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DYNAMICAL MODEL OF VISCOPLASTICITY

KONRAD KISIEL ∗

Abstract. This paper discusses the existence theory to dynamical model of viscoplasticity and
show possibility to obtain existence of solution without assuming weak safe-load condition.
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1. Introduction.
Systems of equations describing an inelastic deformation of metals, under fundamen-
tal assumption of small deformations, consist of linear partial differential equations
coupled with nonlinear differential inclusion.

The differential inclusion (inelastic constitutive equation) is experimental and de-
pend on the considered material. Therefore, there are many different inelastic consti-
tutive equations. H.-D. Alber in [1] defines a very large class of constitutive equations
(of pre-monotone type) which contains all models proposed in engineering sciences
known by author. However, the existence theory for such wide class of constitutive
equations is not complete. Therefore, we will focus on a certain subclass of possible
constitutive equations called viscoplastic models of gradient type (see Definition 1.1).
For models equipped with such constitutive equation it is quite common to assume
specific indirect assumption on data called weak safe-load condition (see Definition
1.2) as for example in: [3], [5], or [6]. However, in paper [4] authors were able to omit
this indirect assumption in the case of dynamical visco-poroplasticity. We observed
that similar methods can be used in case of viscoplastic models of gradient type.

1.1. Formulation of the model.
We assume that considered material (with the constant mass density ρ > 0) lies within
the subset Ω ⊂ R3 with smooth boundary ∂Ω. The system of equations describing
the inelastic deformation process can be written in the following form

ρutt(x, t)− divxT (x, t) = F (x, t),

T (x, t) = D (ε (u(x, t))− εp(x, t)) ,
εpt (x, t) ∈M(T (x, t)),

(1.1)

where ε (u(x, t)) denotes the symmetric part of the gradient of function u(x, t) i.e.

ε (u(x, t)) =
1

2

(
∇xu(x, t) +∇Tx u(x, t)

)
.

The first equation (1.1)1 is the balance of momentum coupled with the generalized
Hooke’s law (equation (1.1)2). The given functions are: F : Ω × [0, Te] → R3 which
describes a density of applied body forces and D : S(3) → S(3) = R3×3

sym which
is an elasticity tensor. D is assumed to be linear, symmetric, positive-definite and
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constant in time and space. Last equation (1.1)3 is called constitutive equation,
where M : D (M) ⊂ S (3)→ P (S (3)) is a given constitutive multifunction.

For any fixed Te > 0 we are interested in finding the following
• the displacement field u : Ω× [0, Te]→ R3,
• the inelastic deformation tensor εp : Ω× [0, Te]→ S(3) = R3×3

sym,
• the Cauchy stress tensor T : Ω× [0, Te]→ S(3),

Problem (1.1) will be considered with mixed boundary conditions

u(x, t) = gD (x, t), x ∈ ΓD, t > 0,

T (x, t)n(x) = gN (x, t), x ∈ ΓN , t > 0,
(1.2)

where n(x) is the outward pointing, unit normal vector at point x ∈ ∂Ω. The sets
ΓD, ΓN , are open subsets of ∂Ω such that ∂Ω = ΓD ∪ ΓN , ΓD ∩ ΓN = ∅.

Furthermore, we also need to assume initial conditions in the form

for x ∈ Ω u(x, 0) = u0(x), ut(x, 0) = u1(x), εp(x, 0) = εp0(x). (1.3)

In this paper we consider viscoplastic models of gradient type. Therefore, we
assume that the inelastic constitutive multifunction M is viscoplastic of gradient type
which means

Definition 1.1.
We say that constitutive multifunction M : S (3)→ P (S (3)) is viscoplastic of gradient
type if there exist a convex function M0 : S(3)→ R such that

M (T ) = ∂M0 (T ) .

