Proceedings of ALGORITMY 2002 Conference on Scientific Computing, pp. 268–275

3D BEM APPLICATION TO NEUMANN GEODETIC BVP USING THE COLLOCATION WITH LINEAR BASIS FUNCTIONS

R. ČUNDERLÍK , K. MIKULA^∗, AND M. MOJZEŠ^†

Abstract. This paper presents improved numerical solution of Neumann geodetic boundary value problem (NGBVP) applying boundary element method (BEM). NGBVP is an exterior oblique derivative problem for Laplace equation. First numerical experiments were presented in [4]. Now the collocation with linear basis functions is applied for deriving the system of linear equations from boundary integral equations. With respect to a giant size of the Earth and in order to get accuracy as high as possible a computing on high-speed parallel computers is necessary.

In first experiment the Earth’s surface is approximated by 44 378 nodes and 88 752 triangles. A global quasigeoid model as a result of the BEM application to NGBVP is compared with Earth geopotential model EGM-96 that is computed by spherical harmonics and geopotential coefficients. Local refinement in Europe is presented in second experiment.

1. Introduction. The determination of gravity field is usually formulated in terms of BVP for Laplace equation [8,12]. In the previous article [4] we formulated NGBVP

ΔT (x) = 0, x ∈ R^3 − Ω , ⟨∇T (x), n_e(x)⟩ = δg(x), x ∈ Γ , (1) T (x) → 0 for x → ∞

where T (x) is the disturbing potential (a difference between the actual W and normal U gravity potentials), δg(x) is the absolute value of the surface gravity disturbance, i.e. |∇W − ∇U| which is a measurable quantity, and n_e(x) is the normal to the geocentric equipotential ellipsoid of revolution [6]. ⟨., .⟩ represents the scalar product of vectors. Equations (1) represent the exterior oblique derivative BVP for the Laplace equation with the Neumann boundary condition (BC). The domain Ω represents the body of the Earth and the boundary surface Γ is the Earth’s surface. The normal to the Earth’s surface Γ doesn’t coincide with the normal to ellipsoid n_e.

BEM as a numerical method based on variational formulation of PDE is suitable for solving exterior BVPs. The collocation is one of the simplest techniques for deriving the linear system of equations from boundary integral equations. Thanks its simplicity this method is very popular in engineer applications while it has some drawbacks [10]. In great majority of applications constant basis functions are used for approximating boundary functions on each panel of the boundary surface. In our experiments we decided to use linear basis functions. Main reasons were:

• Discretizing the Earth’s surface in the way described later a number of triangles is equal to 2(N − 2) where N is a number of triangulation nodes. It means that the assembly of the linear system of equations using constant basis functions needs about 4 times more memory storage than applying linear basis functions.

∗Dept. of Mathematics and Descriptive Geometry, Faculty of Civil Engineering, Slovak University of Technology, Bratislava, Slovakia (mikula@vox.svf.stuba.sk)

†Dept. of Theoretical Geodesy, Faculty of Civil Engineering, Slovak University of Technology, Bratislava, Slovakia (cunderli@svf.stuba.sk, mojzes@svf.stuba.sk) 268

3D BEM APPLICATION TO NEUMANN GEODETIC BVP 269

• The Earth’s surface is approximated by the triangulation of the topography with input data in vertices of triangles. In case of constant basis functions the nodes (collocation points) are in centres of triangles and further approximations are necessary.

• In case of linear basis functions nodes lie in vertices of triangles. It seems to be better for computing singular elements.

Although the assemble of the linear system of equations applying linear basis functions is more complicated and takes more time a numerical solution leads to more precise results using the same internal memory storage.

2. Direct BEM formulation and C1 collocation method. In the direct BEM formulation a boundary integral equation is derived from Laplace equation (1) through application of Green’s second theorem [3]. In 3D it has the following form

4πT (p) + ∫ Γ ∂G ∂n_q (p, q) T (q) dΓ_q = ∫ Γ G(p, q) ∂T ∂n_q (q) dΓ_q , p, q ∈ Γ (2) where n_q is a normal to the boundary Γ. A kernel function G represents the fundamental solution of the Laplace equation

G(p, q) = 1 4π|p − q| , p, q ∈ R^3 . (3) Since the directions of ∇T and n_e are almost identical we can approximate ⟨∇T (x), n_q (x)⟩ by δg(x) cos α where α is an angle̸ (n_q , n_e). Thus we can replace ∂T/∂n_q in (2) by these corresponding quantities. In this way the oblique derivative BC (1) is incorporated into BEM formulation (2).

