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POLYNOMIALS AND MULTILINEAR MAPPINGS

IN LOCALLY CONVEX ALGEBRAS

A. EL KINANI, R. CHOUKRI and A. OUDADES

Abstract. We introduce the pseudo-equicontinuity of a sequence of maps in topo-

logical algebras. This notion allows us to simplify the proofs of classical results such
as theorems of Turpin for power maps in commutative locally convex algebras and

that of B. Mitiagin, S. Rolewics and W. Żelazko for entire functions in commutative

B0-algebras. We also obtain that a commutative B0-algebra A is m-convex if a
power series with an appropriate control over its coefficients operates in some open

subset of A.

1. Introduction

In [6], P. Turpin showed that a commutative locally convex algebra in which the se-
quence (x 7→ xn)n of power maps is equicontinuous at zero is necessarily m-convex.

In the non-commutative case, W. Żelazko [9] gave an example of a complete non
m-convex locally convex algebra in which the sequence (x 7→ xn)n of power maps
is equicontinuous at zero. Concerning entire functions in locally convex algebra,
it is known [3] that every entire function operates in any unital and M -complete

locally m-convex algebra. In [5], B. Mitiagin, S. Rolewics and W. Żelazko showed
that a unital commutative B0-algebra in which every entire function operates is
necessarily m-convex. Their proof is long and technical. A short and direct proof
is given in [2] in the general context of Baire algebras. Analyzing the proofs of [5]
and [2] leads us to consider the pseudo-equicontinuity of a sequence of maps in
topological algebras. We examine the link between the equicontinuity of a fam-
ily of homogeneous polynomials and the pseudo-equicontinuity of their generators
(Proposition 2). We consider a sequence of homogeneous polynomials of degree
n and we extricate sufficient conditions (Corollary 3), similar to that of the se-
quence (x 7→ xn)n of power maps, involving the m-convexity of the algebra. As
a consequence, we obtain (Corollary 4) the main result of Turpin [6]. We show
(Proposition 5) that the convergence of a continuous homogeneous polynomials
series on an open subset of a B0-algebra implies the equicontinuity at zero of its
general term. As an application of the previous result, we obtain (Corollary 7)
the main result of [5] wherein a commutative B0-algebra in which every entire
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function operates is necessarily m-convex. In the direction of the cited result of B.
Mitiagin, S. Rolewics and W. Żelazko [5], in a commutative B0-algebra (A, τ), we
consider a power series

∑
n anz

n with (an)n ⊂ R∗+, convergent in a certain open
subset of (A, τ). We show (Theorem 9) that (A, τ) is m-convex provided that the

sequence
(

anam

am+n

)
n,m∈N∗

is bounded.

2. Preliminaries

Let E, F be two vector spaces over a field K (K = R or K = C) with a Hausdorff
locally convex topology. A mapping f : E → F is called a homogeneous polynomial
of degree n if there exists a n-linear symmetrical mapping f : En → F such that
f(x) = f(x, . . . , x) for every x ∈ E. We say that f is associated with f or that
f generates f . f is symmetrical means that f(x1, . . . , xn) = f(xj1 , . . . , xjn) for
every permutation (j1, . . . , jn) of the sequence (1, . . . , n). A sequence of maps
fn : E → F , n ∈ N∗, is said to be equicontinuous at zero if for every neighborhood
U of zero, there exists a neighborhood V of zero such that fn(V ) ⊂ U for every
n ∈ N∗. A locally convex algebra (A, τ), l.c.a. in brief, is an algebra over a
field K (K = R or K = C) with a Hausdorff locally convex topology for which the
multiplication is separately continuous. If the multiplication is continuous in both
variables, (A, τ) is said to be with jointly continuous multiplication. A locally
convex algebra (A, τ) is said to be multiplicatively convex (m-convex, for short) if
the topology τ can be given by a family of (| · |i)i∈I of seminorms such that

|xy|i ≤ |x|i|y|i for all x, y ∈ A, i ∈ I.
A B0-algebra is a l.c.a. whose underlying locally convex space is a complete metris-
able space. An entire function f(z) =

∑+∞
n=0 anz

n, an ∈ K, operates in a l.c.a.