1.2. Main results.
In [3] K. Che lmiński introduce the coercive approximation process of model (1.1).
Moreover, in [3] author proved that the approximate solutions converge to the solu-
tion of the original problem. However, in order to obtain needed estimates author
assumed weak safe-load condition in the following form

Definition 1.2 (weak safe-load condition).
We say that the functions gD, gN satisfy the weak safe-load conditions if there exist
the initial conditions u∗0, u

∗
1 ∈ H1(Ω;R3) and the function F ∗ ∈ H1(0, Te;L

2(Ω;R3))
such that, there exists a solution (u∗, T ∗) of the linear system

ρu∗tt(x, t)− divxT
∗(x, t) = F ∗(x, t),

T ∗(x, t) = D(ε(u∗(x, t))),

with the initial–boundary conditions

u∗(x, 0) = u∗0(x) for x ∈ Ω,
u∗t (x, 0) = u∗1(x) for x ∈ Ω,
u∗(x, t) = gD(x, t) for x ∈ ΓD, t > 0,

T ∗(x, t)n(x) = gN (x, t) for x ∈ ΓN , t > 0,

and the regularity

u∗ ∈W 2,∞(0, Te;L
2(Ω;R3)), ε (u∗) ∈W 1,∞(0, Te;L

2(Ω;S3)),

T ∗ ∈ L∞(0, Te;L
∞(Ω;S3)).
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This indirect assumption on data is very difficult to check (especially in the case of
mixed boundary conditions). Therefore, natural question arise: If such assumption is
needed in case of viscoplasticity?

Now we are able to answer this question. It occurs that in order to prove the
existence of solution to viscoplasticity problem the weak safe-load condition can be
completely omitted. Namely, we are able to proof the following theorem

Theorem 1.3 (Main result).
Consider dynamical model of viscoplasticity (1.1) (where constitutive function is vis-
coplastic of gradient type) with the initial-boundary conditions (1.2)–(1.3). Assume
that the initial conditions, boundary data and external force satisfy (2.1)–(2.5) then,
there exists a solution (u, εp, T ) in the sense of Definition 2.2.

2. General information.
Before we start the main part of the discussion we would like to introduce regularity
assumptions then it is important to define the notation of a solution. Finally in the
last part of this section we introduce coercive approximation of the problem (1.1)–(1.3)
along with the existence result for approximate model.

2.1. Regularity assumption on data.
First of all let us state the regularity assumptions for needed data. To obtain existence
of solution to the problem (1.1)–(1.3) we assume the following (it is worth mentioning
that in fact we can prove existence under slightly lower assumption on data but, for
simplicity, we state them this way).
• Regularities of the external force

F ∈ H1(0, Te;L
2(Ω;R3)). (2.1)

• Regularities of the boundary conditions

gD ∈W 3,∞(0, Te;H
3
2 (ΓD;R3)),

gN ∈W 2,∞ (0, Te;L∞ (ΓN ;R3
))
∩W 2,∞

(
0, Te;H

− 1
2

(
ΓN ;R3

))
,

(2.2)

• Regularities of the initial conditions

u0 ∈ H2(Ω;R3), u1 ∈ H1(Ω;R3), εp0 ∈ L2
div(Ω;S(3)). (2.3)

Moreover, we require compatibility conditions of the form

u0(x) = gD(x, 0), x ∈ ΓD,
u1(x) = gD,t(x, 0), x ∈ ΓD,

T0 (x)n(x) = gN (x, 0), x ∈ ΓN ,
(2.4)

where T0 (x) := D (ε(u0(x))− εp0(x)) is an initial stress.
We also need to assume that the initial stress lies in a domain of the constitutive

multifunction M , which means

Definition 2.1.
The initial data (u0, ε

p
0) are said to be admissible for problem (1.1) if

∃M∗ ∈ L2 (Ω;S (3)) such that M∗(x) ∈M (D (ε(u0(x))− εp0(x))) (2.5)

for almost every x ∈ Ω.
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2.2. Definition of solution.
We were able to obtain solution in the same sense as it is done in [3]. Our solution
satisfy problem (1.1) almost everywhere. Namely

Definition 2.2 (Solution).
We say that (u, εp, T ) is a solution of the problem (1.1)–(1.3) if:
1. The following regularities are satisfied

u ∈W 2,∞ (0, Te;L2
(
Ω;R3

))
, ε (u) ∈W 1,1

(
0, Te;L

1 (Ω;S(3))
)
,

εp ∈W 1,1
(
0, Te;L

1 (Ω;S(3))
)
,

T ∈W 1,∞ (0, Te;L2 (Ω;S(3))
)
, div T ∈ L∞

(
0, Te;L

2
(
Ω;R3

))
.

