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NONUNIFORM INSTABILITY FOR EVOLUTION FAMILIES

R. MURESAN

ABSTRACT. The aim of this paper is to study the relationship between the notions
of nonuniform exponential instability for evolutionary processes and admissibility of
the pair of spaces (Coo(R4,X),C(R4+,X)). The evolutionary processes considered
are the most general in the sense that they do not require uniform or nonuniform
growth. A necessary condition for expansiveness of the evolutionary processes is
given.

1. INTRODUCTION

Consider the non-autonomous linear equation

d
(%) &u(t) =A(t)u(t), teRy orR,
on a Banach space X.
In 1930 O. Perron was the first who made the connection between the asymp-
totic properties of the solutions of (x) and some specific properties of the operator

Lu(t) = %u(t) —A(bu(t), teRy orR

on a space of X valued functions. The solutions of (x) generate an evolution family
(evolutionary process) (U(t, s))¢>s of bounded linear operators on X.

In fact, the differential equation is not the one investigated in most cases. In-
stead, the following integral equation is studied

ult) = U(t, syu(s) + / Ut ) F(€)de,

along with its connection with asymptotic properties of the evolutionary process
(Ut )iz

The researches on this subject were later developed by W. A. Coppel [5] and
P. Hartman [8] for differential systems in finite dimensional spaces.

Further developments for differential systems in infinite dimensional spaces can
be found in the monographs of J. L. Daleckij, M. G. Krein [6] and J. L. Massera,
J. J. Schéffer [11]. The case of dynamical systems described by evolutionary
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processes was studied by C. Chicone, Y. Latushkin [4] and B. M. Levitan, V. V.
Zhikov [10].

Other results concerning uniform exponential stability, exponential dichotomy
and admissibility of exponentially bounded evolution families were obtained by N.
van Minh [13], [14], [15], F. Rédbiger [15], R. Schnaubelt [15], Y. Latushkin [9],
T. Randolph [9], R. Nagel [7].

We also mention the results of L. Barreira and C. Valls [1], [2], [3], who an-
alyzed evolutionary processes with nonuniform growth of the form [|®(¢,%0)|] <
M(to) e“t=t0) for all t > to > 0, M: Ry — R*, w > 0, and obtained nonuniform
contraction conditions (i.e. nonuniform stability) and nonuniform dichotomy in
terms of admissibility of some pairs of function spaces.

In the present paper we give a necessary condition for the nonuniform exponen-
tial instability of an evolutionary process. We take into consideration evolutionary
processes in general, i.e. those which do not have any growth (uniform or nonuni-
form). Our technique is completely new and differs significantly from those used
in the extended literature [2], [3], [15], [14], [12] devoted to this subject.

2. PRELIMINARIES

Let X be a Banach space and B(X) the space of all linear and bounded operators
acting on X. The norms on X and on B(X) will be denoted by || - ||.

Definition 2.1. A function ®: A = {(¢,t9) € R?: 0 < ¢y < t} — B(X) is
called an evolutionary process iff

1. ®(t,t) = I for all t > 0,

2. B(t,s)P(s,tg) = P(t,to) for all t > s >ty >0,

3. t— ®(t,t0)x : [to, 00) — X is continuous for every x € X and
s — ®(t,s)z : [0,t] — X is continuous for every z € X.

We consider the following function spaces (endowed with the sup-norm ||| - |||):
(R-H
Co(Ry, X
Coo
ch
cly

)={f:Ry — X : f is continuous and bounded},
(Re X) = {f € C(R.., X) ¢ Jim f(1) =0},
(Ry, X) = {f € Co(Ry, X) = f(0) =0},
(Ry, X) ={f: [to,00) — X : Ju € C(Ry, X) such that ulf,,oc) = f},
0(Ry, X) ={f: [to,00) — X : Fv € Coo(Ry, X) such that v|p, o) = f}.

Definition 2.2. The evolutionary process @ satisfies the Perron condition for
instability (the pair of spaces (Coo(R+, X),C(R4, X)) is admissible to @) if for all
f € Coo(Ry, X) there is a unique element = € X such that the function

xp(t) = O(¢,0)x +/0 O(t,7)f(r)dr

is in C(R, X).
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Proposition 2.1. If the evolutionary process ® satisfies the Perron condition
for instability, then for all f € Coo(Ry, X), there is a unique functionu € C(Ry, X)
such that
t
u(t) = ®(t, s)u(s) —|—/ O(t,7)f(r)dr forallt > s> 0.
S

Proof. Existence. Let f be an element of Coo(R4, X) then, by Definition 2.2,
there is a unique element x in X such that

¢
zf(t) = ®(t,0)x +/ O(t,7)f(T)dr
0
isin C(R4, X). If we put u(t) = x¢(¢) for all £ > 0, then we have

s t
xz¢(t) = O(t,5)P(s,0)z Jr/ O(t,s)P(s,7)f(T)dr Jr/ O(t,7)f(7)dr.

