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Let u be a solution of

Oru = Au + uP, reQ, t>0,
(P) u(z,t) =0, x €00, t>0,
w(z,0) =p(z) 20, =€l

where Q isadomainin R, N > 1, and p > 1.

Aim of this talk

e Givea condition for type | blowing up solutions
not to blow up on the boundary of the domain ().

® |f () is an annulus, then
don’t blow up on the boundary.

® O.D.E. blow-up and No Boundary blow-up




|. Introduction

Consider the problem
Oru = Au + uP, xeQ, t>0,
(P) u(x,t) =0, r € 0, t >0,
u(z,0) =p(z) 20, =€,
where () is a smooth domainin R, N > 1, p > 1,
and o € C(Q2) N L>(Q).

Definitions:

® /' :the maximal existence time of the unique bounded
classical solution 1 of (P)




Oru = Au~+uP in Q x (0,7T),
() u=0 on 00 x (0,T), u(x,0)=¢p(x)>0 in €.

Definitions:

® /' :the maximal existence time of the unique bounded
classical solution u of (P)

T <oco = limsup [u(t)|| Lo () = 00
(Blow-up Time)
= liminf(T — )7 |[u(t)|| (o) > K,
where k= (p — 1)~ 1/(P~1)
@ limsup (T — )77 |u(t)] poe ) < 00

t—T
== type | blow-up

(b) Blow-up of u is == type || blow-up




Oru = Au~+uP in Q x (0,7T),
() u=0 on 9N x (0,7), u(x,0)=p(x)>0 in Q.

T" < o0 :Blow-up time

B:={zeQ: {(zn,tn)} Q% (0,T) st
lim (xy,t,) = (z,T), lim u(x,,t,) = oo}

n—aoo n—aoo

Problem: Is the blow-up set compact in {27

® Boundedness of B e BNON =07




Oru = Au~+uP in Q x (0,7T),
() u=0 on 9N x (0,7), u(x,0)=p(x)>0 in Q.

Known Results

® Friedman & MclLeod ’85 :
() is convex =P BNoQ =1

(moving plane method, comparison principle)

® Giga & Kohn '89 : They established a blow-up criterion
in the case (N — 2)p < N + 2

(@) Qisconvex, v € H'(Q)) =P B is bounded

(b) ) is strictly starshaped about a € 0f2
= a¢ B




Oru = Au~+uP in Q x (0,7T),
(P) u=0 on 9N x (0,7), u(x,0)=p(x)>0 in Q.

® Giga & Kohn ’89 : They established a blow-up criterion
in the case (N — 2)p < N + 2
(@) Qisconvex, p € H'(Q)) =P B is bounded

(b) € is strictly starshaped about a € OS2
= a¢ B

® | & Mizoguchi ’03:
() : bounded smooth domain, (N —2)p < N + 2

=P  Type | blowing up solutions don’t blow up
on the boundary )




Example: Q ={a < |z| <b} (0<a<b<o0)

No Blow-up

-
~aa
-
- -
-~ -
-

(Friedman & McLeod) . No Blow-up

if (N —2)p<N +2
and type |

(I & Mizoguchi)

If the solution is radially symmetric,
then does it blow up on the boundary?

Fila & Winkler ’08: A for
O = Ugy + k(™) + 0™t (m > 1, k> 2/y/m)




Fujishima & |. ("10)

Let U be a type | blowing up solution of
Oru = eAu + uP, xre), t>0,
u(x,t) =0, r e 0, t>0,
u(x,0) =p(x) >0, x e,

where N > 1, p > 1,and ¢ € C'(Q2) N L>(€2) with
w = 0 on Of2. Then,for any 0 > 0,
Be C{z € Q : p(x) > ||¢lL=@) — o}

for all sufficiently small € > 0.

Fujishima & I. (to appear in [IUMJ) Assume ¢ € C? (©2) N C(ﬁ)

Then “C > 0 st

B C{zx €Q: p(x) > |l¢llL=@) — Ce}
for all sufficiently small € > 0.




Let u be a type | blowing up solution of

Oru = Au + uP, x e, t>0,
(P) u(x,t) =0, r € o0, t>0,
u(z,0) = p(z) 20, x€,

where N >1 and p > 1.

Aim of this talk

Study the relationship between
the blow-up set and the level sets of the solution
just before the blow-up time.

=P>  Boundedness of the blow-up set
No boundary blow-up

O.D.E. blow-up and No boundary blow-up




2. Main Results

Consider the problem
Oiu=Au+uP, €, t>0,
(P) u(x,t) =0, r e o), t>0,
u(z,0) = p(x), x €,
where N > 1 and p > 1.

