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POSITIVE SOLUTIONS FOR A SYSTEM OF FRACTIONAL
BOUNDARY VALUE PROBLEMS

JOHNNY HENDERSON* AND RODICA LUCAf

Abstract. We investigate the existence and multiplicity of positive solutions for a system of
nonlinear Riemann-Liouville fractional differential equations with nonnegative nonlinearities which
can be nonsingular or singular functions, subject to multi-point boundary conditions that contain
fractional derivatives.
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1. Introduction. We consider the system of nonlinear ordinary fractional dif-
ferential equations

(5) { Dgu(t) + f(t,0(t)) =0, t € (0,1),

DY v(t) + g(t,u(t)) =0, t e (0,1),

with the multi-point boundary conditions

N
u(0) =0, j=0,...,n =2 DRiu(®)i=1 = a;DFu(t)i=,,
(BC) M
v@(0) =0, j=0,....,m =2 DEv(t)li=1 = »_ biDEv(t)]i=p,,
=1

where o, 8 € R, @ € (n—1,n], 8 € (m—1,m],n, m € N,n, m > 3, p1, p2, q1, ¢2 € R,
pr€[lL,n—2],p2 €[1,m—2],q1 €[0,p1], g2 € [0,p2], &, a; e Rforalli=1,...,N
(NeN,0< &G < - <& <1,nb eRforalli =1,....M (M € N),
0<m <---<mny <1, and D} . denotes the Riemann-Liouville derivative of order k
(for k = a, B, p1, P2, q1, G2)-

Under sufficient conditions on functions f and g, which can be nonsingular or
singular in the points ¢ = 0 and/or ¢t = 1, we study the existence and multiplicity
of positive solutions of problem (S) — (BC'). We use some theorems from the fixed
point index theory (from [1] and [27]) and the Guo-Krasnosel’skii fixed point theorem
(see [9]). By a positive solution of problem (S) — (BC') we mean a pair of functions
(u,v) € C([0,1];R4+) x C([0,1];R4) (R4 = [0,00)) satisfying (S) and (BC) with
u(t) > 0 and v(t) > 0 for all ¢ € (0,1]. The system (S) with the boundary conditions

— uD(0) =0, j=0,....,n—2; u(l) = [, u(s)dH(s),
(BO) { v (0)=0, j=0,...,m—2; v(l)zﬁ)lv(s) dK (s),
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where the integrals from (EZ‘) are Riemann-Stieltjes integrals, has been investigated
in [10]. The existence, multiplicity and nonexistence of positive solutions for the
system () and the corresponding one with some positive parameters, namely the
system

(") { Dg, u(t) + Af(t,u(t),v(t)) =0, t e (0,1),
DY v(t) + pg(t,ut), v(t)) = 0, t € (0,1),

subject to coupled boundary conditions

, uD(0)=0, j=0,....,n—2; u(l)= [, v(s)dH(s),
(BE) { 0@ (0) =0, j=0,...,m—2; v(l) :ﬁ} u(s) dK (s),

were studied in [11], [12], [13], [14], [16], [19], where the nonlinearities f and g are non-
negative or sign-changing functions. Fractional differential equations describe many
phenomena in several fields of engineering and scientific disciplines such as physics,
biophysics, chemistry, biology (for example, the primary infection with HIV), eco-
nomics, control theory, signal and image processing, thermoelasticity, aerodynamics,
viscoelasticity, electromagnetics and rheology (see [2], [3], [4], [5], [6], [7], [8], [17], [18],
[20], [21], [22], [23], [24], [25], [26]). Fractional differential equations are also regarded
as a better tool for the description of hereditary properties of various materials and
processes than the corresponding integer order differential equations.

The paper is organized as follows. In Section 2, we present some auxiliary re-
sults which investigate a nonlocal boundary value problem for fractional differential
equations, and give the properties of the Green functions associated to our problem.
Section 3 contains the existence and multiplicity results for the positive solutions of
problem (S) — (BC) in the nonsingular case, and Section 4 presents the existence
results in the singular case. Finally, in Section 5 we give two examples which support
our main results.

