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ON A SEMIDISCRETIZATION METHOD FOR THE
PSEUDOPARABOLIC VON KARMAN SYSTEM *
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Abstract.

We shall deal with a system of quasistationary von Karman equations describing great deflections
of thin viscoelastic plates made of Zener type material. In the special case of the exponential relax-
ation function is the original integral stress-strain relation transformed to the first order differential
relation. The resulting system for the deflection and the Airy stress function can be considered as
the pseudoparabolic generalization of the elastic von Kdrman system. The existence of a unique
weak solution as the limit of the sequence of segment line functions with respect to time is verified.
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1. Introduction. We have dealt in [3] with the integro-differential von Kdrmén
system for describing the geometrically nonlinear behaviour of the long memory
isotropic viscoelastic plate. The relaxation function was exponentially decreasing. In
the special case of the exponential relaxation function the originally integro-differential
stress-strain relation can be transformed to the first order differential initial value
problem with a nonzero initial elastic relation. The deflection of the middle surface
of the plate and the Airy stress function are to be determined as solution of the gen-
eralized von Karméan system which is pseudoparabolic with respect to the deflection.
The general n-th order case was investigated in [4], where the stability problem for
the linearized case was considered. The dynamic von Karman system with a vis-
coelastic damping term in the equation for the deflection has been considered by [11].
The authors in [16] considered the linear memory term with respect to the deflec-
tion. Thermo-viscoelastodynamic von Kérmén system was investigated in [1], where
a lot of references can be found. The fluid-structure interaction problem involving von
Karmén system is considered in [9]. The latest paper of Ciarlet and Gratie [6], Ciarlet,
Gratie and Sabu CGS present the new results on the justification of the geometrically
nonlinear plate theory.

We have considered the anisotropic Voigt-Kelvin material with the zero initial
condition in [2]. In the presented case the nonlinear pseudoparabolic term appears
also in the right-hand side of the equation for the Airy stress function and the nonzero
initial values fulfil the classical elastic von Kdrmén system. A weak formulation of the
problem is equivalent with a nonlinear pseudoparabolic initial value problem with the
time derivative appearing also in the nonlinear term. We solve the problem by Rothe’s
method. A finite sequence of stationary von Karmén-like equations is to be solved.
The corresponding sequence of segment-like functions is convergent to a solution of
the original pseudoparabolic problem in the case of sufficiently small right-hand side.
This condition assures also the uniqueness of a solution.

*This work was supported by Grant No. 1/8263/01 of the Grant Agency of Slovak Republic
TDepartment of Mathematics, Faculty of Electrical Engineering and Information Technology, Slo-
vak University of Technology, Ilkovi¢ova 3, 812 19 Bratislava, Slovakia (bock@kmat.elf.stuba.sk).
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196 1. BOCK

2. Formulation of the problem. We assume a thin isotropic plate occupying
the domain

Q={(r,2) € R* x=(21,12) €Q, —~h/2 < 2z < h/2},

where ) is a bounded simply connected domain in R? with a Lipschitz boundary I

We assume the plate subjected both to a perpendicular load f. Its boundary is
divided in a form T' = T'; U T, U T3, where each T'; is either empty or mes(I';) > 0.
Further we assume that I'y # 0 or I's # @ and I's is not a segment of a straight
line. The part I's contains only smooth parts. The plate is clamped on I'y, simply
supported on I'; and free on the part I's.

Considering the great deflections we have the nonlinear strain-displacement rela-
tions

1
Eij = 5(&% + 6j’ui + aiw(’)jw) — zaijw, 1, =1,2; €13 = €93 =0

with plane displacements u1, us and a deflection w.
Let {0} be the stress tensor fulfilling the condition ¢33 = 0. The principle of
virtual displacements holds in the form

h/2
/ (/ J”ésijdz> dz = / f(t, z)v(x)dx for all (w1, ws,v) € U XU XV,
Q Q

—h/2

where v and w; are virtual displacements in the directions z and x; (i = 1,2) respec-
tively and U = H(Q), V C H?*(Q) are the spaces of admissible displacements.
The virtual strains are of the form

1
(SEij = 5(81'(4}]‘ + ajwi + aiw(’)jv) - Zaij’U, i, =1,2.

The principle of virtual displacements implies that the stress resultants N;; =
h/2
—h/2

Then there exists the Airy stress function ® : Q2 — R defined by the equations

odz  fulfil the homogeneous equations 9;N;; =0, 4,5 =1,2.

