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CHARACTERIZATIONS OF TWISTED PRODUCT MANIFOLDS
TO BE WARPED PRODUCT MANIFOLDS

S. KAZAN anp B. SAHIN

ABSTRACT. In this paper, we give characterizations of a twisted product manifold to
be a warped product manifold by imposing certain conditions on the Weyl conformal
curvature tensor and the Weyl projective tensor. We also find similar results for
multiply twisted product manifolds.

1. INTRODUCTION

The notion of warped product manifolds was introduced by Bishop and O’Neill for
constructing negatively curvature manifolds. Later this notion has been extended
to a doubly warped product manifold, a doubly twisted product manifold and
a multiply warped/twisted product manifold. More precisely, let (B,gp) and
(F,gr) be semi-Riemannian manifolds of dimensions r and s, respectively, and
let 7: Bx ' — B and o: B x F — F be the canonical projections. Also let
b: Bx F — (0,00) and f: Bx F — (0,00) be smooth functions. Then the doubly
twisted product M =5 B x; F' of (B, gg) and (F, gr) with twisting functions b
and f is defined to be the product manifold M = B x F with the metric tensor
g = f%gp ® b%gr given by g = f?r*gp + b?c*gr. In particular, if f = 1, then
1B Xy F' = B x, F is called the twisted product of (B, gg) and (F, gr) with twisting
function b. Moreover, if b only depends on the points of B, then B x; F' is called
the a warped product manifold of (B, gg) and (F, gr) with warping function b [8].

On the other hand, Hiepko [9] gave a characterization of a warped product man-
ifold in terms of distributions defined on the manifolds. Similar characterizations
were given by R. Ponge and H. Reckziegel for twisted product semi-Riemannian
manifolds in [11]. Recently, Fernandez-Lopez, Garcia-Rio, Kiipeli and Unal [8]
gave a characterization of a twisted product manifold to be a warped product
manifold by using the Ricci tensor of the manifold.

The central object of interest in conformal geometry is distinguished tensor
which arises as the irreducible traceless part of the Riemannian curvature tensor R.
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For n > 4, the Weyl tensor is
1
C=R-—L®g
n—2

where L is standing for the Schouten tensor and ® is denoting the Kulkarni-
Nomizu product. The Weyl tensor has a distinguished property that is invariant
under conformal transformations of the metric g. If the Weyl tensor C' vanishes,
the manifold is conformally flat. It is known that every Riemannian manifold
with the Weyl parallel tensor has a constant scalar and such manifolds must be
either conformally flat or locally symmetric. However, this result is not valid for
semi-Riemannian manifolds (see: [3], [4], [5], [6], [7]).

In this paper, we investigate what kind of product manifolds occur for twisted
product manifolds whose the Weyl tensor C' has a special form. We find that a
twisted product manifold becomes a warped product manifold by imposing certain
properties on the the Weyl conformal curvature tensor and Weyl projective curva-
ture tensor. We also find a similar result for multiply twisted product manifolds.

2. PRELIMINARIES

In this section, we review preparatory results for the next section.

Suppose B and F' are semi-Riemannian manifolds, and let f > 0 be a smooth
function on B. The warped product M = B x ¢ F' is the product manifold B x F'
furnished with the metric tensor

g=1"(gB) + (fom)’c*(gr),

where 7 and o are the projections of B x F onto B and F, respectively. If f =1,
then M = B x; F reduces to a semi-Riemannian product manifold [10]. This
notion has been extended to the several forms. Let (M7, g1) and (Ma, g2) be semi-
Riemannian manifolds, A\: M; x Ms — R a positive, differentiable function, g a
semi-Riemannian metric on the manifold M; x M5 and assume that the canoni-
cal foliations L; and Lo intersect perpendicularly everywhere. Then (b) and (c)
conditions of [11, Proposition 3] imply that g is a metric of
(b) a twisted product manifold M; x, My if and only if L; is a totally geodesic
and Ly is a totally umbilic foliation,
(¢) a warped product manifold M7 x, My if and only if L; is a totally geodesic
and Ls is a spheric foliation.