The collocation method with linear basis functions is used for deriving the linear system of equations from the boundary integral equation (2). The Earth’s surface as a boundary surface is approximated by the triangulation of the topography – expressed as a set of panels ΔΓ_j . Vertices x_i, . . . , x_N of triangles represent the nodes – collocation points. The C^1 collocation method involves representing the boundary function by a linear function on each triangle panel using linear basis functions

{ψ_1, ψ_2, . . . , ψ_N } ψ_j (x_i) = 1 x_i = x_j ∈ R^3 ψ_j (x_i) = 0 x_i ≠ x_j (4) where N is a number of nodes. It allows to reduce the boundary integral equation (2) to a discrete form for each collocation point i

c_iT_iψ_i + N∑ j=1 ∫ supp ψ_j ∂G_{ij} ∂n_q T_j ψ_j dΓ_j = N∑ j=1 ∫ supp ψ_j G_{ij} δg_j ψ_j dΓ_j , i = 1 . . . N (5)

where supp ψ_j is a support of the j-th basis function. The function c_i represents “spatial angle” bounded by the panels joined in the node i [1]. In case of linear basis functions

270 R.^ˇCUNDERL^´IK, K. MIKULA AND M.MOJZE^ˇS

c_i = L∑ l=1 φ_{il} 4π (1 − cos ϕ_{il} ) (6) where φ_{il} is an angle between two planes intersecting in n_e in node i and which create two edges of the l-th triangle of the supp ψ_i and ϕ_{il} is an angle between n_e and the l-th triangle. L represents a number of triangles in the supp ψ_i. Equations (5) can be written in the matrix-vector form

M T = Qδg . (7) Coefficients of matrices M , Q represent the approximations of integrals in (5) in the collocation points. Regular integrals can be approximated by the Gaussian quadrature rules for a triangle

M_{ij} = 1 4π L∑ l=1 A_{jl} k_{ijl} K∑ k=1 1 l^3_{ikl} ψ_kw_k , (8)

Q_{ij} = 1 4π L∑ l=1 A_{jl} cos α_{jl} K∑ k=1 1 l_{ikl} ψ_kw_k i ≠ j where A_{jl} is the area of the l-th triangle of the supp ψ_j , k_{ijl} is a perpendicular from node i to this triangle and w_k are weights. L represents a number of triangles in the supp ψ_j and K is a number of used points for the Gaussian quadrature. cos α_{jl} represents a projection of n_e in the node j to the normal n_q of the l-th triangle. Then the j-th component of the vector δg in (7) represents the input value of measured gravity disturbance δg in the node j.

Non-regular integrals (singular elements) that arise because of the singularity of the kernel function (3) need a special treatment. Thanks the orthogonality of the normal to its triangle the kernel functions in integrals on the left hand side in (5) are equal to zero and M_{i,i} = c_i (9) Diagonal coefficients Q_{i,i} can be evaluated analytically using the software Mathematica ® [16].

In case of Neumann BC a known vector on the right hand side in (7) is given. Solving this linear system of equations we obtain values of the unknown disturbing potential in collocation points. Then the disturbing potential is transformed to quasigeoidal heights above the ellipsoid using the Bruns formula in an iterative way described in [4].

3. First numerical experiment. Global Quasigeoid Model. In the first numerical experiment we approximated the Earth’s surface by 44 378 nodes and 88 752 triangles (latitude interval: ΔB = 1.0227˚). A triangulation of the topography is based on a subdivision of triangular faces of a “12-hedron”. Each triangle is subdivided into 4 congruent sub-triangles by halving the sides until required level (fig.1).

3D BEM APPLICATION TO NEUMANN GEODETIC BVP 271

Fig. 1. The triangulation of the topography

To obtain ellipsoidal heights as vertical information of nodes positions we used Global Digital Elevation Model GTOPO-30 [5] and Earth Geopotential Model EGM- 96. EGM-96 is formulated as the spherical harmonics with geopotential coefficients determined from satellite, altimetric and gravimetric measurements [13]. EGM-96 allows to generate input surface gravity disturbances in our nodes.

STATISTICS Nodes 44 378 Mean 0.026 m Max 6.161 m Min -15.147 m St.dev. 0.710 m

Table 1 “residuals = EGM-96 – BEM”.

Computing was accomplished at ICM Warsaw on high-speed parallel computer TAJFUN: CRAY SV1-1/32 with 32 processors and 32 GB internal (shared) memory. The sparse linear system of equations was solved by non-stationary iterative method BiConjugate Gradient Stabilized (BiCGSTAB) [2] without preconditioning. Computing used about 17 GB of the internal memory. 16 BiCGSTAB iterations were necessary to keep error lower than the prescribed tolerance in absolute residual error. Iterations took only several seconds while the matrices assembly several hours. Total CPU time took 25 169.30 s. The Global Quasigeoid model as a result of the 3D BEM application to NGBVP is presented in fig.2.

272 R.^ˇCUNDERL^´IK, K. MIKULA AND M.MOJZE^ˇS

The Global Quasigeoid Model is compared with EGM-96 (BEM application versus spherical harmonics). Residuals are presented in fig.3 and statistic characteristics in tab.1.

