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Aim of this talk

Give a sufficient condition for type I blowing up solutions     
not to blow up on the boundary of the domain　　　　　Ω.

If Ω is an annulus, then radially symmetric solutions 
don’t blow up on the boundary. 

O.D.E. blow-up and No Boundary blow-up

where p > 1.and

Let u be a solution of 





∂tu = ∆u + up, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ(x) ≥ 0, x ∈ Ω,

Ω is a domain in RN , N ≥ 1,

(P )



Definitions:

T : the maximal existence time of the unique bounded 
classical solution  of  u (P )

1. Introduction

Consider the problem

where

and

N ≥ 1,Ω is a smooth domain in RN ,
ϕ ∈ C(Ω) ∩ L∞(Ω).

p > 1,






∂tu = ∆u + up, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ(x) ≥ 0, x ∈ Ω,

(P )



{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )

T <∞ lim sup
t→ T

‖u(t)‖L∞(Ω) = ∞
(Blow-up Time)

T : the maximal existence time of the unique bounded 
classical solution  of  u (P )

Definitions:

(a) lim sup
t→T

(T − t)
1

p−1 ‖u(t)‖L∞(Ω) < ∞
type I blow-up

(b) Blow-up of u is not type I type II blow-up

lim inf
t→T

(T − t)
1

p−1 ‖u(t)‖L∞(Ω)≥ κ ,

κ := (p− 1)−1/(p−1)
.where



B :=
{
x ∈ Ω : ∃{(xn, tn)} ⊂ Ω× (0, T )

Blow-up Set

lim
n→∞

(xn, tn) = (x, T ), lim
n→∞

u(xn, tn) =∞
}

T <∞ : Blow-up time

s.t.

B is a closed set in Ω

Problem: Is the blow-up set compact in Ω?                                                                                   

B ∩ ∂Ω = ∅?Boundedness of B

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



Known Results

Giga & Kohn ’89 :
in the case (N − 2)p < N + 2
They established a blow-up criterion

(a) ϕ ∈ H1(Ω)Ω is convex , B is bounded

(b) Ω is strictly starshaped about a ∈ ∂Ω
a !∈ B

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )

Friedman & McLeod ’85 :

Ω is convex
(moving plane method, comparison principle)

B ∩ ∂Ω = ∅



I & Mizoguchi ’03:

(N − 2)p ≤ N + 2Ω : bounded smooth domain,

on the boundary ∂Ω
Type I blowing up solutions don’t blow up

Giga & Kohn ’89 :
in the case (N − 2)p < N + 2
They established a blow-up criterion

(b) Ω

(a) ϕ ∈ H1(Ω)Ω is convex , B is bounded

is strictly starshaped about a ∈ ∂Ω
a !∈ B

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



Example: Ω = {a < |x| < b} (0 < a < b <∞)

No Blow-up

(Friedman & McLeod) No Blow-up
if (N − 2)p ≤ N + 2
and type I

(I & Mizoguchi)

If the solution is radially symmetric,
then does it blow up on the boundary?

      
                                                                             

∂tu = uxx + k(um)x + u2m−1 (m > 1, k ! 2/
√

m)

Fila & Winkler ’08: A boundary blowing up solution exists for



Bε ⊂ {x ∈ Ω : ϕ(x) ≥ ‖ϕ‖L∞(Ω) − Cε}

                                               Fujishima & I. (to appear in IUMJ) Assume ϕ ∈ C2(Ω) ∩ C(Ω).
∃C > 0 s.t.Then

for all sufficiently small ε > 0.

                                               Fujishima & I. (’10)






∂tu = ε∆u + up, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ(x) ≥ 0, x ∈ Ω,

Let u be a type I blowing up solution of

for all sufficiently small ε > 0.

