Finite time blow up
in the Nordheim equation

for bosons
M. Escobedo

Universidad del Pais Vasco
& BCAM, Bilbao.

Joint work with J. J. L. Velazquez



Plan

1. Introduction and main result.
2. Motivation: B-E condensation.

3. Sketch of the proof.



The Nordheim Equation
for bosons

f = f(p,t): density function of particles with momentum p at time ¢ (mass= 1).

Homogeneous gas: the density function f is independent of the space variable x.

8t(tp) = . D), t >0, peR".

Q(f)(t,p) = // prz,ps,m q(f)dp2dpsdp.

q(f) = [fafa(L+ )1+ f2) = f 20+ f3)(1+ fa)

fi — f(pz)7 Z_27374'
L. W. Nordheim 1928.

(In the Boltzmann equation for classical particles: q (f) = f3fs — f f2)



General Remarks

e One may use Born approximation:

W (p, p2,p3,p4) = 6(p + p2 — p3 — pa) 8 ([pI* + |p2|? — ps]® — [pa]?)
e Given f we define: M(f)= [ f(p)dp,
R3
P(f) = Rgf(p)pdp, E(f) = IR{?)f(p)\p|2dp

If f = f(t,p) solves the Nordheim equation then, formally:

d d d

SM(f(t) = SP(F() = S B(f () =0.



In radial variables

If f(t,p) = f(t,|p|?), the Nordheim equation for bosons reads:

( (9f(t ) 872 .
OF 4. e,) = o
) ot V2 b

L q(f) = fafa(L+ f1) (1 + f2) — frfa(1 + f3)(1 + fa)

(€1, €3,€4) q(f)desdey

€=\p|27 €x = €3 T €4 — €]
D(El)E{(€3,€4)Z€3>0,64>0,63—|—64261 >O}

min (\/e1, v/, v/, /)
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function f € L

loc

Mild solutions

Definition Suppose that v > 3 and 0 < T7 < Ty < +o0o0. We will say that a
([T1,T2) ; L (RT; (1 +¢€)")) is a mild solution if it satisfies:

f (tv 61)

= fo(e1) ¥

T1

(1 + f1+ f2) Wdesdeads

a.e. t € [11,T5), where:

W (tex) = exp -

/t
17

a(s,er) ds) .

7_‘_2 o0 o0
a (t, 61) — %/O /O f2 (1 + f3 + f4) Wd€3d€4




Existence of Mild Solutions

Theorem. Suppose that fo € L (R*; (1 +¢€)”) with v > 3. There exists T > 0,
depending only on || fy (.)HLOO(RJF,(HG)W), and there exists a unique mild solution,

fe L ([0,T); L (RT;(1+¢€)”)) in the sense of the previous definition.

loc
The solution f satisfies (mass & energy conservation):

o0 00 1
/ fo(e)erde=/ ft,e)e'de, te(0,T), r=-=, 4
0 0 2 2

The function f is in W1 ((0,T);L> (R™)) and it satisfies the equation for
a.e. € € RT and for any t € (0, Tinax) . Moreover, f can be extended as a mild
solution to a maximal time interval (0, Thax) With Tiax < 00, If Tihax < 00 we
have:
lim sup | f (¢, ’)HLoo(RJr) — 0.
t—Thax

In order to state our main result we need...



Equilibria |
e Stationary solutions of the equation:

1

€3|p—p0|2—,u _ 1’ B > 07 Po € Rg’ U < 0.

F(p) =

e 5 =1/T, where T is the temperature of the gas.
e They satisfy: q(F) =0 and then Q(F) =

e It may be easily checked that for all such equilibria:

M(F) < f (()) ( 3 )§E<F>?

3
( )5E5 there is F' such that M(F)= M and E(F) = FE.

o 1f 1 < S2)
¢(3)°



Blow up Theorem

Theorem. Suppose that fo e L*>® (Rt; (1 +¢€)’) with v > 3. Define:
= 47T/ fo (€) V2ede, = 477/ fo (€) V2e3de

0
Let f € L2 ([0, Tmax); L (RT;(14+¢€)”)) be the mild solution of the radial
Nordheim equation with initial data fy where 1,,,« is the maximal existence time.

Suppose that: ;
3 3
M © (EL (4;)515%.
¢(3)°

Then:

and therefore

lim (| f(1)]] o = +oo.

t—Tmax



Motivation:
Relation with B-E Condensation?