Nip = 022P, Nap=011P, Nig=—0129.

The stress-strain relations for the isotropic viscoelastic long memory material of
the Boltzmann type are of the form

iy E(0 £’
1) o¥=q (;2 [(1 = weij + péijere] + Tt (1 — p)eij + péizern](t),

i,j €{1,2}, epp =ce11 + €2, o3 =0

with a Poisson ratio pu € (0, %), a positive decreasing relaxation function
E € CY(R") and a convolution product f * g(t) = fot f(t—s)g(s)ds.

Most of long memory viscoelastic material are modelled by the relaxation function
of the form ([5])

k
E(t) = Fy+ ZEie_ﬁit, Ey>0, E; >0, 3; >0, i=1,...,k.
i=1
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It is possible in the case k = 1 to transform the integro-differential stress-strain
relations to the first order differential relations. Let
E(t)=FEy+ E1e P, Ey >0, E; >0, 3>0.

After differentiating the relation (1) we obtain the following differential stres-strain
relation characterizing the Zener viscoelastic model

(2) oij + Boy; = Elo_;fgl[(l — peij + pdijenk) + 16_EZQ [(L = p)es; + pdijerk]
with the initial conditions

(3) 75(0) = S = s + el 0)

Let us define the material constants D; = ﬁi#?)Ei’ i = 0,1 and the expression
4) [v, W] = O11VO22w + DaovO11 W — 2012V012w, v, W E HQ(Q)

Let us assume that the perpendicular load f is differentiable with respect to .
Applying the similar approach as in the elastic case (see [8]) the following initial-
boundary value problem for a pseudoparabolic von Karman system for the deflection
w and the Airy stress function ® can be derived:

(5) (Do + D1)A*w' 4+ BDyA*w — [®,w] = f/(t) + Bf(t), x € Q,

(6) w:g—w:()onl"l, w=M(w) =0 on Ty, M(w)=S8(w)=0onTs;,
v

(M A2 = 2 (B + B, w) + BFofw,u))), x €0

2
(8) o = (bo(t), g—i) = ¢1(t) onI', t >0,

(9) w(0,x) = wp(x), x € Q,
where
M(w) = (Do + D1)M(w') + Do M (w),
M(w) = pAw + (1 — M)(w,111/12 + 2w 19119 + w,ggyg),
S(w) =w1® 20 — w,2P 15 + (Do + D1)S(w') + BDoS(w),
(w)

0 0
S(w) = —EAUJ +(1- u)%[mllylyg — ’wylg(l/% - 1/22) — W 22V V2],
2
where w,; = 86_91:1-’ Wi = #g‘;j, Qi = a%g_ai and v = (v1,v2), o= (-va,11)

are the unit outward normal and the unit tangential vector with respect to {2 respec-
tively.

The initial deflection fulfils the stationary von Karmén system with the analogous
boundary conditions as above:

(10) (DO + Dl)A2’w0 — [‘I)o, ’LUQ] = f(O)7
8’([)0

(11) Wy = E =0 on Fl, wo = M(’LUO) =0 on FQ, M(’LUO) = S(’LUO) =0 on Fg,
h
(12) A*®g = —5 (o + Ex)[wo, wo),
0
(13) 29 = ¢9(0), — > =¢1(0) onT, >0

ov
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Let us introduce following Hilbert spaces:

H(Q) ={ve H*Q)|v= % =0onTI}.

HZ(Q) is the Hilbert space with the inner product ((.,.))o and the norm ||.||o defined
by

(u,0))o = /QAuAvda:, lullo = (u, )2, w0 € HAQ).
Further we introduce the Hilbert space

V:{’UEH2(Q)|’U:?:OOHF1, v=0onTs}

14

with the inner product ((.,.)) and the norm ||.|| defined by

((u,v)) =
(14) / [w11v,11 + 2(1 — p)u120,12 + U 200 22 + p(w,110,22 + 1 220 11]dz
Q
(15) Jul| = (v, )2, w,veV

The norm defined in (15) is in the space V equivalent with the original norm
lull 52(0) = [/Q(U2 + U,211 + 2“,212 + U?zz)dx]lm

of the Sobolev space V' (see [17], Lemma 11.3.2 for the details).

We denote by V* the space of all linear bounded functionals over V with the norm
[I7]l« and the duality pairing (f,v) for f € V* and v € V.