Notation:

Forany f € C(£2) and 7 > 0, put
M(fm) ={z€Q: f(z) > ||fllre@ —n}-




Oru = Au+uP in Q x (0,7),
() u=0 on 9N x (0,7), u(x,0)=p(x)>0 in Q.

Theorem A

Let u be a solution type | blowingup at t = 7" < 0.

Assume

o € L(Q)N L)

for some 1 < g < c0. Then the blow-up set is

Remark:

Galaktionov & Posashkov ’85:
N=1 & 0<p(z)<C|g|~2/P1
Giga & Kohn ’89: Geometric Assumptions &
(N—=2)p< N+2& pec H(Q)




Oru = Au~+uP in Q x (0,7T),
(P) u=0 on 9N x (0,T), u(x,0)=¢(x)>0 in Q.

Theorem B

Let u be a solution type | blowingup at t = T < 00.

Assume

lim (7" — t)7=1 72| Vu(t)| L= ) = 0.

Then 1
lim (T — )21 [|u(t)|| L) = k.

t—T
(O.D.E. type blow-up)

Furthermore, for any n > 0, 37" € (0,7T) s.t.

Bc () M ((T—t)ﬁu(t),n) |

T/ <t<T
=P No Boundary Blow-up




Oru = Au+uP in Q x (0,7),
() u=0 on 9N x (0,7), u(x,0)=p(x)>0 in Q.

Corollary A

Llet Q ={a <|z|<b} (0<a<b< o).

Then the radially symmetric solutions don’t blow up

Remark: In this case, we have

lim Sup (T = )P~ |Ju(?)[| Lo (@) < o0,
t—

lim (T — 1) 714 [ V(1) 1 ) = 0.

Thus Theorem B implies Corollary A.




Oru = Au~+uP in Q x (0,7T),
() u=0 on 9N x (0,7), u(x,0)=p(x)>0 in Q.

Theorem C

Let () be a bounded domain in R satisfying

the exterior sphere condition. If

(O.D.E. type blow-up)

then the solution © does not blow up

Type | blow-up Thm.B
lim (T — ¢)7~1+2 IV u(t)|| oo () = 0. —> O.D.E. type blow-up

t—1T
Thm.C
Thm.B

No Boundary Blow-up




3. Proof of Theorem B

Let u be a type | blowing up solution of

. Oru = Au+uP in Q x (0,7),
(P) u=0 on 00 x (0,T), u(x,0)=¢p(x)>0 in L.

Forany € € (0,7), put

v(x,t) :=er—Tu(x,T — €+ et).

Then
[ Ow=¢€eAv+vP in Qx(0,1),

v(x,t) =0 on 00 x (0,1),
. v(w,O) — 906(37) in ),

/"

(A semilinear heat equation with )

where o (1) = eﬁu(x, T —e¢).




Fujishima & I (JDE’10) ' Let v, be a solution of

Ov = eAv + P in  Qx(0,1),
v(z,t) =0 on 00 x (0,1),
v(x,0) = p(x) >0 in Q.

Let ¢ = 1 be the blow-up time of v, (0 < € < 1).

Assume that /Type |
¥ 13 1/2 V — 0
i SUp [|ipe | oo (@) < 00, e[ Vipel| o= ) = 0.
€E—> €E—
$
Then, for any 7 > 0, lim (7' — )77 % | Vu(t) | oo ) = 0
B€ C M(gpe, 77)

={x € Q: () > ||906||Loo(9) —n}

for all sufficiently small € > 0.




Fujishima & I (JDE’10) ' Let v, be a solution of

0;v = eAv + vP in Qx(0,1),
v(z,t) =0 on 00 x (0,1),
v(x,0) = p(x) >0 in Q.

Let ¢ = 1 be the blow-up time of v, (0 < € < 1).

Assume that /T)’Pe |
I lim €'/2||V =0
i SUp [|ipe | oo (@) < 00, e[ Vipel| o= ) = 0.
€— —
{
Then, for any 7 > 0, Tim (7' — )77 72 [ Vu(t)[| L (@) = 0

CM (eﬁu(-,T—e),n)

for all sufficiently small € > 0. =P




4. Proof of Corollary A
Assume that ) = {a < |z| < b} (0 <a <b< ).

Let u be a blowing up solution of

( N —1
Opu = 0%u + Oru+uP in  (a,b) x (0,T),
r
\ u=0 on {a,b} x (0,7,
L u(r,0) = o(r) in (a,b).