On the other hand, a generalisation of the warped product manifold is the multi-
ply warped product manifold. Let (B, gg) and (F;, gr,) be semi-Riemannian man-
ifolds and also let b;: B — (0, 00) be smooth functions for any ¢ € 1,2, ..., m. The
functions b;: B x F; — (0,00) are called warping functions for any i € 1,2,...,m.
The multiply warped product manifold is the product manifold B x F} X Fp X ...
x F,, with the metric tensor g = gp @© b3gr, ® b3gr, © ... ® b2, g, defined by

21)  g=m"(gn) @ (b1 om)oi(gr) & ... & (bm o 7)°07,(9F,.),
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where 7: B X F; — B and o: B X F; — F; are canonical projections. If m =1,
then we obtain a singly warped product manifold. If each b; = 1, then we have a
product manifold [12].

Let (B, gp) and (F, gr) be semi-Riemannian manifolds with Levi-Civita connec-
tions VB and V¥, respectively, and let both V denote the Levi-Civita connection
and the gradient of the doubly twisted product manifold B x; F' of (B, gg) and
(F, gr) with twisting functions b and f. Also, let k = log(b), I = log(f) and let
£(B) and £(F) be the sets of lifts of vector fields on B and F to B x F, respectively.

For a doubly twisted product manifold, we have the following proposition.

Proposition 2.1 ([8]). Let M =y B x, F be a doubly twisted product manifold.
If X € £(B) and V € £(F), then we have

(2.2) VxV =V(I)X + X(k)V.

Define h%(X,Y) = XY (k) — (VEY)(k) for X,Y € £(B). If X,Y € £(B) and
V € &(F), then XV (k) = VX (k) and the Hessian form h* of k on ;B x, F satisfies

(23) RFX,V)=XV(k) - X(k)V() — X(k)V(k),
(2.4) RE(X,Y) = h(X,Y) = X(D)Y (k) — X (k)Y (1) + g(X,Y)g(Vk, V).

Now, we define multiply twisted product manifolds, and then we give connec-
tions and curvature tensors of multiply twisted product manifolds.

Let (B, gp) and (F;, gr,) be r and s; dimensional semi-Riemannian manifolds,
respectively, where i € 1,2,...,m. f F = F} x Fy, X ... x F,, then M = Bx F'is

also an n-dimensional semi-Riemannian manifold, where s = >~ | s; and n = r+s.

Definition 2.2 ([14]). A multiply twisted product manifold (M, g) is a product
manifold of M = B xy, Fy Xy, Fy X ... X3, F,, with the metric g = gp ® b3gr, ©
bigr, ®...®b2,gF, , where for each i € 1,2,...,m, b;: Bx F; — (0, 00) is smooth.

Here, (B, gp) is called the base manifold and (F}, gr,) is called the fiber man-
ifold and b; is called the twisted function. Obviously, twisted product manifolds
and multiply warped product manifolds are the special cases of multiply twisted
product manifolds. Indeed, if m = 1, then we obtain a single twisted product
manifold. If b; = 1 for all b;, then we have a product manifold.

For a multiply twisted product, we have the following proposition.

Proposition 2.3 ([14]). Let M = B Xy, F1 Xp, Fo X ... Xy, F,, be a multiply
twisted product manifold with the metric g = gg ®bigr, ®b3gr, ©... B b2 gr,. and
let XY € £(B) and V € £(F;), W € £(F;). Then

(a) VXY = V§Y7

(b) VxV =VyX =X(k)V,

(¢) VyW =0 fori#j,

(d) Vv W = VEW + V (k)W + W (k)V — g(V,W)Vk; fori=j
where k; = log(b;).

Define 1% (X,Y) = XY (k) — (VEY)(k:), for X,Y € £(B). If X,Y € £(B)
and V € £(F;), then XV (k;) = VX (k;) and the Hessian form h*: of k; on B x, F;
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satisfies
R (X, V) = XV (ki) — X (ki) V (Ks),
RR(X,Y) = B (X, Y).
For Riemennian tensor and Ricci tensor of a multiply twisted product manifold,
we have the following propositions.

