
Exercises to Stochastic Methods of Operations Research

I. Queueing Theory

1. Provide at least three examples of queueing systems, differing at least
in one of the following characteristics: number of servers, waiting line
restrictions or priorities.

2. Prove that the following holds:

P (A|B,C) = P ((A|B)|C).

3. The alternatives

– set of states: finite — countable — continuous

– Markovian process — nonmarkovian process

– homogeneous — nonhomogeneous

– with discrete time — with continuous time

provide 24 combinations in overall. Find examples of processes to at least
6 of them.

4. Compute the stationary distribution for a Markov chain with discrete time,
two states and transition matrix

a) P =

(
1/2 1/2
1/2 1/2

)
b) P =

(
1/3 2/3
1/2 1/2

)
.

5. Prove that the l1 space is complete.

6. Prove that a linear operator A = {aij}i,j on l1 is bounded if and only if
supi

∑
j |aij | <∞.

7. Prove that a linear operator in l1 is a continuous mapping.

8. Prove that the set of points ei, i = 1, 2, . . . , where ei is a sequence with
i-th element equal to 1 and other elements zero, is bounded, closed, but
not compact.

9. Prove that the operator in l1 with matrix
0 1 0 0 . . .
0 0 1 0 . . .
0 0 0 1 . . .
. . . . . . . . . . . . . . . .


maps the (convex bounded) simplex 0 ≤ xi ≤ 1,

∑∞
i=0 xi = 1 into itself,

but does not have a fixed point.
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10. Markov chain with continuous time and infinite set of states has transition
intensities

qij =


0 for j < i
−λ for j = i
λ for j = i+ 1
0 for j > i+ 1.

Compute its transition matrix P(t).
Hint: write down differential equations for P(t) and try to find their solu-
tion.

11. Prove that in random chain of the M/M/1/∞ queueing model all states
are mutually reachable.

12. Derive the formula for the average number of customers in the M/M/1/∞
queueing model.

13. Providing information on a phone info-line with average duration 1 minute
are exponentially distributed, demand for information follows Poisson dis-
tribution with average number 30 per hour. The price of information is 50
cents per second, half of denied customers does not re-request the infor-
mation again. What is the average loss of the information agency due to
deniel of customers? If operating another line costs 100 SKK per hour, is
it profitable to run it?

14. Three minutes are left to train’s departure and in the waiting line to
the ticket counter there are 2 customers standing in front of me. The
distribution of service of a customer is exponential with average 15 seconds
and the time needed to get onto train is 2 minutes. What’s the probability
that I catch the train?

15. Doctor’s waiting room has 5 seats. In the moment of my arrival are all
of them taken and 3 other patients are standing. Time spent in doctor’s
ambulance is exponentially distributed with average value 5 minutes. My
health condition does not allow me to be standing for more than 15 mi-
nutes. What is the probability that I will be able to sit down in this time?

16. A small news-stand of Mr. Markov has space for 5 customers. In a stable
Markov regime, on average 10 customers per hour arrive, serving one cus-
tomer takes 5 minutes on average. My neighbor is going to the newsstand
to buy Minus 0.7 Days, and deciding about putting a cap on his head he
is wondering: a) What is the probability that he will be waiting? b) What
is the average time spent otuside in front of the shop?

17. For given initial probabilities p0(0), p1(0) of number of customers in a
queueing system M/M/1/1, compute their values at time t.

18. Analyze the queueing system M/M/1/1 (without waiting) in a stable/stationary
regime: compute a) probabilities p0, p1 of the numer of customers in the
system, b) the average number of rejected customers.
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19. Derive the characteristics κ, γ for the queueing system M/M/1/n.

20. The owner of a small non-stop gas station has space for 4 waiting cars,
other cars may not to stay on the road. Customers arrive with average
of 20 per hour, service takes 2 minutes on average and profit from one
customer is 1 SKK on average. The owner can rent another parking slot
from the city with monthly rent rate 500 SKK. Would it be profitable for
him? (we assume stationary Possion arrivals of customers and exponential
distribution of service time).

21. Derive the formulas for P (W > w) and E(W ) in M/M/n/∞ queueing
model.

22. Servicing a customer of a hair salon follows exponential distribution with
average duration 10 minutes, customers arrive ina poisson way with ave-
rage 6 per hour. What is the probability that, out of 3 hairdressers, one
of them can pick up a phone call without needing to interrupt service she
is currently providing?

