Acta Math. Univ. Comenianae 301
Vol. LXXXVII, 2 (2018), pp. 301-307

POLYNOMIALS AND MULTILINEAR MAPPINGS
IN LOCALLY CONVEX ALGEBRAS

A. EL KINANI, R. CHOUKRI axp A. OUDADES

ABSTRACT. We introduce the pseudo-equicontinuity of a sequence of maps in topo-
logical algebras. This notion allows us to simplify the proofs of classical results such
as theorems of Turpin for power maps in commutative locally convex algebras and
that of B. Mitiagin, S. Rolewics and W. Zelazko for entire functions in commutative
Byp-algebras. We also obtain that a commutative Bp-algebra A is m-convex if a
power series with an appropriate control over its coefficients operates in some open
subset of A.

1. INTRODUCTION

In [6], P. Turpin showed that a commutative locally convex algebra in which the se-
quence (x — z™),, of power maps is equicontinuous at zero is necessarily m-convex.
In the non-commutative case, W. Zelazko [9] gave an example of a complete non
m-convex locally convex algebra in which the sequence (z — x™),, of power maps
is equicontinuous at zero. Concerning entire functions in locally convex algebra,
it is known [3] that every entire function operates in any unital and M-complete
locally m-convex algebra. In [5], B. Mitiagin, S. Rolewics and W. Zelazko showed
that a unital commutative By-algebra in which every entire function operates is
necessarily m-convex. Their proof is long and technical. A short and direct proof
is given in [2] in the general context of Baire algebras. Analyzing the proofs of [5]
and [2] leads us to consider the pseudo-equicontinuity of a sequence of maps in
topological algebras. We examine the link between the equicontinuity of a fam-
ily of homogeneous polynomials and the pseudo-equicontinuity of their generators
(Proposition 2). We consider a sequence of homogeneous polynomials of degree
n and we extricate sufficient conditions (Corollary 3), similar to that of the se-
quence (z — z™), of power maps, involving the m-convexity of the algebra. As
a consequence, we obtain (Corollary 4) the main result of Turpin [6]. We show
(Proposition 5) that the convergence of a continuous homogeneous polynomials
series on an open subset of a By-algebra implies the equicontinuity at zero of its
general term. As an application of the previous result, we obtain (Corollary 7)
the main result of [5] wherein a commutative By-algebra in which every entire
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function operates is necessarily m-convex. In the direction of the cited result of B.
Mitiagin, S. Rolewics and W. Zelazko [5], in a commutative By-algebra (4, 1), we
consider a power series Y a,z" with (a,), C R, convergent in a certain open
subset of (A, 7). We show (Theorem 9) that (A, ) is m-convex provided that the

sequence (

Qn Qm

) is bounded.
Am+n n,meN*

2. PRELIMINARIES

Let E, F be two vector spaces over a field K (K =R or K = C) with a Hausdorff
locally convex topology. A mapping f: E — F'is called a homogeneous polynomial
of degree n if there exists a n-linear symmetrical mapping f: E™ — F such that

f(x) = f(z,...,x) for every 2 € E. We say that f is associated with f or that
f generates f. f is symmetrical means that f(x1,...,2,) = f(zj,...,2;,) for
every permutation (ji,...,J,) of the sequence (1,...,n). A sequence of maps
fn: E— F,n e N* issaid to be equicontinuous at zero if for every neighborhood
U of zero, there exists a neighborhood V' of zero such that f,, (V) C U for every
n € N*. A locally convex algebra (A,7), l.c.a. in brief, is an algebra over a
field K (K = R or K = C) with a Hausdorff locally convex topology for which the
multiplication is separately continuous. If the multiplication is continuous in both
variables, (A,7) is said to be with jointly continuous multiplication. A locally
convex algebra (A4, 7) is said to be multiplicatively convex (m-convex, for short) if
the topology 7 can be given by a family of (| - |;);cs of seminorms such that

lzyl: < |x|ilyl: forall z,y € A, iel.

A By-algebra is a l.c.a. whose underlying locally convex space is a complete metris-
able space. An entire function f(z) = Z:i% anz", a, € K, operates in a [.c.a.
(A, 7) if for every = in A, f(z) = :FL:B anx™ converges in (A, 7). For a detailed
account of basic properties of general locally m-convex algebras and By-algebras,
we refer the reader to [8] and [4].

3. POLYNOMIALS AND MULTILINEAR MAPPINGS
IN LOCALLY CONVEX ALGEBRAS

Definition 1. Let (A,7) be a topological algebra. A sequence of maps
fn: A" — A ) n € N*, is said to be pseudo-equicontinuous at zero if for every neigh-
borhood U of zero, there exists a neighborhood V' of zero such that f, (V™) C U
for every n € N*, where V" =V x V x ... x V is the product n times of V.