By Theorem B it suffices to prove

lim Sup (T =) 7= [Ju(t)[| Lo (@) < 00,
t—

lin (T — 1) 714 [ (1) 1 ) = 0.

These are proved by the arguments in
[Fila & Souplet ’01] and [Mizoguchi 03] with the aid of
the Liouville theorem (Merle & Zaag, PolaCik, Quittner, & Souplet).




Assume 3{(?“n,tn)} C la,b] x (0,T) st. t, — T and

M, = (T — t,) 70 |8yu(rm, tn)| > Fm > 0

for n=1,2,.... Put

_p—1
Hn = (T_tn)%Mn T
2
W (T, 8) = iy w(ry + pnTy to + (125)
for (7,s) € I, X (—ay,, 0], where Orwn(0,0)] = 1

1, = {T cR: up7+1, € (a'ab)},

—2
Oy = U tn . .
" lim «,, = 0o
n— 00




Then we have

N —1
aswn — az’wn + Un aTwn + wﬁ in In X (—ozn, O]
Tn + UnT
=P  Junbounded open interval I, “w € C%! (I x (—o0,0))

s.t.
Osw = 07w +wP in I x (—o00,0],

w(t,8) =0 in (—o0,0] if 7€ Il,
9-w(0,0)] = 1.
Furthermore, since the blow-up of u is type I, we have
w(r,s) <3C(=s)"7 1 in I x (—00,0].
=JP> (Liouville type theorems)
w(t,s) =0 or w(r,s)=r(Ty—s)"YP D (T, >0).

= This contradicts to |, w(0,0)| = 1.




5. Proof of Theorems A and C

Theorem A

Let u be a solution type | blowingup at ¢t = 7" < 0.

Assume

o€ L®(Q)NLY(Q)

for some 1 < g < 0o. Then the blow-up set is

Theorem C

Let €) be a bounded domain in R satisfying

the exterior sphere condition. If

(O.D.E. type blow-up)

then the solution ¥ does not blow up




Oru = Au~+uP in Q x (0,7T),
(P) u=0 on 9N x (0,7), u(x,0)=p(x)>0 in Q.

Improvement of Theorem B

Let u be a solution of (P) blowing up at ¢ = 7. Assume
7Y : domain with Q C ', °n e (0, k),
0 = a(x,t) € L. (0, T : WH°(Q)) satisfying

loc
0 <wu(zx,t) <u(x,t) in Qx(0,T),

1 .
sup (T —t) 7T ||a(t)|| Lo () < 00,
0<t<T

sup (T — )7 Ta(x,t) < k — 1.
re0)




0 <wu(x,t) <u(x,t) in Qx(0,T),

1

sup (1" —t) 7T {[u(t)]| oo () < 00,

1

sup (T —t)r—Tu(x,t) < kK —n.

Let & > (. Put

S ={z e k—n<(T—t)rT1ils,t) <k}
If

sup (T — )71 2||[Va(t)| Lo (s
o<t<T

is sufficiently small, then 17" € (0,T) st.

Bc {xeﬂ T—t)ﬁa(x,t)zm—(s}.

T/ <t<T




Construction of u

In the case of ThmA  Since € L™(€2) N LY(RY) (1 < ¢ < 00),

forany t € (0,7,

Lh—{%o HU(t)”Loo(Q\B(O’L)) — (.

Then, for any ¢t € (0,T), taking a sufficiently large L; > 0,

we put
( lu®)lz=() it |z < L,
— (|| — L¢) + ||u(t) ]| L=
R I (IR e Ol P
if Ly <|z| <L+ ||u(t)|pe@) — K/2,
| K/2 otherwise.




In the case of Thm. C

Let 29 € 0. Then Zyo e RV \ Q, "R >0 st
QcCQ :={x:|xo—yo| <|z—1yo| < R}
Forany ¢ & (O, T), we take a suitable ¢/ - (O, T), and consider

the solution v = v(z,t : t/) of

Oyv = Av + 0P, xeQ, t>1,
v=20 xre oV, t>t,
v(z, ) = |lu(t)||lLe ) = €.

Put
w(x,t) :=v(x,t:t).




6. Open Problems

® How about the other nonlinear parabolic equations!?

® Typelblowup = No boundary blow-up?

® In an annulus, are there any solutions blowing up
on the boundary?
(This is still open!)




Thank you for your attention !!




