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SOME RESULTS OF F-BIHARMONIC MAPS

YINGBO HAN anp SHUXIANG FENG

ABSTRACT. In this paper, we give the notion of F-biharmonic maps, which is a gen-
eralization of biharmonic maps. We derive the first variation formula which yields
F-biharmonic maps. Then we investigate the harmonicity of F-biharmonic maps
under the curvature conditions on the target manifold (N, h). We also introduce the
stress F-bienergy tensor Sr 2. Then, by using the stress F-bienergy tensor Sp 2, we
obtain some nonexistence results of proper F-biharmonic maps under the assump-
tion that Sg 2 = 0. Moreover, we derive some monotonicity formulas for the special
case of the biharmonic map, i.e., where F-biharmonic map with F'(¢) = ¢. Then,
by using these monotonicity formulas, we obtain new results on the non existence
of proper biharmonic isometric immersions from complete manifolds.

1. INTRODUCTION

Harmonic maps play a central roll in variational problems for smooth maps be-
tween manifolds u: (M, g) — (N, h) as the critical points of the energy functional
E(u) = % [, lldul*dvg. On the other hand, in 1981, J. Eells and L. Lemaire [7]
proposed the problem to consider the k-harmonic maps which are critical maps of

the functional
d 5k: 2
B = [ WD,
M 2

for smooth maps u : M — N. G.Y. Jiang [9] studied the first and second variation
formulas of the bienergy Fo where critical maps of Fy are called biharmonic maps.
There have been extensive studies on biharmonic maps (for instance, see [9, 13,
14, 15, 16, 18, 19]).

Let F: [0,00) — [0,00) be a C? function such that F’ > 0 on (0,00). For a
smooth map u: (M, g) — (NN, h) between Riemannian manifolds (M, ¢g) and (N, h),
we define the F-k-energy Ep i (u) of u by

ku 2
Epp(u) = /M pEE 0T
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which is Ey(u) if F(t) =t¢. When k = 1, we have

Brat) = [ F (125 do, - meca)

which was introduced by M. Ara in [1]. The critical maps of Ep(u) are called
F-harmonic maps which are the generalization of harmonic maps, p-harmonic
maps or exponentially harmonic maps. There have been extensive studies in this
area (for instance, [4, 5, 11, 12]). When k = 2, we have

Bt = [ £ (70

where 7(u) = —ddu = trace V(du). It is the bienergy of G.Y. Jiang [9], the
p-bienergy of P. Hornung and R. Moser [6] or exponentially bienergy when F'(t) = ¢,
F(t) = (2t)% or F(t) = e'. We say that u is an F-biharmonic map if

& Bra(u)lizo =0

for any compactly supported variation u;: M — N with ug = w. In this note,
we derive the first variation formula which yields F-biharmonic maps. Then we
investigate the harmonicity of F-biharmonic maps under the curvature conditions
on the target manifold (IV, h). We also introduce the stress F-bienergy tensor Sg 2.
Then, by using the stress F-bienergy tensor Sz, we obtain some non existence
results of proper F-biharmonic maps under the assumption Spo = 0. Also, we
derive some monotonicity formulas for the special case of a biharmonic map, i.e.,
an F-biharmonic map with F(¢) = ¢. Then, by using these monotonicity formu-
las, we investigate the harmonicity of biharmonic isometric maps from complete
manifolds.

Remark 1.1. In [17], the authors introduced f-biharmonic maps which are
critical points of the bi- f-energy functional

1
B3 =5 [ lIrstwldo,
M

where 7¢(u) = fr(u) + du(grad f) and f € C>°(M). We think that it is more
reasonable to call them “bi-f-harmonic maps” as parallel to “biharmonic maps”.

