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SADDLE POINT THEOREM AND FREDHOLM ALTERNATIVE*

PETR TOMICZEK'

Abstract. Let the operator A : H — H be linear, compact, symmetric and positive on the sep-
arable Hilbert space H. In this paper we prove that the Fredholm alternative for such an operator is
a consequence of the Saddle Point Theorem.
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1. Motivation. This article was inspired by a result in [4] where we deal with the
nonlinear problem

@) +mu() + gl u(e) = f@), e 0m) )
u(0) =u(r) =0, '

where f e LY(0,7), m € N and g : (0,7) x R — R is a bounded, Caratheodory type

function, i.e. g(-, ) is measurable for all s € R and g(z, -) is continuous for a.e. = € (0, 7).

We define
G(z,s) = / g(x,t) dt
0
and

,  G_(z) =limsup Gl s) .

s——00 S

G4 (z) = liminf Glz.5)

s§——+400 S

If we assume that the following potential Landesman-Lazer type condition holds

/Tf [G_(z)(sinmz) TG4 (z)(sinmaz) | da

0 - - (1.2)
f(z) sinmaz da z)(sinma)T — G_(z)(sinmz)~] dx

< [ F@ysnme dr < [ [64(@)snma)t - G- () sinma) ] d

then using the Saddle Point Theorem we have proved in [4] that the problem (1.1) has at
least one solution. ~
But for g = 0 there is no function f satisfying conditions (1.2). In this linear case

o' (@) +mPu(e) = fz),  xe(0m),

u(0) = u(mr) =0, (1.3)

we usually use a Fredholm alternative (see below) to prove the existence of solution of the
problem (1.3). In this paper we obtain the existence result for the equation (1.3) using
the Saddle Point Theorem and we prove that the Fredholm alternative is a consequence
of the Saddle Point Theorem.
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2. Preliminaries. We set H = W, (0, 7) is the Sobolev space of absolutely con-
tinuous functions u: (0,7) — R such that v’ € L?(0,7), u(0) = u(r) = 0. We denote
(.,.) a scalar product on the Hilbert space H and for u,v € H we define an operator
A: H — H and an element f € H by

(u,v) = fu’v’ dz, (Au,v)= }Tuv der, (f,v)=—-2s
0 0

m?2

fv de.

Ot—x

We remark that the operator A is a linear, symmetric, positive and compact operator
(with respect to the compact imbedding H into L?(0,7)).
Now we can write a weak formulation of the equation (1.3), i.e.

T T

/u’v’dx—/mzuvdx:—/fvdx Yve H
0

0 0

in the form

%(u,v) — (Au,v) = (f,v).

We put A = -1z and we have the equation

Au—Au=f (2.1)
in the Hilbert space H, and for f =0

Au—Au=0. (2.2)

We denote Hy = {u € H : wis a solution of (2.2) }.
A number A\ is called an eigenvalue of the operator A : H — H if there exists ¢y # 0
such that Apyx — Apy = 0. Such an element ) € H is called an eigenvector of A.

We formulate the Fredholm alternative for equation (2.1) which is proved in Zei-
dler [5].

THEOREM 2.1. (Fredholm alternative)
Let the operator A: H — H be linear, compact and self-adjoint on the separable Hilbert
space H. Let f € H) A€ R, A # 0. Then the problem (2.1) has a solution iff

(f,u)=0 for all we Hy. (2.3)

To use the Saddle Point Theorem instead of the Fredholm alternative we define a func-
tional FF: H — H

Fu) = H(Muu) — (Au,w) — (f,u)

and we find a critical point ug of the functional F', i.e. F'(ug) =0 (here F’ is a Frechet
derivative of F'). We have for all v € H

(F'(ug),v) = Mug,v) — (Aug,v) — (f,v) =0 = Aug,v) — (Aug,v) = (f,v).

We see that the critical point ug is also a weak solution of (1.3) and vice versa.
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We say that F satisfies the Palais-Smale condition (PS) if every sequence {uy,} for which
F(uy) is bounded in H and F'(u,) — 0 (as n — 00) possesses a convergent subsequence.

We use the Saddle Point Theorem which is proved in Rabinowitz [3].