2. Auxiliary results. We present here the definitions of Riemann-Liouville frac-
tional integral and Riemann-Liouville fractional derivative, and some auxiliary results
from [15] that will be used to prove our main results.

Definition 2.1 The (left-sided) fractional integral of order o > 0 of a function
f:(0,00) = R is given by

5 D) = e [ =9 1) ds >0

(a
provided the right-hand side is pointwise defined on (0,00), where T'(«) is the Euler
gamma function defined by T'(«a) = / t*~te=tdt, a > 0.

0
Definition 2.2 The Riemann-Liouville fractional derivative of order a > 0 for a
function f:(0,00) = R is given by

(Do f)(t) = (jt)n (I3 f) (t) = ﬁ (i)n /Ot @_gi)nﬂd& t>0,

where n = |« 4+ 1, provided that the right-hand side is pointwise defined on (0, 00).
The notation |«| stands for the largest integer not greater than a. If « =m € N
then D f(t) = f(™)(¢) for ¢ > 0, and if a = 0 then DY, f(t) = f(¢) for t > 0.
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We consider now the fractional differential equation
(2.1) Dy u(t) +x(t) =0, 0 <t <1,

with the multi-point boundary conditions

N
(22)  uw(0)=0, j=0,...,n =2 Dgfu®)|,_, = > aiDfiult)],_,.

wherea € (n—1,n],neN,n>3,a;,§; €R,i=1,..., N (NeN),0< & <+ <
En<1,p1,q1 €R,p1 €[1,n—2], g1 €[0,p1], and x € C(0,1) N L*(0,1). We denote
'« '« N a—q;—1
by Ay = F(a(fz))l) - F(a(fgl) Yimw& "
LEMMA 2.1. ([15]) If Ay # 0, then the function u € C[0,1] given by

(2.3) / G1(t,s)z(s)ds, t €]0,1],

is solution of problem (2.1)-(2.2), where

afl

N
(2.4) Gi(t,s) = g1(t, s) Z aig2(&i,s), V(t,s) €0,1] x [0,1],

and

1 o1 —g)a -l —(t—s)*l 0<s<t <,
- te (1 —s)e -t 0<t<s<1,
tochlfl(l _ S)afplfl _ (t _ 5)a7q1717
ga(t,s) = =—— 0<s<t<l1,

Pla—aq1) | jo-a-1p Zgo—m=1 g<i<s<1.

LEMMA 2.2. ([15]) The functions g1 and g2 given by (2.5) have the properties:
a) g1(t,s) < hi(s) for all t, s € [0,1], where
Bi(s) = pis (1— )7 P 11— (1= s)7), 5 € [0, 1];
b) gi(t,s) >t thy(s) for allt, s € [0,1];
c) gi(t,s) < %, for allt, s € [0,1];
d) ga(t,s) >t~ Lhy(s) for all t, s € [0,1], where
hals) = pbes (1 — ) P (1= (1= s, s € [0, 1];
e) ga(t, s) < ﬁt“’ql’l for allt, s €0,1];
f) The functions g1 and go are continuous on [0,1]x[0,1]; g1(¢,s) > 0, ga(t,s) >0
for allt, s € [0,1]; g1(t,s) > 0, ga(t,s) >0 for all t, s € (0,1).
LEMMA 2.3. ([15]) Assume that a; > 0 for alli=1,...,N and Ay > 0. Then
the function Gy given by (2.4) is a nonnegative continuous function on [0,1] x [0, 1]
and satisfies the inequalities:
a) G1(t,s) < Ji(s) for allt, s € [0,1], where J1(s) = hi(s) + Ail vazl a;g92(&, s),
s €[0,1];
b) Gi(t,s) >t LJi(s) for allt, s € [0,1];
c) Gi(t,s) < o1t L, for all t, s € [0,1], where o1 = ﬁ + m
X sz\; ;&7
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LEMMA 2.4. ([15]) Assume that a; > 0 for alli = 1,...,N, Ay > 0, z €
C(0,1) N LY(0,1) and x(t) > 0 for all t € (0,1). Then the solution u of problem
(2.1)-(2.2) given by (2.3) satisfies the inequality u(t) > t* tu(t') for all t, ' € [0,1].