0 s

Therefore
t
xy = ®(t, s)zs(s) +/ O(t,7)f(r)dr forallt>s>0

and so u = xy.
Uniqueness. We suppose there is another function v € C(Ry, X) such that

v(t) = O(t, s)v(s) + /t O(t,7)f(7)dr.
Let w(t) = x4(t) — v(¢) for all £ > 0, so w is an element of C(R4, X) and
w(t) = (L, s)w(s) + /t ®(t,7)0dr for allt > s> 0.
If we put s = 0, then
w(t) = ®(t,0)w(0) + /Ot ®(t,7)0dr for all t > 0.
But we also have
0= d(t,0)0 + /Ot O(t,7)0dr for all t > 0,
therefore w(0) = 0, and this proves that w(¢) = 0 for all ¢t > 0 and v = . O

Definition 2.3. The evolutionary process ® is nonuniform exponential expan-
sive if there is a function N: R, — R% and a constant v > 0 such that

N(t)||®(t, to)z|| > e*t%) ||z|| forallt>ty>0and z € X

and ®(t,tg) is surjective on X.
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Remark 2.2. If ®(¢,1g) is surjective on X, then for every y € X there is an
element z € X such that ®(¢,tg)z = y. Then x = ®~1(¢,10)y.
If ® is nonuniform exponential expansive, then we have

Nyl > e”E) | o1 (¢, to)y|| for all t >ty > 0
and
@ (¢, to)y|| < N(t) e v(t=to) llyl]| forallt>ty>0and z € X.
Proposition 2.3. Ifx # 0, then ®(¢,0)x # 0 for all t > 0.

Proof. Indeed, if we assume that there is tg > 0 such that ®(¢g,0)z = 0, then
®(t,0)xz =0 for all t > tg > 0. This shows that ®(-,0) is an element of C(R,, X).
However, ®(t,0)x = ®(¢,0)z + fg ®(t,7)0dr, so 0 =0+ fot ®(t,7)0d7r. Therefore
z = 0, a contradiction. O

3. REsuLTS

Theorem 3.1. If the evolutionary process ® satisfies the Perron condition for
instability, then there exists a constant k > 0 such that

gl < KIS for all f € Coo(Ry, X).

Proof. Let U: Coo(R4+,X) — C(Ry,X), Uf = xy. The operator U is well
defined and we will show that it is closed.
In order to do that, we consider the sequence (f,,), of functions in Coo(R4+, X),

fn Coo®+,X), f. We also assume that U f, LR X, g and we will prove that
Uf=g.

We have that
Ufn(t) = x5, (t) = O(¢,0)xy, (0) +/0 O(t,7) fr(7)dr.

Since z¢, (0) = U, f(0) and U f,, CE X

The application 7 — ®(¢,7)x: [0,t] — X is continuous for all z € X and ¢t > 0,
so there exists M, , > 0 such that

) g, then z¢ (0) —— ¢(0).

|@(t, 7)z|| < My, forall e |0,¢].

By the Uniform Boundedness Principle, there exists a constant M (t) > 0 such
that

|t m)z|| < M(t)||z] for all 7 € [0,t] and x € X,
s0

|(t, )| < M(t) for all T € [0,¢], z € X, ¢t > 0.
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Then

l[@@ﬂﬁﬁﬁrif¢ﬁﬂﬂﬂw

t
/Hétsz) v»st/W@ammmmn—fm
<MDl fa~ flll — 0 for all £ >0,
Therefore

lim zy, (t) = ®(¢,0)g(0) + /t O(t,7)f(r)dr for all t > 0.
0

n—oo

But U f, LR X), g, so

lim Uf,(t) =g(t), forallt>0.