(A, τ) if for every x in A, f(x) =
∑+∞

n=0 anx
n converges in (A, τ). For a detailed

account of basic properties of general locally m-convex algebras and B0-algebras,
we refer the reader to [8] and [4].

3. Polynomials and multilinear mappings
in locally convex algebras

Definition 1. Let (A, τ) be a topological algebra. A sequence of maps
fn : An → A, n ∈ N∗, is said to be pseudo-equicontinuous at zero if for every neigh-
borhood U of zero, there exists a neighborhood V of zero such that fn(V n) ⊂ U
for every n ∈ N∗, where V n = V × V × · · · × V is the product n times of V .

The following result gives the link between the equicontinuity at zero of a family
of homogeneous polynomials and the pseudo-equicontinuity at zero of the family
of their generators.

Proposition 2. Let (A, τ) be a locally convex algebra and (fn)n be a sequence of
homogeneous polynomials of degree n. Then the following assertions are equivalent:

(1) (fn)n is equicontinuous at zero.
(2) (fn)n is pseudo-equicontinuous at zero.
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Proof. 2) =⇒ 1) It is obvious.
1) =⇒ 2) Let V be an absolutely convex and closed neighborhood of zero. By

Mazur-Orlicz theorem (see [1]), we have

fn(x1, . . . , xn) =
1

n!

1∑
ε1,...,εn=0

(−1)n−(ε1+···+εn)fn(x0 + ε1x1 + · · ·+ εnxn),

where x1, . . . , xn ∈ A, n ∈ N∗, and x0 is an arbitrary point of A. We take
x0 = 0. As (fn)n is equicontinuous at zero and zero admits a fundamental system
of convex, balanced and absorbing neighborhoods((A, τ) is locally convex), there
exists an absolutely convex neighborhood U of zero such that

fn(U) ⊂ V for every n ∈ N∗.

Now let x1, . . . , xn ∈ U . Then ε1x1+···+εnxn

n ∈ U and fn( ε1x1+···+εnxn

n ) = 1
nn fn ×

(ε1x1 + · · · + εnxn). This implies that fn(ε1x1 + · · · + εnxn) ∈ nnV . Hence, for
every n ∈ N∗,

fn(x1, . . . , xn) ∈ (2n)n

n!
V for every x1, . . . , xn ∈ U.

But there exists c > 0 such that (2n)n

n! ≤ c
n for every integer n. Whence for every

n ∈ N∗,

fn(x1, . . . , xn) ∈ V for every x1, . . . , xn ∈
1

c
U

and the implication is proved. �

As a consequence, we obtain the following results.

Corollary 3. Let (A, τ) be a locally convex algebra and (fn)n be a sequence of
homogeneous polynomials of degree n. If

(1) (fn)n is equicontinuous at zero,

(2) fn(x1, . . . , xn)fm(y1, . . . , ym) = fn+m(x1, . . . , xn, y1, . . . , ym) for every
n,m ∈ N∗,

(3) the image by f1 of any neighborhood of zero is also a neighborhood of zero,
then (A, τ) is m-convex.

Proof. Let V be an absolutely convex and closed neighborhood of zero. By (1)
and Proposition 2, the associated sequence (fn)n of (fn)n is pseudo-equicontin-
uous at zero. Then there exists an absolutely convex and closed neighborhood U
of zero such that

fn(Un) ∈ V for every n ∈ N∗.
So,

Ω =
⋃

n∈N∗

fn(Un) ⊂ V.

Now let x and y be two elements of Ω. Then

x = fn(x1, . . . , xn), y = fm(y1, . . . , ym), (x1, . . . , xn) ∈ Un, (y1, . . . , ym) ∈ Um.
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Using (2), we have

fn(x1, . . . , xn)fm(y1, . . . , ym)

= fn+m(x1, . . . , xn, y1, . . . , ym) ∈ fn+m(Um+n) ⊂ Ω.