THEOREM 2.2. (Saddle Point Theorem)
Let H = ﬁ@ﬁ, dimH < 0o and dim H = oo. Let F: H — R be a functional such that
F e CY(H,R) and
(a) there exists a bounded neighborhood D of 0 in H and a constant o such that
F/OD < a,
(b) there is a constant 3 > o such that F/H > (3.
(¢) F satisfies the Palais-Smale Condition (PS).
Then the functional F has a critical point in H.

The following theorem is proved in Dunford-Schwartz [1].

THEOREM 2.3. (Courant-Fisher Principle)
Let the operator A : H — H be linear, compact, self-adjoint and positive operator on
a real separable Hilbert space H. Then all eigenvalues of A are positive reals and there
exists an orthonormal basis of H which consists of eigenvectors of A. Moreover, if

M2XA2>2A32>- 2>, >--->0
denote the eigenvalues of A repeated according to (finite) multiplicity and o1, pa, ...,
ceey®Pn, ... corresponding eigenvectors, then

A1 = max (Au, v)

weH |ul|?

(Au, u)
Antl = : ) == (u,n) =
+1 Iifleal}{({ Hqu (u 501) (U 12 ) 0
where 1, Yo, ..., Y, are the previously obtained eigenvectors and lim A, =0.

n—oo

3. Main result.

THEOREM 3.1. Let the operator A : H — H be a linear, compact, symmetric and
positive on the separable Hilbert space H and let A € R, \y > A > 0. Then the Fredholm
alternative for the operator A and the equation (2.1) is a consequence of the Saddle Point
Theorem.

Proof. Let ¢, be an eigenvector corresponding to the eigenvalue A, of A. We know
from THEOREM 2.3 that the sequence {y,} creates an orthonormal basis of H. We
denote by H the subspace of H spanned by the eigenvectors ¢1, ..., pn corresponding
to all eigenvalues Ay > ... > A, > A and by H the subspace of H spanned by the
eigenvectors ¢, corresponding to all eigenvalues A\, < A. Then H = H @& Hy ® H and
dim H < oo, dim H = co. Let A, = min{A, : A, > A} and Ay = max{\, : A\, < A}
(Am > 0,A\pr > 0). Then it follows from THEOREM 2.3

(Au,u) > Apllul>  for weH, (3.1)

(Au,u) < Aagljul? for weH. (3.2)

We will verify the assumptions of the Saddle Point THEOREM 2.2 on the space Hy = HoH.
We suppose that f € Hy (i.e. (f,u) =0 for all u € Hy and f satisfies condition (2.3)).
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We take an arbitrary a and prove that there exists a bounded neighborhood
D of 0 in H such that F/0D < «.
The inequality (3.1) yields

Fu) = %(/\(H,U) — (Au,u)) = (fu) < S A= Am)[lull? + [ fll]Ju] <a

N |

provided ||u|| is sufficiently large since A < A, .

For u € H we use the inequality (3.2) and we obtain
1
F(u) = 5 (Mull? = (Au,w) = (f,0)

2 112
ooy M) 2 - 55055

Hence it follows that there are constants «, 3, 3>« and a bounded neighbor-
hood D of 0 such that F/H > 3 and F/0D < «.

We prove that F satisfies the Palais-Smale Condition (PS).
We take a sequence (u,) C H )% and suppose that there exists a constant ¢; such
that

1
> Z(\— 2
> (0= Aan) (Jlul

’F(un)| < (3.3)
and

lim |[F'(u,)] = 0. (3.4)

n—oo

Because A ¢ o(A|p:) (A is not an eigenvalue of A on Hit) then there exists a
constant ¢y > 0 such that

| A — Au|| > eallul| Vu € Hy (3.5)

Suppose by contradiction that such ¢ does not exist, i.e. there are u,, € H /{- such
that

1
lunl =1 and Ay, — Aug || < E||un|| .

Then one can find a subsequence (uy, ) for which Aw,, converges to some y (A
is the compact operator).
Since Ay, — Aup, — 0, A, — y € Hi and ||y|| = A > 0, there

(M — A)duy,, — (M — A)y, ie.y € HyNHy , and thusy = 0.
This is a contradiction because ||y|| # 0.
We use (3.4), (3.5) and we have
0= [[F" (un) | = | At — Avigy — f | = | At — Au || = [[ 1| = c2lluall — [[£]]

This implies that the sequence (u,,) C Hj- is bounded. Then there exists ug € Hy
such that u, — ug in Hy (taking a subsequence if it is necessary) and

0«— Aup — Auyp — f — dug — Aug — f .
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It yields

My, — Aty — f — Aug — Aug — f

= (M —A)(up —ug) —0 Uy — ug € Hy .

