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OSCILLATORY BEHAVIOROF NONLINEAR
ADVANCED DIFFERENTIAL EQUATIONS
WITH A NON-MONOTONE ARGUMENT

O. OCALAN, N. KILIC aND U. M. OZKAN

ABSTRACT. Consider the first-order nonlinear advanced differential equation

a'(t) = p(t)f (z (7(1) =0, t>to,
where p(t) is nonnegative function on R and 7(¢) is non-monotone or nondecreasing
function such that 7(¢t) > ¢ for ¢ > to. Under these assumptions we researched
oscillatory behaviour of solutions of nonlinear advanced differential equations and we
obtain new oscillation criteria, involving limsup and liminf. An example illustruting
the result is also given.

1. INTRODUCTION

Consider the nonlinear advanced differential equation

(1) a'(t) = p(t)f(z(r(t)) =0,  t=to,

where p(t) is nonnegative function on R and 7(¢) is non-monotone or nondecrasing
function such that

(2) T(t) >t fort >ty
and
(3) feCRR) and af(z)>0 for x # 0.

By a solution of (1) we mean continuosly differentiable function defined on
[to, 00) and such that (1) satisfied for ¢ > ¢;. Such a solution is called oscillatory
if it has arbitrarily large zeros. Otherwise, it is called non-oscillatory.

Recently, there has been a considerable interest in the study of the oscillatory
behaviour of the following special form of (1)

(4) 2(t) —p(t)z(r(t)) =0,  t>to,
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and if 7(¢) = t + T, where T > 0, then Equation (4) turns into the following
differential equation
(5) 2'(t) —pt)z(t +T) =0, t > to.
In 1982, Ladas and Stavroulakis [7] established that if
t+T 1
lim inf p(s)ds > —,

t—o0 t

then all solutions of (5) are oscillatory. When p(t) = p € (0, 00), they also proved
that the condition .
pT > —
e
is necessary and sufficient condition such that

(a) The advanced differential inequality
2'(t) —p(t)z(t +T) > 0, t > to,
has no eventually positive solution.
(b) The advanced differential inequality
#(t) =pr(t+T) <0, t>t,
has no eventually negative solution.
(¢) All solutions of (5) are oscillatory.

We can give also Li and Zhu [9], Koplatadze and Chanturija [4] and Kusano [6]
and Kulenovic and Grammatikopoulus [5] as references for oscillation behaviour
of Equation (5).
In 1983, Fukagai and Kusano [3] proved that if 7(¢) is nondecreasing and
(t) 1
lim inf p(s)ds > o

t—o0 t

then all solutions of (4) are oscillatory, while if
1
/tT(t)p(s)ds < - for all sufficiently large ¢,
e

then Equation (4) has a non-oscillatory solution.
Moreover, in [3], the authors proved that the following result; consider the
following nonlinear differential equation

(6) a'(t) +p)f(z(r(t) =0,  t=to.
Suppose that p(t) < 0 and 7(¢) > ¢ is nondecreasing for t > ty. Suppose moreover
that

q
7 M =1 _—
@) i Sup I ]

< 0.
If

7(t)
(8) lim inf/t [—p(s)]ds > %,

t—o0
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then all solutions of Equation (6) are oscillatory.

Thus, in this paper, our aim is to obtain new oscillation criteria, involving
limsup and liminf, for all solutions of Equation (1) under the assumption that ()
should not necessarily be monotone and there is no restrictions for f(t) related to
monotony. As far as we can see, since 7(t) is non-monotone function, Equation (1)
has not yet been studied in the literature with the stated conditions.

2. MAIN RESULTS

In this section, we present a new sufficient conditions for the oscillation of all
solutions of Equation (1), under the assumption that 7(¢) is non-monotone or
nondecrasing function. Set

(9) h(t) := inf7(s), t>0.

s>t

Obviously, h(t) is nondecreasing and 7(¢) > h(t) for all ¢t > 0.
Suppose that the f in Equation (1) satisfies the following condition

x
(10) limsup—— =M, 0< M < oo.

Theorem 2.1. Assume that (2), (3) and (10) hold. If T7(t) is non-monotone
or nondecrasing function and

t—o0

7(t) M
(11) liminf/ p(s)ds > —,

¢ e
then all solutions of (1) oscillate.

Proof. Assume for the sake of contradiction, that there exists a nonoscillatory
solution x(t) of (1). Since —z(t) is also a solution of (1), we can confine our
discussion only to the case where the solution z(t) is eventually positive. Then,
there exists a t1 > tg such that x(¢), (7(¢)) > 0 for all ¢ > ¢;. Thus from (1), we
have

() =pt)f(x(r(t))) >0 forall t >t;.

It means that z(t) is nondecreasing. Condition (11) implies that

(12) /00 p(t)dt = co.

In view of (12) and by the [8, Theorem 3.1.6] we obtain lim;_,, 2:(t) = co. Suppose
that M > 0. Then, by virtue of (10) we can choose to > t1 so large that

(13) flz(t) > ﬁx(t) for t > to.

On the other hand, we know from [10, Lemma 2.2] (see also [1, Lemma 2.2])
that

(t) h(t)
(14) liminf/ p(s)ds = liminf/ p(s)ds.
t t

t—o00 t—o0
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Since h(t) < 7(t), 2(t) and h(t) are nondecreasing, by (1) and (13), we have

1
(15) ' (t) — oapPBa (1) = 0, t > ts.
Also, from (11) and (14), it follows that there exists a constant ¢ > 0 such that
h(t) M
(16) / p(s)ds > ¢ > —, t>t3 > to.
¢ e
So, from (16), there exists a real number t* € (¢, h(t)), for all ¢ > t3 such that
t* M h(t) M
(17) /t p(s)ds > %% and /t* p(s)ds > 7e

Integrating (15) from ¢ to ¢t* and using z(t) and h(t) are nondecreasing, then we
have

xuwfawfi%t p(s)2(h(s))ds > 0
2(t*) — 2(t) — ﬁx(h(t))/t p(s)ds > 0
Thus, by (17), we have
(18) 2(t%) - ﬁx(h(t))% > 0.