2. For almost every (x, t) ∈ Ω× (0, Te) the following problem is satisfied

ρutt(x, t)− div T (x, t) = F (x, t),

T (x, t) = D (ε (u (x, t))− εp (x, t)) ,

εpt (x, t) ∈M (T (x, t)) .

3. By γ let us denote the trace operator. Then

γ|ΓD×[0,Te] (u) = gD,

γ|ΓN×[0,Te] (T n) = gN .

4. For almost every x ∈ Ω initial conditions:

u(x, 0) = u0(x), ut(x, 0) = u1(x), εp(x, 0) = εp0(x)

are satisfied.

2.3. Approximation of the model.
Observe that the free energy of (1.1) is given by

ρψ(ε, εp)(t) =
1

2
D(ε− εp)(ε− εp).

The energy is only a positive semi–definite quadratic form and therefore our system
is non-coercive (for details see [1]). The lack of coercivity significantly hinders the
analysis. As a remedy we introduce a standard idea of the coercive approximation
(see for example [3]) of (1.1) as follows

ρ uktt(x, t)− divxT
k(x, t) = F (x, t),

T k(x, t) = D
((

1 +
1

k

)
ε(uk(x, t))− εp,k(x, t)

)
,

T̂ k(x, t) = T k(x, t)− 1

k
D(ε(uk(x, t))),

εp,kt (x, t) ∈ ∂M0(T̂ k(x, t)),

(2.6)

where k > 1.
Now if we fix k, the free energy of (2.6) is given by

ρψk
(
εk, εp,k

)
(t) =

1

2
D
(
εk − εp,k

) (
εk − εp,k

)
+

1

2k
D
(
εk
)
εk.
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One can see that now the energy is a positive-definite quadratic form. Models with
that type of energy are called coercive. The total energy of the discussed model is in
the form

Ek(uk,λt , εk,λ, εp,k,λ)(t) =
ρ

2

∫
Ω

∣∣∣uk,λt (x, t)
∣∣∣2 dx+

∫
Ω

ρψk
(
εk,λ(x, t), εp,k,λ(x, t)

)
dx.

Now we can state the existence result for model (2.6).

Theorem 2.3 (Existence of solution to problem (2.6)).
Assume that the initial conditions u0, u1, εp0, given boundary data gD, gN and external
forces F , have the regularity (2.1)–(2.3). Moreover, suppose that initial data are
admissible and along with boundary data satisfy the compatibility conditions (2.4).
Then, for every k ∈ N+, there exists a unique solution (uk, εp,k, T k) of (2.6) with the
initial-boundary conditions (1.2)–(1.3) such that

uk ∈W 2,∞ (0, Te;L2(Ω;R3)
)
, ε(uk) ∈W 1,∞ (0, Te;L2(Ω;S(3))

)
,

εp,k ∈W 1,∞ (0, Te;L2(Ω;S(3))
)
, divT k ∈ L∞

(
0, Te;L

2
(
Ω;R3

))
.

Proof of Theorem 2.3 is very similar to the proof presented in [5, section 4 and
5] (computation is very similar however it have to be done for plasticity not for poro-
plasticity model). Main idea of the proof is quite simple. One have to approximate
differential inclusion be sequence of differential equations given by

εp,k,λt (x, t) = (∂M0)
λ
(
T̂ k,λ(x, t)

)
,

where (∂M0)
λ

denotes the Yosida approximation of the operator ∂M0. This approxi-
mation is maximal-monotone and globally Lipschitz with Lipschitz constant 1/λ (for
details see [2]). Then, in the case when the right hand side of a constitutive equation
is globally Lipschitz vector field, one can prove existence by the same reasoning as in
[5, section 4] (Galerkin approximation and fixed point method). Therefore, in order
to obtain solution to (2.6) for any fixed k one have to pass to the limit with λ in its
Yosida approximation which also can be done due to quite standard reasoning (see
for example [5, secton 5] or [6, section 4]).

