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INTRODUCTION
Let Q C R? openset, ¢ > 0.

b - Du®
—div(a(x)Du®) — bg - Du® — Tu =g inQ,

Dirichlet BC on 9f).

Question: lim._,o u®(x)

—b-Du=0 inQ.

0 o Freidlin-Wentzell, book '79,
o Kamin 78, Perthame '90
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H Hamiltonian,
Hamiltonian flow:

&(t) = (21(t), 22(1)) = (Hay (2(t)), —Hz, (2(2)))-

b(x) = (Hay (), —Hz, ().
b(x) is rotation of DH (x) = (Hy,, Hyz,) by /2.

@(t) = b(x(t))

HI (Waseda Univ) perturbations of Hamiltonian flows 9/11/2012

4 /34



H € 04, lim|m|—>oo H(ac) = 0O,

DH(z) =0 <+— z=2;(:=1,3) orz=0
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Nondegeneracy at the critical points:

D?H(z;) >0 (i=1,3),
det D2H(0) < 0.
Let h1,hs < 0 < hg such that H(z;) < h; (2 = 1, 3).

J1 = (hl, 0), J3 = (h3, 0), J2 = (0, hz).

@) =h

H=h H=hy

Q=0,UQUQU{H = 0}.
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o} = 8outsll U aoutﬂ2 U 30111;93-
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H(z)=h \\\\\\‘:‘sz&\\\\\\\%
NS .

ci(h) ={H =h}NQ; loop.
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Morse Lemma: By C? change of variables, we may assume:

H(xy,x2) = x122 near x = 0.

T2

H=h>0
O F
H=h<0

Then
DH = (xz2,71), b= (x1,—x2),
01
D?*H =
1 0
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Y

AN

Let t — ®;(t,h), ¢ =1,2,3, be the Hamiltonian flow such that
®i(t, h) € ci(h).

We may assume that ®; € C3(R x J;), i=1,2,3.
For h # 0, T;(h) = the minimal period of t+— ®;(t,h).
Note: det D®;(t,h) = 1.
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Rewrite 0 .
o ~ b-Du
—tr?D2us —bg-Du* — — =g.

The LHS is the generator of the SDE

~ b
dXt = (bo + > dt + O'dBt,
g

where B; is a 2D Brownian motion.
Assume that by = 0 and make the change of variables: X;,, = X;.

dX; = b(Xy) dt + veo (X;) dB.

Stochastic perturbation of the Hamiltonian flow.
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MAIN RESULT
2.1. Assumptions

Symmetry: a(x) = a1 (@) aia(w) , aiz = azy.
asy (:13) 022(:]2)

Smoothness: a;j, bp € C?, geC® on.

Degenerate Ellipticity: a(x) > 0 (nonnegative definite)

Nondegeneracy 1:
{‘v’z’, h € J; 3x* = x*(h,i) € c;(h) such that

a(z*)DH (z*) - DH(x*) > 0.

HI (Waseda Univ) perturbations of Hamiltonian flows 9/11/2012 12 / 34



In the coordinates where D2H(0) = (2 (1,>

Nondegeneracy 2:
ai;(0) >0 ¢=1,2.

If H = 2,22, then D2H (0) = (‘1) (1)) and
a(x)DH(x) - DH(x) = auwg + agzwf + 2a12x1 2.

Hence

x~0, x#0, H=0 —> a(x)DH(x)-DH(x) >0

(same as in nondegeneracy 1)
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Notation:
Aof(xz) =div(a(z)Df(x)).

Let d; eR +1=1,2,3.

{ |Dof|* =a(x)Df(x) - Df(x),

_ - E_b-Dus
Ao’u bO-Du

= in
(DP)E g ’

ue(m) = d,; on aoutﬂ,;, 1= 1, 2, 3.
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2.3. Coefficients

A;(h)
B;(h)
Byi(h)

9i(h)

Bi
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1
T;(h)
1
T;(h)
1
T;(h)

Ti(h
o [ e at

Jim (AT)(—1)h).