4. Second numerical experiment. Local refinement in Europe. A possibility of the local refinement depicted the second experiment. The Earth’s surface is approximated by 43 733 nodes; 38 402 from the global triangulation (ΔB = 1.125˚) and 5331 in the local refinement (ΔB = 0.28125˚) (fig.4). Computing on TAJFUN used about 16.5 GB of the internal memory. 17 BiCGSTAB iterations were necessary to keep error lower than the prescribed tolerance in absolute residual error. Total CPU time took 24 592.52 s.

STATISTICS (only local refinement) Nodes 5 764 Mean 0.006 m Max 1.530 m Min -1.035 m St.dev. 0.195 m Table 2

The European Quasigeoid Model (fig.5) as a result of the local refinement is compared with EGM-96 (fig.6). Statistic characteristics are presented in tab.2.

5. Conclusions and perspectives for geodesy. A definition of Neumann BC in form of surface gravity disturbances and the BEM application to NGBVP represents a new approach in the gravity field modelling. Numerical results show the evident correlation and agreement with EGM96 (spherical harmonics). A main perspective of this approach is in the global gravity field modelling. Increasing a number of nodes the numerical solutions can yield to more precise results. Inputting real gravity data a solution will become independent from EGM-96 and it can be a suitable test based on the different mathematical background.

A need of gigantic internal memory storage is the main disadvantage of this method. Therefore a possibility of local refinement that leads to a precise local gravity field modelling is limited. Nevertheless second numerical experiment confirms a possibility to apply BEM for a local modelling. To reduce differences in extreme zones (in Alps) another local refinements would be necessary.

3D BEM APPLICATION TO NEUMANN GEODETIC BVP 273

Fig. 2. Global Quasigeoid Model - 3D BEM application to Neumann geodetic BVP

274 R.^ˇCUNDERL^´IK, K. MIKULA AND M.MOJZE^ˇS

Fig. 3. The comparison between the Global Quasigeoid Model and EGM-96

Fig. 4. The local refinement in Europe

Acknowledgement. The work has been accomplished during the stay at ICM Warsaw in Poland, acting jointly with Stefan Banach International Mathematical Centre – Centre of Excellence. Special thanks to director prof. M. Niezgodka and dr. A. Trykozko and dr. K. Kantiem for their help and advices.

3D BEM APPLICATION TO NEUMANN GEODETIC BVP 275

Fig. 5. The European Quasigeoid Model Fig.6. The comparison with EGM-96

REFERENCES

[1] Baláš, J., Sládek, J., Sládek, V.: Analýza napätí metódou hraničných integrálnych rovníc.

VEDA, Bratislava, 1985.

[2] Barrett, R., Berry, M., Chan, T. F., Demmel, J., Donato, J., Dongarra, J., Eijkhout, V., Pozo, R., Romine, C., Van der Vorst, H.: Templates for the Solution of Linear Systems: Building Blocks for Iterative Methods. http://www.netlib.org/templates/Templates.html 1994.

[3] Brebbia, C. A., Telles, J. C. F., Wrobel, L. C.: Boundary Element Techniques, Theory and Applications in Engineering. Springer-Verlag, New York, 1984.

[4] Čunderlík, R., Mikula, K., Mojzeš, M.: The boundary element method applied to the determination of the global quasigeoid, ALGORITMY 2000, Conference on Scientific Computing, Podbánske, Slovakia, 2000.

[5] EROS Data Centre: GTOPO-30, http://edcdaac.usgs.gov/gtopo30/gtopo30.html [6] Grafarend, E., W., Ardalan, A., A.: World Geodetic Datum 2000. Journal of Geodesy 73 (1999), 611–623.

[7] Herout, P.: Učebnice jazyka C. III. Upravené vydání, KOPP, České Budějovice, 1994. [8] Hörmander, L.: The Boundary Problems of Physical Geodesy, The Archive for Rational Mechanics and Analysis 62 (1976).

[9] Kirkup, S.: The BEM for Laplace Problems. Manual. Integrated Sound Software, 2000.

http://www.boundary-element-method.com/bemlap/manual.htm

[10] Lucquin, B., Pironneau, O.: Introduction to Scientific Computing. John Wiley, 1998. [11] Kless, R., Gelderen M., Lage C., Schwab C.: Fast numerical solution of the linearized Molodensky problem, Seminar für Angewandte Mathematik, Eigenössische Technische Hochschule, Zürich, Switzerland, 1999.

[12] Moritz, H.: Advanced Physical Geodesy. Helbert Wichmann Verlag, Karlsruhe, Germany, 1980. [13] Rapp, R.H.: The Use of Potential Coefficient Models in Computing Geoid Undulation. Ohio State University, 1994.

[14] Rektorys, K. a kol.: Přehled užité matematiky. SNTL, Praha, 1973.

[15] Vaníček, P., Krakiwsky, E.: Geodesy – The Concepts. North-Holland Publishing Company, Amsterdam, New York, Oxford, 1982.

[16] Wolfram, S.: The Mathematica book. Third edition. Wolfram Research Documentation Center, 1996.