This shows that F' satisfies the Palais-Smale condition and the assumptions of
the Saddle Point THEOREM 2.2 on Hy .

It implies that there is a critical point ug € Hy of F, i.e. F'(ug) =0.

Now we prove that ug is also a solution of (2.1). We can write an arbitrary v € H in
the form v = w + @), where w € Hf , ox € Hy. We use that A is self-adjoint and for all
v € H we have

(F'(ug),v) = (F'(uo), w) + (Aug — Auo, ox) + (f; )

(3.6)
= (uo, Apx — Apx) + (f,0x) = (f,00)

We see that ug is a critical point of F' and also a solution of (2.1) iff (f, ) =0 for all
solutions ¢, of (2.2), i.e. we prove the Fredholm alternative for operator A. 0

4. Fredholm alternative for nonlinear equation. A weak formulation of the
equation (1.1) is

™

/u’v' dx—/mqu dx—/g(x,u)v dx:—/fv dr YweH
0 0

0 0

and the corresponding functional F': H — H is

1 ~

Flu) = / ()2 = m2u?] do — / (G, u) — fo] da.
0 0

We set (S(u),v) = -3 [g(z,u)v dz then S: H — H is a continuous compact operator
0
and we investigate the equation
F(u)=Xu—Au—Su)—f=0 (4.1)

We add an assumptions to nonlinear operator S.
We will suppose that there is « € (0,1) such that

lg(z,s)] < ec3ls|® for a.e. z € (0,7) and for all s € R (4.2)

with c3 > 0. Then it holds

[|S(w)]| < ecqllul|® with ¢4 >0 (4.3)
and
Jimn Gls) . (4.4)
s|—o0 S

We denote Tu = Au — Au and we formulate the nonlinear Fredholm alternative (see [2])
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THEOREM 4.1. Let the equation Tu = o have only a trivial solution and suppose g(x, s)
satisfies (4.2). Then for each f the equation Tu — S(u) = f has at least one solution.

Proof. We verify that the functional F' satisfies the assumptions of the Saddle Point
THEOREM 2.2.
(a) For ue H we use the inequalities (3.1). We take an arbitrary o and the assump-
tions (4.2), (4.4) yield

Plu) = %(x\(u,u) ~ (Auyu)) - / Gla,u) dz — (f,u)
0
1 [ Gla,u) u?
< 2O Al + / o) e da |l <o

provided |lu|| is sufficiently large since A < A, .
We have proved that there exists a bounded neighborhood D of 0 in H such that
F/0D < «.

(b) For u € H we use the inequalities (3.2) and we have

Flw) = 5 (MulP = (4uw)) = [ Glaw) do = (7.0
0
2(1 ﬂG x,u) u?
> 1l (50~ a0 - [ S5 ao - 0p).
0

Together with (4.2), (4.4) this implies that F(u) > 0 for sufficiently large ||ul|
since A > A\js . Hence F' is bounded from below .

Then there are constants «, 8, 3>« and a bounded neighborhood D of 0 such
that F/H > 8 and F/0D < «.

(c) We use (3.4), (3.5), (4.3) and we have

0 [[F (un)l| = [Aun — Aun — S(un) — f]
2 [[Aup = Aun || = [S(un)ll = 11| = callunll = callunl™ = 1£1]-

Since a € (0, 1) this implies that the sequence (u,) C Hji- is bounded. Then there
exists ug € Hy such that u, — ug, S(u,) — S(ug) in Hy- (taking a subsequence
if it is necessary) and

0 — Aup, — Auy — S(uy) — f = Aug — Aug — S(ug) — f .
It yields

(M — A)(up, —up) — 0 63

Uy, — Uy € H )J\‘ .
This shows that F' satisfies the Palais-Smale condition and the assumptions of
the Saddle Point THEOREM 2.2 and uy is a critical point of F on Hy .
We have that if H) is trivial (i.e. H- = H) then Au— Au— S(u) = f has a solution
for each f € H. a0
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