Acta Math. Univ. Comenianae Vol. LXVIII, 2(1999), pp. 195–203 195

A PRIORI BOUNDS FOR GLOBAL SOLUTIONS OF A SEMILINEAR PARABOLIC PROBLEM

P. QUITTNER

Introduction

Consider the problem

(P) u_t = Δu + |u|^{p−1}u, x ∈ Ω, t ∈ (0, ∞), u = 0, x ∈ ∂Ω, t ∈ (0, ∞), u(x, 0) = u_0(x), x ∈ Ω,

where Ω is a smoothly bounded domain in R^n, n ≥ 2 and 1 < p < p_S :=^{n+2}_{n−2} (p_S = ∞ if n = 2). It is known that global solutions of this problem are bounded (see [CL] or [FL]). Moreover, the corresponding bound is known to depend only on some suitable norm of the initial condition u_0 provided u_0 ≥ 0 (cf. [G]) or p < p_{CL} (cf. [CL]), where

p_{CL} =

3n + 8 3n − 4

< p_S .

The main purpose of this paper is to improve the result of Cazenave and Lions in [CL] by proving the same a priori bound for p < p_S .

The proof of our result is based on the original proof of Cazenave and Lions combined with a bootstrap argument and maximal regularity estimates. If n > 3 then we are able to prove our result also by another method which does not use the property of maximal regularity. Consequently, the second method can be generalized also to problems where the maximal regularity is not known (or does not hold).

The a priori bounds that we study seem to play a crucial role in several applications. Let us mention two of them. The first one is concerned with the study of blow-up rates of solutions of some classes of parabolic problems; in this context, the exponent p_{CL} appears in [GK], [FM], [M], for example. The second application consists in the dynamical proof of existence of sign changing stationary solutions (see [Q2]).

Received October 1, 1999.

1980 Mathematics Subject Classification (1991 Revision). Primary 35B45, 35K60.

196 P. QUITTNER

A priori estimates for global solutions of problem (P) were first shown in [NST] for Ω convex, u_0 ≥ 0 and p < (n + 2)/n. In this paper, the corresponding bound does not depend even on the norm of the initial condition. Such an estimate cannot be obtained for signed solutions since problem (P) possesses stationary solutions whose norms (and energies) are arbitrarily large.

If we consider the set D of all initial conditions u_0 (in an appropriate function space) for which the solution u of (P) exists globally and tends to zero as t → ∞, then the ω-limit set of any bounded solution starting on the boundary of D consists of nontrivial stationary solutions of (P). Since there are no positive stationary solutions for p ≥ p_S , the a priori estimates for global (positive) solutions of (P) cannot be true in this case.

Main Result

We denote by ‖·‖_q, ‖·‖_{k,q} or ‖·‖_Ck the usual norms in L_q(Ω), W^k_q (Ω) or C^k (Ω̄), respectively. We shall often use the fact that ‖u‖_{1,2} ≤ C‖∇u‖_2 for u ∈ X := {v ∈ W^1_2 (Ω) : v = 0 on ∂Ω}. We also denote by A the operator −Δ with homogeneous Dirichlet boundary conditions on ∂Ω. It is well known that A considered as an operator in L_q(Ω) has bounded imaginary powers for any 1 < q < ∞.

By a global solution of (P) we mean a function u ∈ C ( [0, ∞), X ) which is a classical solution of (P) for t > 0 and fulfills u(0) = u_0. The variation-of-constants formula and standard bootstrap arguments show that the following Lemma holds.

Lemma. (i) For any C > 0 there exists δ > 0 such that any solution u satisfying ‖u(t_0)‖_{1,2} ≤ C fulfills ‖u(t)‖_{1,2} ≤ 2C for any t ∈ [t_0, t_0 + δ].

(ii) For any C, δ > 0 there exists C̃ > 0 such that any solution u satisfying ‖u(t)‖_{1,2} ≤ C on [t_0, t_0 + δ] fulfills ‖u(t)‖_C2 ≤ C̃ for any t ∈ [t_0 + δ/2, t_0 + δ].

The main result of this paper is the following

Theorem. Let p < p_S and δ_0, C_0 > 0. Then there exists a constant C > 0 (depending only on p, δ_0, C_0) with the following property: If u(t, u_0) is a global solution with the initial condition u_0 ∈ X satisfying ‖u_0‖_{1,2} ≤ C_0 then ‖u(t, u_0)‖_C1 ≤ C for any t ≥ δ_0.