Proposition 2.4 ([14]). Let M = B Xy, F1 Xp, Fo X ... Xy, F,, be a multiply
twisted product manifold and let X,Y,Z € £(B), V € £(F;), W € £(F;). Then
(a) R(X,Y)Z=RB(X,Y)Z,
(b) R(X,Y)V =0,
(c) (X W)V = R(WV)X R(W,X)V =0 fori# j,
(d) RX, W)V = [X(k:)V (ki) + WM (X, V)W — g(W, V) [X (k;) Vk; + H" (X))
fori=7j,
where HY: is the Hessian tensor of k; on B xy, Fy, i.e., h*(X,Y) = g(H" (X),Y).

Proposition 2.5 ([14]). Let M = B xy, Fy Xp, Fo X ... Xy, Fy, be a multiply
twisted product manifold and let X, Y € £(B), V,W € £(F;). Then
(2.5) Ric (X, V) = (Sl — 1)XV(]€Z)

Let M be an n-dimensional Riemannian manifold with the metric tensor g. If
Ey, Es, ..., E, are local orthonormal vector fields of M, then

Ric (X,Y) Zg (E;, X)Y, E;)

defines a global tensor field the Ric of type (0,2). Ric tensor field is called the
Ricci tensor [13].

Let M be an n-dimensional Riemannian manifold with metric tensor g. Then
the Weyl conformal curvature tensor field of M is the tensor field C' of type
(1,3) defined by

C(X,Y)Z = R(X,Y)Z
(2.6) + ﬁ [Ric (X, Z)Y — Ric (Y, 2)X + 9(X, Z)QY — g(Y, Z)QX]
RCEDIEPA

for any vector fields X, Y and Z on M, where 7 is scalar curvature [13].
Also, the Weyl projective curvature tensor is given by

X, 2)Y —g(Y, 2)X]

(2.7) Wp(X,Y)Z=R(X,Y)Z - %[Ric (Y, Z)X — Ric (X, 2)Y].

Let Rp, Rr and Ric g, Ric g be the curvature tensors and Ricci tensors of
(B, gp) and (F, gr), respectively, and let R and Ric, respectively; be the curvature
tensor and the Ricci tensor of ;B x; F, respectively.

For the Riemannian tensor and the Ricci tensor of a doubly twisted product
manifold, we have the following proposition.
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Proposition 2.6 ([8]). Let M =¢ B x, F be a doubly twisted product manifold.
If X, Y € £B) and V € &(F), then

(2.8) RX,Y)V =h(X,V)Y = (Y, VX +VI)X1)Y = V()Y ()X
(2.9) Ric (X, V)= (1 -r)VX(1)+ (1 - )XV (k) + (n —2)X (k)V(I).

3. SOME CHARACTERIZATIONS OF TWISTED PRODUCT MANIFOLDS
TO BE WARPED PRODUCT MANIFOLDS ALONG ONE OF THE FACTORS

In this section, we will show that the Weyl conformal tensor is a useful notion for
characterizing twisted product manifold. Let B x;, F' be the a twisted product
manifold of (B, gg) and (F, gr) with twisting function b. Then we say that B x; F
is mized Weyl conformal-flat if C(X,V) =0 for all X € £(B) and V € £(F).
Moreover, F' is Weyl conformal-flat along B if C(X,Y) =0, and B is Weyl
conformal-flat along F if C(V,W) =0 for all X,Y € £(B) and V,W € &(F).

Lemma 3.1. Let M = B %y, F be a twisted product manifold with a twisting
function f. Then for X € £(B) and V,W € £(F), we obtain

(3.1) R(X, W)V = [X(E)V (k) + hF (X, V)W — g(W,V)[X (k)Vk + H*(X)],
where H* is the Hessian tensor of k on B x;, F, i.e., h*(X,Y) = g(H*(X),Y).
Proof. Let X € £(B) and V,W € £(F). Then, we have
(3.2) Vv W = VyWE +V(k) + W(k)V — g(V,W)Vk
for VW € £(F) and k = log(b). Hence, using (2.2) and (3.2), we get
R(X, W)V = XV (k)W — XgW,V)Vk — g(W,V)VxVk+ X (k)gW,V)Vk.
Thus, using again (2.2), we obtain (3.1). O
For the Weyl tensor of a twisted manifold, we obtain the following proposition.