23. In the waiting room of a bureau with two officers, there are three chairs.
Duration of office service has exponential distribution with average 6 mi-
nutes, requests arrive in a Poisson way with the average of 10 per hour.
If an arriving customer finds 4 waiting customers, what is the probability
that he will be standing for more than 5 minutes?

24. Travel agency with two employees provides coffee for waiting customers
to dulcify their waiting time. On average, every second arriving customer
who finds at least one waiting customer in the queue takes this offer. If
customers arriverandomly in a Poisson way with average 10 per hour and
duration of servicing is random with exponential distribution wtih average
6 minutes, how many cups of coffee on average is consumed during an
hour?

25. skipped

26. There are three counters in a post office. The stream of customers is Po-
isson with average 2 per minute, duration of servicing is exponentially
distributed with average 1 minute. How much time per hour is left for the
counter employees to check their make-up?

27. Arrival of cars to the border is Poisson with average 1 car per minute, the
length of the check has exponential distribution with average 40 seconds.
If there are more than three cars waiting in the queue for border control,
they block the exit in the opposite direction. What is the average value of
the portion of time when the exit is blocked, if the control is provided by
a) one, b) two officers?

28. Random arrival of passengers to the ticket sales point is Poisson with
average 30 per hour, the time needed for a ticket to be produced by the
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ticekt machine has exponential distribution with average 1 minute. Time
needed to sell a ticket by a salesman is exponentially distributed as well.
How many times faster would the salesman have to be to align with two
machines in the sense that the passenger would not spend more time on
buying the ticket (including waiting) than in case of parallel service of two
machines?

29. Airport management is deciding whether to equip the cleaning crew with
one high-performance or two weaker vacuum cleaners. On average 4 aero-
planes per hour come to get cleaned, the duration of cleaning of one
plane has exponential distribution with average 10 minutes by the high-
performance and 15 minutes by the weaker vacuum cleaner. Running the
high-performance vacuum cleaner costs 500 SKK per hour, running a we-
aker cleaner costs 300 SKK per hour. Idle time of a plane costs 100 SKK
per hour. How does the airport administrative decide in order to minimize
the overall costs?

30. For the M/M/n/n queueing model, derive formulas for the probabilities
pk, the probability of rejection of a customer and the average number of
occupied servers.

31. A taxi service operates one taxi car. Demand for the taxi sevice is described
by Poisson process witha verage number 5 customers per hour, duration
of service has exponential distribution with average 10 minutes. Customer
who does not find a taxi car available on the standpoint chooses another
way of transportation. If idle time of a taxi costs 60 SKK per hour and
average profit fromone taxi is 20 SKK, does it pay off to add one more
taxi car?

32. Derive the formula for pk in the M/D/1/∞ queueing model.

33. Derive formula for F (w) = P (W ≤ w) a E(w) in the M/D/1/∞ queueing
model (very arduous).

34. On a railway, cargo trains drive every 10 minutes on average. In the station
of Popudlinské Močidlany they have to stop for the same and exact time
5 minutes, while the signal head before the station shows STOP. What is
the average delay caused by this stop?

35. Ferryman Charon carries one greek soul at a time across the river Styx
to Hades. Souls leave the world of living randomly in a Possion way with
average 2 per hour. The transport to Hades and back takes him 10 minutes
each direction. What is the probability that the arriving newly deceased
soul finds another soul waiting on the riverside?

36. Personal secutiry check of one passenger on the airport takes 1 minute on
average, there are 120 passengers per hour going through it on average,
and hourly operation costs of one security check-point are 1000 SKK.
Waiting of passengers causes loss (e.g. due to delay of planes) in the height
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of 30 SKK per passenger and minute. How many check-points should the
airport operate? We assume Poisson-like customer arrivals and exponential
distribution of the servicing time. The example is computational expensive,
we suggest to use software like Mathematica, Matlab or similar.

II. Inventory theory

37. If in the deterministic model we add delivery costs proportional to its
volume to the fixed delivery costs, how do the results change in case of a)
no deficit, b) loos from deficit proportional to its volume and duration?