2. THE FIRST VARIATION FORMULA

Let V and V'V always denote the Levi-Civita connections of M and N, respectively.
Let V be the induced connection on u='TN defined by exW = Nvdu(X)W,
where X is a tangent vector of M and W is a section of u 'T'N. We choose a
local orthonormal frame field {e;} on M. We define the F-bitension field 7z 2(u)
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of u by
TU 2
rrati) =~ (¢ () )

= —A(F (”7(3”2)7(@) - Z RN (du(e;), F' ('“;””2) 7(u))du(e;),

where J is the Jacobi operator of the second variation for the energy E(u) =
2 [y ldulPdvg, A= =3 (Ve, Ve, — Vv, e,;) is the rough Laplacian on the section
of uT TN and RN (X,Y) = [NVx,N Vy]— NV|x v is the curvature operator on
N.

Under the notation above we have the following theorem

Theorem 2.1 (The first variation formula). Let u: M — N be a smooth map.

Then
d

(1) —Era(ur) li=o = [ h(rra(u),V)du,,
where V = %uthzo.

Proof. Let U: (—e,e)xM — N be defined by (¢, z) = u;(z), where (—e&, &) x M
is equipped with the product metric. We extend the vector fields % on (—¢,¢e), X
on M naturally on (—¢,e) x M, and denote those also by %, X. Then

0 d
dv (815) = %uth:o =V

We shall use the same notations V and V for the Levi-Civita connection on
(—¢,€) x M and the induced connection on W~T'N | respectively.
‘We compute

_ (W> (¥ (). 7 (u)

ot

= Zh (6%%eid\:[/(6i) - 6gd\11(vei6i) ,FI (W)T(%:))

%

_ zi:h(RN (d\p (gt) AW (e:))dV(es), F' (”T“;”Z> T(ut)>
e300 (T Tear (2) - o eanc ) (00 )
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where we use

- B, B,
Vo d¥(e;) ~ V. d\11<8t> A [at 1}0

and

- 0 0
Vo d¥(Ve,ei) = Vy, o d¥ (815) = dV {815 Vezez} =0

for the fifth equality.
Let X; and Y; be two compactly supported vector fields on M such that

9(X1,2) = n(Vza¥ (5) F () r(w))  and  g(vi,2) = n(av (),

Vz (F’ (M) T(ut))) for any vector field Z on M. Then the divergence
of X; and Y; are given by the following;:

le Xt Zg VEkXt7ek Zekg(Xhek) - Zg(Xtavekek)
k k

= Xk:ekh (v AW (;) F (W) T(ut)>
- Zk: h (%V%ekdw (;) ,F/(|T<u2t>||2)7'(ut)>

(3)
’ = zk:h< Ve, dW (gt)

— Ve, ¥ ( g;) F’('m;)”z) r(uo)

n Zh <v 4v ( at> Ve, {F’ ("T(zt)|2> T(ut)D
" div(y;) = Zg (Ve Yirew) = > exg(Yesex) = Y g(Vi, Veyex)

k k
SRUCTEIRAIICE L)

- S ntaw ). Fe, o (8 )

(4) ’

- zk:h (d\p (gt) Ve, Ve, {F’ (”ﬂg“2> T(uze)]

P (Faar (2) 5 [ (007 ).
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From (2), (3) and (4), we have
= Zh (RN (d\I/ (gt) ,d\II(ei)> d¥(e;), F’ (W) T(ut)>
O s (ow(5). 5 (M) )

e (255 )

+ div(Xy) — div(Y7).
By (5) and Green’s theorem, we have
d
—Epa(u) =0

dt
dvg

Lo ()L
=LAl ()
e (e, [ () ]t v )t

_ / h(rpa(w), V)dv,.
M

This proves Theorem 2.1.

O

The first variation formula allows us to define the notion of an F-biharmonic
map for the functional Epa(u).

Definition 2.2. A smooth map u is called an F-biharmonic map for the func-
tional Ego(u) if it is a solution of the Euler-Lagrange equation 7p2(u) = 0.

Remark 2.3. By Definition 2.2, we know that any harmonic map is an F-
biharmonic map.

