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PROPAGATION OF ERRORS IN DYNAMIC ITERATIVE SCHEMES

BARBARA ZUBIK-KOWAL*

Abstract. We consider iterative schemes applied to systems of linear ordinary differential
equations and investigate their convergence in terms of magnitudes of the coefficients given in the
systems. We address the question of whether the reordering of equations in a given system improves
the convergence of an iterative scheme.
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1. Introduction. We investigate convergence of dynamic iteration schemes, see
e.g. [2], [4], whose successive iterates are vector functions of the time variable ¢
rather than just a collection of scalars (as in static iterations). The schemes are
also called waveform relaxation techniques and their advantages are described e.g. in
[3]. The references [3], [2], [4] provide a broad overview on the dynamic iteration
schemes (designed for time-dependent initial value problems) versus static iteration
schemes (designed for linear algebraic systems). Convergence analyses for dynamic
iteration schemes are provided in [3], [2], [4] and the references therein. However,
the comparison of different choices of dynamic iteration schemes obtained through a
change in the order of the differential equations in a given system is not considered
in these references.

In this paper, we show that the choice of the components to be computed using
previous iterates and the components to be computed using present iterates affects
the efficiency of resulting iterative schemes. To illustrate this, we consider dynamic
iterative schemes for the following system

%961(15) = an1(t) + a1222(t) + 91(2),
(1.1)
%xg(t) = G,lel(t) + a221‘2(t) + gg(t), t>0.

supplemented by the initial conditions
21(0) = z10, 22(0) = 220, (1.2)

where a11 <0, age <0, a2, as, 1,0, T2,0 are given real numbers and g;(t) are given
real valued functions.
For (1.1)—(1.2), we consider the following alternative iterative schemes

d
Zot () = anaf T (1) + aned () + (1),
. (1.3)
%x’;*l(t) = ao V(1) + anah T (t) 4 ga(t), t>0.
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and

d . )
%yéﬂ(t) = anysy T () + an1yf (t) + g2(2),

(1.4)
d
ZUVHO) = a0+ anyi T (O + a0, 1> 0.
supplemented by the initial conditions
2 (0) = y§(0) = 210, 5(0) = y5(0) = 220. (1.5)

Scheme (1.3) is initiated from an arbitrary function z9(t) and (1.4) is initiated from
another arbitrary function y9(¢). Schemes (1.3) and (1.4) are called Gauss-Seidel
waveform relaxation schemes see, e.g., [2], [4].

Note that (1.4) is obtained from (1.1) by switching the equations in (1.1). More-
over, schemes (1.3) and (1.4) differ through the fact that scheme (1.3) is slowed down
by the previous iterate z%(¢) that is multiplied by the coefficient a;o while scheme
(1.4) is slowed down by the previous iterate y¥(t) multiplied by as;.

Suppose that both k" iterates x%(¢) and y¥(t) give rise to the same error

EF(t) = a5 (t) — wa(t) = Yy (t) — ya(t).

Then, in scheme (1.3), the error £¥(¢) is multiplied by the coefficient a5 while, in
scheme (1.4), £¥(t) is multiplied by as;. Let us additionally suppose that a;s is much
greater than ao;, for example, a1o = 10% and as; = 1076, Then, in scheme (1.3), the
error £F(t) is multiplied by 108 (that is, it is significantly enlarged) while, in scheme
(1.4), the error £F(t) is multiplied by 1076 (so, it is significantly reduced). Therefore,
a natural question arises. Which of the schemes (1.3) or (1.4) is faster? In other
words, which of the sequences

(o0} {wo.se)] (16)

k=0 k=0

converges to (z1(t), z2(t)) faster?

This brings about further questions. Is it better to reorder the differential equa-
tions in system (1.1) before the Gauss-Seidel waveform relaxation scheme is applied
to get faster convergence of the resulting successive iterates? The goal of the paper
is to address the above questions.