Thus xy ∈ Ω, consequently Ω is an idempotent set. Moreover, we have f1(U) =
f1(U) ⊂ Ω and by using (3), f1(U) is a neighborhood of zero. Therefore, Ω is a
neighborhood of zero. Whence the result. �

As an application of the previous result, we have the following.

Corollary 4 ([6]). Let (A, τ) be a commutative locally convex algebra. If the
sequence (x 7→ xn)n of power maps is equicontinuous at zero, then (A, τ) is neces-
sarily m-convex.

Proof. It suffices to observe that the sequence (x 7→ xn)n of power maps is
a family of homogeneous polynomials whose sequence of generators, given by
[(x1, . . . , xn)→ x1 . . . xn]n, satisfies (2) and (3) of Corollary 3. �

The following result shows that in the general case, the convergence of a con-
tinuous homogeneous polynomial series on an open subset of a B0-algebra implies
the equicontinuity at zero of its general term.

Proposition 5. Let (A, τ) be a B0-algebra and let (fn)n be a sequence of contin-
uous homogeneous polynomials of degree n such that the series

∑
n fn(x) converges

on an open subset Ω of (A, τ). Then (fn)n is equicontinuous at zero, and therefore,
the sequence (fn)n∈N∗ is pseudo-equicontinuous at zero.

Proof. Let V be an absolutely convex and closed neighborhood of zero. Set

Ek = {x ∈ Ω : fn(x) ∈ V, n ≥ k} =
⋂
n≥k

{x ∈ Ω : fn(x) ∈ V }.

As fn is continuous for every n, all sets Ek are closed. Moreover,
⋃
k

Ek = Ω. By

Baire’s argument, there is an integer m such that Em has non-void interior. Hence
there is an x0 ∈ Em and an absolutely convex neighborhood of zero U such that,
for every n ≥ m,

fn(x+ x0) ∈ V for every x ∈ U.
By the Mazur-Orlicz formula (see [1]), we have

fn(x) =
nn

n!

n∑
j=0

(−1)n−jCj
nfn

(
x0 +

j

n
x
)
,

wehere Cj
n = n!

j!(n−j)! , x ∈ A, n ∈ N∗.
In particular, if x∈U , one has j

nx∈U because U is balanced. Thus fn(x0+ j
nx)∈V,

for and since V is also balanced we obtain

(−1)n−jfn

(
x0 +

j

n
x
)
∈ V for every n ≥ m.
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Consequently, using the convexity of V , we have
∑n

j=0(−1)n−jCj
nfn

(
x0 + j

nx
)
∈(∑n

j=0 C
j
n

)
V = 2nV . Then

fn(x) ∈ (2n)n

n!
V, x ∈ U, n ≥ m.

But there exists M > 0 such that (2n)n

n! ≤ Mn for every n ∈ N∗. Thus, for every
n ≥ m, one has

fn(x) ∈ V for every x ∈ 1

M
U.

For n < m, using the continuity of the map x→ xn, there exists a neighborhood
Wn of zero such that

fn(x) ∈ V for every x ∈Wn.

Now, for W =
(⋂

n<mWn

)
∩
(

1
MU

)
, we obtain

fn(x) ∈ V for every n ∈ N∗ and x ∈W.

Whence the equicontinuity at zero of (fn)n. Finally the pseudo-equicontinuity at
zero of (fn)n∈N∗ is an immediate consequence of Proposition 2. �

The two following results constitute an application of the above to a particular
class of homogeneous polynomials series.

Corollary 6. Let (A, τ) be a B0-algebra and
∑

n anz
n be a power series which

operates in a certain open subset of (A, τ). Then the sequence (x 7→ anx
n)n is

equicontinuous at zero. In particular, if A is commutative, then the sequence
((x1, x2, . . . , xn) 7→ anx1x2 . . . xn)n∈N∗ is pseudo-equicontinuous at zero.