Proposition 2.4. Let u: M — N be a smooth map. If |7(u)||* is constant,
then u is F-biharmonic if and only if it is biharmonic.

Proof. Since ||7(u)||? is constant, we have

7(u)||? ~
Tra(u) = F' (”(2)”) lA(T(u)) — ZRN(du(ei),T(u))du(ei)

=F (”T(;)”Q) T2 (u),

so we know that u is F-biharmonic if and only if it is biharmonic.
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Remark 2.5. When ||7(u)||? is non-constant, we have

Tra(u) = F' (”T( )IZ) l Ar ZRN (du(e;), ))du(el)]

P
_ F(IIT(;L)IQ) ) {AF,<||T(2>||2>}T(u)ﬁw(T(;)Z)T(u),

From this equation, we know that there are many differences between F-biharmonic
maps and biharmonic maps when F(t) = (2t)%, (p > 2) or F(t) = ¢!

3. NON-EXISTENCE RESULTS FOR F'-BIHARMONIC MAPS

From the definition of an F-biharmonic map, we know that a harmonic map
is F-biharmonic map, so a basic question in theory is to understand under what
conditions the converse is true. A first general answer to this problem for F'(t) = ¢,
proved by G.Y. Jiang [9], is the following theorem

Theorem 3.1 ([9]). Letwu: (M,g) — (N, h) be a smooth map. If M is compact,
orientable and the sectional curvature of (N, h) is non-positive, i.e., Riem” < 0,
then u is a biharmonic map if and only if it is harmonic.

In this section, we will obtain the following results

Theorem 3.2. Let u: (M,g) — (N,h) be a smooth map. If M is compact,
orientable and the sectional curvature of (N, h) is non-positive, i.e., Riem” < 0,
then u is an F-biharmonic map if and only if it is harmonic.

Proof. Computing the Laplacian of the function ||EF”( W)T(U)”Q, we have

o (25
o (. () ] . o (140 ]
+2h <_£ [F (”T(;)Q) T(u)} F’ (”T(;‘)”Q) T(u)> .

Since u is an F-biharmonic map, we have

tpau) = — A <F (”T(;‘)”Z) T(u)>

- E;RN (du(ei),F/ ('T(;‘)”z> T(u)) du(e;) = 0.

2

(7)
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From (6) and (7), we have

Al F (”T(ZHZ) 7(u)
= zzk:h(%k {F ('T(;‘)”Q> T(u)} Ve, {F (”T(;‘)”Q)T(u)D
(8) +2 h(RY (du (ei), F (W) T(u)> du(e;), F' (W) T(u)> :

Since the section curvature of N is non-positive, i.e., Riem”™ < 0 and by (8), we
have

© st () s = 0

2

By the Green’s theorem [, A|F’ (M) 7(u)|*dvy = 0 and (9), we have

T\U 2
A|F/<|| (2)H )7_(u)||2:07

so then || F” (“T(“)Hz) 7(u)||? is constant. From (8), we have

I ()|

(10) Ve, [F’( 5 )T(u):l 0 fork=1,...,m.

Setting X = >, h (du(ei), F’ (HT(Z)H2> T(u)) ei, we have

div(X) = Z 9(Ve X, er)
k

P () )

F
(11) +Zh (du(ei)ﬁei

Integrating (11) over M, we have

(12) 0= /M div(X)dv, = /M F (”T(;”P) 17 (u) || 2dv,.

From F'(t) > 0 on (0,00) and (12), we have 7(u) = 0.
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When u is a Riemannian immersion and dimM=dim/N — 1, we can replace
the hypothesis Riem” < 0 with the hypothesis Ricci’¥ < 0, and we obtain the
following theorem.

Theorem 3.3. Let u: (M,g9) — (N,h) be a Rimannian immersion. If M
is compact, orientable, Ricci™ < 0 and dimM = dim N — 1, then u is an F-
biharmonic map if and only if it is harmonic.

