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TANGENTIALLY STABILIZED LAGRANGIAN ALGORITHM FOR ELASTIC
CURVE EVOLUTION DRIVEN BY INTRINSIC LAPLACIAN OF CURVATURE

KAROL MIKULA * AND DANIEL SEVCOVIC t

Abstract. We suggest a stable Lagrangian method for computing elastic curve evolution driven by the intrinsic
Laplacian of curvature (called also surface diffusion of curves). The algorithm for solving such a geometric evolution
is based on a numerical solution to a fourth order intrinsic diffusion equation. The stability of the method is enhanced
on by asymptotically uniform grid point tangential redistribution, preventing formation of various instabilities as
merging of grid points and/or formation of swallow-tails. The stabilized method not only allows for larger time steps
without loosing stability but also more accurately preserves the area encompassed by flowing curves which is a basic
analytical property of a surface diffusion flow.
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1. Introduction. In this paper we suggest a method for computing evolution of closed
smooth plane curves I';, ¢ > 0, driven by the normal velocity 3 which is a function of the
intrinsic Laplacian (i.e., the second derivative with respect to the arclength parameter s) of its
curvature k, namely

(1.1) = -0

Since for the area A, of a closed smooth evolving curve I'; we have dAt + fF Bds = 0 and
fl“t 9%kds = 0, Eq. (1.1) conserves the area enclosed by a moving elastlc curve, see e.g.
also [7]. In three dimensions an analogy of (1.1), fulfilling the volume conservation property
of evolving 2D surfaces, is called the surface diffusion. The motion of elastic curves, e.g.
the model of Euler-Bernoulli elastic rod, is an important problem in structural mechanics.
The elastic curve evolution and surface diffusion can be also found in many further practical
problems as sintering (in brick production), formation of rock strata from sandy sediments,
metal thin film growth and motions in microfabrication of electronic components, interface
motions in crystal growth, or in new applications like image segmentation and computer and
human vision modeling (see e.g. [18, 3,9, 4, 19, 17]).

In this paper, we present a solution of (1.1) by the so-called direct or Lagrangian ap-
proach. The main idea of the Lagrangian approach is to represent a flow of planar curves by
the position vector & which is a solution to the geometric equation Oix = ﬁN + oT where
N , T are the unit inward normal and tangent vectors. The presence of a tangential velocity
« in the position vector equation has no impact on the shape of evolving curves. Therefore a
natural setting @ = 0 has been chosen for analytical as well as numerical treatment (see e.g.
[1, 6,16, 11, 12, 13] in the case of linear and nonlinear curvature driven evolutions, or [7, 2]
in case of elastic flows and surface diffusion). However, as it was shown in [14, 15] for gen-
eral (nonlinear, anisotropic, with external forces) curvature driven motions (see also [8, 10])
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and, as it will be shown here for the case of elastic curve flows, incorporation of a suitable
tangential velocity into governing equations stabilizes numerical computations significantly.
It prevents the Lagrangian algorithm from its main drawbacks, the merging of numerical grid
points and also allows for large time steps without loosing stability.

The outline of the paper is as follows. In section 2 we present a closed governing system
of equations for the curvature, tangential angle, local length and position vector describing
evolution of plane curves satisfying (1.1). These equations contain a free parameter - the
tangential velocity a. In section 3 we present suitable strategies how to choose o guarantee-
ing, e.g., an asymptotically uniform redistribution of grid points along an evolved curve. In
section 4 our numerical scheme for full space time discretization is presented. The governing
system of PDEs contains fourth and second order intrinsic differential terms as well as the
first order advection and strong reaction terms. These nonlinear equations are discretized in
time using semi-implicit scheme, so finally we end up with pentadiagonal linear systems in
every time step. Interestingly, utilizing tangential redistribution, such systems can be solved
in a fast way by simple Gauss-Seidel iterations. In [7] a semi-implicit scheme was combined
with a splitting of the fourth order position vector equation into two second order problems
and then linear finite element method was applied. The redistribution was used only as a
postprocessing step. Here we incorporate suitable tangential redistribution into the governing
system of equations and then we apply intrinsic finite differences (the so-called flowing finite
volumes directly to the fourth order equations). Results of our numerical approximations are
discussed in section 5.

