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SOME EXISTENCE RESULT TO ELLIPTIC EQUATIONS
WITH SEMILINEAR COEFFICIENTS*

TSANG-HAI KUOf

Abstract. For the quasilinear elliptic equation

N 92y
- Z aij(z,u) + c(x,u)u = f(x,u, Vu)
Pt O0x;0x;

on a bounded smooth domain Q in RN with c(z,r) > ag and |f(z,r,&)| < Co + h(|7])|€]7,0 < 0 < 2, we
note that every solution u € W2P(Q) N Wol’p(ﬂ),p > ]3—1’2, is L*° -bounded by Qc—g. Consequently, the
existence of such solution is irrelevant to a;;j(xz,r) on |r| > S—g. It is then shown that if the oscillation
a;j(x,r) with respect to r are sufficiently small for |r| < 2—8, then there exists a solution u € W2P(Q) N

Wy P(2),1 < p < oo
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1. Introduction. For a bounded domain Q in RN, N > 3, which is C*! diffeomor-
phic to a ball in RY, let L,, L, D,, and D are elliptic operators defined by

N

0%u
Lyu=— Z aij(x,v)m + ¢z, v)u,
7,j=1
Lu = Lyu,
N
0 ou
Dyu = — —a;i(z,v) =— + c(z,v)u,
== 3 grnule g +clrn)
1,7=1
Du = Dyu,
where the coefficients a;;,c, and %‘fg;, Bgf are bounded Carathéodory functions,

N
c>zap>0and Y a;;6& = ME|? for some constants o and .
ij=1
Let f(z,r,&) be a Carathéodory function satisfying |f(z,r,&)| < Co + h(|r])[€]?,
where h(|r|) is a locally bounded function. It is shown in [1] that there exists a solution
u € H}(Q) N L>®(Q) to the equation

Du = f(z,u, Vu) in . (1.1)

Moreover, every solution u € HE () N L>®(Q) to (1.1) is L* -bounded by ry = % In
pursuit of strong solutions, we note that (1.1) can be reformulated as

N

Lu = f(z,u, Vu) + Z
ij=1

Ouy Du | 5~ Duy I O

Oz, Oz, or Ox; Oz

(1.2)

1,7=1
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It then suffices to examine the existence of solutions to (1.2) with a;;(x,r) replaced by

b (.7) a;j(z,r), if|r| <o 3
ii(x,r) = )
I a;j(z,ro), if [r] = ro

For the main purpose of this paper, we shall study the existence of solutions u € W2?(Q)N
WP () to the equation

Lu = f(z,u, Vu) in €, (1.4)
where
|z, O < Co+h(r)El’,  0<o<2 (1.5)

Recall that in the linear case when a;; = a,;(z) and f = f(z) € L?(2), one has the
W2P estimate from [2] that

[ullwzr@) < ClllullLr@) + 1 fllzr @)

for every solution u € W22(Q) N W, () to (1.4). This estimate remains valid if the
oscillation a;;(z,r) with respect to r are sufficiently small [3]. A W?2? estimate was then
performed to deduce the existence of solutions to (1.4). In Section 2, we observe that
every solution u € W2P(Q) N W, P(Q) to (1.4), p > ]34]\_’2, is L™ —bounded by ro = %’
Thus, the existence of solution is irrelevent to a;;(x,r) on |r| > r9. Our main result in
THEOREM 2.4 shows that if the oscillation of a;;(x,r) with respect to r for |r| < ro are

sufficiently small, then there exists a solution u € W2P(Q) N W, ?(Q) for 1 < p < oo.

2. Existence of Strong Solutions. Our main result in this section aims to show
the existence of solutions u € W2P(Q) N W, *(2) to (1.4). In the light of [1, p. 45], every
solution u € Hg(2) N L>() to (1.1) is L>-bounded by rg, one gets readily that

LEMMA 2.1. Every solution u € W22(Q) N Wy *(Q), p > is L -bounded by ro.

N+2’
Proof. Let
~ Oa;; Ou Oa;; Ou Ou
flar&) = flerd - ]Zl 0x; 83:] jz_ or Oz; 8% (2.1)

(1.4) can be rewritten as
Du = f(x,u, Vu).