Proof. Since u is a Riemannian immersion and dim M = dim N — 1, we have

zi: h (RN (du(ei)’ F’ <”T(;)”2> T(u)> du(e;), F’ (W) T(u))

RV <F (||T(Z)2) 7(u), F' <”T(;‘)“2> T(u)> :

From (8), (13) and Ricci” < 0, we have

(101

Applying the same argument as in the proof of Theorem 3.2, we get the result. O

(13)

2

| >0,

Theorem 3.4. Let (M,g) be an m-dimensional complete manifold with
Vol(M, g) = co. Ifu: (M, g) — (N, h) is an F-biharmonic map, the sectional cur-

2
vature of (N, h) is non-positive, i.e., Riem” < 0 and fM HF' (M)T(U)H dvg <

00, then u is harmonic.

Proof. Since u is an F-biharmonic map, we have
_ 2
Tra(u) = — A (F’ (”T(;)H ) T(u))

- Z:RN (du(ei),F’ ('“;””2) T(u)) du(e;) = 0.

Take any point o € M and for every r > 0, let us consider the following cut off
function A(z) on M:

(14)

0<A=z)<1, =zeM,
1

AMz) = s x € Br Zo),

) @ (w0)
Az) =0, x € M — Bay(x0),
VAl < 2, x €M,

where B,.(zg) = {x € M : d(z,z0) < r} and d is the distance of (M, g).
Let X be a compactly supported vector field on M such that

g(X,Y)=h (%Y [F’ (”T(;‘)”Z) 7(w)], N2 [F’ (“%‘”'2) T(u)D :
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Then the divergence of X is given by the following expression
div(X)

S WL AR WVCIARS AL
S ([ (1 >“2)T<u>],f[v(%)ﬂw])
10 S (Fe [ (TG ] 2 [ ()] )
= (-8l (] e ()]
+§h( o [P (0 ) 5, (V[F(“T(g)” )i ﬂ))'

From (14) and (16), we have

div(X)

17) = %h <RN (du(e@,F'(W)T(u}) du(er), \? [F/ HT(;)HQ)T(U)])
3 (Feu [ (525 rcw] T (2 (525 ) ] ) ).

Integrating (17) over M and Riem” < 0, we get

o (vl ol <[F<“T< E)ota]))
= —Z/ RN <du HT )) du(e), AﬂF’(%)r(u)deg
—Z/M <RN (F( U )du(ek)) dufen). 32 [ (1700 7, )D du,

<O0.

From (18), we have

0> Z/ ( M)T(U)]ﬁ"‘k </\2 [FI(M)T(")D) s

19 = 3 [, 2 [Fa [ (P52 ) o)
+2Z,;/MA% ( o[ (PG ] [ (7

dvg

|
VN
T
A
|
-
o
N—
\]
A
IS
&
—
N————
U
[~
Q
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Therefore, we have

Z/M 22 3 )T(u)] dvg
<23 [ daon (9 [ (IH20 ) )] [Ff(“T(gW)T(u)])dvg

+ 2[ex(V)]?

F' (M) 7(u) 2} dvg,

where we use the following Cauchy-Schwarz inequality

1
20V, W) < e VP + | W®

for the second inequality and € = %
From (20), we have

>,
(21) <4 / Z[ekun

[ro(lrl?

