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Abstrakt v ²tátnom jazyku

�EBO, Marek: Permanentné americké opcie a reálne opcie [Bakalárska práca], Uni-

verzita Komenského v Bratislave, Fakulta matematiky, fyziky a informatiky, Katedra

aplikovanej matematiky a ²tatistiky, ²kolite©: Mgr. Pedro Pólvora, Bratislava, 2014,

38 s.

Práca predstavuje úvod do metódy reálnej opcie - prístupu k investi£nému rozhodova-

niu, ktorý je zaloºený na analógii medzi investi£nou príleºitos´ou a �nan£nou Amer-

ickou opciou. Uvedieme £itate©a do problematiky tohto konzervatívneho prístupu k in-

vestovaniu, ktorý berie na zrete© hodnotu odloºenia investície a £akania na novú, nikdy

v²ak nie úplnu informáciu, ktorá by mohla ovplyvni´ akceptovanie/neakceptovanie

danej nezvratnej investície v prostredí neistoty. S pouºitím základných vedomostí

z oblasti stochastického kalkulu uvedieme Samuelsonov-McKeanov model oce¬ovania

warrantov, upravený na ú£ely oce¬ovania reálnych opcií, a ukáºeme jeho pouºitie na

reálnej prípadovej ²túdii z prostredia realitného biznisu. Nakoniec zdôrazníme, ºe

model a samotný prístup metódou reálnej opcie nám môºe pomôc´ pochopi´ niek-

toré empiricky odsledované schémy správania sa �riem, ktoré nie sú v súlade s masovo

pouºívaným prístupom zaloºeným na £istej sú£asnej hodnote (NPV).

K©ú£ové slová: reálne opcie, Samuelson-McKean model, geometrický Brownov

pohyb



Abstract

�EBO, Marek: Perpetual American Options and Real Options [Bachelor thesis], Come-

nius University in Bratislava, Faculty of Mathematics, Physics and Informatics, De-

partment of Applied Mathematics and Statistics, Supervisor: Mgr. Pedro Pólvora,

Bratislava, 2014, 38 p.

The thesis presents an introduction to the real option approach to capital budgeting

- the real option valuation, that is based on an analogy between an investment oppor-

tunity and a �nancial American option. We introduce the reader to this conservative

approach, that takes into consideration the value of postponing the investment and

waiting for new, but yet never complete information, that could a�ect the desirability

of the irreversible investment under uncertainty. Using the fundamental knowledge

of stochastic calculus, we present the Samuelson-McKean model of warrant pricing,

modi�ed for pricing real options and show its application to the real world of business

on a case study from the real estate development industry. Finally, we highlight, that

the model and real option approach itself help us understand some of the patterns in

behavior of �rms, that are inconsistent with the widely used approach based on the

net present value (NPV).

Keywords: Real Options, Samuelson-McKean Model, Geometric Brownian Motion
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Introduction Introduction

Introduction

The conventional methods of modeling capital budgeting decisions, such as the net

present value (NPV) criterion, are widely taught and used because of the simplicity

and intuitiveness of the underlying calculations. In most real world situations, how-

ever, they fall short, as it operates with several oversimplifying assumptions, such as

deterministic path of the input parameters or the right to invest only now or never.

The NPV fails to explain some of the empirically observed patterns in investment

behavior of companies in an uncertain environment, such as why sometimes �rms

don't invest, even if the NPV of the project is far above zero, and don't abandon their

projects, even though the NPV is signi�cantly negative. It also doesn't justify why

the interest rate cuts have a weak, if not ambiguous, e�ect on aggregate investment,

as Dixit and Pindyck observe in [1].

The real options approach to capital budgeting, based on the analogy between an

investment opportunity and an American call option, eliminates many of the drawbacks

of the conventional methods. The aim of this thesis is to provide an introduction to the

real options approach to investment decision-making and to introduce the reader the

application of the Samuelson-McKean model of warrant pricing to capital budgeting,

that draws analogy between the investment opportunity and a perpetual American call

option. A particular case study in real estate business will be developed to demonstrate

the real world application of the model.

The thesis is divided in �ve chapters. The �rst chapter introduces the reader to

the approach, points out the key di�erences to the NPV based methods and identi�es,

when it is suitable to treat investment as a real option. The second chapter contains a

brief overview of the stochastic calculus, building on the reader's fundamental knowl-

edge of probability theory. It o�ers the necessary mathematical background needed to

construct the model. The construction of Samuelson-McKean model is the content of

the third chapter. We will identify the key assumptions we will work with and derive

the formulas of the model. The fourth chapter is dedicated to examining how a shift

in one of the parameters a�ects the output. We will inspect the comparative statics

of the model, confront it with the basic intuition and hopefully also explain some of

the phenomenons mentioned above. The �nal part applies the theory to resolve a

8



Introduction Introduction

dilemma of a real estate company. A �ctional investment opportunity in a real eco-

nomic environment demonstrates the possible application of the model to the world of

business.