3. Passing to the limit in coercive approximation.
The main part of the classic existence proof, where weak safe-load condition is needed,
is proving the energy estimates (see [3, Theorem 3]). In the rest of the proof [3, The-
orems 4,5,6] this assumption is not essential. Therefore, here we are going to present
only the quick sketch of the proof of energy estimates and the rest of reasoning will
be omitted.

Theorem 3.1 (Energy estimates).
Assume (2.1)–(2.5) then, for every t ∈ [0, Te] the following estimates hold:

ess sup
τ∈(0,t)

Ek
(
ukt , ε

k, εp,k
)

(τ) +

t∫
0

∫
Ω

εp,kt T̂ k dxdτ 6 C, (3.1)

ess sup
τ∈(0,t)

Ek
(
uktt, ε

k
t , ε

p,k
t

)
(τ) 6 C, (3.2)
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L∞(0,t;L1(Ω))

6 C, (3.3)

where (uk, εp,k) is a solution of (2.6) with the initial-boundary conditions (1.2)–(1.3).
Constant C > 0 is independent of k and t.

Proof.
Firstly, one have to prove the following

ess sup
τ∈(0,t)

Ek
(
uktt, ε

k
t , ε

p,k
t

)
(t) 6 C + C

∥∥∥εp,kt ∥∥∥
L∞(0,t;L1(Ω))

for a.e. t ∈ (0, Te). (a)

To begin let us introduce a special notation for translated in time function, i.e.(
ukt,h(t), εkh(t), εp,kh (t)

)
:=
(
ukt (t+ h), εk(t+ h), εp,k(t+ h)

)
,

where h > 0 is a sufficiently small constant.

Then, computing 1
h2

d
dtE

k
(
ukt,h − ukt , εkh − εk, ε

p,k
h − εp,k

)
(t) and using similar meth-

ods as presented in [4, Theorem 7.1] in order to pass to the limit with h give

Ek
(
uktt, ε

k
t , ε

p,k
t

)
(t) 6C ·

(∥∥ukt ∥∥L∞(0,t;L1(∂Ω))
+
∥∥T kn∥∥

L∞
(

0,t;H−
1
2 (∂Ω)

))
+ C(ν) + ν · Ek

(
uktt, ε

k
t , ε

p,k
t

)
(t),

(3.4)

where ν is an arbitrary positive constant. Using trace theorems and some elementary
inequalities allows to obtain:∥∥T k(t)n

∥∥
H−

1
2 (∂Ω)

6 C(ν) + ν · ess sup
(0,t)

Ek(uktt, ε
k
t , ε

p,k
t )(t). (3.5)

∥∥ukt (t)
∥∥
L1(∂Ω)

6C (ν) + C
∥∥∥εp,kt ∥∥∥

L∞(0,t;L1)
+ ν · ess sup

(0,t)

Ek(uktt, ε
k
t , ε

p,k
t )(t). (3.6)

Using (3.5) and (3.6) in (3.4), taking the supremum over (0, t) and fixing a sufficiently
small ν finally give (a).

Secondly, one have to prove that

ess sup
τ∈(0,t)

Ek
(
ukt , ε

k, εp,k
)

(τ) +

t∫
0

∫
Ω

εp,kt T̂ k dxdτ 6C(µ1) + µ1

∥∥∥εp,kt ∥∥∥
L∞(0,t;L1(Ω))

+ C
∥∥∥εp,kt ∥∥∥

L1(0,t;L1(Ω))
,

(b)

where µ1 is an arbitrary positive constant.
We start by computing d

dtE
k
(
ukt , ε

k, εp,k
)

(t) then, after using few elementary
estimates and integrating over time (0, t) one can obtain

Ek
(
ukt , ε

k, εp,k
)

(t) +

t∫
0

∫
Ω

εp,kt T̂ k dxdτ 6C(ν) + ν · ess sup
(0,t)

Ek
(
ukt , ε

k, εp,k
)

+ C
∥∥T kn∥∥

L∞
(

0,t;H−
1
2 (∂Ω)

)
+ C

∥∥ukt ∥∥L1(0,t;L1(∂Ω))
,

(3.7)
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where ν is an arbitrary positive constant. By using trace theorems and some elemen-
tary inequalities one can prove the following inequalities∥∥T k(t)n