We can also formulate similar results as Lemmas 2.1-2.4 for the fractional bound-
ary value problem

(2.6) Dy v(t)+yt) =0, 0<t<1,

M
(2.7) v (0) =0, j=0,...,m=2; DFv(t)],_, = biDgZo(t)|,_,
=1

where 8 € (m—1,m],me N, m>3,b;,n, €R,i=1,.... M (M eN),0<n <
o< <1, p2, g2 €R, o € [1,m = 2], g2 € [0,p2], and y € C(0,1) N L'(0,1).

We denote by As, g3, g4, Ga2, h3, hyg, Jo and o9 the corresponding constants and
functions for problem (2.6)-(2.7) defined in a similar manner as Ay, g1, g2, G1, h1, ho,
J1 and o1, respectively. More precisely, we have

- _I® r'(B) M ;  B—ga—1
Az = T(B—p2) T(B—q2) Zi=1 blni o
L 1= )l (1 —5)PT 0<s <t <,

gB(t,S) = F(B) tﬁfl(l _ S)ﬁfpzfl, 0<t<s< 17
1 tﬁ—q2—1(1 — 8)5—?2—1 —(t— 5)»3—!12—1’ 0<s<t<l,

91(:5) = T 0 i he-1(1 _ )bl <t <s<I,
G2(t75) = gS(tas) + tA;l sz\il big4(7]i73)> V(tvs) € [Ov 1] X [07 1]7
hs(s) = ﬁ(l —5)f 2= 1(1 — (1 — 5)P2), s €[0,1],
hals) = ropbs (1= 8PP 11— (1 — sy, s € [0,1],

M
Ja(s) = hs(s) + 2= Y biga(mi,s), s € [0,1],

=1

g9 = ﬁ + m Zi\il bﬂ?;—g_qQ_l.

The inequalities from Lemmas 2.3 and 2.4 for the functions G and v are the
following Ga(t, s) < Ja(s), Ga(t, s) > tF71Ia(s), Ga(t,s) < ootP~1, for all t, s € [0,1],
and v(t) >t 1y(t') for all ¢, ¢’ € [0, 1].

The proofs of our results in the nonsingular case are based on the following fixed
point index theorems. Let F be a real Banach space, P C E a cone, “<” the partial
ordering defined by P and 6 the zero element in E. For p > 0, let B, = {u € E, |ju| <
o} be the open ball of radius g centered at 0, and its boundary 0B, = {u € E, ||u|| =
o}

THEOREM 2.5. ([1]) Let A: B,N P — P be a completely continuous operator
which has no fized point on 0B, N P. If ||Au| < ||u|l for all u € 0B, N P, then
i(A,B,nP,P)=1.

THEOREM 2.6. ([1]) Let A: B, P — P be a completely continuous operator.
If there exists ug € P\ {0} such that u — Au # Aug, for all A\ >0 and u € 0B, N P,
then i(A, B, N P, P) = 0.

THEOREM 2.7. ([27]) Let A: B,N P — P be a completely continuous operator
which has no fized point on 0B, N P. If there exists a linear operator L : P — P and
ug € P\ {0} such that

i) up < Lug, ) Lu < Au, Yu € 0B,N P,
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then i(A, B, N P, P) = 0.

We also present the Guo-Krasnosel’skii fixed point theorem (see [9]) that we will
use in the proofs of our main results in the singular case.

THEOREM 2.8. Let X be a Banach space and let C C X be a cone in X.
Assume Q1 and Qs are bounded open subsets of X with 0 € Qp C Q; C Q5 and let
A:CN(Q\ Q) = C be a completely continuous operator such that, either

i) JAu|| < |lu|l, ve CnNoQ, and || Aul| > |Jul|, uve€ C NI, or

i) [|Au|| > |Ju|l, ve CNo, and || Aul|l < |u|l, ve CNONs.

Then A has a fived point in C N (Qa \ Q1).

3. The nonsingular case. In this section, we investigate the existence and
multiplicity of positive solutions for problem (S) — (BC') under various assumptions
on nonsingular functions f and g.

We present the assumptions that we shall use in the sequel.