9



1 INVESTMENT CRITERIA

1 Investment criteria

1.1 Investment

Investment is omnipresent. Building a factory, attending an accountancy course, going

to a gym, buying new hardware for your company, or even brushing your teeth in the

evening. All these fall under the de�nition of investment - sacri�cing today's bene�ts

in exchange for future rewards. Somehow less evident, shutting down an unpro�table

factory is an investment, too, as the management decides to su�er immediate costs of

severance payments to the labor, in prospect of reducing the future losses. According to

Dixit and Pindyck in [1], most investment opportunities have three important aspects

in common:

• Irreversibility - Once the investment is done, at least part of the initial costs is

sunk, i.e. cannot be retrieved if the investor decides to abandon the project

• Uncertainty - Pro�ts, sometimes also costs, interest rates, in�ation rate and other

parameters, that a�ect value of the project, are stochastic variables, the value of

which at a certain point in the future may be only estimated on a probability

basis.

• Timing - Decision whether to invest is usually not a now-or-never one. In most

cases there is a possibility of delaying the investment in order to wait for further

information about the future.

In this thesis, we will focus on mathematical modeling of the investment decisions of

companies. The role of the manager there is to appraise (value) all possible projects to

invest the �rm's capital in, and to choose the one(s), that the company will undertake.

Good appraisal is a crucial prerequisite for making a good investment decision. We

will bear the three aspects of an investment decision in mind while searching for the

optimal method of appraisal.

10



1.2 NPV 1 INVESTMENT CRITERIA

1.2 NPV

The most widely used technique, the simple net present value (NPV) rule, is based on

a fairly simple principle. Summing the expected discounted costs of the project (Ci)

and subtracting it from the sum of the expected discounted pro�ts (PVi), we obtain

the net present value (NPV ): 1

NPV =
∑
i

Ci − PVi (1)

The NPV investment criterion then is:

Theorem 1.1 (NPV rule). Invest in the project if its NPV ≥ 0

The NPV rule is taught at every business school. It is popular for the simplicity of

the underlying calculations and theory. However, it operates with several oversimpli-

fying assumptions, which collide with all the three above mentioned aspects, causing

inaccuracy.

First of all, the simple NPV approach either assumes, that the expenditures on the

project can be recovered, in case the situation turns out to be worse than expected,

or, if the investment is irreversible, it assumes that it can be undertaken only now or

never. But the ability to delay and irreversibility seems to be two of the crucial aspects

of an investment opportunity and the fact that the simple NPV calculation doesn�t

take them into consideration turns out to be its big drawback. We will return to those

two aspects later and examine them more rigorously.

Furthermore, all sources of uncertainty are treated as deterministic parameters.

Stochastic variables are replaced by their expected values, what also negatively a�ects

the �exibility and accuracy of the simple NPV calculations. Aware of the shortcom-

ings of the simple NPV and the derived rules, a new theoretical approach has been

developed. The theory of real options applies the tools and framework developed for

pricing �nancial derivatives to investment decision-making.
1When we compare an investment opportunity with an another one, we further subtract the oppor-

tunity cost of not accepting the alternative (the potential NPV of the alternative). This is equivalent

to simply comparing the NPV of the two investment opportunities.

11



1.3 The real options 1 INVESTMENT CRITERIA

1.3 The real options

In the �nancial markets, ownership of an American call option gives its owner a right

(but not an obligation) to pay a pre-set exercise price in order to buy an underlying

asset at any time until the expiration date of the option.

Analogically, a �rm with an opportunity (real option) to invest has a right to make an

investment expediture (exercise price) and receive a project (asset), which is supposed

to yield cash�ow of some value, at any time until the expiration of the investment

opportunity. We will call the right to invest a real option.

The �rm exercises the option by investing in the project. By doing so, it gives up the

opportunity of waiting for more information, that could have a�ected the desirability

and timing of the investment. Choice of the right moment to invest is an option, not

an obligation and therefore it is of a nonzero value. Thus any rule that ignores this

option value, like the NPV rule, involves an inaccuracy of some extent. Taking this

knowledge into consideration, the new investment criterion would be:

Theorem 1.2 (Real options investment rule). Invest in the project if its NPV ≥ F ,

where F is the value of the option to invest in the project.

Introducing an option value, one might succeed to understand why real �rms don�t

undertake an investment project immediately after the expected return turns equal to

the cost of capital. Instead, they set up their own minimum required rate of return,

that tends to be signi�cantly higher than the actual cost of capital. Speaking in the

language of the NPV, the �rm doesn't undertake the project, until its NPV exceeds

zero by certain constant.

Authors like Summers [11, p. 300] observe the so called hurdle rates typically three

or four times higher than the cost of capital, as the hurdle rates in their observations

ranged from 8 to 30 percent with a median of 15 percent and a mean of 17 percent,

while the nominal interest rate was 4 percent and the real rate close to zero. Even in

projects with very high systematic risk, the di�erence between the two rates is too big

to be su�ciently explained by the standard theory of investment, which omits the real

option value.

On the other hand, the option approach also gives us an explanation, why companies

don�t abandon their projects immediately as they begin generating operation losses.

12



1.4 Example: NPV versus real option valuation 1 INVESTMENT CRITERIA

Making an irreversible decision to abandon the project is connected with losing the

prospects of possible future pro�t, should the market conditions improve. Furthermore,

it entails the costs of abandonment (e.g. severance payments, legal costs, costs of

demolition), that are also usually far from insigni�cant.