2. Convergence analysis involving the spectral radius of a linear inte-
gral operator. In this section, we follow [3] and define the linear integral operator

Kx(t) = /o exp ((t — s)A) Bx(s)ds,

where A and B are complex square matrices of the same size. Then system (1.3) is
written in the form

2F () = K2 (t) + /0 exp ((t — s)A)g(s)ds + exp ((t — s)A)zo

with

w00 pof0 o] =[50, an[20]
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and the spectral radius of K is written in the form

p(’QZ’w‘

)
a110a22

see [3]. If

7 ax 0 ~ 0 axn ~ g2(t) } - [ Z2,0 ]
A = B = t) = = ’
[ a2 ail ] ’ [ 0 0 } » 9 { at) |’ o T1,0
then (1.4) is written in the form

L) = Ky*(t) + /0 exp ((t — s)A)§(s)ds + exp ((t— s)fl)iro,

where
~ t ~ ~
Kx(t) = / exp ((t — s)A) Bx(s)ds,
0
and
» a12021
K) = .
p( ) ’a11a22’

Note that the spectral radius for (1.4) is the same as for (1.3). Therefore, the spectral
radius does not give rise to any answer to the question of which of the schemes (1.3) or
(1.4) converge faster, though numerical experiments presented in Section 5 illustrate
that both schemes converge at different rates, showing that one is more efficient than
the other.

3. Explicit formulas for errors and conclusions for improving conver-
gence of iterative schemes. The roles of the parameters in the propagation of
errors can be traced more precisely from exact formulas of the errors than from error
bounds. In this section, we investigate the roles of the parameters a1, ai2, a1, ago
in the propagation of errors arising during computations of the sequences of vector
functions (1.6) from the alternative numerical schemes (1.3) or (1.4) and address the
question of which of the schemes converges faster.

To realize this goal, we investigate exact formulas for the errors

eF(t) = ai(t) —2k(t), i=1,2,k=0,1,... (3.1)
and
EFt) = xi(t) —yF(t), i=1,2, k=0,1,..., (3.2)

which are provided through the following theorem.
THEOREM 3.1. Let

o) fk k—1
Z—' at T lak,. (3.3)
k=1

=0
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Then the errors (3.1) are given by the formulas

that k—1
et (tis1) = afpasy / / / e o=t TTw(tjpn — t5)
j=1

e(t1)dt1dts . . . dty,,

tre41
e (tit1) —a12a21/ / / (tj+1—t5)

62(t1)dt1dt2 N dtk,

where 0 < 1] <ty < -+ <tpy1 and k=1,2,...
Proof. From (1.1)—(3.1), we have

d
dt ey tH(t) = aref T (1) + anzel (),

d
—e5TH(t) = anel T (t) + azeb (1),

and
e (0) = €5(0) = 0.

Therefore, the error e*(t) = (e¥(t), e5(t))T is given recursively by

e tl() = tex -5 a0 1)[0 am}eksds
o= p<<t >[ I

for k=0,1,2.... It can be proved by induction that

k
A aty 0

a1 0
- b
a a a a1 el gk
21 Q22 21 11 22 (93

for k =1,2,... This leads to

(3.5)

(3.6)

(3.7)

. ail 0 _ 1 07 (t—S)l ail 0
exp | (t—s) = + I +- 4
a1 a2 0 1] az1 @22
i a’il 0
(t—s) i—1 +
it aglzalﬂ aby aby
L j=0
' f: hilt—s) )
|
i=0 v
B i =1 e’} i i
z 1— a (t B 8)
al] Ja22 222T
L j=0 i=0 ’
B ean(tfs) 0
apw(t —s)  e®22(t=s)
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which gives

< l a;p O ] ) [ 0 aio ‘| l 0 alzeau(tfs) ‘|
exp | (t—s) = .
az1 Q22 0 0 0 algaglw(t — S)