For every € > 0, one deduces from (1.5) that |f(z,r,&)| < Co + & + hy(|7])|€[?, where
hi(|r]) is a locally bounded function. Notice that a solution u € HE(Q) N L>®(Q2) to (1.1)
is L>*-bounded by 7o + = Therefore, every solution u € W2P(Q) N W,y P (), p > 1\21712 ,
is L*>°-bounded by ryg. ]

For a fixed z in RY, let a;;(x,r;s) denote the oscillation of a;;(z,7) with respect to
r for |r| < s, ie.,

osca;j(x,r; s) = sup{lai;(x,m) — aij(x,r2)| : |r1], [r2] < s}

Let osca(x,r;s) = | Jnax osc a;j(z,r;s) and osca(x,r) = osca(x,r; +00).
7
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For operators L,,, we quote the following result from [3, p. 191]

LEMMA 2.2. Let Q be a bounded domain in RN which is CY' diffeomorphic to a ball
in RN, and the coefficients a;; € COL1(Q x R), |a|, |c| < A, where A is a positive
constant, i,j = 1,...,N. Assume that osca;j(z,r) is sufficiently small with respect to r
and uniformly for x € Q. Then if u € W22(Q) N W, *(Q) and Lyu € LP(Q), 1 < p < co.
One has the estimate

[ullwee @) < CUILvullLe@) + [lullLe @),

where C' is a constant (independent of v) dependent on N, p, A, A, 09, and €, the
diffeomorphism and the moduli of continuity of a;;(x,r) with respect to x in Q.

Denote Lv and L the elliptic operators with a;j(x,r) replaced by b;;(z,r), i.e.,

= al 0?u
Lyu=— Z bij(z,v) ——5— + c(z,v)u,

2 0x;0x;
and
Lu = Lyu
Consider now the equation
Lu = f(x,u, Vu) (2.2)

Let f, be the truncature of f by £n. For v € W*?(Q)N W, P (2), the Dirichlet problem
Lyu = fn(z,v, Vo) has a unique solution u,, € W2?(Q) N W, *(2) and by LEMMA 2.2

[unllw2r@) < Clllunllz, @) + 1oz, 0, Vo)L, @)

An application of the weak maximum principle of A. D. Aleksandrov [2, p. 220] to-
gether with the Schauder Fixed Point Theorem implies that there exists a solution
u, € W2P(Q) N W, () to (2.2). Moreover, by the constraint (1.5) on f, one has
the following estimate from [3].

LEMMA 2.3. The approzimating solutions (u,) are W2P-bounded.
The existence of solutions can now be deduced from above lemmas.

THEOREM 2.4. Let Q be a bounded C*'-smooth domain in RN, N > 3, a;; € C%'(Q x R),

Bat;lj , 6;;j , ¢ be bounded Carathodory functions, c(x,r) > ag > 0. Assume that f(z,7,§)

satisfies (1.5) and osca(x,r;7q) is sufficiently small uniformly for x € Q. Then there
exists a solution u € WP (Q) N W, P(Q) to Equation (1.4).

Proof. By LEMMA2.3 we get the approximating solutions (u, ) which are W?2P-bounded.
It follows from the compact imbedding W2?(Q) — WP(Q) that there exists a convergent
subsequence in W, ?(€2), which is still denoted by (uy,), such that u, — u a.e., Vu, — Vu
a.e. and u, — u in W'P(Q). Moreover, since |up|lwzr) < M and the set {v €
W2P(Q)N Wol’p(Q)H|v||Wz,p(Q) < M} is closed in WHP(Q), the limit u of (u,,) belongs to
W22(Q) N Wy P (Q).

Passing to the limit and using Vitali Convergence Theorem, one can show that Lu,, —
Lu in ©(Q) and f,,(x,u, Vu,) — f(x,u, Vu) in L' (), which proves that u is a solution
to (2.2). O
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Notice that ||u| L~ < ro by LEMMA 2.1, hence b;;(z,u(x)) = a;j(z,u(z)) a.e. There-
fore one concludes that w is in fact a solution to (1.4).
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