If X is a Banach space, then we denote by C(0,T; X) the Banach space of con-
tinuous functions defined on the interval [0, 7] with values in X.

We suppose the functions ¢; : [0,T] x I' — R, i = 0,1 to be sufficiently smooth
in order to enable the existence of a function F' € C([0,T], H*(Q2)) such that

(16) F = ¢y, g—f =¢ronT, ((F(t),¢))o=0 forall ¢c HF Q).

The paper [10] contains the detailed assumptions imposed upon ¢g, ¢; in order to
fulfil (12), (13).
Let us introduce the trilinear form

(17) B(u,v;w) = /[(U,12U,2 — w20 )w + (1201 — un1v2)w 2]dz,
Q
u,v,w € H*(Q).

The existence of the integral in (17) is assured due to the compact imbedding H?(Q) C
WhH4(Q). The form B fulfils the inequality

(18) |B(u, v; w)| < \/§|U|H2(Q)|’U|W1,4(Q)|’LU|W1,4(Q), U, v, W € H2(Q)

with seminorms

|U|H2(Q) = [/Q(U211 + 2“,212 + u,222)d1']1/2a

olwray = | / (v + vh)da] /4.
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There holds a following crucial relation derived in [8]:

(19) Blu, v; w) :/Q[u,v]wdxz /Q[u,w]vda:,

if u, v, w € H*(Q) and at least one function u, v, w belongs to H3(Q).

Using the integration by parts after applying the boundary conditions we formu-
late a weak solution of the problem (5)-(13) in a similar way as in [10] for the elastic
case.

DEFINITION 2.1.  The pair {w,®} € W1>(0,T;V) x L>®(0,T; H*(Q)) is a
weak solution of the problem (5)-(13), if @ fulfils the boundary conditions (8) for a.e.
t € [0,T] there hold the identities

(20) (Do Do)/ + BDow . v)) ~ B(@,wiw) = (1) + 57(0).v)
forallv eV,
h’ !/
@) (@00 = —5 [ ((Eo+ Eluwul (1) + BEafu, ul(t) Jods

for all v € Hg(Q)

and w  fulfils the initial condition (9) with {wo,®o} € V x HZ(Q) defined by the
identities

(22) (( (Do 4 D1)wy , v ) — B(®g, wo;v) = (f(0),v) for all v € V,
(23) ((®o,9))o = fg /Q( (Eo + Er)[w,w] )vde for all v € HOQ(Q)

We introduce the bilinear operators B : H2(2) x H2(2) — V and By : V x V —
HZ(Q) as solutions of equations

(24) ((B(u,w),v)) = B(u,w;v) forallveV,
(25) ((Bo(u,w),d))o = /Q[u,w]d)dx for all ¢ € HZ(Q).

Both equations are solved uniquelly, because the right-hand sides of both relations
belong to the dual spaces V* and (HZ(£2))* respectively.

The operators B : H2(Q) x H2(Q) — V, By : V x V — HE(Q) are bounded (as
bilinear operators) and fulfil the properties

(26) ((B(u,v),w)) = ((B(v,u),w)) = ((u, B(v,w))) = /Q[va]wdz
for all uw € H3(Q), v, w eV,

(27) By (u,v) = Bo(v,u),

(28) ((B(Bo(u,v),w),$)) = ((Bo(u,v), Bo(w, $) ))o,
for all u,v,w,p € V.

Using the definition of the operator By we arrive at the nonlinear pseudoparabolic
initial-boundary value problem for the deflection w :

(Do + D1)A*w' (t) + BDoA*w(t) — [F(t), w(t)]
(29) +g[(E0 + E1)Bo(w, w) + BEoBo(w,w), w)
= f'(t) + Bf(t), z € Q,
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(30) (Do + D1)A%w(0) — [F(0), w(0)]

2 (o + B)[Bo(w(0), w(0)), w(0)] = £(0),

(31)w:g—w200n1"1, w=M(w)=0on Ty, M(w)=S8w)=0onTs3,,

v
9]
(32) wo = % =0onTy, wo=M(wy) =0o0nTs, M(wy)=S(wy)=0onTs,

v

A weak formulation of the problem can be expressed as a nonlinear pseudoparabolic
initial value problem in the Hilbert space V:

w'(t) + aw(t) — dB(F(t),w(t)) + bB(Bo(w,w)" + aBo(w,w), w)(t)
(33) =4 (t)+Bq(t),
(34)  w(0) —dB(F(0),w(0)) + bB(Bo(w(0), w(0)), w(0)) = q(0).