38. In the deterministic inventory model write the formula for the optimal
delivery size Q in case if price for delivery is kcd for (k− 1)Q0 < Q ≤ kQ0

where Q0 denotes size of container used for supply delivery).

39. Show that in case of deficit costs proportional to its size the optimum
might not exist and explain this paradox.

40. Find optimal Q and S in the deterministic model in case when deficit costs
are proportional to the number of its occurence.

41. A butchery can order meat waste drive-away to a rendering plant by trash
bins with volume 100 litres or containers with volume 500 litres. Their
drive-away costs 200 and 500 SKK, respectively. Average waste production
is 1000 litres per week, price for its storage is 10 SKK per 100 litres and
day. Which way of regular waste drive-away does teh butchery choose to
minimize the overall costs for its storage and drive-away?

42. Construction site consumes in average 500 kg of sand per hour and imports
it by a truck with capacity 3 tons. Sand storage costs the construction site
a) 100 SKK, b) 200 SKK per hour and ton, one drive of the truck costs
1000 SKK and idle time due to lack of sand costs 500 SKK per hour. How
will the construction site minimize the sum of costs and loss, and how long
will it be without sand?

43. A construction enterprise imports material of which it consumes 1 ton per
year. It has a LIAZ (with capacity 5 tons) and Avia (with capacity 1/2
ton) at disposal for transport. Costs for carriage of material by of LIAZ
and AVIA are 2000 SKK and 1000 SKK, respectively. Price for storage of
the material is 1000 SKK per ton and year, material may not be missing
in the storehouse. With which vehicle and how much material will the
enterprise import to minimize the overall costs?

44. A shop imports goods of which it consumes 1 ton per month. It has a
LIAZ (with capacity 3 tons) and Avia (with capacity 1 ton) at disposal
for transport. Costs for carriage of material by of LIAZ and AVIA are 2000
SKK and 1000 SKK, respectively. Price for storage of the material is 700
SKK per ton and month, the goods may not be missing in the storehouse.
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With which vehicle and how much material will the enterprise import to
minimize the overall costs?

45. Storage of waste from (non-stop) production, producing daily 100 litres
of waste, costs 10 SKK per litre and day. One waste drive-away costs 100
SKK (regardless of its volume). The capacity of waste storage tank is 40
litres. If the tank si full, production has to be stopped with costs 100 SKK
(at each stop). If the producer wants to minimize the overall costs for
storage and waste drive-away. How often and in what amounts will they
drive-away the waste a) if stopping the production is not allowed, b) if
stopping production is allowed?

46. Storage of waste from (non-stop) production, producing daily 100 litres
of waste, costs 10 SKK per litre and day. One waste drive-away costs 100
SKK (regardless of its volume). The capacity of waste storage tank is 50
litres. If the tank si full, production has to be stopped with costs 50 SKK
at each stop plus 50 SKK pre each idle hour. If the producer wants to
minimize the overall costs for storage and waste drive-away. How often
and in what amounts will they drive-away the waste?

47. A storehouse regulary orders goods transported by trucks in tanks that
are emptied immediately after delivery. Goods are consumed uniformly
in amount of 2 tanks per week. storage costs are 120 SKK per one tank
volume and one week. Transport costs are 100 SKK per truck regardless
of the transported amount plus 50 SKK for each transported tank. The
truck can carry at most 4 tanks. What amount of goods and in which time
intervals should the storehouse order to minimize their overall costs for
strage and transport? Note: It is allowed to order an amount of not a full
tank.

48. Hospita orders blood of group 0 from regional storehouse in amounts of
100 litres, its average yearly consumptions is normally distributed with
average 520 litres and standard deviation 43.26. Each order costs fixed
price 200 SKK and is executed within 5 days, storing blood costs 25 SKK
per one litre and year. If the hospital lacks blood in storage, it has to
immediately get it for price 500 SKK per one litre. If the hospital makes
orders at the level of reserves that ensure that the demand is satisfied
with 90% probability, what will its expected overall costs for delivery and
storing of blood be? Does it pay off to reduce the require probability of
demand assecuration from reserves to 85%?