1.4 Example: NPV versus real option valuation

To illustrate the di�erence between the NPV and Real option valuation, we o�er a

simple example by Michnová [5, p. 8].

Imagine that when digging a well in the garden we came across a vein of gold of

1,000 troy ounces ( 1 troy ounce = 31.10348 grams ) . We assume that the price of gold

is an outcome of a random process : today its value is $ 500 for an ounce. Next year

will rise to $ 600 per ounce with probability 0.6, or decrease to $ 350 per ounce with

a probability of 0.4 . Exploitation costs are $ 450 per ounce. We stand in front of a

decision whether exploit the gold today (Strategy I) or postpone the mining to the next

year (Strategy II ), while assuming that all the gold will be sold immediately for the

market price. Furthermore, we consider that the price risk is perfectly diversi�ed, and

thus future cash �ows are discounted using the risk-free rate of 5 percent per annum.

1.4.1 Decision based on the NPV valuation

We will examine this case using the conventional NPV valuation method �rst. As was

mentioned before, NPV is obtained summing the discounted costs for a project and

subtracting it from the sum of discounted cash �ows. According to the NPV invest-

ment criterion, we choose the one out of the two strategies, which o�ers higher NPV.

Strategy I

NPV I,NPV = 1000× (500− 450)$ = 50000$ (2)

13



1.4 Example: NPV versus real option valuation 1 INVESTMENT CRITERIA

Strategy II

If the price of gold rises to 600:

NPV II,NPV
up = 1000× 600− 450

1.05
$
.
= 142860$ (3)

If the price of gold falls to $ 350:

NPV II,NPV
down = 1000× 350− 450

1.05
$
.
= −95240$ (4)

Then the total NPV of the Strategy II is the expected value, considering the two pos-

sible scenarios:

NPV II,NPV = 0.6×NPV II,NPV
up + 0.4×NPV II,NPV

down = 47620$ (5)

Comparing the NPV of the two strategies, Strategy I seems to be more pro�table, we

should exploit the gold today.

1.4.2 Decision based on the Real Option Valuation

Strategy I

The net present value of the Strategy I is the same as the one obtained by the NPV

valuation

NPV I,ROV = NPV I,NPV = 50000$ (6)

StrategyII

Assume for a while that we knew that the price of gold would fall to $ 350 next year.

The NPV of the Strategy II would then be $ −95240 < 0, and we would not choose this

strategy. But if we appraise the project using the NPV valuation, we assume that the

decision, whether or not exploit the gold the next year, is made today with no option

of changing it in case of the negative scenario.

In most real world situations, including this example, nothing obliges us to make the

decision now. The real option approach takes into consideration, that in if we decide to

14



1.4 Example: NPV versus real option valuation 1 INVESTMENT CRITERIA

postpone the the mining to the next year, we obtain a new information about the price

of gold, and we can make a whole new decision, whether to start mining or not. In

this particular case, if the price fell down to $ 350 and the value of the project turned

negative, we would decide not to start mining (and rather accept the NPV=0).

The NPVs in the two possible scenarios would be:

NPV II,ROV
up = NPV II,NPV

up
.
= 142860$ (7)

NPV II,ROV
down = 0$ (8)

Thus the �nal appraisal of the project by the real option valuation would be:

NPV II,ROV = 0.6×NPV II,ROV
up + 0.4×NPV II,ROV

down = 85716$ (9)

Hence if we based our decision on the ROV, we would postpone the mining.

1.4.3 Conclusion

Michnová in [5] concludes: "Through this example we can see, that the NPV and ROV

approaches not only appraise the investment opportunity di�erently (according to the

NPV valuation the investment has the value of $ 50 000, ROV returns the value of $

85 716), but even consider optimal the two diametrically di�erent strategies". That

is partially due to the fact, that the two numbers actually do stand for the value of

two di�erent investment opportunities, where $ 50 000 is the value of the opportunity

to invest with a decision made now, while $ 85 716 is the value of the opportunity to

invest in the same project, but with the ability to make the decision now or next year.

The di�erence 85716$− 50000$ = 35716$ represents the value of waiting and post-

poning the very decision to invest to the future, in this simple case represented by a

single additional decision point a year from now. This value is sometimes far from in-

signi�cant, as future brings new information that could strongly a�ect the pro�tability

of the investment.

In this particular example, the added �exibility in case of postponing the invest-

ment decision caused the investor not to invest in the project today. The acceptance

of the option value, entailed in the ROV, makes our investment decisions more conser-

vative, advising to immediately undertake less projects than we would if we followed

15



1.5 Using the real option approach 1 INVESTMENT CRITERIA

the conventional NPV criterion. On the other hand, the valuation of the investment

opportunity is usually higher, increased by the value of waiting.

1.5 Using the real option approach

1.5.1 Conditions

What types of investment decisions can be covered by real option approach? As was

mentioned before, the real option valuation (ROV) is based on techniques and frame-

work, developed for valuation of �nancial options. Therefore it is obvious, that our

investment opportunity must share a few important characteristics with those �nan-

cial derivatives. Using the real options, we can approach almost every investment

decision, that is at least partially irreversible, the future pro�ts and (or) costs are

largely uncertain and which involves some possibility to be postponed (timing).