ﬁDQ BEO h(EQ + El) 6(1 — /J?) 1

b= = , d=———
Do+ Dy

a = = N
Do+ D1 Eo+ E;p 2(Do + Dn) h?

and the function ¢ : [0,00) — V is uniquely defined as a solution of the identity

1

((q(t),v)) = m(f(t),v) for allv € V.

3. Approximation by Rothe’s Method. We shall verify the existence of a
solution of the initial value problem (33),(34) using its discretization with respect to
the time variable ¢ by Rothe’s method (see [12]).

Before formulating the discrete scheme we set some additional asssumptions on
the functions ¢ and F. We assume ¢ € C''([0,00), V) and F € C*([0,00), H*(Q)).

Further we assume that

(35) (B(F(t),v),v)) <0 forallveV, t>0.

and

—2« 1 t—a—s
(36) e ) + 5 [ g () + Balo) s < telo.7)
0

1
bl[Boll3’

for a sufficiently small o > 0, which will be precised later.
For a fixed T > 0 and the integer N we set

; ti:iT, wi:w(ti), ’L'ZO,17...7N;
5wj = ;(’w] —’LUj_l), _j = 17...,N.

Applying the discrete values w; and the finite differences dw; in (33), (34) we
obtain the nonlinear equations in the space V:
(37) wo —dB(Fo,’wo) —l—bB(B(’LUo,’wo),’wo) = qo,
(38) dw; + aw; — dB(F;, w;) + bB(6B(w;, w;) + aB(w;, w;), w;)
=d0q; + Bqi, i =1,..n.
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Both equations above have solutions wy and w;, ¢ = 1,...,n respectively. They are
minimizers of the problems

(39) Ji(w;) = mi‘lgl Ji(v), i =0,1,...,n,
ve

where
(40)  Jo(v) = %[Hvll2 — d((B(Fo,wo), wo))] + %IIB(vaI2 = ((q0,v)),
Ji(0) = 20+ a)[ol]? + 2B, o)) — d((B(F ), w)

(41) (Bt wi 1), Bo,v) ) — (i + 700+ a),0)), i=1,.n

In order to obtain a priori estimates not depending on the length 7" of the time
interval we express the values w; in a form

(42) w; =e Ty, a>0,i=0,1,..,n.
We have the following expression of the difference dw; :
(43) dw; = (6e™ Y u; + e 70 Vou,, i =1, n.

After setting i = j in (38) and multiplying with e®™u; in the Hilbert space V we
obtain the identity

e —1

e ((0uy, uyz)) + (a B ) [Jugl|? + be 27U ((6Bo (uy, uj), Bo(uj, uji)))o
—2aT1j 620”— —1 2 artj

+ be @ = ——— | B(uj, ui)llg — d((B(Fi,wi),ui)) = e ((dg; + Bay, uj)),
Summing up and using the relations

273 ((Bugy ) = Juall = Juoll® + 3 72[15u,?,
j=1 j=1

Zeare—mrj(( 6Bo(uj,Uj),Bo(uj,uj) ))0 =

j=1
S (6 Bofu ) )oe™ " Bofug,us) )) + St e Bofug, )
i=1 o
we arrive at the inequality
e ([|us||* + be™ 7| B (ui, ui) 1) +
2(a — ae®) i 7|juj||? + 2b(a — 2ce?*T) i Te 27 || By (uj, u;)|3
Jj=1 j=1

< e (|luoll® + bl Bo(uo, uo) I3) +2 Y me*™ ((5q; + Bay, uy))-
j=1
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We obtain directly from the equation (37) the estimate
(44) [[wol|* + bl| Bo(wo, wo)|[5 < llgol|*.
Setting o > 0, 79 > 0 such that

(45) ae®” < g for all 7 € (0,79)

we achieve considering wy = ug the estimate

1< -
llusll* < llgoll* + " > re* @ 5g; + B>
j=1

Implying the expression (42) we obtain the estimate
o 1o~ L
(46) ||wiH2 <e 2an||q0||2 + - ZTe ar(142i ZJ)H(gqj + ﬁquQ,

=1
1=1,.,N, 0<71 <70,

We continue with uniform estimates of the differences. After multiplying the
equation (38) with dw; in V' we obtain

1
16will* = A((B(Fs, ws), 6ws)) + a((ws, dws)) + 5b]10Bo(ws, wi) 5 +

L br(0Bo (s ;). Bo(Buwe,dw3))o -+ ab(( Bo(wy.wi). Bofws, ;) ))o
(47) = ((6q; + Bai), dwi)),
where we have used the relation
2By (w;, dw;) = 6 Bo(w;, w;) + 7By (dw;, dw;).