)]
F’(||7(2)H2)T(U)Hdeg,
),

Since [, ||F’(%)T(u)\\2dvg < oo and (M,g) is complete, then we have

(r — 00)
[ SR [ () ], o

For every vector field X on M, we have

¥ [ (I )] ~

F’ <M)T(u) ’

2
.
[ (Il

is constant, say C. Therefore, if Vol(M, g) =00

So we know that ’
and C # 0, then

I8

F'(M)T(u)‘rdvg = C%Vol(M, g) =
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2 2
which yields a contradiction. Thus, we have HF’(M)T(U)H = (C =0. From

2
F'(t) > 0 on (0,00) and HF’(M)T(U)H = 0, we know that 7(u) =0, i.e. uis

harmonic. 0
From Theorem 3.4, we have the following corollaries:

Corollary 3.5. Let (M,g) be an m-dimensional complete manifold with
Vol(M, g) = co. If u: (M,g) — (N,h) is an exponentially biharmonic map, the
sectional curvature of (N, h) is non-positive, i.e.,

Riem” <0 and / HT(u)HQe”T(“)”zdvg<oo,
M

then u is harmonic.

Corollary 3.6. Let (M,g) be an m-dimensional complete manifold with
Vol(M,g) = oo. If u: (M,g9) — (N,h) is a p-biharmonic map, the sectional
curvature of (N, h) is non-positive, i.e., Riem”™ < 0 and Jog 17 (w) [P~ 2dvg < o0,
then u is harmonic.

Corollary 3.7 ([15]). Let (M, g) be an m-dimensional complete manifold with
Vol(M, g) = oo. If u: (M,g) — (N,h) is a biharmonic map, the sectional curva-
ture of (N, h) is non-positive, i.e., Riem" < 0 and Jo T (W) |Pdvg < oo, then u is
harmonic.

4. STRESS F-BIENERGY TENSOR

The stress bienergy tensor and the conservation law of a biharmonic map between
Riemannian manifolds were first studied by G.Y. Jiang in [10]. Following Jiang’s
notion, we define the stress F-bienergy tensor of a smooth map as follows.

Definition 4.1. Let u: (M,g) — (N,h) be a smooth map between two Rie-
mannian manifolds. The stress F-bienergy tensor of u is defined by

Sr2(X,Y)

_ F(M)‘Q(X’ Y) + Zk:h(du(ek)7€ek [F'(M)T(U)DHUQ Y)

— n(au(), 9y [P (178 )] ) (a7 [ (0 )
for any X, Y e I'(T'M).

Remark 4.2. When F(t) = t, we have Spo(X,Y) = S2(X,Y), where Sy is stress
bienergy tensor in [10].

Theorem 4.3. For any smooth map u: (M,g) — (N, h)

T\U 2 T\U 4
(@8 S72)(X) = A(rra), du(x) — P (T Iy

for any vector field X € T(TM).
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Proof. We choose a local orthonormal frame field {e;} on M with V., e;|, =0
at a point © € M. Let X be a vector field on M. At x, we compute

(div SF,2)(X)
— Z(Vei Sr2)(ei, X)

— ZeisF,g(ei,X) — Spa(ei, Ve, X)
—Z (u) gles, X+Zh(duek W[ (I ;‘ ) ])
~ b (duten, 9 [ (1 ) w]) = (0,5 [r (17 5”2)T<">m

(5

+Zh(du ex), Ve, [F (”T ) ]) g(ei, Ve, X)

“h (du( )~veix ”T; Iy, ) (duv X), /<”T(;)H2)T(“)]H
:X(F(HT H2>) h(( ex F(w)r(u)})

+§k:h(du er), Vx Ve [F( : ) ]) h< (w), Vx [F (”T( Ol )7l >D

=
:

+h(g[p(lr( |I2) ]+ZR ( [ (W)T(u)]>du(ei),du(X)>

— — h(rra(u),du(x)) — (105 (I,

From Theorem 3.1, we know that if u: M — N is an F-biharmonic map, then

(22) (div Sr2) (X) = —F" HT(;)HQ )x( ”T(Z)||4)'
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Proposition 4.4. Letc: I C R — (N, h) be a curve parametrized by arc-length.

t?;g) > 0. Then c is geodesic.