∥∥
H−

1
2 (∂Ω)

6C(ν, µ1) + ν · ess sup
(0,t)

Ek(ukt , ε
k, εp,k)(t)

+
µ1

2

∥∥∥εp,kt ∥∥∥
L∞(0,t;L1(Ω))

.
(3.8)

∥∥ukt ∥∥L1(0,t;L1(∂Ω))
6C (ν, µ1) +

µ1

2

∥∥∥εp,kt ∥∥∥
L∞(0,t;L1(Ω))

+ C
∥∥∥εp,kt ∥∥∥

L1(0,t;L1(Ω))

+ ν · ess sup
(0,t)

Ek(ukt , ε
k, εp,k)(t).

(3.9)

Hence, by using (3.8) and (3.9) in (3.7), taking the supremum over (0, t) and, fixing
sufficiently small ν > 0 one can obtain (b).

As a third step one have to prove the following inequality:∥∥∥εp,kt ∥∥∥
L1(0,t;L1(Ω))

6 C (µ2) + µ2

∥∥∥εp,kt ∥∥∥
L∞(0,t;L1(Ω))

, (c)

where µ2 is an arbitrary positive constant.
Due to the monotonicity of ∂M0 one can obtain that for any δ0 > 0 the following

inequality holds∣∣∣εp,kt ∣∣∣ 6 1

δ0
εp,kt T̂ k +

1

δ0
sup
|σ|6δ0

|m (∂M0 (σ))|
(∣∣∣T̂ k∣∣∣+ δ0

)
, (3.10)

where m (∂M0 (σ)) is the element of ∂M0 (σ) of minimal norm.
Integrating (3.10) over Ω× (0, t) for t 6 Te, using some elementary inequalities along
with (b) and fixing a sufficiently large δ0 (it is possible due to viscoplasticity assump-
tion) give (c).

In the last step one have to prove that∥∥∥εp,kt (τ)
∥∥∥
L∞(0,t;L1(Ω))

6 C. (d)

which finally allows to close estimates (c), (b) (a) and therefore ends the proof.
Using inequality (c) in (b) gives

Ek
(
ukt , ε

k, εp,k
)

(t) +

t∫
0

∫
Ω

εp,kt T̂ k dxdτ 6 C(µ) + µ
∥∥∥εp,kt ∥∥∥

L∞(0,t;L1(Ω))
, (3.11)

where µ > 0 is an arbitrary constant.
After integrating (3.10) over Ω and using some elementary inequalities along with
(3.11) one can obtain for almost every t ∈ (0, Te)∥∥∥εp,kt (t)

∥∥∥
L1(Ω)

6
1

δ0

∫
Ω

εp,kt (t) T̂ k(t) dx+ µ
∥∥∥εp,kt ∥∥∥

L∞(0,t;L1(Ω))
+ C(µ, δ0). (3.12)

Computing d
dtE

k
(
ukt , ε

k, εp,k
)

(t) and using standard inequalities lead to∫
Ω

εp,kt (t) T̂ k(t) dx 6C − d

dt

(
Ek
(
ukt , ε

k, εp,k
)

(t)
)

+ Ek
(
ukt , ε

k, εp,k
)

(t)

+ C
∥∥T k(t)n

∥∥
H−

1
2 (∂Ω)

+ C
∥∥ukt (t)

∥∥
L1(∂Ω)

.

(3.13)
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Using (3.5) and (3.6) along with (a) leads to∥∥T k(t)n
∥∥
H−

1
2 (∂Ω)

+
∥∥ukt (t)

∥∥
L1(∂Ω)

6 C + C
∥∥∥εp,kt ∥∥∥

L∞(0,t;L1(Ω))
. (3.14)

Using (3.11), (3.14) and (a) in (3.13) yields for almost every t ∈ (0, Te)∫
Ω

εp,kt (t) T̂ k(t) dx 6C + C
∥∥∥εp,kt ∥∥∥

L∞(0,t;L1(Ω))
. (3.15)

After inserting (3.15) into (3.12), taking the essential supremum, fixing sufficiently
small µ > 0 and sufficiently large δ0 > 0 (possible because constitutive function is
viscoplastic) one can finally obtain (d), which ends the proof.
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