The a priori estimate (46) and the identity (47) further imply the inequality
1
(48) [6ws]|* < C1 + 72l Bo(wi — wi—1, dwi) |3,

where the constant C; depends only on the constants a, b and the function ¢ and its
derivative. Let us assume that

1

bl|Boll3

Comparing with the a priori estimate (46) we can see that the condition (36) is
sufficient for fulfilling the estimate (49) for 7 € (0, 79) with sufficiently small 7.
Comparing with (48), (49) we obtain the a priori estimate

(50) 0w,]| < Ca, i=1,...,N.
Let us further define the following functions determined by values w;, dw;

wy, 2 [0,T) =V, wy(t) =wi—1 + (t —ti—1)ow;, tig <t <t
Wy, 1 [0, T] =V, 0,(0) = wg, W,(t) =w;, ti-1 <t<t;, i=1,..,n.
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The sequence of functions {w,} is due to previous a priori estimates bounded in the
Sobolev space W1>°(0,T;V) :

(51) ||wn||W1,oc(07T;v) S 03, n = 1,2,

Then there exists its subsequence (again denoted by {w,}) and a function w €
WooL(0,T; V) such that

(52) w, =*w  in whee(0,T; V),

(53) wy (t) = w(t), w,(t) = w(t) in V for every t € [0,T],
(54) wy, = w, W, = w, w), = w in L(0,T;V),
(55) Wy, — w, W, — w in LP(0,T; WH"(Q)), p>1, r > 1.

Setting  Bo(w;,w;) = U;, i = 0,1,...,N we obtain also the existence of U €
W0, T;V) fulfilling

(56) U, —*U in WHe(0,T;V),
(57) Un(t) = U(t), Up(t) = U(t) in V for every t € [0,T],
(58) U, —=*U, U, —~*U, U —*U"in L>®(0,T;V).

Using the properties of the bilinear operator By :V x V — HZ()) we obtain that

(59) U(t) = Bo(w(t), w(t)).
We express the discrete equations (37), (38) in a differential form

w, (t) + awy, (t) — dB(F(t), Wa(t)) + bB(U.(t) + aU,(t), wn(t))
= q,,(t) + B, (t) for a.e. t € (0,T]
wy(0) — dB(F(0), wn(0)) + bB(Bo(wn(0), wn(0)), wn(0)) = gn(0).

We shall verify that the limiting function w € W1°°(0,7T; V) is a solution of the
initial value problem (33), (34). We have directly from the definition of wy € V in
(37) that

(60) wn(0) = wo =w(0) forn=1,2,..,

and the initial condition (34) is fulfilled.
Let v € L?(0,T; V) be an arbitrary test function. The regularity of the functions
g, F and the convergence (52), (54) imply

(61) / (( (1) + Bn(8),v(t) ))dt — / )+ Ba(t), v(t) ))dt,
(62) /0 (( Wl () + awn (t), dtﬂ/ £) + aw(t), v(t) ))dt.
(63) / (( B(Ea (), @a(6)), 0(t) ))dt — / (( BP(t), w(t)), v(t) )dt.

The properties (18), (19) and the convergence (55), (58) imply the convergence
T
/ / (U7 () + aln (), 0(8)] 0 (£)dadt —
Q
(64) / / ) + aU(t), v(t)]w(t)dzdt,



204 I. BOCK

and it follows the identity
/0 ((w'(t) + aw(t) — dB(F(t),w(t)),v(t) ))dt +
T
/O ((bB(Bo(w(t), w(t))" + aBo(w(t), w(t)), w(t)),v(t) )dt =

/O (( ¢'(t) + Ba(t), v(t) ))dt for all v € L2(0, T V),

which implies together with (60) that w is a solution of the initial value problem (33),
(34).
We formulate the existence and uniqueness theorem.

THEOREM 3.1. Let ¢ € C*([0,T); V) fulfil the condition (36) with a« < %. Then
there exists a unique solution w € WH>(0,T;V) of the initial value problem (33),

(34).