Assume that Spo =0 and lp = infi>g

Proof. A direct computation shows that

o= 5 ) = () ()7 [ (5]
:F(I\T(g)ll )+h(r(c),[F’(”T(;)” )r(@))-
> (1+21F)F<M).
1f F(IZI%) = 0, then r(c) = 0. O

Proposition 4.5. Let u: (M? g) — (N,h) be a map from a surface. Then
Sro =0 implies v is harmonic.
Proof. The trace of Sg 2 gives the equality

0= s - () i 5 (0

— 2, [ (D) )

T(U 2
_ p(lrol?y

so we have 7(u) = 0. O

Ll

Proposition 4.6. Let u: (M™,g) — (N,h), m # 2. Then Spa = 0 if and
only if

7(u)|? ~ ST (w 2
o m2—2F<H (2)II )Q(X,Y)Jgh(du(X)NY[F(II (2)H )r(w)
+ h(du(Y), Vi [F’(M)r(u)b -0

for any XY e T'(TM).

Proof. Since Sp2 = 0, we have traceSp 2 = 0. Therefore,

gh(du@mek[Ff(”“;)”g)7<u)}):_ m_p(Irly

m— 2

Substituting it into the definition of S 2, we obtain

0= Spa(X,V) = _m2_ 2F(||T(;)||2)9(X7y)
= (w0, %y [ (Y )] = (), 7 [ (D) o)),

O



60 YINGBO HAN AND SHUXIANG FENG

Proposition 4.7. A map u: (M™,g) — (N,h), m > 2, with Sp2 = 0 and
ranku < m — 1 is harmonic.

Proof. Take p € M. Since ranku(p) < m — 1, there exists a unit vector

2
X, € Kerdu, and for X =Y = X,,, (23) becomes F(M) =0, so 7(u) =0.
(]

Corollary 4.8. Let u: (M™,g) — (N",h) be a submersion (m > n), if
Sk2 =0, then u is harmonic.

Recall that for two 2-tensors Ty, Ty € I'(T*M ® T*M), their inner product is
defined as follows:

(24) (T1,To) =Y T(es e;)To(ess e)),
ij
where {e;} is an orthonormal basis of M with respect to g. For a vector field

X € T(TM), by 0x we denote its dual one form, i.e., Ox(Y) = ¢(X,Y). The
covariant derivative of x gives a 2-tensor field VO x

(25) (VOx)(Y,Z) = (Vz0x)(Y) = g(VzX,Y).

If X = Vi is the gradient of some function ¢ on M, then 0x = dy and VOx =
Hess .

Lemma 4.9 (cf.[2, 4]). Let T be a symmetric (0,2)-type tensor field and let
X be a vector field. Then

(26)  div(ixT) = (divT)(X) + (T, VOx) = (divT)(X) + %(T, Lxg).

Let D be any bounded domain of M with C' boundary. By using the Stokes’
theorem, we immediately have the following integral formula

(27) | rds, = [ (5L + (D) (X)lar,

where v is the unit outward normal vector field along 9D.
By (22) and (3), we have

- Sra(X,v)dsg
(28)

:/D[<SF,2,;Lxg>—F”(”T(;)”2)X(T(Z)||4)]dvg.

When F(t) = t, the equation (28) turns into the following equation

1
(29) SQ(X,V)ng:/<SQ,§LXg>d'Ug.
oD D
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5. MONOTONICITY FORMULAS FOR BIHARMONIC MAPS

In this section, we investigate the special case of F-biharmonic maps, i.e., bihar-
monic maps.

Let (M™,g) be a complete Riemannian manifold with pole zy. By r(x) denote
the g-distance function relative to the pole xg, that is, r(z) = distg(x,zo). Set
B(r)y={z € M™ : r(z) < r}. By Amax (resp. Amin) denote the maximum (resp.
minimal) eigenvalues of Hess(r?) — dr ® dr at each point of M — {z¢}.

Theorem 5.1. Let u: (M,g) — (N,h) be an isometric immersion. Assume
that there is a constant o > 0 such that
-1

(30) mTAmin + 1 - 2maX{27 )\max} 2 .