(H1) o, beR,a€ (n—1,n], € (m—1,m],n, m € N, n, m > 3, p1, p2, q1, g2 €
R, p; € [l,n— 2], P2 € [l,m—Q], q1 € [O,pl], g2 € [O,pg], fz €eR a; >0
foralli =1,.... N(NeN),0< & < <& <1,neR b >0

foralli =1,....M (M € N),0<m < - <y <1, A = F(l;(f;);l) _

Facay St 47" > 0, 80 = i — s S b T > 0.
(H2) The functions f, g : [0,1] x Ry — R are continuous and f(¢,0) = g(¢,0) =0
for all ¢ € [0, 1].
If the pair of functions (u,v) € C[0,1] x C[0,1] is a solution of the nonlinear

integral system

u(t) = /01 Gi(t,s)f <5,/01 GQ(S,T)Q(T,U(T))CZT) ds, t€[0,1],

(3.1) 1
v(t) :/ Ga(t, 8)g(s,u(s))ds, t€]0,1],
0
then it is a solution of problem (S) — (BC).
We consider the Banach space X = C[0, 1] with supremum norm || - || and define
the cone P C X by P={ue X, u(t) >0, Vt € [0,1]}.
We also define the operators A : P — X by

(Au)(t) = /01 Gi(t,s)f (s,/ol GQ(S,T)Q(T,U(T))CZT) ds, t€1[0,1], u € P,

and B:P— X,C:P— X by

(Bu)(t) :/0 G1(t, s)u(s)ds, (Cu)(t) :/0 Ga(t,s)u(s)ds, te€[0,1], u e P.

Under the assumptions (H1) and (H2) it is easy to see that A, B and C are
completely continuous from P to P. Thus we will investigate the existence and
multiplicity of fixed points u of operator 4, which together with v given in (3.1)
will be solutions of problem (S) — (BC).

Using Theorems 2.5-2.6 and some similar arguments as those used in the proofs
of Theorems 3.1-3.3 from [10], we obtain for our problem (S) — (BC) the following
results.

THEOREM 3.1. Assume that (H1) — (H2) hold. If the functions f and g also
satisfy the conditions
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(H3) There exist positive constants p € (0,1] and ¢ € (0,1) such that

i) f& = liminf T € (0,00]; i) goo = lim e =
(H4) There exists positive constants By, B2 > 0 with 8182 > 1 such that
. : f(t,w) y . g(t,u)
1) f§ =limsup sup ——=—= € [0,00); i) g5 = lim sup =——%—= =0,
) Jo u—0+ t€[0,1] uf | ) ) % u—0% te[0,1) uf

then the problem (S) — (BC) has at least one positive solution (u(t),v(t)), t € [0,1].
THEOREM 3.2. Assume that (H1) — (H2) hold. If the functions f and g also
satisfy the conditions
(H5) There exist positive constants oy, ag > 0 with ayas < 1 such that

[t u) g(t, u)

1) f3 =limsup sup €10,00); i) g5, = lim sup =——= =0,
) oo u—oo te[0,1] U | ) ) 9a u=004eco,1] U™
(H6) There exists ¢ € (0,1) such that
i — liminf inf 2 € (0,00]; i1 f — 0,
Do =tmint By Ty e Oech g = B BT =

then the problem (S) — (BC') has at least one positive solution (u(t),v(t)), t € [0,1].
THEOREM 3.3. Assume that (H1) — (H3) and (HG6) hold. If the functions f and
g also satisfy the condition
(HT) For eacht € [0,1], f(t,u) and g(t,u) are nondecreasing with respect to u, and
there exists a constant Ng > 0 such that

f <t,m0/ g(s,No)ds) < —, Vte|o,1],
0

mo
where mo = max{Ki, K2}, K1 = Srél[g)i] Ji(s), Ko = Srél[gui] Ja(s) and Jy, Ja
are defined in Section 2,
then the problem (S) — (BC) has at least two positive solutions (u1(t),v1(t)),
(ua(t), va(t)), t €[0,1].

4. The singular case. In this section we study the existence of positive solutions
for our problem (S) — (BC) under various assumptions on functions f and g which
may be singular at ¢ =0 and/or t = 1.