2. Governing equations. An embedded regular plane curve I' can be parameterized
by a smooth function = : S — R? ie. I' = Image(z) := {z(u),u € S'}, for which
g = |Oyx| > 0. Taking into account the periodic boundary conditions at © = 0,1 we shall
hereafter identify S with the interval [0,1]. The unit arc-length parameterization will be
denoted by s, so ds = gdu. The tangent vector T and the signed curvature k of I" satisfy
T = 0,2 = Oux/g, k = Osx A 0%z = By A 922/ g3. Moreover, we choose the unit inward
normal vector N such that T AN = 1 where @A b is the determinant of the 2 x 2 matrix with
column vectors @, b. By v we denote the tangent angle to I, i.e. T = (cosv,sinv)T and, by
Frenét’s formulae, 8Sf = kN, 851\7 = —kT and Osv = k.

Let a regular smooth initial curve I’y = Image(z) be given. A family of plane curves
' = Image(x(.,t)),t € [0,T), satisfying (1.1) can be represented by a solution to the
following system of PDEs

(2.1) Ok = 02 + adsk + k233,
(2.2) O = 0503 + ak,

(2.3) g = —gkp + gosa,
2.4) Orx = ﬁ]\_f +aT

subject to initial conditions k(.,0) = ko, v(.,0) = vo, ¢(.,0) = go, x(.,0) = zo(.) and
periodic boundary conditions at © = 0,1 except of v for which we require the boundary
condition v(1,t) = v(0,t) 4+ 2 (cf. [14]).

3. Suitable choices of the tangential velocity. Notice that the functional « is still un-
determined and it may depend on other variables in various ways including local or nonlocal
dependences. The idea behind construction of a suitable tangential velocity functional « is
rather simple and consists in the analysis of the quantity # = In(g/L) which can be viewed
as the logarithm of the relative local length g/ L.
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If we denote by L, the length of a curve I'y, i.e. Ly = [i, ds = fol g(u,t) du, then by
taking into account periodicity of  and equation (2.3) we conclude
d
(3.1) ELt + (kB)r,L: = 0,
where (kfS)r = % fr k(3 ds denotes a nonlocal quantity, the average of k3 over the curve I'.
Hence it follows from (2.3) and (3.1) that

(3.2) 040 + kB — (kfB)r = dsar.

By a suitable choice of Os« in the right hand side of (3.2) appropriately we can therefore
control behavior of 6.
A general (nonlocal) choice of « is based on the following setup:

(3.3) dsa=kB— (kB)r + (e — 1) w(t)

where w € L}, ([0, T}45)) and Trq, is @ maximal existence time of evolving curve. Notice
that  can be uniquely computed from (3.3) under an additional constraint, e.g., a(0,¢) = 0.
The choice w(t) = 0 yields 9;0 = 0 in (3.2) and consequently,

g(u,t) _ g(u,0)

I, = Lo forany u € §*, t € [0, Tnaz) ,

so we obtain a tangential redistribution preserving relative local length [8, 14]. If we suppose

Trmax
(3.4) / w(T)dr = 400
0

then, after insertion of (3.3) into (3.2) and solving the corresponding ODE 0,0 = (6_9 — 1) w(t),
we obtain 6(u, t) — 0 as ¢ — Ty,q. and hence

g(u,t)

7 — 1 ast — Thae uniformly w.r. tou € St
t

In this case redistribution of grid points along a curve becomes uniform as ¢ approaches the
maximal time of existence T}, and we call it asymptotically uniform (AU) redistribution.
On the other hand, if apriori know that T’,,,, = +00 (as it is the case of (1.1) with a Jordan
simple initial curve) one can choose w(t) = k1, where k; > 0 is a positive constant in
order to meet the assumption (3.4). Summarizing, a suitable general (nonlocal) choice of the
tangential velocity functional « is given by a solution to