There exists a subsequence of a sequence {wy} of segment line functions defined
by discrete values w; fulfilling the equations (37), (38) such that the convergence (52)-
(55) holds.

Proof. We have verified the existence and the convergence above. It remains us
to verify the uniqueness.

We derive it even in the case that the bounds (36) is fulfilled only for the initial
point ¢ = 0:

1
Vl| Bo||

Let w; € W1°(0,T;V),i = 1,2 be solutions of the initial value problem (33), (34).
The condition (65) enables the uniqueness of a solution of the stationary equation
(33) determining the initial condition. Really, setting wo = w;(0) — w2(0) and using
the assumption (35) we have the inequality

(66) flwoll* < b((B(Bo(w2(0), w2(0)), w2(0)) — B(Bo(w1(0), w1 (0)), w1 (0)), wo)).
Let us set woe = w2(0) + Ewp, € € R. There holds the relation
((B(Bo(w2(0), w(0)), w(0)) = (B(Bo(w1(0), w1(0)), w1(0)), wo)) =

(67) —/0 [(( Bo(woe wog), Bo(w,w) ))o + 2| Bo(woe, w)|[g]dE.

(65) la(O)I <

The assumption (65) implies the estimates

[wi(0)]] <

1
=12
Vbl Bo||

The inequality (66) together with (67) implies |Jwp||*> < 0 and the uniqueness of the
initial condition follows.
The difference w = w1 — wsy of two solutions of the equation (33) then fulfils the
homogeneous initial value problem
(68)  w'(t) + aw(t) — dB(F(t),w(t)) + bB(Bo(w1,w1) + aBo(wy,w1),wy)(t)
—bB(Bo(’wg, ’wg)/ + aBo(’wg, ’wg), ’wg)(t) =0,
(69) w(0) =0.
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After multiplying with w in the space V' and integrating we obtain the inequality
t
2 2
(70) @)1 +a [ fu(s) s <
t
b/ ((B(Bo(’wg, 'LUQ)/, ’wg) — (B(Bo(’wl, wl)’, wl), ’LU))dS +
0

ba/ ((B(Bo (w2, wa),ws) — (B(Bo(wy,w1), wr ), w))ds.
0

we = w2 +Ew, £ € R. We can then express the functions in the integrals on the
right-hand side of (70) in a following way

((B(Bo(wz,ws)",w2) — (B(Bo(wy,w1)’,w1), w)) =

AWBw%w%mw@anUmemmewmm,
(B(Bo(wa, wa),w2) — (B(Bo(wi,w:),wr),w)) =

—/0 [(( Bo(wg, we), Bo(w, w) )) + 2| Bo(we, w)|[5]dE.

Using the fact that functions w;, i = 1,2 belong to the space W1>°(0,T; V) and the
same holds for we we obtain from (70) the estimate

WMWS@AWWW@

with the constant Cy depending only on a, b, ||B]|| and the right-hand side ¢’ + fq.
The Gronwall lemma implies w(t) = 0, t € [0,T] and the uniqueness of a solution
follows. O

After coming back to the original problem for a couple {w, ®} of the deflection
and the Airy stress function we obtain directly

THEOREM 3.2. Let f € C*([0,T); V*) fulfil the bound
2

0
0 teo,T
A

t
(71) e‘Qatllf(0)||i+l/ e 20| f/(s) + Bf(s)]|2ds <
aJo

with an arbitrary o € (0, 5).
Then there exists a unique weak solution

{w,®} € WH*(0,T; V) x L>=(0,T; H*(Q))
of the initial boundary value problem (3)-(13).

REMARK 3.3. The exponential character of the conditions (36) and (71) implies
that the bounds for the right hand sides q,q" or f, f' do not depend on the length T of
the time interval.

REMARK 3.4. Applying the Rothe method to the weak formulation of the problem
(3)-(18) means that we obtain the stationary von Kdrmdn like system at each time
level. A solution is a unique minimizer of the functional defined in (41). We can use
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some of the gradient algorithms ([14]) combined with cubic finite elements in order to
solve the corresponding minimum problem.

Another possibility is to use the mized formulation of the stationary problem due

to Miyoshi [15] or [13], [18]. A weak formulation of the problem is converted into the
problem involving 8 unknown functions with at most 2-nd order derivatives and using
linear finite elements.

[1]
2]
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