The following result gives the link between the equicontinuity at zero of a family
of homogeneous polynomials and the pseudo-equicontinuity at zero of the family
of their generators.

Proposition 2. Let (A, 1) be a locally convex algebra and (f,,), be a sequence of
homogeneous polynomials of degree n. Then the following assertions are equivalent:

(1) (fa)n is equicontinuous at zero.
(2) (fn)n is pseudo-equicontinuous at zero.
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Proof. 2) = 1) It is obvious.
1) = 2) Let V be an absolutely convex and closed neighborhood of zero. By
Mazur-Orlicz theorem (see [1]), we have
_ 1 !

fn(x1>~-~7$n) = g Z <_1)n_(61+m+8n)fn(x0+51$1+"'+5nxn);

where z1,...,2, € A, n € N*, and zy is an arbitrary point of A. We take
2o = 0. As (fn)n is equicontinuous at zero and zero admits a fundamental system
of convex, balanced and absorbing neighborhoods((A4, 7) is locally convex), there
exists an absolutely convex neighborhood U of zero such that

fRU)cVv for every n € N*.

Now let x1,...,2, € U. Then % € U and fn(w) = ﬁfn X
(e1x1 + -+ + €pxyp). This implies that f,(e121 + - + epxn) € n™V. Hence, for
every n € N*|
— 2n)"
fo(z1,...,20) € ( '> \% for every z1,...,x, € U.
n!

But there exists ¢ > 0 such that (ZTLL‘Y < " for every integer n. Whence for every
n € N¥,

_ 1
fo(z1,...,2n) €V for every zq,...,x, € ~U
c
and the implication is proved. O
As a consequence, we obtain the following results.

Corollary 3. Let (A, 1) be a locally convex algebra and (f,)n be a sequence of
homogeneous polynomials of degree n. If
(1) (fn)n is equicontinuous at zero,
(2) falz1,.osxn) fn(Wis ey Um) = fogm(Z1, oo Ty Y1, -« Ym) for every
n,m € N*,
(3) the image by f1 of any neighborhood of zero is also a neighborhood of zero,
then (A, T) is m-conver.

Proof. Let V be an absolutely convex and closed neighborhood of zero. By (1)
and Proposition 2, the associated sequence (f,), of (fn)n is pseudo-equicontin-
uous at zero. Then there exists an absolutely convex and closed neighborhood U
of zero such that

fn(U™) eV for every n € N*.
So,
0= J fUmcw

neN*
Now let = and y be two elements of 2. Then

r=fo(xe, )y Y= fnWse s Um), (@1, zn) €U, (Y1yee e, ym) €U™.
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Using (2), we have

f?(xla"'7xn)f:(yla"'7ym)
= fn—&-m(xlw < Tns Y1y - - 7ym) € f7l+'m(Um+n) C Q.

Thus zy € €2, consequently € is an idempotent set. Moreover, we have f1(U) =
f1(U) C Q and by using (3), f1(U) is a neighborhood of zero. Therefore, 2 is a
neighborhood of zero. Whence the result. O

As an application of the previous result, we have the following.

Corollary 4 ([6]). Let (A,7) be a commutative locally convex algebra. If the
sequence (x — ™), of power maps is equicontinuous at zero, then (A, T) is neces-
sarily m-converz.

Proof. Tt suffices to observe that the sequence (x — z™), of power maps is
a family of homogeneous polynomials whose sequence of generators, given by
[(#1,...,2n) = @1 ... 2y, satisfies (2) and (3) of Corollary 3. O

The following result shows that in the general case, the convergence of a con-
tinuous homogeneous polynomial series on an open subset of a By-algebra implies
the equicontinuity at zero of its general term.

Proposition 5. Let (A, 7) be a By-algebra and let (fr,)n be a sequence of contin-
uous homogeneous polynomials of degree n such that the series )y . fn(x) converges
on an open subset Q of (A, 7). Then (fn)n is equicontinuous at zero, and therefore,
the sequence (f?)neN* is pseudo-equicontinuous at zero.

Proof. Let V' be an absolutely convex and closed neighborhood of zero. Set
Br={zcQ:fu(x) eV, n>k}=(({zre€Q: fulz) € V}.
n>k
As f, is continuous for every n, all sets Ej are closed. Moreover, | Ep = Q. By
Baire’s argument, there is an integer m such that F,, has non-void iﬁterior. Hence

there is an ¢ € E,, and an absolutely convex neighborhood of zero U such that,
for every n > m,

falx+z0) €V for every x € U.