(3.5) dsa=kB —(kB)r+(L/g— 1w, w=rk1+r2(kB)r, a(0,t) =0,

where k1, k2 > 0 are given constants. If we insert tangential velocity functional o« computed
from (3.5) into (2.1)—(2.4) and make use of the identity adsk = Os(ak) — kOscv then the
curvature and local length equations can be rewritten as follows:

(3.6) Otk = 923 + Os(ak) + k(kB)r + (1 — L/g) kw,
(3.7 g = —g{kB)r + (L — g)w,
We can see that the “pointwise” influence of the term k23 in (2.1) and (2.3) has been replaced

by the "averaged” term k(k()r in (3.6) and (3.7). It enables us to construct an efficient and
stable numerical scheme discussed in next section.
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Another possibility for grid points redistribution along evolved curves is based on a tan-
gential velocity functional defined locally. If we take & = 9,0 = J51In(g/L) = 95 Ing (see
also [5]), i.e. Osa = 020 then the constitutive equation (3.2) reads as follows: 9;0 + k3 —
(kB)r = 920. Since this equation has a parabolic nature one can expect that § will be redis-
tributed along the curve I' due to the diffusion process and we call it locally diffusive (LD) re-
distribution. Indeed, by inserting o = d;(In g) into (2.3) we obtain ;g = —gkB+gd?(Ing),
which is a nonlinear parabolic equation for g.

4. Numerical scheme. In our numerical solution we consider tangential velocity given
by a linear combination of nonlocal and local tangential redistributions discussed in the pre-
vious section. Let us denote 7 = Ing. Then we have § = In(g/L) = n — In L, and, for the
redistribution functional «, we obtain

4.1) Osa = e1(kB — (kB)r) +w (L/g — 1) + £202n

where €1, w, €2 are weights for redistribution preserving relative local length, asymptotically
uniform redistribution and locally diffusive redistribution, respectively. Since

tz= 0T = 0?(kN) = 0?kN + 20,kO,N + kO’N = 02kN — 2(0sk)kT — ko, (kT
. . . .3
= 0?kN — 3k(0:k)T — k*0,T = 0?°kN — 5as(/rf?)asgc — k0%,
we have fafk]\_f = —0lx — kK*0%x — %8S(k2)85x. Moreover, as k = 9, we have 8,3 =

78;11/. Thus the governing system of equations (2.1)—(2.4) for the elastic flow (1.1) with
tangential redistribution can be written as follows:

4.2) Otk = =02k + 04(ak) + k(kB — dsa),

(4.3) v = =0 + ad,v,

(44) 6t77 = _kﬁ + asa7 g = eXP(n>7

4.5) Opr = =02 — K202z + (a — gas(kQ)) O0sT .

In our computational method a numerically evolved curve is represented by discrete
plane points = where the index ¢ = 1,...,n, denotes space discretization and the index
Jj = 0,...,m, denotes a discrete time stepping. The linear approximation of an evolving curve
in j-th discrete time step is thus given by a polygon with vertices -}, = 1,...,n. Due to
periodicity conditions we will use also additional values 27 1= :zzfl_l, xg =z, 3331 1= x{,
xﬁl 1o = x% If we take a uniform division of the time interval [0, T'] with a time step 7 = %
and a uniform division of the fixed parameterization interval [0, 1] with a step h = %, a point
xf corresponds to x(ih, j7). The systems of difference equations corresponding to (4.1) —
(4.5) will be given for discrete quantities o, n, v}, k], v, ), i =1,...n, j = 1,...,m,
representing approximations of the unknowns «, 7, gh, k, v, and z, respectively. Here af
represents tangential velocity of a flowing node xf ,and nf , rf ~ |xf — :ULl l, kf , Vf represent
piecewise constant approximations of the corresponding quantities in the so-called flowing fi-
nite volume [z{_l, xz } . We will also use the corresponding flowing dual volumes [53?_1 , if } ,