The basic assumptions used here are the following.

(A1) = (H1),

(A2) The functions f, g € C((0,1) x R4,R4) and there exist p; € C((0,1),Ry),
G € C(Ry,Ry), i = 1,2, with 0 < [, pi(t)dt < o0, i = 1,2, §1(0) = 0,
G2(0) = 0 such that

f(t,I) < ﬁl(t)al(x)7 g(t’x) < ﬁZ(t)q~2(I)7 Vi e (071)7 (S R-‘r‘

We consider the Banach space X = C([0, 1]) with supremum norm and define the
cone PC X by P={ueX, u(t) >0, Vt € [0,1]}. We also define the operator

.Z:P—>be

(Au)(t) = /01 Gi(t,s)f (s,/OIGQ(s,T)g(T,u(T))dT> ds, t € [0,1], u € P.
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Using Theorem 2.8 and similar arguments as those used in the proofs of Lemma
4.1 and Theorems 4.1-4.2 from [10], we obtain for our problem (S)—(BC) the following
results. B

LEMMA 4.1. Assume that (Al) — (A2) hold. Then A : P — P is completely
continuous.

THEOREM 4.2. Assume that (A1) — (A2) hold. If the functions f and g also
satisfy the conditions

(A3) There exist a1, az € (0,00) with ayas < 1 such that

¢1()

LN s . q2(x)
€ [0,00); 1) g0 = lim 72 =0,

i) Qoo = lin sup
xr oo

(A4) There exist 1, B2 € (0,00) with 8182 <1 and ¢ € (0,1/2) such that

T N 0= =
D) fo= liniérifte[lcﬁf_c] P € (0,00f; 1) go = zligi te[lcr,llf—c] P

then the problem (S) — (BC') has at least one positive solution (u(t),v(t)), t € [0,1].
THEOREM 4.3. Assume that (Al) — (A2) hold. If the functions f and g also
satisfy the conditions
(A5) There exist 1, ro € (0,00) with rire > 1 such that
G2 ()

1) qjo = limsu € [0,00); i) g5y = lim =0,
) dio z~>0+p ) [0, 00) ) @30 ot T2

(A6) There exist l1, la € (0,00) with 1l > 1 and c € (0,1/2) such that

i) foo = llgnnilolo}fte[lc{llf—c] o € (00cli ) oo = wlingote[lc{llf—d t

= 00,

then the problem (S) — (BC) has at least one positive solution (u(t),v(t)), t € [0,1].

As against to the positive solutions obtained in the paper [10], in this paper, by
using Lemma 2.4, we deduce that the fixed points u of operators A and A together
with v given in (3.1) satisfy the conditions u(¢) > 0 and v(t) > 0 for all ¢t € (0,1],
that is the pairs (u,v) are positive solutions of problem (S) — (BC) in the sense of
definition from Section 1.

5. Examples. Letn:3,m:5,a:g,5:%,p1zl,qlzé,pg
N:2aM:Lfl:%752:%@1:27@2:%7771:%7b1:4-
We consider the system of fractional differential equations

(50) { DyPult) + f(t.0(1) = 0, € (0,)
Dy u(t) + g(t,u(t)) = 0, ¢ € (0,1),

with the multi-point boundary conditions

w(0) = u'(0) = 0, /(1) = 2Dg/*u(t)|,_y + $ D u(t)],_z,

BC, 2
(BCG) { v(0) = v/(0) = v”(0) = v"(0) = 0, Dy/*v(t)|i=1 = 4D >o(t)],_1.

2

1/2

We have Ay = 23T ~ 017065061 > 0, Ay = FOT4 2 TATD 9 43672831
> 0. So assumptions (H1) and (Al) are satisfied.
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Besides we deduce

t3/2(1 = )12 — (t —5)3/2, 0<s<t <1,

gi(t,s) = {t3/2 1/2 0<t<s<l,
— )2 —(t—s), 0<s<t<1

g(tS) { 51/2’ 0(<ti’5<1 -

t13/4 11/12 (t— )13/4 0<s<t<l,
g3(t,s) = 17/4 { t13/4 1—s) 11/12 0<t<s<l,

757/4 )11/12 (t—s)7/4, 0<s<t<l,
9a(t, 5) 11/4 { /A1 — )12 <t <s<1.