If w is a biharmonic map and h(7(u), ﬁgdu(%)) > 0, then we have

r

2 2
/ Il / Ir@)l?
2 2
B(p1) < B(p2)

g - a

P1 P2

(31)

for any 0 < p1 < po.

Proof. Since u: M™ — N is an isometric immersion, we have 7(u) = mH,
where H is the mean curvature vector field of M in N, so we know that

(32) h(7(u),du(X)) = h(mH,du(X)) =0

for any tangent vector field X on M .
Taking D = B(r) and X = 7’8 n (29), we have

g 0
S ds :/ S, L dv
/<93(r) 2( or’ or ) g B(r)< 2 6g> g

(33) |
= 7/ (S, Hess(r?))dv,.
2 /B
Let {e;}™, be an orthonormal basis on M and e,, = %. We may assume that

Hess(r?) becomes a diagonal matrix with respect to {e;}.
1
—§<Sg,Hess(r2)> = — = ZSQ (ei,e;) Hess(r?) (es, )

f{z H Hess )(ei7ei)

+ Zh Ve, 7(u), du(er) ZHGSS(TZ)(GZ',Q)
k i

(34)

— 2> h(dules), Ve, 7(u)) Hess(r?) (ei, e;)}

¥
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= 2{ [l (u ||2Z:Hess )(es, eq)
+ QZh u), Ve, du(e;)) Hess(r2)(e,~7ei)}

||2

[ Amin + 1= 2max{2, Amax}]
2
. I
- 2
where the equation (32) is used for the third equality and the equation (30) for

the last inequality.
On the other hand, by the coarea formula, we have

s iy =~ (I S g Fart]o(r 2. 2)
,thdu( ),V%T )}dsg
= [ O (. @ () s,

2
< / N WOl
oB(r) 2

Ol

(35)

g»

where the condition (7 (u), V 2 du(£)) > 0 is used for the inequality.
From (33), (34) and (35), we have

2 2
50) of WP, o4 bl
B(r) 2 dr B(r) 2
i.e.
2
Il 4,
(37) dlem 2 T,
dr re =7
Therefore,
[ bR, [ bR,
B(py) 2 < /Bl 2
144 - p3
for any 0 < p1 < po. O

Lemma 5.2 ([4, 8]). Let (M™,g) be a complete Riemannian manifold with a
pole xzoy. By K, denote the radial curvature of M as follows

(i) if —a? < K, < —% with a > 3 > 0, then
B coth(Br)[g — dr @ dr] < Hess(r) < acoth(ar)[g — dr ® dr],
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1—B/2 Al2e
i[g —dr ® dr] < Hess(r) < ¢

lg— dr  dr],
(iil) of — 1+2<K §1+2wztha>0andb2 [0, 1], then

L+ v1—4p? 1+ T+ da?
+27\/T7b[g—d’/‘®d7'] < Hess(r) < +27\/:7a[g_d7'®d7‘]

Lemma 5.3. Let (M™,g) be a complete Riemannian manifold with a pole xg.
By K, denote the radial curvature of M as follows
(i) if —a* < K, < -2 witha > >0 and (m — 1) — 4a > 0, then

1 4
(=) ) o+ 1 — 2ma{2, A} > m— 22

2 B
(i) of — mgf{ §ﬁwith6>O,AZO(me§B<2e,then
(m _”Amﬂ+1—2nquAmM}z1+0n—1x1—§;—4é?
(iii) of — H_QSK §1+2 with a > 0 and b* € [0, ],then
%)\min + 1 —2max{2, Amax}
2U+On—U1+Vij§—41+VTIE?.