Then, for any δ > 0,

where andN ≥ 1, p > 1, with

∂Ω.ϕ = 0 on

Bε ⊂ {x ∈ Ω : ϕ(x) > ‖ϕ‖L∞(Ω) − δ}

ϕ ∈ C(Ω) ∩ L∞(Ω)



Aim of this talk

Study the relationship between 
the blow-up set and the level sets of the solution 
just before the blow-up time.　　　　　

Boundedness of the blow-up set

No boundary blow-up

O.D.E. blow-up and No boundary blow-up

where p > 1.N ≥ 1 and

Let u be a type I blowing up solution of 





∂tu = ∆u + up, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ(x) ≥ 0, x ∈ Ω,

(P )



2. Main Results

where p > 1.N ≥ 1 and

Consider the problem





∂tu = ∆u + up, x ∈ Ω, t > 0,

u(x, t) = 0, x ∈ ∂Ω, t > 0,

u(x, 0) = ϕ(x), x ∈ Ω,

(P )

Notation:

For any f ∈ C(Ω) η > 0,and put

M(f,η ) :=
{
x ∈ Ω : f(x) ≥ ‖f‖L∞(Ω) − η

}
.

κ :=
(

1
p− 1

)1/(p−1)



                                               Theorem A

Let be a solution type I blowing up at u t = T <∞.

Assume
ϕ ∈ L∞(Ω)∩Lq(Ω)

for some 1 ≤ q <∞. Then the blow-up set is bounded.

Remark:

(N − 2)p < N + 2 ϕ ∈ H1(Ω)&

Giga & Kohn ’89:  Geometric Assumptions &

Galaktionov & Posashkov ’85:

N = 1 0 ≤ ϕ(x) ≤ C|x|−2/(p−1)&

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



                                               Theorem B

Let be a solution type I blowing up at u t = T <∞.

Assume

Then

(O.D.E. type blow-up)

lim
t→T

(T − t)
1

p−1 ‖u(t)‖L∞(Ω) = κ.

Furthermore, for any η > 0, ∃T ′ ∈ (0, T ) s.t.

B ⊂
⋂

T ′<t<T

M
(
(T − t)

1
p−1 u(t), η

)
.

lim
t→T

(T − t)
1

p−1+ 1
2 ‖∇u(t)‖L∞(Ω) = 0.

No Boundary Blow-up

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



                                               Corollary A

Ω = {a < |x| < b} (0 < a < b <∞)Let .

Then the radially symmetric solutions don’t blow up

on the boundary.

Remark: In this case, we have

Thus Theorem B implies Corollary A.

lim sup
t→T

(T − t)
1

p−1 ‖u(t)‖L∞(Ω) < ∞,

lim
t→T

(T − t)
1

p−1+ 1
2 ‖∇u(t)‖L∞(Ω) = 0.

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



                                               Theorem C

Let Ω be a bounded domain inRN satisfying 

the exterior sphere condition. If

(O.D.E. type blow-up)

lim
t→T

(T − t)
1

p−1 ‖u(t)‖L∞(Ω) = κ,

then the solution u does not blow up on the boundary. 

O.D.E. type blow-uplim
t→T

(T − t)
1

p−1+ 1
2 ‖∇u(t)‖L∞(Ω) = 0.

Type I blow-up
{

Thm. B

No Boundary Blow-up
Thm. B

Thm. C

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



For any ε ∈ (0, T ), put

v(x, t) := ε
1

p−1 u(x, T − ε + εt).
Then 





∂tv = ε∆v + vp in Ω× (0, 1),
v(x, t) = 0 on ∂Ω× (0, 1),
v(x, 0) = ϕε(x) in Ω,

where ϕε(x) := ε
1

p−1 u(x, T − ε).

(A semilinear heat equation with small diffusion)

3. Proof of Theorem B

Let u be a type I blowing up solution of 
{

∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



Assume that

Then, for any η > 0,

for all sufficiently small ε > 0.

t = 1Let be the blow-up time of (0 < ε! 1).vε

lim sup
ε→0

‖ϕε‖L∞(Ω) < ∞, lim
ε→0

ε1/2‖∇ϕε‖L∞(Ω) = 0.