The more an investment opportunity �ts these characteristics, the more suitable it

is for us to use the methodology for pricing the derivatives, the time value of which

disappears as we exercise them, the payo� in uncertain and can be exercised at any

point in time until the expiration.

It is especially desirable to use the real option approach instead of the NPV where

the �nal yield from an investment is far from deterministic and strongly depends on

the �rm's future managerial decisions. The �exible frame of an option value is far more

suitable to include the variety of possibilities and parameters that a�ect the decision

than the rigid sum of cash�ows of the NPV calculation.

The extensions of the Samuelson-McKean appraising model, presented in this thesis,

enable us to take into account various options of the �rm, such as: option to stage the

investment in several phases, each of them containing an additional information value,

temporary shutdown of production and option to restart it later or an option to expand

or contract the production capacity.

1.5.2 Creating real options

How do �rms acquire real options? Broyles in [4] highlights, that some can be literally

bought, like patents or land to build buildings on, market research before introduction

of a new product or clinical testing of a drug. In all of these we can clearly recognise

16



1.5 Using the real option approach 1 INVESTMENT CRITERIA

the option premium as the purchase price of the service, patent etc. In Chapter 4 we

will demonstrate, how can the real option approach be used to estimate the value of a

parcel to build a real estate complex on.

But every company also creates real options. They, according to Dixit and Pindyck

[1, p. 9] "arise from a �rm's managerial resources, technological knowledge, reputation,

market position, and possible scale, all of which may have been built up over time, and

which enable the �rm to productively undertake investments that individuals or other

�rms cannot undertake".

Senel [13, p. 13] highlights, that especially high proportion of the real option value

on the market capitalization of a company can be seen in the segment of internet

companies. This value is often based on a strong brand, unique service or highly

skilled team of employees, and therefore is hard to evaluate using the conventional

valuation methods. That implies, that it is especially desirable to use the real option

valuation for estimating the market value of those �rms instead.

17



2 STOCHASTIC CALCULUS

2 Stochastic calculus

If we want to construct a model for pricing �nancial options, and hence also real

options, we have to take into consideration, that the future price of underlying asset

and the future values of other variables, that determine the option value (interest

rates, in�ation), are an outcome of a stochastic process. In this chapter we will review

the basics of stochastic calculus, which is the necessary building block to construct a

relevant pricing model. We will build on the publication by �ev£ovi£, Stehlíková and

Mikula [2], but staging the chapter into more gradual steps, inspired by Melicher£ík,

Ol²arová and Úradní£ek [3] and Michnová [5].

2.1 The Ito processes

De�nition 2.1 (Stochastic process). Stochastic process is a t-parametric system of

random variables {X(t), t ∈ I}, where I is an interval or a discrete set of indices.

De�nition 2.2 (Wiener process). The Wiener process {W (t), t ∈ [0,∞)} is a stochas-

tic process with following properties:

• W(0)=0

• W(t+s)-W(s) ∼ N(0,t)

• W(t) has independent increments,i.e. W (t1),W (t2)−W (t1), . . .W (tk)−W (tk−1)

are independent for all 0 < t1 < t2 < · · · < tk

where W (u) stands for the value of the random variable in time u and N(µ, σ2) denotes

normal distribution with a mean µ and variance σ2.

We will further denote dw the increments of the Wiener process in an in�nitesimal

time dt→ 0, i.e. dw = W (t+ dt)−W (t).

The formal notation of the Wiener process would be:

dw = εt
√
dt (10)

where εt ∼ N(0, 1), σ(εt, εs) = 0, for t 6= s

18



2.2 Properties of Ito processes 2 STOCHASTIC CALCULUS

The Wiener process is one of the most basic continuous time stochastic processes,

and will serve us as a building block for construction of more complex processes, namely

the Geometric Brownian motion, which we will make use of in our model.

De�nition 2.3 (Brownian motion). The Brownian motion is a stochastic process,

derived from the Wiener process. It can be expressed by a di�erential equation:

dx = µdt+ σdw (11)

where µ ∈ R is called drift, σ ∈ [0,∞) is the standard deviation and dw is an increment

of the Wiener process. 2

De�nition 2.4 (Ito process). A generalization of the Brownian motion, where a(x,t),

b(x,t) are known (non-random) functions, is called Ito process. The di�erential for-

mulation is given by:

dx = a(x, t)dt+ b(x, t)dw (12)

De�nition 2.5 (Geometric Brownian motion). The Geometric Brownian motion is an

Ito process {X(t), t > 0, X(0) > 0}, following the di�erential equation:

dx = µxdt+ σxdw (13)

where µ ∈ R, σ ∈ [0,∞) and dw is an increment of the Wiener process.

2.2 Properties of Ito processes

The stochastic processes are used to model the path of the selected variable. In our

model, in order to make the calculations doable, we assume the weak form of market

e�ciency. This means that the markets are rational and all the information that

might a�ect the future price of the given asset is already involved in its present price.