By the Mazur-Orlicz formula (see [1]), we have

_n" - n—i g J
fule) = 55 (1) ICh fu (w0 + L),
7=0
wehere CJ = #lj),, re A, neN*

In particular, if z € U, one has %x €U because U is balanced. Thus f,(zo+ %x) eV,
for and since V is also balanced we obtain

(=)™ fn (960 + %x) eV  for every n > m.
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Consequently, using the convexity of V, we have Z;-l:(](—l)"_j CJ fr (z0 + %x) €
(Z;;O O,{) V =2"V. Then
(2n)"

But there exists M > 0 such that (2;’?” < M™ for every n € N*. Thus, for every
n > m, one has

1
n 14 f —U.
fulx) € or every T € 7

For n < m, using the continuity of the map = — z", there exists a neighborhood
W.,, of zero such that

falx) eV for every x € W,,.

Now, for W = (N W,,) N (£ U), we obtain

n<m

falx) eV for every n € N* and z € W.

Whence the equicontinuity at zero of (fy,)n. Finally the pseudo-equicontinuity at
zero of (fn)nen+ is an immediate consequence of Proposition 2. O

The two following results constitute an application of the above to a particular
class of homogeneous polynomials series.

Corollary 6. Let (A, 1) be a By-algebra and )", a,z" be a power series which
operates in a certain open subset of (A,7). Then the sequence (x +— a,x™), is
equicontinuous at zero. In particular, if A is commutative, then the sequence
((z1,m2,. .., %) = ApT1T2 . .. Ty),cn- 18 PSeudo-equicontinuous at zero.

Remark 7. In the non-commutative case, the sequence

Qn
((ZL‘l,IEQ, Ce ,I’n) — ﬁ E Tjy - 'xjn)neN*’

where the sum is taken over all permutations (j1, . .., jn) of the sequence (1, ..., n),
is pseudo-equicontinuous at zero.

As a consequence of Corollary 6, we have the following result of B. Mitiagin,
S. Rolewics and W. Zelazko (see [5]).

Corollary 8 ([5]). Let (A,T) be a commutative By-algebra. If entire functions
operate, then (A, T) is necessarily m-conver.

Proof. If (A, T) is not m-convex, one can find a neighborhood V of zero such that
every neighborhood U of zero contains elements y1, . . ., Yk, satisfying ylﬂ%ﬂ" ¢V.
This contradicts the fact that the family

1
((xl,x%...,xn) > v T1To . xn) o
neN*

is equicontinuous at zero. O
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Theorem 9. Let (A, 7) be a commutative By-algebra and ), anz™ be a power
series with (an), C RY. If Y7 anz™ is convergent in some open subset of (A, T),
then the topology T can be defined by a family (| - k), of seminorms such that

O, G,

lzyl, < |z, |yl z,y € A, ng,my € N*.

Mg 1My

Qn Qm

a ) is bounded, then (A, T) is m-convez.
m+n n,meN*

In particular, if the sequence (

Proof. Let Vi be an absolutely convex and closed neighborhood of zero. By
Corollary 6, the sequence ((z1,Z2,...,%p) = anT122...Tp), cn 1S pseudo-equi-
continuous at zero. Then there exists an absolutely convex neighborhood Uy of
zero such that

O = JanU € Vi

Let conv(£);) be the convex hull of Q. It is an absolutely convex neighborhood
of zero. Let z,y € conv(2;). Then

.13:2047;331', y:Zﬁ]ij xivyjegka ZOQ:ZB]:la
iel jeJ iel jeJ
where I and J are finite. Hence
o= (Lo ) (L o) = X asmu
el jeJ jeJyiel
Since z;,y; € g, one has x; = an, 21,%2; . .. Tn, and Yj = A, Y1,Y2, - - - Ym, , Where
Tlise s Tngy Yl 5> Ym; € Ug. Whence

Gy, Ay
TiY; € 2 Q.
Amj+n;

Let

Ang+my i,j Amj+n;

An,; Am ;

An g Om
L)y, € —="vQ. Hence

Umj4n, Anytmy

It follows that z;y; €

a
ety ziY; € Qg for every i € I and j € J.

U, G,

a"mJme _ a”m+my
——t gy = iy ==ty

ng Gm, JEJ, i€l T My

Z By = <Zaz>(25j> =1,

j€EJ, i€l iel jeJ

And since

x

one has Z:‘iﬁ:j xy € conv(€). Thus the family of semi-norms (| - ), associated
to all conv(€2) defines a topology 7 such that
(p,

aimly“r|k|y|k7 x7yeA7 nxamyeN*-

Mg +My

|$y|/c <
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QnQm

Finally, it is clear that if the sequence (a - ) is bounded, then (A4,7) is
mTn / nmeN*

m-convex. O

Remark 10. If 3" a,, 2™ is an entire function, then the sequence (%) N is
~ mtn ) p meN-
not necessarily bounded. Indeed, in [5], it was shown that for every entire function

¢, there is a non m-convex commutative algebra A, such that ¢ operates on A.
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