Proposition 3.2. Let M = B X F be a twisted product manifold with a twisting
function f. Then, for XY € £(B) and V,W € £(F), we have

(3.3) C(X,Y)V = <Tll = ‘;) XV(k)Y — YV(k)X]
(3.4) C(V,W)X = (; = é) XV (k)W — XW(k)V].

Proof. Let X,Y € £(B) and V € £(F). Then, we have
C(X,Y)V = R(X,Y)V
+ L [Rie (X, V)Y — Ric (¥, V)X + g(X, V)QY — g(Y,V)QX]

n—2
-

 (n-1)(n-2)
Since £(B) and £(F) are orthogonal, we get

[g(X, V)Y —g(Y,V)X].

C(X,Y)V = R(X,Y)V + ﬁ [Ric (X, V)Y — Ric (Y, V)X].
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Then, from (2.9), we have
1-s
n—2

axywz( )mvmy—ywmm

which is (3.3).
Now, for X,Y € £(B) and V,W € £(F), from (2.6), we have

amww:mmwm+;%mmmmW—mquwy

Applying the first Bianchi identity, we obtain
C(V,IW")X = R(X,W)V — R(X, V)W

(3.5) 1 .
+ — [Ric (V, X)W — Ric (W, X)V].

Thus, from Lemma 3.1, we get
C(V, W)X = [X(k)V (k) + B*(X,V)]W — g(W,V)[X (k)Vk + H*(X)]
— [X (k)W (E) + hE(X, W)V — g(V,W)[X (k)Vk + H*(X)]

+i:;XWMW—waW]
= X(k)V (&)W + XV (k) — X(k)V (k)W — X (k)W (k)V
— XW(k)V + X (B)W (k)V
which yields
(3.6) aquxz(;_;>mvwwV—XW@ni

O

In a similar way, we can give the following result for the Weyl conformal cur-
vature tensor of a multiply twisted product manifold.

Corollary 3.3. Let M = B Xy, F} xp, Fo x ... Xy, Fy, be a multiply twisted
product manifold with the metric g = gp ® b2gr, ® bagr, ® ... ® b2 gr,, and let
X,Y € £(B), V € &(F;). Then

Canqu(i:;>mvqu—Yvwmm,
(3.7)
amwm'(”ﬁgﬂ)mmeXW@Wy

Now, for a twisted product manifold, we can give our main theorem:

Theorem 3.4. Let B X, F' be the twisted product manifold of semi-Riemannian
manifolds (B, gp), with dim(B) > 1 and (F, gr) with a twisting function b and
dim F' > 1. Then B X F' can be expressed as a warped product manifold, B xs F of
(B,gB) and (F,gg) with a twisting function 6 if and only if B is Weyl conformal
flat along F', where gz is a conformal metric tensor to gr.
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Proof. Let X € £(B) and V,W € £(F). Then, from Proposition 3.2, we have

r—1
2) [XV(E)W — XW(k)V].

(3.8) OV, W)X = (

If C(V,IW)X = 0 for all X € £(B) and V,IW € £(F), then it follows that
VX(k)=0and XV (k) =0. VX(k) = 0 implies that X (k) only depends on the
points of B, and likewise, XV (k) = 0 implies that V' (k) only depends on the points
of F. Thus, k can be expressed as a sum of two functions « and § which are defined
on B and F, respectively, that is, k(p, ¢) = a(p)+5(q) for any (p,q) € Bx F. Hence
b = exp(d) exp(y), that is, b(p,q) = §(p)y(q), where § = exp(a) and v = exp(S)
for any (p,q) € B x F. Thus we can write g = gg @ §%gg, where gz = v2gr, that
is, the twisted product manifold B x; F' can be expressed as a warped product
manifold B xs F', where the metric tensor of F' is gz given above. Therefore, the
converse is obvious from equation (3.4). O

In a similar way, by using (3.3), we have the following theorem.

Theorem 3.5. Let B X, F' be the twisted product manifold of semi-Riemannian
manifolds (B, gg) and (F,gr) with a twisting function b and dimF > 1. Then
B xy, F' can be expressed as a warped product manifold, B xs F' of (B,gp) and
(F, gz) with a twisting function § if and only if F is Weyl conformal flat along B,
where gz is a conformal metric tensor to gr.