Integrating (15) from t* to h(t) and using x(¢) and h(t) are nondecreasing, we
obtain

1 h(t)
o(ht) =t = 537 [ (s)alh(s))as >0

or o
xwa»—xw>—§QMMﬁ»l; p(s)ds > 0

Thus, by (17), we have

(19) 2(h(t)) — ﬁx(h(t*))g > 0.

Combining the inequalities (18) and (19), we obtain

z(t*) > ix(h(t)) > (42) z(h(t"))

and hence we have

z(h(t")) < (4e)?,  t>ty.

Let
_ (h(t")
x(t¥)

and because of 1 < w < (4 e)z, w 1s finite.

> 1,
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Now dividing (1) with x(¢) and then integrating from ¢ to h(t), we get

hO 27 (s) B ) [(z(7(s))) 5=
t 2(5) ds /t p(s) z(s) ds=0

x h(t) T\T(S T\T(S
W) _ [0 Moo ot

Since z(t) is nondecreasing, we get

and

(1) MO fa(r(s)) 2(h(s)
") l PO als) 20
and
e(h(t)  f(a(r(©) 2(h(€) PO
MW ) x@).l ple)ds 20
(h() _ fa(r(©) a(h(e) [0
(20) w2 e e, P

where ¢ is defined with ¢t < £ < h(t), while t — 00,§ — oo and because of this
h(t) — oo. Then taking lower limit on both side of (20), we obtain Inw > *. But
this is impossible since Inx < % for all z > 0.

Now, we consider the case where M = 0. In this case, it is clear that since

7oy > 0 and
x
21 lim —— =0,
(21) z—oo f(x)
by (21), we get
1

(22) S and @) > -

f(z) x e
where € > 0 is an arbitrary real number. Thus, since h(t) < 7(¢) and z(t), h(t)

are nondecreasing, by (1) and (22), we have

1
(23) ' (t) — gp(t)gc(h(t)) > 0.
Integrating (23) from ¢ to h(t), we obtain

1 h(t)
(24) 2(h()) — La(h(t) / p(s)ds > 0.
t
By (16) and (24), we can write
1> ¢ or e>c,
€
this contradicts to limg,_s o ﬁ = 0. The proof of the theorem is completed. [
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Theorem 2.2. Assume that (2), (3), (10) and (12) hold with 0 < M < co. If
7(t) is non-monotone and

h(t)
(25) lim sup/ p(s)ds > M,
t

t—o0

where h(t) is defined by (9), then all solutions of Equation (1) oscillate.

Proof. Assume for the sake of conradiction, that there exists a nonoscillatory
solution z(t) of (1) and it means that z(t) is nondecreasing. In view of (12), we
know from Theorem 2.2 that lim;_, o, () = oo for ¢ > ¢;. On the other hand, by
(10), we have a constant 6 > 1 such that f(z(t)) > grrx(t) for t > ¢; > to. So, by
Equation (1) and using the functions z(t) and h(t) are nondecreasing, we have

(26) P (0 pOr(h() 20, 12021,
Now, integrating (26) from ¢ to h(t), then we have
R(t)
() =a(t) = g7 [ po)ahl)ds >0,
or h)
o(h(t) = alt) = g7 (h(0) [ pl)ds >0
This implies
1 h(t)
x(h(t))[ ~ ), p(s)ds} >0

and hence

for sufficiently large t. Therefore,

h(t)
(27) lim sup/ p(s)ds < 6M.
¢

t—o0

On the other hand, from (2.17), we can write

h(t)
lim sup/ p(s)ds =K > M.
t—o0 t

So, we get M < w < K. Therefore, if we choose 6 = KQJH/IM > 1, then from
(27), we get

limsup/ p(s)ds = K <M = L
t—o00 t 2
This is a contradiction to K > KEM. So, the proof is completed. O

Remark 2.3. We remark that if 7(¢) is nondecreasing, then we have h(t) = 7(¢)
for all t > tg and the condition (25) reduces to

t—o0

(1)
(28) lim sup/ p(s)ds > M,
t
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Now, we have the following example.

Ezxample 2.4. Consider the following nonlinear advanced differential equation

(29) a'(t) - gx(T(t)) @+ [z(r@)) =0, t=>1,

where

At — 6k —2,  ifte[2k+1,2k+2]
(30)  r(t) = k € No.
—2t+ 6k + 10, ifte[2k+2,2k+3],

By (9), we see that

4t — 6k —2, ifte[2k+ 1,2k + 1.5
h(t) ;= inf1(s) = k € Np.
s>t 2k + 4, if t € [2k + 1.5,2k + 3],

If we put p(t) = 2 and f(z) = zIn(3 + |z]), then we have

T
M =limsup——— =0
|z|—o0 xln(3 + |‘T|)

Now, for t = 2k + 3, k € Ny, we have

7(t) h(t) 1 M
liminf/ p(s)ds = liminf/ p(s)ds = = > —,
t t

t—o0 t—o0 e e

that is, all conditions of Theorem 2.2 are satisfied and therefore all solutions of
(29) oscillate.

We remark that no result in the literature gives an answer for the equation (29)
to be oscillatory under the (30).
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