This is translated mathematically as the Markov property of a stochastic process. The

property states, that the future values of a variable depend only on its present value,

and do not depend on the past values of the variable.
2Some authors, like Melicher£ík [3] or Dixit and Pindyck [1] use the terms Wiener process and

Brownian motion as synonyms to denote what we call the Wiener process. They introduce the notion

Brownian motion with drift to denote the latter. We will, however, use the terminology of �ev£ovi£

[2] and keep the two terms separately to avoid confusion.
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2.3 Ito Lemma 2 STOCHASTIC CALCULUS

De�nition 2.6 (The Markov property). A stochastic process {X(s) ∈ Ω, s ∈ I} has

the Markov property, if:

∀k ∈ N,∀(x1, x2, ...xk),∀(t1 ≤ t2 ≤ ... ≤ tk), xi ∈ Ω, ti ∈ I, i ∈ N :

P [X(tk) = xk|X(t1) = x1, X(t2) = x2, ...X(tk−1) = xk−1] = P [Xk = xk|Xk−1 = xk−1]

That is, the distribution of future values of the stochastic process is dependent only

on the current value of the process and not on it's past values.

The model, that we will introduce in the next chapter, uses the Geometric Brownian

motion (GBM) to model the price of an asset. Let us justify its usage and give a hint

of explanation of its enormous popularity in modeling in general. Empirical studies

of �nancial markets have shown, that in the long run the changes in prices of assets

approximately follow the normal distribution. Thus their absolute values are roughly

lognormally distributed, and therefore suitable to be modeled by GBM. The second

bene�t of the Geometric Brownian motion lies in it generating positive values, what is

useful in modeling variables, that shouldn't take negative values (e.g. price, amount).

And last, but not least, it is generated by a di�erential equation, that can be solved

analytically, what is not true for most of the more advanced processes.

2.3 Ito Lemma

In the previous section we introduced the reader the basic theory of stochastic pro-

cesses and pointed out several of them, that we might �nd useful as approximations

of the future asset value in our model. We de�ned the processes in form of stochastic

di�erential equations.

The next step in the option pricing is the analysis of the functions, where one of

the variables solves the stochastic di�erential equation. The crucial question there is,

whether it is always possible to construct a stochastic di�erential equation f(x,t), where

x is a solution of a given stochastic di�erential equation.
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Lemma 2.7 (Ito lemma). Let {X(t), t ≥ 0} be an Ito process given by a stochastic

di�erential equation dx = µ(x, t)dt+ σ(x, t)dw, let f(x, t) ∈ C2(R× [0,∞)). Then the

�rst di�erential of a function f(X(t)) is given by formula:

df =
∂f

∂t
dt+

∂f

∂x
dx+

1

2

∂2f

∂x2
σ2(x, t)dt (14)

which implies, that the function f solves the stochastic di�erential equation: [5]

df = (
∂f

∂t
+ µ(x, t)

∂f

∂x
+

1

2
σ2(x, t)

∂2f

∂x2
)dt+ σ(x, t)

∂f

∂x
dw (15)

This lemma carries a very powerful result, as it allows us to expand the ordinary

calculus into a stochastic setting, what we will �nd useful in the next chapter.
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3 Samuelson-McKean model

As we have mentioned in the Chapter 1, models for appraising investment opportunities

with real options are based on the tools and framework developed for pricing �nancial

derivatives. In this chapter, we will base our valuation of the real options on the model

developed for pricing �nancial perpetual American warrants (PAW)3 - the famous

Samuelson-McKean model (1965), [6].

In the decades following, several authors, namely Tourinho [7], Brennan and Schwartz

[8] and McDonald and Siegel [9] subsequently altered the original model to cover real

option valuation of an irreversible investment project, mostly focusing on an applica-

tion in evaluation of natural resource deposits. In this chapter, we will introduce the

reader the altered model, following the derivation by Björk [10] while aiming to apply

it on valuation of real options such as the option to convert land into a real estate or

an option to start exploiting a natural resource.

3.1 Inputs and assumptions

The model provides an analytical solution for the value of the PAW or the real option.

There are �ve inputs to it: the construction cost (K), initial value (V0), the yield (δ)

and the expected volatility (σ) of the value of the asset (e.g. built property, commodity)

and the risk-free rate (r).

The model simulates a decision of a company with an opportunity to invest (in-

vestor). Paying the immediate costs K ∈ R at any time t, an investor obtains a

project - an asset of a value V 4. K is known or deterministic. V = V (t) is a random

variable, that follows a geometric Brownian motion:

dV = µV dt+ σV dw (16)

V (0) = V0 > 0 (17)

where µ ∈ R is the drift rate, σ ∈ R+ is the standard deviation, dw is an increment of

a Wiener process and V0 is the initial value (the value of the project today).

3i.e. special types of �nancial perpetual American call options, that are issued and guaranteed by

the company [14].
4meaning the spot price of the asset on the market at the certain point in time
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3.2 Outputs and the �nal proposition 3 SAMUELSON-MCKEAN MODEL

We assume that there is a convenience yield δ (continuous rate) associated with

the asset. This yield can be either positive (as in the case of a rent of a real estate

project) or negative (as in the case of storage cost of given commodity (e.g. gold)).

The investment is to take place in an environment with a constant continuous risk-free

rate of r.