Proof. Let X, Y € £(B) and V € £(F). Then, from Proposition 3.2, we obtain

1—
(3.9) C(X,Y)V = ( ;) XV(k)Y — YV (k)X].
o
The rest is similar to the previous theorem. ([

Theorems 3.4 and 3.5 are generalizations of the results given in [2].

Now, we will give the following result about the parallel conformal Weyl tensor
of the twisted product manifolds.

Theorem 3.6. Let M = B X, F be a twisted product manifold having the
parallel conformal Weyl tensor such that dimB # 1 and H*(Y) # —Y(k)Vk.
Then, the twisted product manifold B X, F can be expressed as a warped product.

Proof. Let X,Y € £(B) and V,W € £(F)
(VyO)(V, W, X) = VyC(V, W)X — C(Y(k)V, W)X

—C(V,Y(EYW)X — C(V,W)VEX.

Then, from (3.6), we have

r—1

n—2

~XW(K)VyV — 2Y (k) XV (k)W + 2Y (k)XW (k)V

— (VEX)V ()W + (VX)W (k) VY.

(VyC)(V, W, X) = ( ) {(YXV(E)W + XV (E)VyW — YXW (k)V
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Rearranging this expression, we get

(VyC)(V, W, X) = (; - ;) (YXV()W — XV(R)Y ()W — Y XW(k)V
(3.10) FXWR)Y RV — (VEX)V (k)W
+ (VEX)W (k) V}.
Since

(3.11) XV(k)=2X(k)V(k) and V (k) = b*gr(V,VE),
we have

YXV(k)=Y[2X(k)V(k)] =2[YX(k)V(k)+ X(k)YV (k)]
(312) =2[YX(k)V(k) + X(k)2Y (k)V (k)].
Taking into account (3.11), (3.12) in (3.10), we get

r—1
n—2

(Vy )V, W, X) = 2 ( ) VW — W)V

(3.13)
[RH(Y, X) + X(R)Y (K)).

On the other hand, since H*(Y) # —Y (k)Vk, the second term in (3.13) is not
zero, thus V (k) =0 or W (k) = 0, this gives the result. O

In the sequel we show that the condition H*(X) = —X (k)Vk is enough for a
twisted product manifold to be a warped product manifold.

Theorem 3.7. Let M = B x;, F be a twisted product manifold. If H*(X) =
—X(k)VEk, then M can be written as a warped product manifold.

Proof. Let X € £(B) and V € £(F). From hypothesis, we get

(3.14) g(HM(X), V) = —g(X(k)VE,V)=-X(k)V (k).

On the other hand, we have

(3.15) g(HM(X), V) = mNX,V)=XV(k) - X(k)V (k).

Thus, from (3.14) and (3.15), we obtain XV (k) = 0, this gives result. O

Theorem 3.8. Let M = B Xy, F be a twisted product manifold such that
dimF # 1. If H*(X) = —X(k)Vk, then M becomes the Ricci-parallel warped
product manifold.

Proof. Let X,Y € £(B) and V € £(F), then we have
(Vx Ric)(Y,V) = Vx Ric (Y, V) — Ric (VxY, V) — Ric (Y, VxV)
3.16
(3.16) = Vx Ric (Y, V) — Ric (VEY, V) — Ric (Y, X (k)V).
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Thus, using (2.9), in (3.16), we have
(Vx Ric)(Y,V) = Vx((1 = )YV (k)) — (1 - s)(VEY)V (k)
- X (k)1 -s)YV(k)
= (1= s)X(YV(k) - (1 - s)(VEY)V (k)
- X(k)(1 - s)YV(K).

(3.17)

Here, using (3.11) and (3.12), we obtain
(Vx Ric)(Y,V) = (1 - s){2[XY(K)V (k) + Y (k)2X (k)V (k)]
—2(VRY)(k)V (k) — X (k)2Y (k)V ()}

(3.18) — 21— )XY RV (R) — (VEY)(R)V(E) + X (W)Y (&)Y (k)
=2(1—8)[RF(X, V)V (k) + X(E)Y (k)V (k)]
which gives assertion. O

Now, we give characterizations by using the Weyl projective curvature tensor
of a twisted product manifold. Let B x; F' be the twisted product manifold of
(B,gB) and (F, gr) with a twisting function b. Then, we say that B x; F' is mized
Weyl projective-flat it Wp(X,V) =0 for all X € £(B) and V € £(F). Moreover,
F is Weyl projective flat along B if Wp(X,Y) = 0, and B is Weyl projective flat
along F if Wp(V,W) =0 for all X,Y € £(B) and V,W € £(F).