From this and from (3.7) we have

t
() = ary / exp (an(t = s) )5 (s)ds, (3.8)
0
t
eSTH(t) = arpam / w(t — s)ek(s)ds, (3.9)
0
for k = 0,1,.... We now use (3.9) to prove (3.5). It is easy to check that (3.9) for

k = 0 implies (3.5) for &k = 1, (here, ¢t = t and t; = s). Assuming (3.5) holds for
some k, we will prove it for £ + 1. From (3.9) we have

tht2
e5 (tera) = ar2a / w(thra = thp1)es (thpr)dtn
0

i1 ka1 (7 tei1 tr ta

— gkt

= a1z Qg / w(te+2 _tk+1)/ / /
0 0 0 0

eS(ty)dtydty . .. dtpdty,

el kil tky2  ple+1 ple tp ktl 0
= alj G’ZT /O' A /0 . /0 H ’lU(tj+1 - tj)GQ(tl)dtldtg . dtkdtk+1,
j=1

k

w(tjr1 —t;) ¥
j=1

which proves (3.5). We now use (3.5) and (3.8) to prove (3.4). From (3.5) and (3.8)
we have

tht2
ey (thg2) = alz/ exp (an(tk+2 - tk+1)> e (tes1)dtii
0

kil b th+2 tk+1  plk ta K
= al; g1 / exp (all(tk;+2 — tk—l—l)) / / .. / H w(tj+1 — tj) X
0 0 0 0 i

eg(tl)dtldtg e dtkdtk+1,

which finishes the proof of the theorem. O

We now apply Theorem 3.1 to (1.4) and compare the errors arising in both
schemes, (1.3) and (1.4). Since

k—1 k—1

k—1—i i _ k—1—i i
E a1y Qg = E 5P) aiq,
i=0 i=0
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from (3.4) and (3.5), we have

tht1 tr ta ¢ )
a22 k+1—lk
B3 (tri1) = agafy / / / - X

(3.10)
H w(tjy1 —t;)EY(t))dtydty . .. diy,
tht1 tr ty k
Bits) =daby [ [ [T w1 x
0 0 0 o1
(3.11)

EY(ty)dtydts . .. dty,

for k=1,2,... and {41 > 0.

REMARK Note that the starting function x9(t) has no influence on the conver-
gence of the scheme (1.3) and the starting function y3(t) has no influence on the
convergence of the scheme (1.4).

The formulas (3.4)—(3.5), for the scheme (1.3), and the formulas (3.10)—(3.11),

for the scheme (1.4), show how the starting error 6(20) =T — 1‘20 propagates in (1.3)

and how the starting error 6(10) =z — ( ) propagates in (1.4).

To choose the faster scheme, we compare (3.4)—(3.5) with (3.10)—(3.11) in the
following Corollary.
COROLLARY 3.2. If

ey = EY. (3.12)
and
a1 < agg and |a12\ < |a21|, (313)

then scheme (1.3) converges faster than scheme (1.4). If (3.12) holds and the inequal-
ities in (3.13) are reversed then scheme (1.4) converges faster than scheme (1.3).
Corollary 3.2 shows that if (3.13) holds, then even though (1.3) and (1.4) are
initiated with the same error, it propagates differently in both schemes.
Results for higher-dimensional systems are developed in [5].

4. Using parameters in the derivation of error bounds. Applying the
variation of constants formula it is easy to obtain the following classical error bound

501 < (explellZ + DIV manefe(s) 0 < s < 1}

see [2]. However, sharper error estimation can be obtained by using the exact formulas
(3.4) and (3.5).
THEOREM 4.1. Let