3.2 Outputs and the �nal proposition

The model returns two important outputs. F = (V (V0), K, σ, δ, r) = F (V ) is the value

of an option to invest. Notice, that the the immediate payo� from undertaking the

investment is equal to V −K. For the sake of identifying the boundary point between

not investing (if option value > immediate payo� ) and investing (once option value =

immediate payo� ), the model o�ers a welcome by-product: the trigger value V*.

De�nition 3.1 (The (ROV) trigger value). The ROV trigger value V ∗is the lowest

possible value of the asset, at which the value of the option to invest F equals the

immediate payo� from exercising it V −K. Only once the value of the asset V reaches

the trigger V ∗, the approach based on the real option valuation justi�es the investment

- exercising the option.

And one �nal assumption: the value of an option to invest in an asset never increases

with a decrease in value of the asset. In mathematical terms: F is a non decreasing

function of V.

Having the assumptions on both inputs and outputs set up, we can �nally state the

theorem of the model.
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3.2 Outputs and the �nal proposition 3 SAMUELSON-MCKEAN MODEL

Theorem 3.2 (Samuelson-McKean model). Consider a �rm with an investment op-

portunity. Let K be the investment cost, V the value of the completed project, σ the

volatility of V, δ the rate of convenience yield on the project and r the risk-free interest

rate. Then the real option valuation of the investment opportunity F (V ) and the trigger

value V ∗ are:

F (V ) =

(V ∗ −K)( V
V ∗ )β1 if V ≤ V ∗

V −K if V > V ∗

where

β1 =
1

2
− r − δ

σ2
+

√
(
r − δ
σ2
− 1

2
)2 +

2r

σ2
(18)

and

V ∗ = AK =
β1

β1 − 1
K (19)

We will now de�ne the trigger value for the NPV valuation for a brief comparison

of the two methods.

De�nition 3.3 (The Marshallian trigger value). The Marshallian (NPV) trigger value

V ∗
M is the (lowest possible) value of an asset, at which the NPV of the investment equals

0. Only once the value of the asset V reaches the trigger V ∗
M , the approach based on

the NPV valuation justi�es the investment.

Notice, that the trigger value in NPV valuation with these conditions in place is equal

to K. Hence A = β1
β1−1

tell us the relation between the outcomes of the two methods. As

β1 > 1, it is clear that the ROV trigger is always higher than the Marshallian trigger,

the real option valuation therefore present a more conservative approach to investment.
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3.3 Derivation of the formulas

We will now prove Theorem (3.2).

3.3.1 Obtaining an ordinary di�erential equation (ODE)

The value of our asset V evolves in a stochastic manner, following the geometric Brow-

nian motion

dV = µV dt+ σV dw (20)

Additionally, we denote the convenience yield in in a short amount of time as

dC = δV dt (21)

It is important to note that this yield is a deterministic rate on a stochastic quantity

V . Bearing that in mind, we can de�ne a gain process that represents the change in

the total wealth generated by owning the project of a value V :

dG = (µ+ δ)V dt+ σV dw (22)

Now we have an option on the asset of a value V . Its price will be a function of the

asset value, F (V ). We build up a portfolio, the value of which we denote π, composed

of a long position on the option and n short positions on the asset

π = F (V )− nV (23)

We now take the full di�erential of the portfolio value π (but we take into account that

here we are working with the process G and not V to �nd:5

dπ = dF (V )− ndG (24)

Applying Ito lemma, we can easily �nd dF (V ).

dF (V ) =

(
µV

∂F

∂V
+

1

2
σ2∂

2F

∂V 2
V 2

)
dt+

(
σ
∂F

∂V

)
dw (25)

5We consider the full gain, that is a sum of the convenience yield (at rate δ) and capital gains (at

rate µ) on an asset. We included the convenience yield in order to be able to compare the total wealth

generated by the portfolio to the total wealth on another portfolio.
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Putting it all together with dG we �nd,

dπ =

(
µV

∂F

∂V
+

1

2
σ2∂

2F

∂V 2
V 2 − n(µ+ δ)V

)
dt (26)

+

(
σV

∂F

∂V
− nσV

)
dw (27)

(28)

Now, up to the moment we have a completely unspeci�ed n, we can of course study

a particular portfolio, one with exactly ∂F
∂V

options (short). This will have a very

interesting e�ect, with n = ∂F
∂V

one �nds that the stochastic term (that is, the term

multiplying with dw) vanishes, and we are let with a completely deterministic portfolio

with dynamics,

dπ =

(
1

2
σ2∂

2F

∂V 2
V 2 − δ ∂F

∂V
V

)
dt (29)

(30)

Finally, since we assume no arbitrage in this market, we have that this portfolio must

evolve in the same way as a risk-free asset, that is

dπ = rπdt = r

(
F (V )− ∂F

∂V
V

)
dt (31)

Therefore

r(F (V )− ∂F

∂V
V ) =

(
1

2
σ2∂

2F

∂V 2
V 2 − δ ∂F

∂V
V

)
(32)

Recollecting the terms we obtain the second order ordinary di�erential equation (ODE)

for the value of the option F:

1

2
σ2∂

2F

∂V 2
V 2 + (r − δ)∂F

∂V
V − rF (V ) = 0 (33)
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3.3.2 Solving the ODE

The second order ordinary di�erential equation ODE (33) has the characteristic equa-

tion:
1

2
σ2β(β − 1) + (r − δ)β − r = 0 (34)

with the roots β1, β2:

β1 =
1

2
− r − δ

σ2
+

√
[
r − δ
σ2
− 1

2
]2 +

2r

σ2
(35)

and

β2 =
1

2
− r − δ

σ2
−
√

[
(r − δ)
σ2

− 1

2
]2 +

2r

σ2
(36)

Therefore the ODE has a solution:

F (V ) = c1V
β1 + c2V

β2 (37)

where c1, c2 are arbitrary constants. One can easily verify, that β1 > 1 and β2 < 0.