~j 1] . . j ~j ~j . . .
where 7] = %, with approximate lengths ¢/ ~ |z} — Z]_,|. At the j-th discrete time

step, we first find discrete values of the tangential velocity ] by discretization of (4.1). Then
the values of redistribution parameter 7] are computed and utilized for updating discrete local
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lengths rf by discretizing equations (4.4). Using already computed local lengths, the intrin-
sic derivatives are approximated in (4.2), (4.3) and (4.5), and pentadiagonal systems with
periodic boundary conditions are constructed and solved for discrete curvatures k7, tangent

angles Vf and position vectors xj In the sequel, we present in detail our discretization.
Using 7“1' Lasan approximation of the length of the flowing finite volume {xf 11 , x] 1}
at the previous time step we construct difference approximation of the intrinsic derivative
J—ad . S . .
Osa = % and taking all further quantities in (4.1) from the previous time step we

obtain the following expression for discrete values of the tangential velocity:

o] =aj_, +51(7"j71kj715j71 - rj-'*lijl) +o(MITt Y

Jj—1 Jj—1 1
771-‘,—1 - 771, 777, 77
+ €2 -1 - j—1 )
q; i1

where

) 1 . ) o ) 1 ) )
—1 —1 —1 —1 —1 —1;75—1 —1
Mt = gLJ LIl = Zrlj BTl = T KB,

w = k1 + keB/7!, and of = 0, i.e. the point 27, is moved in the normal direction. Then, a
similar strategy for discretization of (4.4) gives us

_ 1 , , 4 , _ ) )
TJ 1771 i (e1 — 1)rg_1l<;g_lﬁf_1 — glrzj-_lBFl +w(MITt — rf-_l)

-
il J_

+e2 (nz-"_b 1777’ - i 3_7711_1> ’
q; i1

fori =1,...,n, ng =nl, 77£+1 = 77{. Note that this is either an updating formula in the
case €5 = 0 or a tridiagonal system (if eo # 0) for new values of a redistribution parameter
7. Next we update local lengths by the rule:

rl=exp(nl), i=1,.,n, ¥ =rl_ | vl =ri, Thal =T, Thig =T5.

Subsequently, new local lengths are used for approximation of intrinsic derivatives in (4.2),
(4.3), and (4.5). First, we derive a discrete analogy of the curvature equation (4.2). We have to
approximate the 4-th order derivative of curvature inside the flowing finite volume [z;_1, z;],

1 =1, ...,n (for a moment we omit upper index 7). For that goal we take

P h() ~ Rk(xi) — Bk(wim1) _ <32 (Tit1) — O3k(Ti)  O3k(3i) — D2k (Ti- 1))
s T T qi i1

1 1 1 1 1
A ————kit2 — + + 5 + kiv1 +
TiqiTi+1qi+1 TidiTi+1qi+1 Tzqz Tz+1 q T qiqi—1

( o1 2 )
rigirier  TIGE TIGigi— T?qf,l g i1

1 1 1 1 1
) + 55—+t + ki-g + —————
riqigi—1  Tiqi_1  Tiq;_1Ti—1  TiQi—1Ti—1¢i—2 TiQi—17i—1¢i—2
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Approximating first order terms in (4.2) by central differences and taking semi-implicit time
stepping we obtain following pentadiagonal system with periodic boundary conditions for
new discrete values of curvature:

alkl_o + Ikl + k] + Akl +elkl, = f, i=1,..n,

ivVi—1
subject to periodic b.c. k7 | = ki_l, ké =ki, kfl_H =K, kfﬁg = kJ, where
1 , 1 R

J_ Jo_ g g
@ =——x—— € = —————, f1_7k1 ,

1
qzqflrzqflqzqu qzqrz]'+1qzq+1
; 1 1 1 Ocj
bl =—< bt >+ —
T]qiqzj 1 sz‘(qzq—l)Q (qi—1)275—1 qz 17"1 1‘11 2 2
o)
1

d) = ( S SR )

' ariaay (@)l rl(d])? TJquf ) 2

1 1 2 1 1
T + — - —+ - - —+

= 4+ —
(@)rig ril@)? rigda-y i) (g-)*ri
! 04_5 _ agfl
2 2
Using a similar approximation as above also for equation (4.3) we end up with following
pentadiagonal system with 27-shifted periodic boundary conditions for new discrete values

of the tangent angle:

S
\

re 1 i1 1
i J=113-13i
P ki B +

JJ J.,J J' ) s
alyl o+ biv_ +Cyy +dl AR l i+2fFi, i1=1,..,n,

i—

subject to mod 27 periodicb.c. v/ | = v/ | —2m, ] =i —27r vl =vitem v, =
. . 3§ . . .
V) +2m where ) = = — (a] +b] +d} +¢l),and F} = = it

In order to construct discretization of equation (4.5) we approximate the intrinsic deriva-
tives in a dual volume [#;_1, &;]. For approximation of 4-th order intrinsic derivative of the
position vector we take similar approach as above for curvature, but in the middle point x; of
the dual volume. In such a way and using the semi-implicit approach, we end up with two
tridiagonal systems for updating the discrete position vector:

Alal_, +Blal_| +Clal + Dl +Elal ,=F,i=1,..n,

subject to periodic b.c. a7y = 2! _,, @) =), vl =], 2}, , =z} where

j 1 i_d iR L ey e 1 i 4 i
Ai:ﬁ,ci:—*(AiﬁLBiJrDiﬁLf)5*7]:Z-:—xi ,
T di—1"—1 T 'L+1qz+1r1+2 T

Bj<1+1+1+1>+
' rig iy (r)?q_  (r])%q] rzj'qgrzj'ﬂ

(k/’f+1) (k/’f)Q a{ 3 (kf+1) (kf)Q
4 b
2r] 272 ¢
1 1 1 1
D) =—|——+— - — .+...>+
<7"j‘ q/ 7"?+1 (er )%q] (er )quq-l-l 7’1]'+1 qi+17’z]'+2
L ) W ol 3L - (k)
2r 2 2 q{ '



Values of several quantities in evolution of initial ellipse computed without tangential redistribution.
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TABLE 5.1

| time || Length || Area || Isoperimetric ratio || minr; / maxr; |
0 9.686855 || 6.279052 1.1892 0.50
0.2 9.163085 || 6.275085 1.0647 0.36
0.4 8.972153 || 6.272706 1.0212 0.27
0.6 8.907421 6.270957 1.0068 0.24
0.8 8.886850 || 6.269648 1.0024 0.23
1.0 8.880245 || 6.268606 1.0010 0.22
2.0 8.875194 || 6.264775 1.0005 0.21
TABLE 5.2

Several quantities in evolution of initial ellipse computed with AU redistribution (1 = 1, k1 = 2, k2 = 0, g2 = 0).

| time || Length || Area || Isoperimetric ratio || minr; / maxr; |
0 9.686855 6.279052 1.1892 0.50
0.2 9.164443 6.278972 1.0644 0.63
04 8.974767 6.279188 1.0207 0.74
0.6 8.911797 6.279617 1.0064 0.82
0.8 8.892818 6.280140 1.0020 0.87
1.0 8.887552 6.280698 1.0008 0.92
2.0 8.887520 6.283582 1.0003 0.99

The initial quantities for the algorithm are computed from discrete representation of the initial
curve zg, for details see [15]. Every pentadiagonal system is solved by Gauss-Seidel itera-
tions. We stop the iterations if a difference of subsequent Gauss-Seidel iterations in maximum
norm is less than TOL = 1010,

