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ON AN OPERATOR OF STANCU-TYPE
WITH FIXED POINTS ¢; AND ey

A. D. INDREA

ABSTRACT. The objective of this paper is to introduce an operator of Stancu-type,
with the properties that the test functions e; and es are reproduced. Also, in our
approach, a theorem of error approximation and a Voronovskaja-type theorem for
this operator are obtained.

1. INTRODUCTION

By e;,j € {0,1,2}, we denote the monomial of j-degree.

Let N be a set of positive integers, Ng = NU {0} and «, 8 real numbers with
0<a<p.

In 1969 D.D. Stancu [14], for m € N and 0 < a < § introduced the linear
positive operators

G I ) )

defined for any f € C([0,1]) and x € [0,1]. The author proved that the sequence
(Pé?’ﬁ)) converges uniformly to f on [0, 1]. Note that the operator from (1.1)

m>1
preserves the test function eq.

A generalization of the operator (1.1) was defined by P.I. Braica, O.T. Pop,
D. Barbosu and L.I. Pigcoran [4] as follows: Let mg € N be a fixed number. For
m € N,m > mg and 0 < a < B, the authors consider the operators

(Q?f) @)
R ki () n+ 31z = ¥ m 0 = (m o+ )4 (£ 1)
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defined for any f € C([0,1]) and = € [ & m”“] It was also proved that the

mo+B7 mo+p
sequence (ngf’ﬁ)>
m

operators (1.2) preserve the test functions eg and e.
Another generalization of the operator (1.1) of the following form

03 (Ve )@ =3 (7)rh @ - )i (25
k=0

: « . mot+ao
) converges uniformly to f on {mo o B] Note that the

m € N;m > mg,mg € N a fixed number, and 0 < a < 8 and
rm(x) = 13, (@)

(14) { 7m(1+2a)+\/m2(1+2a)274m(m71)(a27(m+ﬁ)2)x2
— 2m(m—1)
2

T m=1,

appeared in [11].
This operator is defined for any f € C(]0,1]) and = € [ T mo“"}. It is proved

mo+B87 mo+pB
that the sequence (V,%a’ﬁ ))m>1 converges uniformly to f on {ﬁ%, %312‘} Note

that the operator (1.3) preserves the test functions e and es.

In the last decade, next issue close to the linear approximation of operators was
intensively investigated: to create classes of operators that reproduce two of the
three test functions, see, for example, [1] and [10].

Following the ideas from [4], [5], [9]-[11] and [13], in this paper, we introduce
a general class which preserves the test functions e; and ey. For our operators ap-
proximation properties, a convergence theorem and a Voronovskaja-type theorem
are obtained.

The paper is organized as follows. In Section 2, we recall some results obtained
in [12] which are essentially used for obtaining the main results of this paper.
Section 3 is devoted to the construction of the general class of a new linear and
positive operators. In Section 4, we obtain a Stancu type operator which is an
operator that preserves the test functions e; and es.

2. PRELIMINARIES

In this section, we recall some notions and results which we will use in what follows,
see [12].

We consider real intervals I, J with the property I NJ # @ and use the func-
tion sets E(I), F(J) that are subsets of the set of real functions defined on I,
respectively J,

B(I)={f|f:1—R,fbounded on I},
CIYy={f|f:I—R,f continuous on I}

and
Cp(I)=B(I)nC).
For z € I, we consider the function ¢, : I - R, ¢, (t) =t —z, t € I.
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For any meNy and k€{0,1,2,...,m}, we consider the functions ¢, ;: J =R
with the property ¢, kx(x) > 0, € J, and the linear positive functionals A,, j:
E(I) = R. For m € Ny, we define the operator L,,: E(I) — F(J) by

(2.1) (L f)(@) =D omp(@) Am i (f)-
k=0

Remark 2.1. The operators (L,,)men are linear and positive on E(I N J).
For any f € E(I),z € INJ, and for i € Ny, we define T}, ; by

(2.2) (ToniLn) () = m'(Lyiy)(z) = m’ Z ‘Pm,k(x)Am,k(w;)
k=0

In the following, let s be a fixed even natural number. We suppose that the
operators L,,, m > 0 satisfy the following condition:
there exists the smallest «g, a511 € [0,00) such that

(Tm,j L) (z)

(23) mh—r>noo -y = B]<.’17) € R,
forany x € INJ, j € {s,s+ 2}, and
(24) Ogyo < Qg+ 2.

If I C R is a given interval and f € Cp(I), then the first order modulus of
smoothness of f is the function w(f;-): [0,4+00) — R defined for any § > 0 by
w(f,0) =sup{|f(z’) — f(z")| : o',2" € I, |2/ —2"| < 6}.

Theorem 2.1 ([12]). Let f: I — R be a function. If x € INJ, [ is an

s times derivable function in z, and the function f®) is continuous in x, then

FO (
mi(u ) (Tm,iLm)(z)) =0.

