ladp(w))}

By substituting (16), (17), and (18) in (19), we arrive at

trys V(" ()™ (o(e) de(u)

_l’_
_l’_

= Z {Vdcp(ei)vd<p(ei)7_h(¢) + R(d@(u)7 de(uv ei))vd</?(€i)7_h(¢)
=1

+ 1 R(dp(w), Vap(e Vg(u, )7 (6)
1

TR(de(u), Vdp(u, i) R(dp(u), Vdp(u, e:))7" (¢)

+ = (Vag(en R) (do(u), Vdp(u, e:)) " (¢)

R(dp(u), R(dep(e:), 7" (¢))dip(u))dip(e:) + %R(dw(ei), de(e))r"(¢)

R(dep(u), dp(e:)) R(dp(u), dw(Ei))Th(dﬂ}

H

—~
[\~
(=)
=
NN T VN

+
(¢(@),de(u))

+ 3 {GRMp(e), 7" (0) Vg ) + Rdp(en), Vapten ™ (9)de(w)
+ (Vagten B) (dple0). 7" (6))dp(w)

+ 3 Rldg(er), R(deo(w), Vdp(u,ei))r" (@) do(w)

(p(2),de(u)
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On the other hand, we have
trgs (RTN((Th (¢))H7 d()b)dqa)(#’(ac),dgo(u))

m

=Y { R (9),dp(en)ap(e)

<
Il

R(dp(u), R(r"(¢), dp(es))dip(u))dip(e:)
oy R) (), Velp(u, ) dp(e)
(Vag(en R)(dp(u), Vdp(u, e:))7" ()

R(de(u), Vdip(u, e:)) R(dp(w), Vdp(u, ei) 7" ()
R(dp(ei), dp(ei)7"(9)

R(dep(u), dw(ei))R(dw(U),ds@(ei))Th(qﬁ)}

+ o+

»&\HM\H;&M—\MM—! Z.J;\w'*

(21)
H
(¢(z),dep(u))

{ (Vaoteo R)"(9), dip(e0))do(w) + 5 R(7"(6), dp(es)) Vep(u, )

+
M

R(R(dp(u), Vdp(u, e)dp(es), 7" (6))di(w)
- {R(Be(w), Vdg(u,e))r" (0). dp(e)dew)}

By summing (20) and (21), we obtain the Lemma 4.2. O

+
N)\»—l

\4

| =

From Lemma 4.1 and Lemma 4.2, we deduce the next theorem.

Theorem 4.2. Let ¢: (TM™,g%) — (TN™, h®) be a the tangent map of ¢:
(M™, g) — (N"™, h), then the bitension field of ¢ is given by

T2(9) (o(2) dp(u))
=t {(V)’7"(6) + 2R(7"(6), dp () Vdlp(u, 5)

+ S R(R(Ap(u), Vp(u, =) dg (), 7 (8)) dp(u)
— R(dp(+), V7" 7" (6))dip(u)
+ trn {79997 (6) + R(7" (), di(+))dip(+)

+ S R(dep(u), 7(8)) R(dp(w), Vdi(u, $)dp()

+ R(dp(u), VE7"(6))dp (%) + R(7"(9), Vdip(u, *))dp(+)

+ L R(dp(u), VEVdp(u, )" (6)

+ R(dp(w), Vdp(u, %)) VET" (6) + R(dp(u), R(T"(9), dip(+))dip(w))dp ()
+ (V) B) (o), Vo (a, *)dap(*)}H

for all (p(x),dep(u)) € TN.

14

}(w(w)ydw(u»

(p(2),de(u))
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By Theorem 4.2, we have the following theorem.

Theorem 4.3. The tangent map ¢: (TM™,g%) — (TN™, h®) of p: (M™,g) —

(N™, h) is biharmonic if and only if the following conditions are verified

0 = trn { (V)" (6) + 2R(7"(6), dp(+)) Vdip(u, )

+ %R(R(dw(U), Vdp(u, *))dp(x), 7" (9))di(u)

— R(de(+), V"’*Th(¢))d¢(“)}<w<z>’

0= trn { V77" (6) + R(7"(6), dip(4))dp(+)
+ S Rd(u), 7 (9)) R(dp(w), dip(u, +)dp(+)
+ R(dip(u), VET" (8))dp(x) + R(r(6), Vdp(u, +))de(+)
+ 3 R(dg(u), VEVdg(u, )" (9)
+ R(dp(u), Vdip(u, ) VET"(6) + Rdi(w), R(T"(6), dp(+))dp(u) dio ()

H
+ (Von(s) B)(de(u), Vde(u, *)d‘p(*)}w(w)

for all (o(x),de(u)) € TN.
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