Remark 7. In the non-commutative case, the sequence(
(x1, x2, . . . , xn)→ an

n!

∑
xj1 . . . xjn

)
n∈N∗

,

where the sum is taken over all permutations (j1, . . . , jn) of the sequence (1, . . . , n),
is pseudo-equicontinuous at zero.

As a consequence of Corollary 6, we have the following result of B. Mitiagin,
S. Rolewics and W. Żelazko (see [5]).

Corollary 8 ([5]). Let (A, τ) be a commutative B0-algebra. If entire functions
operate, then (A, τ) is necessarily m-convex.

Proof. If (A, τ) is notm-convex, one can find a neighborhood V of zero such that
every neighborhood U of zero contains elements y1, . . . , ykn

satisfying
y1...ykn

nkn
/∈ V .

This contradicts the fact that the family(
(x1, x2, . . . , xn) 7→ 1

nkn
x1x2 . . . xn

)
n∈N∗

is equicontinuous at zero. �
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Theorem 9. Let (A, τ) be a commutative B0-algebra and
∑

n anz
n be a power

series with (an)n ⊂ R∗+. If
∑

n anz
n is convergent in some open subset of (A, τ),

then the topology τ can be defined by a family (| · |k)k of seminorms such that

|xy|k ≤
anx

amy

anx+my

|x|k |y|k , x, y ∈ A, nx,my ∈ N∗.

In particular, if the sequence
(

anam

am+n

)
n,m∈N∗

is bounded, then (A, τ) is m-convex.

Proof. Let Vk be an absolutely convex and closed neighborhood of zero. By
Corollary 6, the sequence ((x1, x2, . . . , xn) 7→ anx1x2 . . . xn)n∈N∗ is pseudo-equi-
continuous at zero. Then there exists an absolutely convex neighborhood Uk of
zero such that

Ωk =
⋃
n

anU
n
k ⊂ Vk.

Let conv(Ωk) be the convex hull of Ωk. It is an absolutely convex neighborhood
of zero. Let x, y ∈ conv(Ωk). Then

x =
∑
i∈I

αixi, y =
∑
j∈J

βjyj , xi, yj ∈ Ωk,
∑
i∈I

αi =
∑
j∈J

βj = 1,

where I and J are finite. Hence

xy =

(∑
i∈I

αixi

)(∑
j∈J

βjyj

)
=

∑
j∈J;i∈I

αiβjxiyj .

Since xi, yj ∈ Ωk, one has xi = ani
x1ix2i . . . xni

and yj = amj
y1jy2j . . . ymj

, where
x1i , . . . , xni

, y1j , . . . , ymj
∈ Uk. Whence

xiyj ∈
ani

amj

amj+ni

Ωk.

Let
anxamy

anx+my

= sup
i,j

aniamj

amj+ni

.

It follows that xiyj ∈
ani

amj

amj+ni
Ωk ⊂

anxamy

anx+my
Ωk. Hence

anx+my

anxamy

xiyj ∈ Ωk for every i ∈ I and j ∈ J.

And since
anx+my

anx
amy

xy =
∑

j∈J, i∈I
αiβj

anx+my

anx
amy

xiyj

and ∑
j∈J, i∈I

αiβj =

(∑
i∈I

αi

)(∑
j∈J

βj

)
= 1,

one has
anx+my

anxamy
xy ∈ conv(Ωk). Thus the family of semi-norms (| · |k)k associated

to all conv(Ωk) defines a topology τ such that

|xy|k ≤
anx

amy

anx+my

|x|k |y|k , x, y ∈ A, nx,my ∈ N∗.
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Finally, it is clear that if the sequence
(

anam

am+n

)
n,m∈N∗

is bounded, then (A, τ) is

m-convex. �

Remark 10. If
∑
n
anz

n is an entire function, then the sequence
(

anam

am+n

)
n,m∈N∗

is

not necessarily bounded. Indeed, in [5], it was shown that for every entire function
ϕ, there is a non m-convex commutative algebra Aϕ such that ϕ operates on Aϕ.
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