Theorem 3.9. Let B X, F' be the twisted product manifold of semi-Riemannian
manifolds (B,gg) with dim(B) > 1 and (F,gr) with a twisting function b and
dim F' > 1. Then B Xy F' can be expressed as a warped product manifold, B xs F
of (B,gp) and (F, gz) with a twisting function § if and only if B is Weyl projective
flat along F', where gz is a projective metric tensor to gr.

Proof. Let X € £(B) and V,U € £(F). From (2.7), we have
WMKWXzﬁgﬂXWMU—XWMW.

Thus, we obtain

r(n—2)
Wp(V,U)X = —————=C(V,U)X
where C' is the Weyl conformal curvature tensor of the twisted product manifold.
Then, the proof is obvious from Theorem 3.4. (|

In a similar way, we have the following theorem.

Theorem 3.10. Let B X, F be the twisted product manifold of semi-Riemannian
manifolds (B, gg) and (F,gr) with a twisting function b and dimF > 1. Then
B xy, F can be expressed as a warped product manifold, B xs F' of (B,gp) and
(F, g5) with a twisting function 6 if and only if F' is Weyl projective flat along B,
where gz s a projective metric tensor to gp.
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Proof. Let X,Y € £(B) and V € £(F). Then, using (2.7), we obtain
(n—2)
(n=1)

where C' is the Weyl conformal curvature tensor of the twisted product manifold.
Thus, the proof is obvious from Theorem 3.5. O

Wp(X,Y)V = CX.Y)V,

Finally, we give a similar result for multiply twisted product manifolds.

Corollary 3.11. Let B xy, F; be the multiply twisted product manifold of semi-
Riemannian manifolds (B, gg) with dim(B) > 1 and (F;, gr,) with twisting func-
tions b; and dimF; > 1. Then B x, F; can be expressed as a multiply warped
product manifold, B x5, F; of (B,gp) and (F;, gz,) with twisting functions 6; if
and only if B is Weyl conformal-flat along F;, where gz, is a conformal metric
tensor to gF;.

Proof. Let X € £(B) and V,W € £(F;). Then, from Corollary 3.3, we have

"“2_3> XV (k)W — XW (k:)V].

(3.19) C(V,IW)X = ( -

If C(V,W)X =0 for all X € £(B) and V,WW € £(F;), then it follows that
VX(k;)) =0 and XV (k;) = 0. VX(k;) = 0 implies that X (k;) only depends on
the points of B, and likewise, XV (k;) = 0 implies that V(k;) only depends on
the points of F;. Thus, k; can be expressed as a sum of two functions «; and
B; which are defined on B and Fj, respectively, that is, k;(p,q) = a;(p) + Bi(q)
for any (p,q) € B x F;. Hence b; = exp(d;) exp(:), that is, b;(p,q) = 6;(p)vi(q),
where §; = exp(«;) and v; = exp(p;) for any (p,q) € B x F;. Thus we can write,
g = gp ® 0%gz,, where g3, = 72gr,, that is, the twisted product manifold B x, F;
can be expressed as a warped product manifold B X, F;, where the metric tensor of
F; is gz, given above. Therefore, the converse is obvious from equation (3.7). O

Finally, from Corollary 3.3, we have the following result.

Corollary 3.12. Let B xy, F; be the multiply twisted product manifold of semi-
Riemannian manifolds (B, gg) with dim(B) > 1 and (F;, gr,) with twisting func-
tions b; and dimF; > 1. Then B x, F; can be expressed as a multiply warped
product manifold, B x5, F; of (B,gp) and (F;, gz,) with twisting functions 0; if
and only if B is Weyl projective-flat along F;, where gg, is a projective metric
tensor to gF;.

Proof. The proof is obvious from Theorem 3.9. O

We note that by using the notions Weyl conformal-flat along B and the Weyl
projective-flat along B, the result given in Corollary 3.11 and 3.12 can be given
for a multiply twisted product manifold.
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