49. Repair shop orders spare parts in packages of 100 pieces. Average yearly
consumption is 1200 pieces, fixed delivery costs are 100 SKK per package
(per year ???) storage costs are 100 SKK per package per year, loos in
case of lack of spare parts are 1 SKK per one piece and one day (i.e. they
are proportional to the volume of deficit and its duration). How many
packages and in what frequencey witll the repair shop order to minimize
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the overall costs? Argue about your conclusion. Note: The cost function
is a convex function of the volume of delivery and deficit.

50. Non-stop rest roadhouse on a highway sells hamburgers, for which it or-
ders meat as semi-product from a nearby little town. It needs 200g of
the semiproduct for producing one hamburger, demand for hamburgers is
normally distributed with average 200 and variance 50 per 24 hours. Pro-
fit from one hamburger is 20 SKK, semi-product storage costs 100 SKK
per one kilogram and per day. One order costs fixed amount 300 SKK
and is executed within 1 hour. Customer who does not get a hamburger
continues to another rest house.

a) The resthouse orders the semi-product for 100 hamburgers when the
semi-product reserves decrease on level for 10 hamburgers. What are the
overall expected costs including loss on profit?

b) Is it better for the resthouse to refresh the stock of the semi-product
regularly two times a day to the level 20 kg?

51. A dealer buys used surfs for average price 100 denarii. The capacity of
dealer’s storage hall is 10 surfs, storing costs him 50 denarii per surf per
month. Both bid and ask for buying are exponentially distributed with
average 450 (or 500) surfs per month. If loss on rejected customer is not
considered, what margin should the dealer set for one surf, in order not
to be in red numbers?

52. Demand for a good is randomly distributed. The seller buys the good for
a SKK per unit, sells it for b SKK per unit, gets rid of abundant goods for
c SKK per unit. Show that the problem of expected profit maximization
is equivalent to the one-shot model from the lecture and express r, q by
means of a, b.

53. Neil orders bread for Saturday, demand for which is normally distributed
with average 50 kg and standard deviation 10 kg. He has 5 SKK profit
from one sold bread, while he sells the abundant bread to Jonathan with
loss 10 SKK. How much bread will he order?

54. Demand for sausages, expected by firemen on their ball is uniformly dis-
tributed in the interval [100,150]. They have profit 5 SKK per one sold
sausage, and loss 7 SKK per one unsold sausage. How many sausages will
they order to maximize their profit?

55. Carl is going to sell souvenirs manufactured by Matthew at a lawn party.
He buys them from Matthew for 20 SKK per piece and sells them for 25
SKK per piece. The unsold souvenirs takes Matthew back for half price for
next selling. If demand for souveinrs is uniformly distributed in the interval
[200,300], how many of them will Carl buy from Matthew to maximize his
profit?

7



56. Demand for vine-dresser’s stormy wine is uniformnly distributed in the
interval [10 l, 20 l]. He sell’s stormy wine fpr 50 SKK per liter, unsold
stormy wine has value 5 SKK per liter. On the other hand, costs for
yeasting stormy wine to wine are 10 SKK per liter and for a liter of wine
he gets 40 SKK. How many litres of wine kvass shall the vine-dresser
decide to sell as stormy wine?

57. Bank justifies cash in affiliated branche daily to value z. Average daily
demand of customers for cacsh in SKK is uniformly distributed in the
interval [0, 106]. Unused cash causes to the bank loss of 0.5% of its value.
On the other hand, if there’s lack of cash in the bank, it has to order extra
delivery that costs 1000 SKK regardless of its volume. Compute how big
z should the bank choose in order to minimize its average loss.

58. Repair-shop orders 3 types of spare parts from wholesale. Their average
yearly consumption is 30, 40, 50 units, volume of one unit is 0.1, 0.3 and
0.2 m3. The repair-shop orders the spare parts by Avia with capacity 2m3.
Storage price for the first spare part type is 200 SKK, for the other two
types it is 100 SKK per unit and per year. Fixed delivery price is 500
SKK. Compute optimal order period and size.

59. Repair-shop orders only the third types of spare parts from wholesale.
At making an order, they can let the Avia come multiple times, each
additional turn costs 250 SKK. Compute optimal order period and size.

60. Repair-shop consumes 300 spare parts monthly and imports them in con-
tainers with capacity of 100 pieces. Storing one piece costs 10 SKK per
month, one delivery costs 200 SKK + 100 SKK per each (even the first)
container. How often and what amounts of spare parts will the repair-shop
order to minimize the costs?
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