5. Discussion on numerical experiments. First we compute numerically time evolu-
tion of the initial ellipse with halfaxes ratio 2:1 in time interval [0, 2]. The evolving curve is
represented by n = 100 grid points and we use discrete time step 7 = 0.001. In Tables 5.1,
5.2 and 5.3 we present evolution of the length, area, isoperimetric ratio L? /(4w A;) and the
ratio of minimal and maximal grid point distances for different tangential redistribution strate-
gies. In all cases the evolution of isoperimetric ratio to 1 indicates convergence of evolving
curve to a circle. The evolution of min r;/ maxr; in the case without tangential redistribu-
tion indicates accumulation of some curve representing grid points and a poor resolution in
other parts of the asymptotical shape, see also Figure 5.1 left. In the case of asymptotically
uniform (AU) tangential redistribution, we see convergence of this ratio to 1 and thus a uni-
form discrete resolution of the asymptotical shape, see Figure 5.1 right. Although obtained
by different mechanism, a similar behavior is observed using locally diffusive (LD) redistri-
bution. One can make also further important observation - the initial area is better conserved
using tangential redistributions. For the same initial curve such phenomenon is studied in
Table 5.4. Refining the curve resolution, and correspondingly the time step (1 ~ h?), we
see that the errors in enclosed area converge to zero and an approximate second order ex-
perimental convergence rate with respect to h can be observed. However, the area errors
are significantly lower in computations with tangential redistribution. Especially, using our
asymptotically uniform redistribution (fourth column of Table 54,1 = 1, k1 = 1, ko = 0,
€2 = 0) is superior, the area errors are more that 10 times lower than in computations without
redistribution.

Next we present evolution of several nontrivial initial curves driven by (1.1). We show
evolution of the highly nonconvex initial curve (Figure 5.2 top left) and the interesting dy-
namics of two evolving self-intersecting curves, the quatrefoil (Figure 5.3 top left) and the
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TABLE 5.3
Values of several quantities in evolution of initial ellipse computed with LD redistribution (€1 = 0, w = 0, g2 = 1).

| time || Length || Area || Isoperimetric ratio || minr; / maxr; |
0 9.686855 6.279052 1.1892 0.50
0.2 9.163794 6.276898 1.0646 0.51
04 8.973502 6.275995 1.0210 0.54
0.6 8.909531 6.275432 1.0065 0.60
0.8 8.889626 6.275057 1.0021 0.68
1.0 8.883579 6.274777 1.0008 0.75
2.0 8.880521 6.273700 1.0003 0.95
TABLE 5.4

Maximal errors in area enclosed by evolving curve starting with initial ellipse in time interval [0, 0.96].

| n | T || No redistribution || AU redistribution || LD redistribution |
10 0.064 0.352329 0.095360 0.088189
20 0.016 0.141946 0.012779 0.042644
40 0.004 0.045651 0.002907 0.016452
80 0.001 0.012214 0.000916 0.004930
160 | 0.00025 0.002296 0.000197 0.001067

Lissajous curve (Figure 5.4 top left). We use n = 100 grid points for discrete curve repre-
sentations and asymptotically uniform redistribution withe; = 1, k1 = 1, kg = 1,9 = 0.
Since elastic curve dynamics is very fast in case of highly varying curvature along the curve,
in the first experiment we have chosen time step 7 = 1075, and in the case of quatrefoil
and Lissajous curve we use 7 = 10~°. With such chosen time steps, the computations using
tangential redistribution are stable and fast, few tens of Gauss-Seidel iterations are needed to
arrive to convergent solution with our TOL in every time step. Without redistribution, e.g. in
the case of nonconvex curve plotted in Figure 5.2, the computation is unstable with the same
time step. The ratio minr;/ maxr; degenerates soon and consequently the computations
crash. In order to have stable numerical evolution we have to choose 10 times smaller time
step 7 = 10~7 and also in such case the convergence of iterations is much slower, thousands
of them are necessary.

Acknowledgment. We thank to Prof. John W. Barrett for attracting our attention to applica-
tion of the tangential redistribution to elastic curve evolution.
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F1G. 5.3. Evolution of the quatrefoil plotted in time steps t = 0,0.01,0.03,0.05,0.08, and the last plot
shows the initial curve and the asymptotical shape at time t = 0.34. Since the index of quatrefoil curve is 3, it is
asymptotically winding on 3-circle.
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FIG. 5.4. Evolution of the Lissajous curve plotted in time steps t = 0,0.01, 0.06, 0.24, 0.60, and the last plot
shows initial curve and the curve at time t = 0.66 just before shrinking. The Lissajous curve is shrinking to a point

due to conservation of the zero enclosed area.
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