S = p (2l )" [k (st + o) s s B0, ()
E!'\la11| + |agz] 0 €[0,t]
fork=0,1,.... Then
lef (1)] < |a12|Sk—1, (4.2)
ek(e)] < 22l g (4.3)

la1| + [az]
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fork=1,2,.... Moreover

lim S, = 0. (4.4)
k—o0

Proof. Let w be defined as in Theorem 3.1 and a = |aj1| + |agz]|. Since
O<t1<t2<"'<tk<tk+1
n (3.4) and (3.5), then from the definition (3.3) we have

o0
Z J+1 Z|a11|k 1— 7’|CL22|Z

w(tjp1 — tj)‘ <
k=1
X (L1 — )P "= (k-1 k—1—i . i
< ZTZ ; |a11] |azz]
k=1 1=0

M

tiv1 —t;)" 1
%akfl < - exp (oz(tj+1 - tj)>,

>
Il
—

and

k-1 k-1 k-1
1 1
‘ I wtiv - tj)‘ =1] ‘w(thrl - tj)‘ <] — eXD (O‘(tj+1 - tj)) = o1 %P (Oé(tk - tl))
j=1 j=1 j=1
This, together with (3.4), implies that

tht1 tr ta
bt < Janallanl [ [T [T e (an(tn - )
0 0 0
1
T &P (a(tk - tl)) leS(t1)|dtydty . . . dty,

A X X tr41 it 12
<laya|Flag:[F et max |ed(7)] / / . / exp (oz(tk_H - tl))dtldtg .. ditg.
0 0 0

0<7<tk+1

We now show that

tet1 1 tht1
/ / / exp tk+1_t1))dt1dt2 .dty, (k ol / sFles (s, (4.5)
*Jo

Since
1 t t z
— sk_leasds:/ ea(t_z)/ sF2e% dsdz,
k—=1Jo 0 0

the right-hand side of (4.5) is

1 tht1 1 trt1 ty
(k 1)1/ ty e trdty, = oo 2),/ e‘l(t’vﬂ‘tk)/ th=2eotiondty dty =
- +JO - +JO 0
1 tht1 tr th—1
(kj 31 / e (t’““*t’“)/ e (t’cft""l)/ tﬁ:geatk‘thk—thk—ldtk =...
0
1 et th—1 ts
F (i1 — tk)/ et —tr— 1)/ ea(tkfl—tk—Q)._./ tgeatzdtg...dtk,thk,ldtk:
. 0 0 0
tk+1 tr
0 0 0 0
tr41 tp—1 ts
/ / / / (ts — to)e® 178 dty  dty_odty_ydty,.
0 0 0

(=)
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This, together with

ts ts d ta
/ (ts — t2)ea(tk+1*t2)dt2 — / (t3 —t) (7/ ea(tk+17t1)dt1)dt2 =
0 0 dta Jo
to to=t ts to
[(tg — o) / e““’m—tl)dtl} T / / et =t) g dt,,
0 t2=0 o Jo

implies (4.5) and the proof of (4.2) is finished. The proof of (4.3) is similar. We now
show (4.4). Since

0< Sk < t |aizaz| 7
Srp—1 ~ klawn| + |ag2]

it follows that

which proves (4.4) and finishes the proof of the theorem. O

5. Numerical experiments. In this section, we present results of numerical
experiments for (1.1). We apply the alternative schemes (1.3) and (1.4) to (1.1) and
compare their corresponding errors. To integrate (1.3) and (1.4) in time, we apply
BDF3 with the step size h = 1073. Time integration gives rise to the numerical
approximations

for (1.3) and

y]fn ~ xl(tn)a yé,n ~ ‘rQ(tn)’

)

for (1.4), at the grid-points ¢, = nh, n =0,1,.... We measure the errors
, .
max {|2(tn) — yinl} (5.2)

and observe the convergence of the schemes (1.3) and (1.4) by plotting (5.1) and (5.2)
as functions of £ =0,1,... for a fixed n.

The errors (5.1) and (5.2) resulting from the different schemes ((5.1) corresponds
to (1.3) and (5.2) corresponds to (1.4)) are plotted in Figures 5.1 and 5.2 for n = 1000.
In both figures, the dotted line presents the error (5.1) and the solid line presents the
error (5.2).