B-E Condensation: predicted by S. N. Bose (1924) and A. Einstein (1925).
Observed first by E. Cornell, C. Wieman & al. in 1995:
Given a non interacting gas of bosons at equilibrium:

-The temperature is slowly lowered.

-Below a critical temperature a macroscopical fraction of particles appears
at the minimum energy level of the system: a BE condensate forms.

-All the particles in the condensate are described by the same wave function.
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Equilibrium I

We have seen equilibria F' for “sub-critical” pairs (M, E). Since 8 =1/T"

M(F) < ; () ( 3 >5E(F)% = T>T,

3
N
(3)°
where T,,. = T,.(M, F) is a critical temperature. A new family of equilibria:

1
66|p_p0|2 —1

F(p) =

+ad(p—po), a>0; Q(F)=

U

are such that: M (F) > <(3) <4W)5 E(F)s («—=T<1T,.)

¢(3)F\3

The presence of a Dirac measure is the precise formulation (in this setting) of
having a large fraction of particles at the minimum energy level of the system: a
B-E condensate. (Bose 1924, Einstein 1925).
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a a a
At non equilibrium ?
In several cases (like spatially homogeneous gases): possible to deduce a simplified
model (Khalatnikov ('64), Kirkpatrick&al. ('85), Gardiner&al. ('98), Stoof ('99))
The density of particles in the gas is described by the Nordheim equation.

In presence of condensate: a system of a Boltzmann type equation coupled with
the Gross Pitaevskii (cubic Schrodinger) equation.

The two unknown functions are: density f of particles in the gas and the wave
function W of the particles in the condensate.

For homogeneous gases the G-P equation reduces to an ODE for the number of
particles in the condensate: n.(t) = ||¥(t)]|3:

( @f B
ot %
B (t) = —n(t) / O(ne, f)(t, )da

Q(f) +n:(t)Q(n, f); Q(ne, f) : describes the gas-condensate collisions

_/\

\
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Dirac measures and evolution

Nordheim evolution equation makes sense for radial distributions of the form
f(t) +n(t)d (D. V. Semikoz & I. |. Tkachev '95), and even for general radial
measures (X. Lu '05, see below).

If we plug f(t,p) + n(t)0 in the equation, we obtain system above! (D. V.
Semikoz & . |. Tkachev '95)

“Then"”, since a BE condensation is observed in the experiments... one expects a
Dirac mass to appear in finite time in the density function of the particles that
solves the Nordheim equation.

Problem: describe dynamically how does the Dirac measure appears.
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Criticism to the simplified approximation.

A remark in all the physical references: kinetic processes can not lead to a
macroscopic occupation of the one particle ground state. [|f no condensate
initially it will not appear at any finite time.

In terms of the system: The equation for the density of particles in the
condensate:

() = ne(t) / " Q(ne, f)(t, 2)da.

That means: if n.(7) = 0 and fooo Q(ne, f)(t, x)dx is a bounded function of time
near 7 then n.(t) remains zero for ¢t > 7......

We then need [~ Q(ne, f)(t,z)dz not bounded at some finite time ¢..

A first step is to prove that f(t) itself does not remain bounded for all times.
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Previous references:

1.- E. Levich & V. Yakhot Study a more general equation:

%(t,p) = Q(f)(t,p) + Q(f) (¢, p)

Qv describes collisions of bosons with a heat bath of fermions.

Collisions with the heat bath form a peak for f at small values of €.

1.-A (Phys. Rev. B.'77): Q(f) + Q(f) drive f close to an equilibrium of Q(f).
Then Q(f) is dominant — Delta formation in infinite time.

1.-B (J. Low Temp.'77): When f >> 1: neglect Q (quadratic) in front of @
(cubic). Consider a simplified version of the Nordheim equation. Explicitely
solvable. — Delta formation in finite time: /e f(t,e) — Cd(¢), as t — to.
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2.- D. V. Semikoz & I. |. Tkachev (PRL 1995) On the ground of numerics and
previous work by B. S. Svistunov (J. Moscow Phys. Soc. '91) , propose that the
Nordheim equation has solutions of the self similar form:

flt,e) = Clte —t)~% ((tc - t)ﬁ)

for some t. > 0 and ¢ a bounded integrable function.

o If ¢(x) ~ 7% as x — +o0o and Bv = a we would have f(t,e) ~ e7”
as t — t.. Numerics suggests that v =~ 1, 24.