Remark 1. Instead of initial conditions u_0 in X we could consider initial functions in L_q(Ω) and require ‖u_0‖_q ≤ C_0, where q > (p − 1)n/2. This follows from [BC].

Proof of Theorem. By δ < δ_0 and C we shall denote various constants which may vary from step to step and which may depend on δ_0, C_0 but which are independent of u_0.

Fix u_0 with ‖u_0‖_{1,2} ≤ C_0 and assume that the corresponding solution u(t) = u(t, u_0) exists globally. Then u(t) ∈ C^2(Ω̄) for t > 0 and sup_{t≥δ} ‖u(t)‖_C2 < ∞

A PRIORI BOUNDS FOR GLOBAL SOLUTIONS 197

(see [CL, Proposition 6]). Denote

E(u) = 1 2 ∫ Ω |∇u|^2 dx − 1 p + 1 ∫ Ω |u|^{p+1} dx.

It is well known that (1) d dt E ( u(t) ) = − ∫ Ω u^2_t (t) dx, t > 0.

Consequently, E ( u(t) ) ≤ E(u_0) ≤ C.

Multiplying the equation u_t = Δu + |u|^{p−1}u by u, integrating by parts and using Hölder inequality we obtain 1 2 d dt ∫ Ω u^2(t) dx = ∫ Ω u(t)u_t(t) dx = − ∫ Ω |∇u(t)|^2 dx + ∫ Ω |u(t)|^{p+1} dx

= −2E ( u(t) ) + p − 1 p + 1 ∫ Ω |u(t)|^{p+1} dx (2) ≥ −2E ( u(t_0) ) + c (∫ Ω |u(t)|^2 dx

)_{(p+1)/2} , for any t ≥ t_0,

where c is a positive constant. This estimate implies both E ( u(t) ) ≥ 0 and

(3) sup_{t≥0} ‖u(t)‖_2 < C

(otherwise u has to blow up in finite time in L_2(Ω)-norm). Now the estimate 0 ≤ E ( u(t) ) ≤ C can be written in the form

(4) 0 ≤ 1 2 ∫ Ω |∇u(t)|^2 dx − 1 p + 1 ∫ Ω |u(t)|^{p+1} dx ≤ C

and, due to (1), we have also (5) ∫_∞ 0 ‖u_t(t)‖^2 dt < C.

Similarly as in (2) we obtain also ∫ Ω u(t)u_t(t) dx = −(p + 1)E ( u(t) ) + p − 1 2 ∫ Ω |∇u(t)|^2 dx.

which implies

(6) ‖u(t)‖^2_{1,2} ≤ C ( 1 + ‖u(t)u_t(t)‖_1 ) for t > 0.

198 P. QUITTNER

Now Hölder inequality yields

‖u(t)u_t(t)‖_1 ≤ ‖u(t)‖_2‖u_t(t)‖_2,

so that (6) and (3) guarantee ‖u(t)‖^4_{1,2} ≤ C ( 1 + ‖u_t(t)‖^2 ) . Using (5) we arrive at

(7) sup_{t≥δ}

∫_{t+1} t ‖u(s)‖^{2q}_{1,2} ds < C

for q = 2 (and δ = 0). This estimate and (4) show also

(8) sup_{t≥δ}

∫_{t+1} t ‖u(s)‖^{(p+1)q} p+1 ds < C.

Now (5), (7) and the imbedding W^1_2 (Ω) → L_2∗ (Ω) (where 2^∗ = 2n/(n − 2) if n > 2, 2^∗ > 1 is arbitrary if n = 2) yield

(9) sup_{t≥δ}

∫_{t+1} t ( ‖u_t(s)‖^2 + ‖u(s)‖^{2q}_2∗ ) ds < C.

The interpolation theorem in [CL, Appendice] (cf. also the proof of Proposition 2 in [CL]) and (9) imply

(10) sup_{t≥δ} ‖u(t)‖_λ < C

for any λ < 2^∗(2q + 2)/(2q + 2^∗), hence for any

(11) λ < λ_1(q) :=

2n(q + 1) q(n − 2) + n . Similarly, estimates (5), (8) and the interpolation theorem mentioned above imply (10) for any

(12) λ < λ_2(q) :=

(p + 1)q + 2 q + 1

= p + 1 − p − 1 q + 1 . Put λ(q) = max{λ_1(q), λ_2(q)}.

Then (10) is true for any λ < λ(q). Notice that the function q → λ(q) is (strictly) increasing and λ(q) → p_S + 1 as q → ∞.