3.3.3 Finding the c1, c2

We start with c2. The reader can easily notice that as β2 < 0 and V > 0 (since it

follows a GBM) the term V β2 increases with a downward move of V. The value of the

option, however, is an non decreasing function of V 6. This implies c2 in term c2V
β2

has to be less or equal to zero. But the value of an option is never negative. Therefore

c2 = 0. Knowing that fact, the value of an option would be:

F (V ) = c1V
β1 (38)

where β1 > 1 Let us consider c1 next. Setting two trivial boundary conditions on F(V),

we are able to �nd c1 and as a bonus, we obtain also the formula for the �trigger�value

V* of the project.

6see section 3.2
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First boundary condition: Value matching

As we mentioned in section 3.2, V ∗ is the value of the project at which its NPV equals

the option value:

V ∗ −K = c1(V
∗)β1 (39)

Second boundary condition: Smooth pasting

The second condition is the equality of derivatives of the two functions from (39) at

the trigger value V ∗.

β1c1V
∗β1−1

= 1 (40)

Solving the system of (39) and (40) we get the trigger value and the arbitrary

constant c1:

c1 =
(β1 − 1)β1−1

ββ11 K
β1−1

=
K

(β1 − 1)V ∗β1
=
V ∗ −K
V ∗β1

(41)

V ∗ =
β1

β1 − 1
K (42)

And eventually, substituting (41) for c1 in (38), we obtain the formula for the value

of the option to invest:

F (V ) =
K

β1 − 1
(
V

V ∗ )β1 = (V ∗ −K)(
V

V ∗ )β1 (43)
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4 Application

In this Chapter, using the Samuelson-McKean model with real market data, we will

apply the ROV to resolve an investment dilemma of a real estate developer.

4.1 The case study

BTI, ltd. is a real estate development company, that considers building a residence

complex in Northern Iowa, US. The estimated construction costs of the project are

estimated to be K = $30.700 million, and the built property has the market value of

V , that �uctuates stochastically and currently has the value of V0 = $31.000 million.

If �rm kept the complex in its portfolio, it would be yearly receiving approximately

δ = 0.03 of the value of the building on rent (after discounting depreciation of value

of the property). The �rm, however, plans to sell the building immediately after

�nalization of the building process. The full construction cost K is paid to a building

company at the beginning of the construction phase. We assume, that the construction

process is fast and we can neglect its duration.

The nominal risk free discount rate r is only 0.0065 % per annum (continuous

rate)7. An investment fund P&P&P Inc. is interested in buying the parcel for the

price P = $5.4 million.

Should BTI undertake the project now? Should it sell the land? What is the

minimum market value of the complex, at which construction should commence?

4.2 The ROV-based analysis

As the �rm's �nancial analysts we estimate, that the value of the built property follows

the Geometric Brownian motion with parameter σ = 0.1826. This estimation is based

on variance of the historical values of the iShares US Real Estate (IYR) ETF from

Aug 17 2009 to May 25 2014 8. Our assumption of normality of changes in V can be
7on 29th May 2014 the highest yield on an 6 months CD on the US market by MetLife Bank:

http://us.deposits.org/accounts/metlife-bank-6-month-cd-rates.html
8http://�nance.yahoo.com/echarts?s=IYR+Interactive#symbol=IYR;range=1d We decided to

start at this date, because the months preceding August 2009 were a turbulent period with extreme

volatility because of the broken bubble on the real estate market, connected with a huge downturn
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considered feasible, see Appendix.

First we compute the coe�cient β1 and the trigger value V ∗:

β1 =
1

2
− r − δ

σ2
+

√
(
r − δ
σ2
− 1

2
)2 +

2r

σ2

.
= 2.562 (44)

and

V ∗ = AK =
β1

β1 − 1
K

.
= 1.640K

.
= 50.357 (45)

As V ∗ .
= $50.357 million>V0 = $30.700 million, the ROV orders the company to

delay the investment. What is more, it claims, that the property would have to rise

almost 62.5% in market value, if the investment was to be pro�table. On the contrary,

according to the NPV valuation we are above the trigger point V ∗
M = $31.000 million.

Notice, that A .
= 1.640, meaning the trigger value in ROV is 1.640 times higher

than the Marshallian trigger. The huge di�erence between the outcomes of the two

methods implies, that at least one of them greatly inaccurate. In the next section we

will explain, why the one is probably not ROV.

The option value (value of the opportunity to build the complex = the value of the

underlying parcel and the rights to build the complex) is:

F (V ) =

(V ∗ −K)( V
V ∗ )β1

.
= 0.00086V 2.562 if V ≤ 50.357

V − 30.700 if V > 50.357

With the particular V0 = $31.700 million, F is worth approximately $ 5.672 million.