Type I

lim
t→T

(T − t)
1

p−1+ 1
2 ‖∇u(t)‖L∞(Ω) = 0

≡ {x ∈ Ω : ϕε(x) ≥ ‖ϕε‖L∞(Ω) − η}
Bε ⊂ M(ϕε, η)

Fujishima & I (JDE ’10)                                                                                    Let vε be a solution of





∂tv = ε∆v + vp in Ω× (0, 1),
v(x, t) = 0 on ∂Ω× (0, 1),
v(x, 0) = ϕε(x) ≥ 0 in Ω.



Assume that

Then, for any η > 0,

for all sufficiently small ε > 0.

t = 1Let be the blow-up time of (0 < ε! 1).vε

lim sup
ε→0

‖ϕε‖L∞(Ω) < ∞, lim
ε→0

ε1/2‖∇ϕε‖L∞(Ω) = 0.

Type I

lim
t→T

(T − t)
1

p−1+ 1
2 ‖∇u(t)‖L∞(Ω) = 0

Theorem B

B(u) = Bε⊂ M
(
ε

1
p−1 u(·, T − ε), η

)

Fujishima & I (JDE ’10)                                                                                    Let vε be a solution of





∂tv = ε∆v + vp in Ω× (0, 1),
v(x, t) = 0 on ∂Ω× (0, 1),
v(x, 0) = ϕε(x) ≥ 0 in Ω.



4. Proof of Corollary A

Assume that Ω = {a < |x| < b} (0 < a < b <∞) .

By Theorem B it suffices to prove

lim sup
t→T

(T − t)
1

p−1 ‖u(t)‖L∞(Ω) < ∞,

lim
t→T

(T − t)
1

p−1+ 1
2 ‖∇u(t)‖L∞(Ω) = 0.

the Liouville theorem (Merle & Zaag,  Polàčik, Quittner, & Souplet).

These are proved by the arguments in 
　　　　　　　[Fila & Souplet ’01] and [Mizoguchi ’03] with the aid of 






∂tu = ∂2
ru +

N − 1
r

∂ru + up in (a, b)× (0, T ),
u = 0 on {a, b} × (0, T ),
u(r, 0) = ϕ(r) in (a, b).

Let u be a blowing up solution of 



Proof of lim
t→T

(T − t)
1

p−1+ 1
2 ‖∇u(t)‖L∞(Ω) = 0.

Assume ∃{(rn, tn)} ⊂ [a, b]× (0, T ) s.t. tn → T and

Mn := (T − tn)
p+1

2(p−1) |∂ru(rn, tn)| ≥ ∃m > 0

for n = 1, 2, . . . . Put

µn := (T − tn)
1
2 M

− p−1
p+1

n ,

wn(τ, s) := µ
2

p−1
n u(rn + µnτ, tn + µ2

ns) ,

for (τ, s) ∈ In × (−αn, 0], where

In := {τ ∈ R : µnτ + rn ∈ (a, b)},
αn := µ−2

n tn .

lim
n→∞

µn = 0

lim
n→∞

αn =∞

|∂rwn(0, 0)| = 1



Then we have

∂swn = ∂2
τwn + µn

N − 1
rn + µnτ

∂τwn + wp
n In × (−αn, 0].in

Furthermore, since  the blow-up of u is type I, we have

w(τ, s) ≤ ∃C(−s)−
1

p−1 in I × (−∞, 0].

w(τ, s) ≡ 0 or w(τ, s) = κ(T0 − s)−1/(p−1) (T0 ≥ 0).
(Liouville type theorems)

This contradicts to |∂τw(0, 0)| = 1.

s.t.

∃ unbounded open interval I, ∃w ∈ C2;1(I × (−∞, 0])

∂sw = ∂2
τw + wp in I × (−∞, 0],

w(τ, s) = 0 in (−∞, 0] if τ ∈ ∂I,

|∂τw(0, 0)| = 1.