It is well known (see [A2, Theorem 15.2] and [Q1], for example) that (10) implies a bound for ‖u(t)‖_{1,2} (and, consequently, for ‖u(t)‖_C1 ) provided p < 1+^{2λ}_n , i.e. if

(13) p < 1 +

2λ_1(q) n or p < 1 +

2λ_2(q) n .

A PRIORI BOUNDS FOR GLOBAL SOLUTIONS 199

Notice that each of the conditions in (13) is equivalent to

(14) p < p(q) :=

(n + 2)q + n + 4 (n − 2)q + n , where the function q → p(q) is increasing and p(q) → p_S as q → ∞. Note also that in our case q = 2 and p(2) = p_{CL}.

Our aim is to improve the step (6)=⇒(7). Using a priori bounds for u(t) in L_λ with λ > 2 (instead of (3)), we obtain bound (7) with larger values of q and this will increase the upper bounds λ(q) and p(q).

From now on, we shall proceed by two different methods. In the first one, we shall use maximal regularity estimates. Then we shall reprove our main result (for n > 3) by another method which does not require the maximal regularity property.

Proof based on maximal regularity In the proof, we shall use a bootstrap argument. We know (7) for q = 2. We shall show that the validity of (7) for some q ≥ 2 implies (7) for some q̃ > q. Moreover, the difference q̃ − q will be bounded below by a positive constant, so that, after finitely many steps, we end up with some q̂ for which p(q̂) > p. As already mentioned above, this will prove the assertion.

Hence, let (7) be true for some q ≥ 2. Then (10) is true for λ < λ_2(q). Choose λ ∈ ( 2, λ_2(q) ) . Then λ < p + 1. Denote θ = p + 1 p − 1 λ − 2 λ , λ^′ = λ λ − 1 and p_1 = p + 1 p . Then θ ∈ (0, 1) and using (6), Hölder inequality, (10) and interpolation, we obtain

‖u(t)‖^2_{1,2} ≤ C ( 1 + ‖u(t)u_t(t)‖_1 ) ≤ C ( 1 + ‖u_t(t)‖_λ′ ) (15) ≤ C ( 1 + ‖u_t(t)‖^θ_{p1} ‖u_t(t)‖^{1−θ}_2 ) , since^θ_{p1} +^{1−θ}_2 =^1_{λ′} .

Inequality (7) implies sup_{t≥δ}

∫_{t+δ} t ‖u(s)‖^{2q}_{1,2} < C, so that

sup_{t≥δ} inf_{s∈(t,t+δ)} ‖u(s)‖_{1,2} < C

(with a new constant C depending on δ) and, consequently, enlarging δ and C and using Lemma we get sup_{t≥δ} inf_{s∈(t,t+δ)} ‖u(s)‖_C2 < C.

Fix t ≥ 2δ and let τ ∈ (t − δ, t) be such that

(16) ‖u(τ)‖_C2 < C.

200 P. QUITTNER

We have 1 − θ =^2_{p−1}

(_{p+1}

λ − 1 ) <^2_q for λ sufficiently close to λ_2(q) since the last inequality is satisfied for λ = λ_2(q). Now choose q̃ > q such that

β := 2 (1 − θ)q̃ > 1 and notice that θq̃β^′ > 1 where β^′ = β/(β − 1). We raise (15) to the power q̃, integrate it from τ to (t+1), use Hölder inequality, (5), maximal Sobolev regularity (see [A1, Theorem III.4.10.7]), (16) and (4) to get

∫_{t+1} τ ‖u(s)‖^{2q̃}_{1,2} ≤ C ( 1 + ∫_{t+1} τ ‖u_t(s)‖^{θq̃}_{p1} ‖u_t(s)‖^{(1−θ)q̃}_2 ds )

≤ C ( 1 + (∫ t+1 τ ‖u_t(s)‖^{θq̃β′}_{p1} ds

)_{1/β}′ (∫ t+1 τ ‖u_t(s)‖^2 ds

)_{1/β}

≤C

)

≤ C ( 1 + (∫ t+1 τ ‖|u(s)|^p‖^{θq̃β′}_{p1} ds

)_{1/β}′ + ‖u(τ)‖^{θq̃}_{C2} )

≤ C ( 1 + (∫ t+1 τ ‖u(s)‖^{pθq̃β′}_{p+1} ds

)_{1/β}′ )

≤ C ( 1 + (∫ t+1 τ ‖u(s)‖^{2pθq̃β′/(p+1)}

1,2 ds

)_{1/β}′ ) . Now we see that the last estimate implies (7) with q̃ instead of q provided^{2pθq̃β′}_{p+1} ≤ 2q̃, that is if θβ^′ ≤ p_1. This condition is equivalent to

(17) p ≤ λ(q̃ − 1) − q̃

q̃ − 2 . Considering q̃ → q+ and λ → λ_2(q)− we see that it is sufficient to verify

p(q − 2) < λ_2(q)(q − 1) − q,

which is equivalent to (p − 1)2q > 0. Consequently, the sufficient condition for bootstrap is satisfied and we are done (the uniform lower estimate for q̃ − q follows by an obvious contradiction argument).