Therefore the ROV prefers keeping the parcel over selling it to P&P&P for $ 5.400

million. However, keeping the option open entails a signi�cant level of liquidity risk,

as it is uncertain, how long will it take the value of the building to cross the trigger

value, so that the investment could commence or when will BTS once more have the

opportunity to sell the land.

in real estate prices. The data from those months would exaggerate the sigma, as such an enormous

downturn is not likely to repeat again.
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Moreover, the real estate market is one of the least liquid ones in general, therefore

the selling process would not be easy and could take long time, negatively a�ecting

also the accuracy of the ROV. Neglecting the duration of the construction is also a

potential source of inaccuracy. All three sources of liquidity risk and uncertainty can

be lowered by signing a forward contract. However, it is highly probable, especially in

the �rst case, that the price of such forward would exceed the di�erence P −F (V ) and

therefore make the investment unpro�table. Thus it depends on the BTI's acceptance

of liquidity risk, whether it keeps the parcel or sells it for a lower, but �xed price.

4.3 Further observations

The Figure 1 illustrates the relationship between V and F (V ) for di�erent levels of σ.

Observe the smooth pasting of the two pieces of the F (V ) in the trigger value V ∗.

Figure 1: Value of the investment opportunity for σ = 0, σ = 0.1826 and σ = 0.35

Note that when σ = 0, V ∗ = K and therefore F (V ) = 0 for V < K. The ROV

and NPV valuation are equivalent in case of no uncertainty. This idea can be easily
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generalized by a brief look at the formula. The higher the volatility, the bigger the

option value (opportunity cost of investment), and hence also the di�erence between

the two approaches.

Notice that both F and V ∗ are increasing functions of σ. The higher the volatility,

the higher the probability, that V exceeds any given value in a given amount of time,

therefore it becomes more desirable to wait rather than invest immediately. Hence the

�rm's investment opportunities have higher value, but it becomes more conservative in

their exploitation. Dixit and Pidyck in [1] spot an interesting implication: "As a result,

when a �rm's market or economic environment becomes more uncertain, the market

value of the �rm can go up, even though the �rm does less investment and perhaps

produces less."

The following �gure shows more directly, how V ∗ depends on σ. The function is

steep, and leaves a clear message. Uncertainty represses investment. Regardless of the

correlation of the particular project with the market, regardless of the �rm's aversion

to risk, regardless of the hedging in place.

Figure 2: Trigger value V ∗ as a function of σ
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Conclusion

Drawing an analogy between an irreversible investment opportunity in an uncertain

environment with an ability to be delayed and a �nancial perpetual American option,

the real option approach presents a whole new view of investment decision-making.

Taking into account the stochastic character and volatility of the future values of

a given source of uncertainty (in our case the value of the project) and the ability to

decide optimally in the future, the ROV, especially in a highly uncertain environment,

recognizes the value of waiting for more, but yet never complete information, that could

a�ect the desirability of an investment. Therefore it presents a more conservative view

of investment than the conventional methods like the NPV. The real option approach,

being either purposely or intuitively used by real world companies, could be the ex-

planation of phenomenons such as, the sharp decrease in amount of investment made

with an increase of market volatility or the hurdle rates high above the IRR.

The Samuelson-McKean model is a basic model for appraising investment opportu-

nities, which carry the characteristics of a real option. Its application is very straight-

forward, as it requires just an analytical solution, and the process of its derivation is

understandable for a person with solid mathematical background. The model operates

with several simpli�cations, such as a single source of uncertainty, its value performing

the geometric Brownian motion, or the perfectly liquid markets, that ensure we pay the

cost and receive the value in an instant. Even though, its output is usually far more

feasible than that of any of the conventional valuation methods, and the di�erence is

often signi�cant.

The model can be further improved by incorporating a broad class of real life options

such as an option to stage an investment into several phases or the temporary shutdown

of production of a factory. There is also a variety of other stochastic processes, if the

GBM was not the right one to use, and a possibility to work with more than one

source of uncertainty. The real option valuation is a highly �exible framework with a

wide �eld of a application, ranging from pricing the parcels and patents to everyday

decision-making of an individual and is de�nitely a potentially fertile �eld for further

research.
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Appendix Appendix

Appendix

Normality of daily changes in value of the iShares US Real Estate (IYR)

ETF

The data range from Aug 17 2009 to May 25 2014. We decided to start on Aug 17

2009, because the months preceding August 2009 were a turbulent period with extreme

volatility because of the broken bubble on the real estate market, connected with a

huge downturn in real estate prices. The data from those months would exaggerate

the sigma, as such an enormous downturn is very unlikely to repeat again.

Source: http://�nance.yahoo.com/echarts?s=IYR+Interactive#symbol=IYR;range=1d

The histogram hints the normal distribution:

We will perform the normality testing with Kolmogorov-Smirno� test on the level

of signi�cance of α = 5%. We set the mean equal to µd = 0.0003157429 and standard

deviation to 0.01155032 (this is a daily standard deviation σd, as the yearly sigma

is proportional to the square root of time (250 days), σ =
√

250σd). The computed

p-value is 0.2705, that does not contradict our hypothesis of normality.
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