(25)  dim m o (L f)@) Y

i=0

If f is an s times differentiable function on I, the function f®) is continuous on

I and there exist m(s) € N and k; € R such that for any natural number m > m(s)
and for any x € I NJ, we have

(Tonj L) ()

mai

(2.6) <k

— "

where j € {s,s + 2}. Then the convergence given in (2.5) is uniformly on I N J
and

S, f(@)
| L)) = S 1 )
2.7) 1 s M 1
< g(ks + ksyo)w (f(s); 7\/77%)

for any x € INJ and m > m(s).
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The operator (L,,)men satisfies the condition (2.3), so it satisfies the condition
(2.6) for any x € INJ.

Now, let «, 8 be fixed real numbers with the property 0 < a < .

We observe that if mi,mo € N, my < mg, then

[ @ 7ml—&—a} [ « ’mg—&—a]
my+f my+ 3 mg+ [ me+ 3
In the following, let mg € N be fixed. One has

o mo + « m 4+ «
[mo—kﬁ’mo—&—ﬁ] [m—i—ﬁm—kﬁ}

for any m € N and m > my.
The relation (2.9) follows from (2.8).

Moreover, for m — oo, the interval [miﬁ; ﬁig} becomes [0, 1].

(2.8)

(2.9)

3. THE CONSTRUCTION OF A GENERAL LINEAR AND POSITIVE OPERATORS

For given mg € N, let Ny = {m € Ng|m > mg}, 0 < a < , and the functions
am: J = R, by, J = R such that a,,(x) > 0, by, (x) > 0 for any z € J, m € N;
and I = [0,1].

We define the operator of the following form

m

(B) 1Y (z) = 3 ak ()" (z) - o )
By weonw =3 (V)@ 1 ()

m+ 3
for any m € Ny, « € J, and f € E([0,1]), where E([0,1]) is a linear space of real
valued functions defined on [0, 1].

In what follows, we impose some additional conditions to be fulfilled by our
operators

(3.2) (H P eg) () =1+ upm(z),meNy,  z€lJ,
where u,,: J = R. We get
(3.3) (%) + b () = (1 + 1w () 75

for any m € Ny and z € J.
The second condition is read as follows

(3.4) (H P ey () = & 4 v (2), meNy, zeJ,
where v,,,: J — R. We get

My, ()
m+

for any m € Ny and z € J.
From (3.3) and (3.5), it follows

(3.5) (am () + b (2))" " + (@m () + bm (7)™ = 2 + vm ()

a
m+ g

m—|—5'z+vm(x) a)
m  1+up(z) m/’

(3.6) am(z) = (1+ um(x))# (
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and

(3.7) () = (1 -+t ()7 (1=

m+5 z+uv,(r) «
m 1+ tm(z) +E>

for any m € Ny and = € J.
Taking into account (3.6) and (3.7), the operator (3.1) becomes

(HED @) = ()3 (1) (T2 el )

(3.8) = \k m I+un(z) m
m+p8 z+uon(x) aymk k+a
.(1_ m .1+um(x)+ﬁ) .f(m+ﬂ)

for any m € Ny, 2 € J and f € E([0,1]).

From (3.1), we have
m—1 x?

m 1+ um(z)
+<m?(ml).vm(x)+m+2a))m

(HPes) (@) =

+ 0T e @) v (z) + mm =+ 8) 5)1},,,(3:)

(—a2 —am

m) (14 um(x)),

for any m € Ny and = € J.

127

Coming back to Theorem 2.1, for our operator (3.1), we have I = [0,1],

E([0,1]) = ¢([0, 1)),

g = (L+um(x)) (m> (m+6 _ x+vm5x) ) g)k

k m T+unp(z) m
(310) . (1 _ m+f oz -‘r’l)m(x) g)m—k‘
m 1+ un(z) m
and
E+a
(3.11) Ani($)=1(,,755)

for any m € Ny, z € J and f € C([0, 1]).

4. Hﬁff’ﬂ) OPERATORS PRESERVING TEST FUNCTIONS €1 AND eg

Let mg € N be fixed. If H,(,?’mel = e for any m € Ny, then v,,(x) = 0. From

(3.6) and (3.7), we have

m+f x «
m .1—|—um(x) m)

(4.1) am(z) = (1—|—um(x))%(
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and

(4.2) () = (1+ ()7 (1

m+ T a)
m 1+unpr m

for any m € Ny and z € J.
After some calculus, the following result is immediately seen.

Lemma 4.1. Let m € Ny. The following relations are equivalent
(i) am(z) >0 and by, (x) > 0,

(ii)erandJ:[ e m0+a}.

mo + 8" mo+ 6

Next, taking into account (3.9), from H,(Jf’ﬁ)eg = eg and v, () =0, m € Ny,
we have

m—1 5 m—+ 2« —o? —am
m(1+ um(m))z + m(m + ,B)I (m(m + 5)?