Then we obtain

t3/2 1 1 2
P — 2 -_— p— p—
Gl(t,S) gl(t75)+ Al ( 92 <3,8>+292 <375)>7
a8/ /1
Ga(t,s) = gs(t,s) + —— ( s) ,

A g4 27
_ 4 12, 1 /1201 1 N\T/3
hi(s) = 3\/7?8(1 s) hs(s) = T(17/4) (1-3) (1—=(1—=s)""),
4 1 1 2
Ji(s) = 3\/7?8(1 )2+ A1 292 ( ) + 592 (3, >)
4 2 1/2 1
_ < z
3\F( —5) 2(1 )2 4 55 2} (i_s<32,
1
1 2
(1 —)2 4 —(1-s)2 S <s<1.
3[ Ay 3
b 2 g oy, 4 (L
JQ(S) F(17/4)(1 8) (1 (1 S) )+ A294 278
1 CONIL/12(7 (1 \T/3 21/4 CONL/12 g o\T/4
T(17/4) (1—3) (1-(1-s) )+A21“(11/4) [(1—s) (1—2s)"7],
= 0<s < =
1 4o 5)11/12(1 ey B g g Loy
T(17/4) A,T(11/4) 1=

Ezxample 1. We consider the functions
f(t,u) = a(u® 4+ u), g(t,u) = bu™ +u), t€[0,1], u>0,

where ap > 1, 0 < Bp < 1, v9 > 2,0 < 6 < 1, a,b > 0. We have K; =
max,eo,1] J1(s) ~ 4.01249183, Ko = max,cjo,1) J2(s) ~ 0.22467674. Then mo =
max{Kj, Ko} = K;. The functions f(¢t,u) and g(¢,u) satisfy the assumption (H2).
Besides, they are nondecreasing with respect to u, for any ¢ € [0, 1], and for p = 1/2
and ¢ € (0,1) the assumptions (H3) and (H6) are satisfied; indeed we obtain

u®o Bo by o do
T T e i N S P Ui o) SN
U— 00 wl/2 5 © uSoo 2 s
. a(u®o ulo b(uo TRl
fo= lim ( +u™) =00, gp= lim (™ +u™) =00
u—0t u u—0t u

We take Ny = 1 and then fo s5,1)ds = 2b and f(t,2bmg) = a[(2bmg)® + (2bmyg)%].
If af(2bmo)? + (2bme)®] < L & a [m30+1(2b)ao +mfot(2b)% ] < 1, then the

0
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assumption (H7) is satisfied. For example, if ag = 3/2, By = 1/3, b = 1/2 and
1

a < 73 (e.g. a < 0.0258), then the above inequality is satisfied. By

mg'® + mg
Theorem 3.3, we deduce that the problem (Sp) — (BCy) has at least two positive
solutions.

Ezample 2. We consider the functions

a b

" - €T
g( "T) - tCQ(l—t)pZ,

T

flt,z) = S

with a, b > 1 and (1, p1, (2, p2 € (0,1). Here f(t,x) = p1(t)q1(x) and g(t,x) =
D2(t)g2(x), where

pi(t) = ﬁ’ pa(t) = ma qi(x) =2, Ga(x) =2’

We have 0 < fol p1(s)ds < 00, 0 < f01 D2(s)ds < oo, so the functions f and g satisfy
the assumption (A2).
In (A5), for r1 < a, ro < b and r172 > 1, we obtain
im 20 g gy 20

z—0+ x™ z—0t x"2

In (A6), for [; < a, Iz <b,l1l > 1 and ¢ € (0,1/2), we have

lim  inf f(t’z):oo, lim  inf g(t,z)

=00 te[e,1—C] xh =00 tee,1—C] zle

= Q.

For example, ifa = 3/2,b=2,r1 = 1,79 =3/2,1; =1, Iy = 3/2, the above conditions
are satisfied. Then, by Theorem 4.3, we deduce that the problem (Sp) — (BCp) has
at least one positive solution.
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