3.- Similar in R. Lacaze, P. Lallemand, Y.Pomeau & S. Rica (Physica D 2001).
v~ 1,234
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Rigorous result

Theorem (X. Lu J. Stat. Phys. 2005). For any initial data fj, finite radially
symmetric measure such that M(fy) and E(fp) are well defined, there exists a
global in time weak radially symmetric measure valued solution f of the Nordheim
equation such that f(¢) is still a finite measure with finite second moment. That
solution has constant mass, momentum and energy. Finally, as ¢ — +4oc:

f(t) = F in the weak sense of measures

where F' is the unique equilibrium such that M (F') = M (fy), E(F) = E(fy).

Important result:
-Gives sense (weak) to the equation for radial measures (in particular f + 4)

-If the initial data fy is supercritical the Dirac mass is here, at least in infinite
time...
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Remark

X. Lu has also proved (JSP 2000) that if the transition rate W (p, p1,p2,p3) is
such that:

W (p, p2, p3, pa) = w(p, p2, D3, p4)0(p + p2 — p3 — p4)d (Ip|* + |p2|” — |ps|® — |pal?)
with w(p, p2, p3, p4) a function such that:

w(p, P2, P3, pa) < C min (|p — p3||p — p4l, 1)

(for some constant C' > 0) then the modified Nordheim equation is globally well
posed in the space L. (R?) of radially symmetric functions f such that f and
Ip|f(p) are in L1(R3). In that case, the collision integral may be estimated as:

[, @U@ dp < CIIFI o
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Proof of the blow up result

Two different parts:
e In the first we prove a local criterium for blow up.

e In the second we prove that every super critical solution satisfies the local
criterium at some finite time.

The first part uses mainly measure theory to describe the “local” properties
of the solutions.

The second part uses more functional analysis arguments. It strongly uses
the entropy and dissipation of entropy.
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The local criterium for blow up

Theorem Let M >0, E >0, v >0, v > 3. There exist p = p(M, E,v) >
0, K*=K*(M,E,v) >0, Ty, = Ty (M, E) and a numerical constant 6, > 0
independent on M, E, v such that for any fo € L™ (R*;(1+¢€)7) satisfying
M(fo) =M, E(fo) =E,

R 3
(2) / fo(€)Vede > vR2 for 0 < R < p,
O p
(22) / fo (€) Vede > K*p?,
0

the unique mild solution f € L ([0, Timax) ; L= (RT; (1 +€)”)) with initial data

loc

fo and its maximal existence time T},.x satisfy:

Tmax < +00, and lim sup Hf('at)HLOO(R-I—) = Q.

t—Tax

20



Proof of the local criterium

The proof has several steps:
@ Monotonicity of the kernel. For any f € L' (R™) :

. /(R+) d€1d€3d€4 w (617 €3, 64) q3 (f) (€1> \/agp (61) —

= /(R+) deideades f1 f2 f3G,(€1 €2 €3),
where: g3(f) = hhﬁ+ﬁﬂ f f2(fs+ fa)

: g(p €1, €2, €3) Z H, (1)760(2)760(3)) P (60(1)760(2); 60(3)) ;
0683

Hy(z,y,2) =9 (2) to(x+y—2)—p(®) —9(y),
(I)(Gl, €3, 64)) = min{\/a, \/a, \/a, \/a} , €3 = €3+ €4 — €7
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- convex => G, (€1,€2,€3) > 0; ¢ concave = G, (€1, €2,€3) <0

(Proved independently by X. Lu (unpublished).)

We deduce: if g = 47v/2¢ f :

a 1 919293
di dey = dedeod
dt Rt 9(61)90(51) €1 (47‘_)2 /(R+)3 \/@gw(el €2 63) €1A€20€3

1

n _/ deydesdesd 222 (o5 + o4 — o1 — o)
) (IR{+)3 €1€2

We seem to be in good shape, but:

G, (€1, €2, €3) vanishes along the diagonal {(61, €2,€3) € (IR{J“)3 €] = €9 = 63} :
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2 Step 1 allows to estimate the number of collisions that happen between
particles with small energy:

Suppose that f is a solution of Nordheim equation. Let g = /e fand 0 < T <
Tinax- Then, there exists a numerical constant B > 0, independent on fy and 7,
such that, for any R € (0,1/2) any0 < p<1landall T >0

r & 2b5 R r 2
s [ | [H d] < e [Ca (/ g@de) .Y
0 Sk.p 02 (\/g _ 1) 0 0,1]

m=1

with b =1/(1 —p), Sr,, = {(61,62,63) € [0,R]’ : |eg —e_| > ,060} and

€1 (€1, €2,€3) = max{ey, €, €3}, €_ (€1,€9,€3) = min{eq, €9, €3},

€o (€1, €2,€3) = € € {€1,€9,€3} such that e_ (e1,€2,€3) < € < €4 (€1,€9,€3).
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(3 Alternative. Suppose that b > 1 and let us define for all k =1,2,...:

L) =b""(b~1,1], ") =T, (b) UTy (b) U Tpyr (b)

Py={ AC[0,1]: A= Uij (b) for some set of indexes {k;} C {1,2,...}
J

The elements of P, are unions of elements of {Z; (b)}. The set {k;} can contain
a finite or infinity number of elements.

Suppose that A = U$2, 7. (b) . We then define:
E
AE) — U Ilij ) (b).
j=1

Given 0 < 0 < %, we define n = min{(%—g) ,%} > 0. Then, for any g €
M0, 1] satisfying f{o} gde = 0, at least one of the following statements is
satisfied:

24



(i) There exists an interval Zj (b) such that:/ gde > (1 — 5)/ gde
(E)
7, (b) [0,1]

(ii)) There exists two sets Ui, Us € Pp such that Us ﬂMl(E) = @ and:

min{/ gde,/ gde} > ?7/ gde.
Ui Us [0,1]

In that case the set U4 can be written in the form: U; = UJL:1ij (b), for
some set of integers {k;} C {1,2,3,...} and some finite L. We have:

Tr, (b) N (u;?;—llz,if) (b)) — %, m=2,3,..L
2
L

I 2
> / < ( / gd6> +y / gde / gde,
oy (b) Ly (b) : Ly, (b) Iy, (0)

g=1 J=2

/ gde < (1 — (5)/ gde.
Ty, (b) [0,1]

25



Last part of the proof

Using the monotonicity property:
p/2 p Mg
/ go(E)dE Z moy — HT() > O, / g(t, (€)d€ Z T vVt € [O,To]
0 0

If we define:

By = {t € 10,Tp) : / g (e, t)de > (Rg)el} CRy=27% ¢=0,1,2,...
[O7R£]

then, for L and 6; > 0 such that 27912 < mq/4: | By, = [0, T}]

This says that the mass is not spreading too much.

But [0,2791%] is still too large:
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| | | |
| | | |
R R R R R
b2 b3 b2 b

-]
%
Sl
T

") (b, R) in red; Zt") (b, R) in blue

Consider by = 1 + (Rg)92, ¢=0,1,2,... and the sets:

Ape= {t € [0,Tp] : such that /(E) g(t,e)de > (112£+1>91}7 n=123,..
T

n  (bg,Ryp)

log(2)
|:log(b£)i| +1

R R
Ar = U An,e where: IIE,-E) (b, R) = (bk+2’ bk—1] |

n=1

At times t € A,, ¢ the solution is quite concentrated in 7 (be, Ry)
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We now use: Bj = U By \ Byy1 and so:
(=L

To =Bl <) [Be\ Beya| < D (I(Be\ Bega) \ Al + |Ad) .

The contradiction comes from the estimates of the right hand side.
In the set (B¢ \ Byy1) \ A¢ the solution is “not too much concentrated”

In A, the solution is “very concentrated”.
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° (Bg \ Bg_|_1) \ Ay C Qg; Qp = Bg\ U An,g , £=20,1,2, ...

n>1

The definition of the sets B, and A,, y show that €2y is a set of times ¢ in [0, Tinax]
for which the alternative (i) does not take place.

Therefore, the alternative (ii) takes place in §2y.

Using the estimate (2) of the number of collisions between particles with small
energy, we deduce that there exists 6y > 0 such that, if min {61,605} < 0y, we
have:

[(Be\ Begr) \ Arl < Q] < K (14 Tina) By 274,

for some K = K (M, 60) and for any £ =0,1,2, ..

29



then:

ool
e Measure of Ay: there exists p € (0,1) such that, if £ > llogg((g))

‘A£| S KQ (R£>1_291_02.

This follows from the definition of A, and the estimate:

2

To
[l L aede| < Ka(r)'
0 {661' (bbfﬁ)}

N (%)

Such an estimate is obtained by contradiction, using an adjoint equation and
suitable test functions.