2 2
Proof. If K, satisfies (i), then by Lemma 5.2, for every r > 0, we have on

B(r) — {=zo},
%[(m — D Amin + 2 — 4max{2, Amax }]

> %[(m — 1)20r coth(Br) + 2 — 4 x 2ar coth(ar)]

4o coth(ar)
~ 1t reoth(an)(m -1t cothlen))
+ Brcoth(Br)(m 3 coth(3r)
4o
> 141 (m=-1)- =)
) g
%o
=m—- —.
B
where the second inequality is valid the increasing function Srcoth(fr) — 1 as
r — 0, and Zgiﬁgg:; < 1for 0 < B < «. Similarly, from Lemma 5.2, the above
inequality holds for the cases (ii) and (iii) on B(r). O

Theorem 5.4. Let (M, g) be an m-dimensional complete manifold with a pole
xo. Assume that the radial curvature K, of M satisfies one of the following three
conditions:

(i) if if —a? < K, < —B2 witha > 3> 0 and (m — 1) —4a >0,
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(i) if —ﬁ < K, < 70;5)“5 withe >0, A >0,0> B < 2 and
L+ (m—1)(1 - 3) —dez >0,
(iii) if —1%7 < K, < 155 witha >0, b2 € [0,3] and 1+ (m — 1)1
glv/itda o
If u: (M,g) — (N,h) is a biharmonic isometric immersion and h(T(u),
Vo du(£)) >0, then

2 2
[ lwE,, o E,,
2 2
B(p1) < Bp2)

(38) p - 2
for any 0 < p1 < pa, where
m— %, if Kr satisfies (i)
(39) A={ 1+ (m— 1)(1 - 2’%) ~ fest, if K, satisfies (i)
1+ (m— 1)V ;_41’2 4l ;+4a2, if K» satisfies (iii)

Proof. From the proof of Theorem 5.1 and Lemma 5.3, we have

2
/ |7 (w)]| dv,
d Jpr 2

dr ri = 0.

Therefore, we get the monotonicity formula

2 2
[ R, [ i,
B(p1) 2 < B(p2) 2

p} - P}

for any 0 < p; < po. O

Corollary 5.5. Let M, K, and A be as in Theorem 5.4. Assume that u: (M, g)
— (N, h) is a biharmonic isometric immersion and h(T(u), Vagdu(%)) >0. If

2
/ ||T(;)|| d'Ug — O(RA)7
B(R)

then u is harmonic.

We say the bienergy Fo(u) of u is slowly divergent if there exists a positive
function ¥ (r) with [o° —%~ = 400 (Ry > 0) such that

o T(r)
I (w)]?

. 2
(40 lim ——=—dv, < 00.
) A8 i D)
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Theorem 5.6. Let u: (M, g) — (N, h) be a biharmonic isometric immersion.
Assume that there is a constant o > 0 such that

m—1

5 Amin + 1 — 2max{2, Apax} > 0.

If E5(u) is slowly divergent and h(t(u), 63@6&1(%)) > 0, then u is harmonic, i.c.,
T(u) = 0.

Proof. From the proof of Theorem 5.1, we have

) . Ity < [ P,

9B(r)

Now suppose that u is not harmonic, so there exists Ry > 0 such that for R > Ry,
2
(42) O'/ Mdvg > ¢,
2
B(R)
where ¢; is a positive constant. From (41) and (42), we have
2
(43) co<h | Ll
8B(R)

for R > Ry and

Sg-

I (w)|? - I
li 2 gy, = 2 T g
R B(R) Y(r(z)) E /o Y(R) /813(3) 2 %

* dR |7 (w)|?
—_— d
= /Ro Y(R) /BB(R) 2 %

S /°° dR
c10 = 00,
= Jr, RY(R)

which contradicts (40), therefore, u is harmonic. O

From the proof of Theorem 5.6, we immediately get the following theorem.

Theorem 5.7. Let M, K, and A be as in Theorem 5.4. If u: (M,g) — (N, h)
is a biharmonic isometric immersion, the bienergy Ea(u) is slowly divergent and
h(r(u), Vagdu(%)) > 0, then wu is harmonic.
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