Proof without maximal regularity (n > 3) In this proof, we shall use a bootstrap argument again. First denote

(18) C_∞ = max{1, sup_{t≥δ} ‖u(t)‖_C1 }

and notice that C_∞ depends on u_0.

A PRIORI BOUNDS FOR GLOBAL SOLUTIONS 201

In the bootstrap step, we shall assume

(19) sup_{t≥δ} ‖u(t)‖_λ < C_λ

(where C_λ may depend on u_0, C_λ ≥ 1, λ < p + 1) and we shall show

(20) sup_{t≥δ} ‖u(t)‖_{λ̃} < CC^{(p+1)/2}_λ C^{εp/2}_∞ ,

where ε > 0 can be chosen arbitrarily small, λ̃ > λ, λ̃ − λ is bounded below by a positive constant (which does not depend on ε) and C = C(ε). Together with initial estimate (10) for λ < λ(2), this will imply

(21) sup_{t≥δ} ‖u(t)‖_Λ < CC^{εM1}_∞ ,

where Λ ≥ p + 1, M_1 =^p_2

∑_k i=0 (_{p+1} 2 )_i and k is the number of bootstrap steps needed to get from initial λ to Λ (the number k does not depend on the value of ε). Due to (4), this implies the same bound for u(t) in W^1_2 and, finally, standard bootstrap procedure yields

(22) sup_{t≥δ} ‖u(t)‖_C1 ≤ CC^{εM1 M2}_∞ ,

where M_2 is some constant depending on p and the number of bootstrap steps in the second bootstrap procedure. Although the value of δ in (22) may differ from that in (18), the uniform boundedness of ‖u(t)‖_C1 on intervals of the type [δ_1, δ_2] (cf. Lemma) together with (18), (22) and the choice ε < 1/(M_1M_2) imply our assertion.

Hence assume (19) for some λ < p + 1. Since n > 3 implies λ(2) ≥ λ_1(2) = 6n 3n−4 ≥ pS > p, we may assume λ > p. Put

(23) ν = λ p − 1, θ =

1 + ν 1 − ν λ − 2 λ , λ^′ = λ λ − 1 . Then ν ≤ 1/(λ − 1), θ ∈ (0, 1) and using (6), Hölder inequality, (19) and interpolation, we obtain (cf. (15))

‖u(t)‖^2_{1,2} ≤ C ( 1 + ‖u(t)u_t(t)‖_1 ) ≤ CC_λ ( 1 + ‖u_t(t)‖_λ′ ) (24) ≤ CC_λ ( 1 + ‖u_t(t)‖^θ_{1+ν} ‖u_t(t)‖^{1−θ}_2 ) . An obvious estimate based on the variation of constants formula implies

‖u(t)‖_{2,1+ν} ≤ C‖u(δ)‖_{2,1+ν} + C

∫_t δ e^{−ω(t−τ )} (t − τ)^{1−ε/2}

‖|u(s)|^p‖_{ε,1+ν} ds

202 P. QUITTNER

for some ω > 0 and any t > δ. Since ‖u(δ)‖_{2,1+ν} ≤ C, we obtain (25) ‖u(t)‖_{2,1+ν} ≤ C ( 1 + max_{s≥δ} ‖|u(s)|^p‖_{ε,1+ν} ) . Now using interpolation, assumption (19) and p(1 + ν) = λ, we obtain ‖|u(s)|^p‖_{ε,1+ν} ≤ ‖|u(s)|^p‖^{1−ε}_{1+ν} ‖|u(s)|^p‖^ε_{1,1+ν}

(26)

≤ C‖u(s)‖^{(1−ε)p}_λ ‖|u(s)|^p‖^ε_C1 ≤ CC^p_λC^{εp}_∞ .