The relation above can be written as

(4.3)

)(1 F () = 22

(o + am)ug, (z)
(44)  + (mlm+ B)%® = (m+ B)(m + 20)x + 2(a + am) )t (x)
+ (m+ B)%z® — (m + B)(m + 2a)z + (o® + am) = 0.
The relation (4.4) is a second degree equation in u,,(x) and we denote
a=a’+ am,
(4.5) b= (m(m-i—ﬁ)%c2 — (m+ B)(m + 2a)z + 2(ca +am)),
¢ = (m+ B)%® — (m+ B)(m + 2a)z + (a® + am).

mo+B87 mo+B
consequently A > 0 and the positive solution of equation (4.4) is given as follows:

(m + B)(m 4 2a)x — m(m + B)%x? — 2(a® + am) + VA
2(a? 4+ am) ’

Remark 4.1. For m e Ny, x € J, J = [ & m”“], we have a > 0, ¢ < 0,

(4.6) up(z) =

Proof. If (m+B)%2? — (m+B)(m+2a)z+ (a®+am) = 0, then this equation has

the solutions mf_ﬂ, mig Because (m + )2 > 0, then ¢ < 0 for z € [mf“m, mig}

and from (2.9), we have c< 0 forxz € J, J = {ﬁ,zgig} O

mo+B37 mo+p
linear and positive on C([0,1]).

Lemma 4.2. Ifx € [ - m°+a] and m € Ny, then the operators Hy"?) are

Proof. Taking into account (2.9) and Lemma 4.1, the results follow. O



ON AN OPERATOR OF STANCU-TYPE WITH FIXED POINTS e; AND ey 129

Lemma 4.3. Ifz € [L m”a], then

mo+B3’ mo+p
(4.7) mlgnOO Um(x) =0
and
4.8 I _ Lo
(4.8) im MUy (x) = —-
Proof. From (4.6), we have
Jim o)

A— (m(m + B8)%22 4+ 2(a® + am) — (m + B)(m + 2a)x)2

= lim
M7 9(a2 + am) (\/Z +m(m+ 5)22? 4+ 2(a? + am) — (m + 8)(m + 2a)x)

oy —4(a® 4+ am) ((m +B)2%22 — (m + B)(m + 2a)z + (a® + am))

M7 2(a2 + am) (\/Z +m(m+ B)22% 4+ 2(a? + am) — (m+ 8)(m + 2a)x)
—0

and

lim mu,, (x)
m— o0

—4m(a® + am) ((m + B8)22% — (m + B)(m + 2a)z + (a® + am))

= lim
M7 2(a? + am) (\/Z + m(m+ B)222 + 2(a® + am) — (m + B)(m + 2a)x)
1
-
O
Remark 4.2. If x € {mo‘ﬂrﬁ, Zgig}, then there exists m; € N such that for any
natural number m > my, we have
(4.9) 5—m0—2a§1—2x§um($)gigmo+,@.
m(mo + «) mx mx ma

Proof. We take (4.8) into account. For z € [ - mo"'“], since the functions

mo+B87 mo+B
1—2x 1 . B—mo—2« 1—2z 1 mo+8
=t —— are decreasing for x € [0, 1], we have et a) < =fand - < SR
respectively. O

Considering (2.2) and (3.2), we can state the following lemma.

Lemma 4.4. For m € Ny and x € {"“)a*‘ﬂ’ ::gig} , the following identities

(4.10) (T 0 HP0) (2) = 1 + upm (2),

(4.11) (T H) () = mazuy, ()
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and
(4.12) (T2 HP)) (2) = m2 22, (z)
hold.

In accordance with Theorem 2.1, from (4.10)—(4.12), we obtain kg = 2, ks = 2,
ag =0 and as = 1.

Theorem 4.1. Let f: [0,1] — R be continuous function s times differentiable
on [0,1], having the s-order derivative continuous on [0, 1].
For s =0, we have

(4.13) %ggHﬁwf:f
uniformly on J = [mf+5, zgig] There exists m* = max(mg, m(0),my) such
that
(@,6) N cpp o tB 18 e 1
(L4 D))~ f)] <M EEEE T o)

for any x € [m&ﬁ,zgig],m e Nym > m*. Insup|f(z)] = M above, for s = 2,

zeJ
we have
~ (c,6) - (1)
Jim m((HED f(@) = f(@)) = —f(2) + (1= 2)f V(@)
(4.15) (1 - 2)
+ = ().
2
Proof. We use Theorem 2.1, Remark 4.2 with ‘i_(mgli? < m%zﬁ’ Lemma 4.4
and the relations (4.7)—(4.13). Applying in the classical inequality (4.14)
d—le| <|d—e|, d, e€R,
the conclusion follows. O

The relation (4.15) is a Voronovskaja-type theorem.
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