Figure 5.1 presents the errors for problem (1.1)—(1.2) with ¢7 = ¢g» = 0 and
the initial values x1 9 = 0 and z39 = 0. Figure 5.2 presents the errors for problem
(1.1)-(1.2) with the initial values z10 = 1 and 239 = 0 and the inhomogeneous
functions g1 (t) and go(t) defined in such a way that the exact solution to this problem
is 21(t) = cost, x2(t) = sint, cp. [1, Sec. 203].

Figures 5.1 and 5.2 illustrate that scheme (1.3) converges faster than scheme (1.4).
Note that condition (3.13) is satisfied by the scheme whose error is presented by the
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—10,10"1; 10,—10"1 —10%2,1072; 102%,—-102

L L L L 0 L L L
0 5 10 15 20 25 0 5 10 15 20 25
Kk 3

—10%,10~%; 10%4,—10"¢ —10%,107%; 106,—10"6

50 e

10 10

Fi1G. 5.1. Numerical errors (5.1) using (1.8) (dotted) and numerical errors (5.2) using (1.4)
(solid) for (1.1)-(1.2) in the homogeneous case with g1 = g2 = 0.

dotted line and is not satisfied by the scheme whose error is presented by the solid
line. This illustrates the conclusion derived in Corollary 3.2 in both homogeneous and
non-homogeneous cases.

The errors presented in Figures 5.1 and 5.2 were obtained by running numerical
experiments with different coefficients, which we list above each subfigure in the order
a1, a1z, a1, aze. Note that all these lists of coefficients satisfy condition (3.13) and,
therefore, Corollary 3.2 implies that for all these problems (each problem with a
different list of a;;) scheme (1.3) convergerges faster than scheme (1.4).

Note that the error (5.1) (presented by the dotted lines), that is,

(witt) = ak(ta)) + (b () = 2k,

is composed of two components: the error z;(t,) — x¥(t,) of the iteration and the
error ¥ (t,) — xfn of the ODE solver. Since integration in ¢ is exact for the problem
considered in Figure 5.1, the only non-zero component of (5.1) is the error e¥(t,) of
the iteration presented in Figure 5.1. The same conclusion can be derived for the
error (1.4) presented by the solid lines.

In Figure 5.2, the error (5.1) (dotted lines) has two non-zero components: the
iteration error e¥(t,), which tends to zero as k — oo, and the time integration error

R (t,) — mf ,, Which is illustrated by the persistent horizontal lines in Figure 5.2. The

same conclusion can be derived for the error (1.4) (solid lines).
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—10,10-1;10,—101 —102,1072;102, —10—2

1e+15 T T T T fe+t5 T T T T

1e+10 - ! 1e+10 -

100000 -+, 100000 [

error
error

1e-05 1605

1e-10 L L 1e-10
0 0

k k
—10%,107%;10%, —10—4 —10%,10-%;10%, —10—6

fe+15 T T T T fe+15 T T T T

1e+10 1e+10 -

100000 r, 100000

error
error

1e-06 1e05 -

1e-10 L L L 1e-10
0 0

F1G. 5.2. Numerical errors (5.1) using (1.8) (dotted) and numerical errors (5.2) using (1.4)
(solid) for (1.1)—(1.2) in the non-homogeneous case with non-zero source functions gi(t) and ga(t).

6. Concluding remarks and future work. In this paper, we addressed the
question of whether the convergence of dynamic iterations depends on the magnitudes
of the coefficients multiplied by present and previous iterates. From Sections 3, 4, and
5, we conclude that the order of the differential equations given in a larger dimensional
system may slow down or speed up the convergence of the dynamic iterations applied
to it. Therefore, we conclude that the order of the equations should be thoughtfully
optimized before dynamic iterations are used. The conclusions derived from Sections
3, 4, and 5 give suggestions for choices of present and previous iterates in larger
dimensional systems. Our future work [5] addresses the questions raised in this paper
in the case of higher-dimensional systems.
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