The equation u_t = Δu + u|u|^{p−1} together estimates (25) and (26) imply (27) ‖u_t(t)‖_{1+ν} ≤ ‖u(t)‖_{2,1+ν} + ‖|u(t)|^p‖_{1+ν} ≤ CC^p_λC^{εp}_∞ . Put (28) q = q(λ) := 2 1 − θ = (1 − ν)λ 1 + ν − νλ = 2p − λ p + 1 − λ . Raising (24) to the power q and using (27) and (5), we obtain the following estimate ∫_{t+1} t ‖u(s)‖^{2q}_{1,2} ds ≤ CC^q_λ ( 1 + sup

t≤s≤t+1

‖u_t(s)‖^{θq}_{1+ν}

∫_{t+1} t ‖u(s)‖^2 ds )

≤ CC^{q+pθq}_λ C^{εpθq}_∞ ≤ CC^{q(p+1)}_λ C^{εpq}_∞ .

The last estimate and the interpolation theorem in [CL, Appendice] imply (20) provided λ̃ < λ(q). Moreover, the definition of λ_2(q) in (12) and (28) show that λ(q) ≥ λ_2(q) > λ. This shows that the bootstrap is always possible.

The estimate for λ̃ − λ from below follows again by a contradiction argument: let {λ^{(k)}} be an increasing sequence, λ^{(k)} < p + 1, define q^{(k)} = q(λ^{(k)}) by (28) and assume λ(q^{(k)}) − λ^{(k)} → 0. Denote λ_∞ := lim_{k→∞} λ^{(k)} ≤ p + 1. If λ_∞ < p + 1 then the continuity of the functions λ → q(λ) and q → λ(q) together with λ ( q(λ_∞) ) > λ_∞ yields a contradiction. If λ_∞ = p + 1 then q^{(k)} → ∞ and λ(q^{(k)}) → p_S + 1 > p + 1 which yields a contradiction again. This concludes the proof. □ Remark 2. The proof without maximal regularity can be repeated also for n = 3. Anyhow, in this case we have to restrict ourselves to p < λ(2), that is p < 4. Since 4 > p_{CL}, the method still yields an improvement of the result of Cazenave and Lions.

Remark 3. If we used estimate (10) only for λ < λ_1(q) in the boostrap procedures above then we would need the following additional condition on p:

(29) p < p^∗ :=

9n^2 − 4n + 16 √ n(n − 1) (3n − 4)^2 in order to quarantee q̃ > q or λ̃ > λ for any q or λ, respectively.

Acknowledgments. The author was partially supported by the Swiss National Science Foundation and by VEGA Grant 1/4190/97. He would like to thank H. Amann for stimulating discussions.

A PRIORI BOUNDS FOR GLOBAL SOLUTIONS 203

References

[A1] Amann H., Linear and Quasilinear Parabolic Problems, Volume I: Abstract Linear Theory, Birkhäuser, Basel, 1995.

[A2] , Parabolic evolution equations and nonlinear boundary conditions, J. Differ. Equations 72 (1988), 201–269.

[BC] Brezis H. and Cazenave T., A nonlinear heat equation with singular initial data, J. Anal.

Math. 68 (1996), 277–304.

[CL] Cazenave T. and Lions P.-L., Solutions globales d’équations de la chaleur semi linéaires, Comm. Partial Diff. Equ. 9 (1984), 955–978.

[FL] Fila M. and Levine H. A., On the boundedness of global solutions of abstract semilinear parabolic equations, J. Math. Anal. Appl. 216 (1997), 654–666.

[FM] Filippas S. and Merle F., Modulation theory for the blowup of vector-valued nonlinear heat equations, J. Differ. Equations 116 (1995), 119–148.

[G] Giga Y., A bound for global solutions of semilinear heat equations, Comm. Math. Phys.

103 (1986), 415–421.

[GK] Giga Y. and Kohn R. V., Characterizing blowup using similarity variables, Indiana Univ.

Math. J. 36 (1987), 1–40.

[M] Matos J., Unfocused blow up solutions of semilinear parabolic equations, Preprint. [NST] Ni W.-M., Sacks P. E. and Tavantzis J., On the asymptotic behavior of solutions of certain quasilinear parabolic equations, J. Differ. Equations 54 (1984), 97–120.

[Q1] Quittner P., Global existence of solutions of parabolic problems with nonlinear boundary conditions, Banach Center Publ. 33 (1996), 309–314.

[Q2] , Signed solutions for a semilinear elliptic problem, Differ. Integral Equations 11 (1998), 551–559.

P. Quittner, Institute of Applied Mathematics Faculty of Mathematics and Physics, Comenius University, 842 15 Bratislava, Slovakia; e-mail: quittner@fmph.uniba.sk

http://www.iam.fmph.uniba.sk/institute/quittner/quittner.html