So we proved that U f = g, i.e. U is a closed operator and by the Closed Graph
Theorem, there exists a constant k& > 0 such that

A1 < KA for all f € Coo(Ry, X).
0

Theorem 3.2. If the evolutionary process ® satisfies the Perron condition for
instability (the pair of spaces (Coo(R4, X),C(Ry, X)) is admissible to @), then
there exists a function N: Ry — R% and a constant v > 0 such that

(%) N(@)||®(t,0)z]| > ) | B(tg,0)z|| for allt >ty and x € X

Proof. Let n € N*, § > 0 and two functions x2, x°: Ry — R,

nt, 0<t<4i
1, L<t<s§
Xi (t) = v )
1+0—t, 0<t<d+1
0, t>0+1
1, 0<t<d
) ={{1+6—t, 0<t<d+1.
0, t>0+1

Let x € X\ {0} and f,: Ry — Ry, fu(¢) = qugﬁ% for all n € N, then
obviously f,, € Coo(Ry, X) and ||| f»]|| =1 for all n € N.
‘We consider the function
o dr
)=~ [ A0 a0
¢ ||@(7,0)z||
[e%e] dT t
= ®(t,0) —/ Xi(T)i-x +/ O(t,7) fr(r)dr
( 0 [ @(7,0)z|| ) 0

then y,(t) =0 for allt > §+1, so y, € C(R4, X).



238 R. MURESAN

By Theorem 3.1 we have that
lyn I < llynlll < E[lIf[l| =k for all £ > 0.
Therefore

e dr
/ X (r )H‘I’( 0z |||\<I>(t ,0)z]| <k forallt >0 and n € N*.
t

But ) —— x° a.e.7 X < X5 and f:o 5(7’)@% < 00, therefore

n—oo

limp—oo [, X5(7) EICOR] 0 o = =[x W Then we have that

(oo}
dr
X (1 )7||<I>(t 0)z|| <k forallt>0andz e X.
/t [ (7, 0)|]
For t < 6, we have that
/6 9T e 0)a) <k, forallt€[0,6) and all 6> 0
¢ 1@(r 0)zf| 7T T ’ '
This implies that if 6 — oo,
e dr
(%) / |®(¢,0)x|| <k forallt>0.
¢ ||‘I’( 0)a||

Let o: Ry — Ry, o(t) = [~ BGOE TO 72 S0 #(t) = —[[®(¢,0)z|. The inequality
(%) becomes @(t) < kgp( ) for all ¢ > 0, therefore

p() et < ().
But ¢(tg) < —kp(tg), so we have that

o0 dr k
F(t—to)
—— . ek < p(tg) < T30 0al
/t [®(7,0)z| @ (to, 0)||
Then
L dr 1 k
e o) < () <
| o = oo 0]
Since
|®(7,0)z|| < ||@(7,t) (¢, 0)z]|
< [|@(r, )l @(t,0)z]| < sup [ (7, 1)[/[|®(t, 0)|,
TE[t t+1]
then
;e%(t*m) < L
N(t)||@(t,0)z|| |®(to,0)|

We denote N(t) = sup,cpy 41y |P(7,8)[, N: Ry — R} and v = + > 0 and we
have that

(%) N(t)||®(t,0)z]| > e”0) | ®(tg,0)z| for all t > to and z € X.
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Theorem 3.3. If for any tg > 0 and any function f € Cé?)(RJr, X), there exists
a unique function u € Cy, (R4, X) such that

u(t) = ®(t, s)u(s) + /t O(t,7)f(T)dT  for allt > s>ty >0,

then the evolutionary process ® is nonuniform erponential expansive.

Proof. Let tg > 0 and the function xj, : Ry — R,

0, t <to

oo At —to), to<t<to+i

% Alto+1—1), to+5<t<to+1’
0, t>tg+1

Let z be an element of X and f(t) = x{ ®(t,t0)z, f: R — X. Obviously
f € Coo(Ry, X).
We also consider the function v: [tg, 00) — X,

v(t) = —/too X%o ()d7r®(t, tg)z.

It is easy to see that
t
v@z@&@d$+/@@ﬂﬂﬂ&-bmmmgsgt

In this case, v = u, so

U(to) = U(to) =z = (I)(to, O)U(O) + /0 i (I)(to, T)f(T)dT.

Therefore we found an element ¢y > 0 such that z = ®(¢p, 0)u(0). So ®(tp,0):
X — X is a surjective function. U

Let y be an element in X, then by Theorem 3.3, there exists an element x € X
such that ®(tp,0)z = y. In this case the inequality (x) becomes

N()||®(t, to)y|| = e”@7) ||ly|| for all t >ty >0 and y € X.
Remark 3.4. The converse of the theorem above is true.
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