Then: Ty = |BL| <Y (I(Be\ Ber1) \ Adl +|Ad) < K3y R)
(=1L (=1L
_ B e — min{1 — 20, — 6.1 — 36, — 46
= 1_2_5( t)”, (B=min{l — 20, — 03,1 — 361 — 402}).

Contradiction if L large enough.
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Supercritical solutions
satisfy local criterium

(D) Using the monotonicity property the first condition of the criteria holds:

Proposition There exist 7o = To(E, M), p = p(E,M) and K = K (E, M)
such that if T, > To (E, M), we have:

R
/ g(e,t)dezKR% forany 0 < R<p
0

for any t > Ty (E, M) .
(2 Entropy, dissipation of entropy, etc...
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/R+ (1+ f)log (1 + f) — flog (f)] Vede

/RJF/RJF/RJF(1+f1)(1+f2)(1+f3)(1+f4)[Q1,2_Q3,4]x

X [log (Q1’2) — log (Q3’4)] (I)déldEQdEg
i S
A+ f) A+ fi)

min {\/<€1)_|_, \/(62)+, \/(63)+> \/(€4>+}

T

SfI(T2) = S[f](T1) = Df(-,t)]dt

T

j, ke {1,2,3,4}

SIFOI <C(E,M) , 0<t<Thax
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3 Using:

Q(ES)Q(E4)_ erdeode
/]R+/R+ [le)] (Q (€1) Q (e2) 1) Pt
with W (s) = slog(1+s), Q(t,€) = 1 f(;’(i)e)

We deduce the existence of a sequence t,, — 400 such that

¢ ¢ Q(tn7€3)Q(tn7€4)_ ) - deode
/IR+/IR+ R_]: tn, 1 tn, 2>\I}(Q(tn,€1)Q(tn,€2) 1| &d 1d 2d3—>0

Q (tm ) — Q* ()

for some Q, € L (RT) such that 0 < Q. (¢) < 1.
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This may be seen as a weak formulation of the equation:

Q«(€3)Qx(€4) = Qu(€1)Qx(e2)

“from where" Q.(€) = e~ Bx(etax) and so,

— f(tn’e) o Bx(etax)
Q(tnye)—l_i_f(tn’E) € T .

We deduce the existence of m, > 0 and p > 0 such that, for all R € (0, p) there
exists a sequence t,, — 400 satisfying:

R R
/ g (tn,€) d€:47T/ \/2>6f (tn, €) de > m.
0 0

If R is chosen small enough we may ensure that m, > K, R

34



Another blow up problem in kinetic equations.

Boltzmann equation withCoulomb interactions would be:

8f do B
(t.p) = /RNdpzfle‘p e o i 2

P — P2
\p—pz\

cosf = ( ,0) But too singular: makes no sense.

Then, approximation arguments lead to Landau equation:

2 N
t>0, peR
Z ’”019@819] b
_ 1 pz']?j)
Qij=17\%; — 755 | */J
’ Ipl<" p|?

If f is smooth, the matrix (@; ;); ; is locally positive definite and bounded.

up in finite time? (C. Villani, 2001).

Blow
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About the existence result

Method introduced by T. Carleman in his work about the well posedness of the
spatially homogeneous Boltzmann equation.

Local well-posedness reduces then to find a class of functions whose behaviour
for large € is preserved in some suitable iterative scheme.

For large values of ¢ the dominant terms in the equation are the quadratic ones
while the cubic terms can be treated as some kind of perturbation. T. Carleman

found that a suitable class of functions are those bounded as —<< with v > 3.

(1+¢)
In the Boltzmann case, due to the conservation of the energy and the number of

particles it is possible to prove global existence of solutions.

Although Carleman’s method requires decay estimates on the solutions more
restrictive than some of the more recent approaches for the Boltzmann equation
(Povzner '65, Mischler and Wennberg '99), it uses simpler arguments.

In spite of this, such approach is enough to obtain a large class of initial data
yielding blow-up in finite time.
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Previous existence results

1.- X. Lu '04, '05: Global measure valued weak solutions-+conservation laws
(solutions 1).

2.-E. & Veldazquez: Local classical unbounded solutions. No particle conservation.
(solutions 2)

X. Lu has shown that solutions 2 are not weak solutions as defined in 1. Nor are
the solutions 2 the regular part of solutions 1.

But the initial data that we consider here are admissible for the solutions 1 by Lu.
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