5. Proof of Theorems A and C

                                               Theorem A

Let be a solution type I blowing up at u t = T <∞.

Assume
ϕ ∈ L∞(Ω)∩Lq(Ω)

for some 1 ≤ q <∞. Then the blow-up set is bounded.

                                               Theorem C

Let Ω be a bounded domain in RN satisfying 

the exterior sphere condition. If

(O.D.E. type blow-up)

lim
t→T

(T − t)
1

p−1 ‖u(t)‖L∞(Ω) = κ,

then the solution u does not blow up on the boundary. 



Improvement of Theorem B                                                                                   

Let u be a solution of (P) blowing up at Assume

∃Ω′ : domain with Ω ⊂ Ω′,
∃ũ = ũ(x, t) satisfying∈ L∞loc(0, T : W 1,∞(Ω′))

0 ≤ u(x, t) ≤ ũ(x, t) in Ω× (0, T ),

sup
0<t<T

(T − t)
1

p−1 ‖ũ(t)‖L∞(Ω′) < ∞,

∃η ∈ (0, κ),

sup
x∈∂Ω′

(T − t)
1

p−1 ũ(x, t) < κ− η.

t = T.

{
∂tu = ∆u + up in Ω× (0, T ),
u = 0 on ∂Ω× (0, T ), u(x, 0) = ϕ(x) ≥ 0 in Ω.

(P )



0 ≤ u(x, t) ≤ ũ(x, t) in Ω× (0, T ),

sup
0<t<T

(T − t)
1

p−1 ‖ũ(t)‖L∞(Ω′) < ∞,

sup
x∈∂Ω′

(T − t)
1

p−1 ũ(x, t) < κ− η.

Let δ > 0. Put

sup
0<t<T

(T − t)
1

p−1+ 1
2 ‖∇ũ(t)‖L∞(Σ(t))

is sufficiently small, then

Σ(t) := {x ∈ Ω′ : κ− η ≤ (T − t)
1

p−1 ũ(x, t) ≤ κ}.
If

B ⊂
⋂

T ′<t<T

{
x ∈ Ω : (T − t)

1
p−1 ũ(x, t) ≥ κ− δ

}
.

∃T ′ ∈ (0, T ) s.t.



Theorem A

                                               Construction of ũ

In the case of Thm. A Since ϕ ∈ L∞(Ω) ∩ Lq(RN ) (1 ≤ q <∞),

for any t ∈ (0, T ),

lim
L→∞

‖u(t)‖L∞(Ω\B(0,L)) = 0.

Then, for any t ∈ (0, T ), taking a sufficiently large Lt > 0,

we put

if Lt < |x| ≤ Lt + ‖u(t)‖L∞(Ω) − κ/2,
ũ(x, t) :=






‖u(t)‖L∞(Ω) if |x| ≤ Lt,

−(|x| − Lt) + ‖u(t)‖L∞(Ω)

κ/2 otherwise.



In the case of Thm. C

For any t ∈ (0, T ), we take a suitable t′ ∈ (0, T ) , and consider






∂tv = ∆v + vp, x ∈ Ω′, t > t′,
v = 0 x ∈ ∂Ω′, t > t′,
v(x, t′) = ‖u(t′)‖L∞(Ω) x ∈ Ω′.

the solution v = v(x, t : t′) of

Put

ũ(x, t) := v(x, t : t′).

Theorem C

ThenLet s.t.x0 ∈ ∂Ω. ∃R > 0∃y0 ∈ RN \ Ω,

Ω ⊂ Ω′ := {x : |x0 − y0| < |x− y0| < R}.



6.  Open Problems

How about the other nonlinear parabolic equations?

Type I blow up No boundary blow-up?

In an annulus, are there any solutions blowing up 
on the boundary?

(This is still open!)



Thank you for your attention !!