T;(h)
[ IDor(@ice m)PP at,
0

T;(h)
[ 1aor (@i m)P at,
0

T;(h)
/ (bo - DH)(®:(t, b)) dt,
0
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2.4. ODE system

A;ul + (B; + Boi)u, + g; =0 in J;,
0) = u2(0) = us(0),
(ODE) ua( ,) u2(0) , ua(0) , } Gluing Condition
B2u5(0) = Bru; (0) + Baus(0),

u;(h;) =d;y, 1=1,2,3.

e 3! a solution u = (uy,uz,us) of (ODE).
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MAIN THEOREM
Let u° be a solution of (DP)¢ and u;, i = 1,2, 3, be the solution of
(ODE). Then, as ¢ — 0,

u®(x) — wu;(H(x)) uniformlyon ©;, i=1,2,3.

e Freidlin-Wentzell, '94 (Ao = A, bp = 0) probabilistic method
e Freidlin-Weber, '98 (A¢ =92 , bp =0,

H(x1,22) = f(x1) + %m%, f a double-well potential) probabilistic
method & hypoelliptic estimates

e Sowers, '07 (Ap uniformly elliptic) probabilistic method &
perturbed test function method.
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Let ¢ € Cgo(Ji), P = ‘I)i(t,h).
1
0= // ¢(H)(Aou® + b - Du® + —b - Du® + g) dx
Q; &

(use: DH - b= (Hg,,Hy,) - (Hy,, —Hz,) = 0 and
divb = Hgye, — Hgyoy = 0,)

= //ﬂ {uf(¢'AoH + ¢"|DoH|?* — ¢’'bo - DH — ¢ div by)
+ ¢g}de
Send ¢ — 0 and use the change of variables: x = ®(t, h),
Ti(h)
0= /J1 dh/o {ui(h)(¢'AoH + ¢"|DoH|?
— ¢’ by - DH — ¢ divbg) + ¢(h)g}dt
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(writing

1

Coi(h) = T.(h)

T;(h)
/ div bo(®;(t, h)) dt,)
0

= /J {ui(T;4:¢" + T;Bi¢' — T;Boi¢’ — TiCoip) + T;gi¢} dt
= /J o (T3 Azu;)" — (T; Biug)' + (T; Bosu;) — T;Coius +T;g;) dt
Use th; identities:
(T;A;) =T;B; and (T;Bo;) = T;Co;,
to conclude:
Au + Biu, 4+ Boju, + §; =0 in J;.
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e Gluing condition:
By continuity, u1(0) = u2(0) = us(0).
Let ¢ € Cg°(—r, ), with0 <r < 1.

= lim // (¢’ AoH + ¢"|DoH|?
60+ n\{|H|<6}

—¢'byg- DH — ¢d1vb0) —|—gq§} dzx

after letting ¢ — 0,

d—0+

—é T; (h)
= lim {i:z;s/—r dh/o {wi(+++) + g(®i(t, h))p(h)} dt

r T>(h)
+/6 dh/0 {uz(---) + g(®2(t, h))p(h)} dt.

Integration by parts & taking limit as 6 — 0+ —- the second
gluing condition.
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OUTLINE OF PROOF
1. L°° estimate: a blow-up argument. Suppose that J¢; — 04
for which

Mj = ||’U,€j||oo,ﬂ — OCQ.

Introduce the new unknown functions
wj = u /Mj.
Then we get a contradiction,

{ [wjlloo,0 = 1,

wj(x) — 0 asj — oo.

The last claim is a consequence of the argument which follows.
Here note that (0, 0, 0) is the solution of the ODE system
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A;u + (B; + Boi)u, =0 in J;,
u1(0) = u2(0) = u3(0),

B2uy(0) = Bruq(0) + Bzuy(0),
u;(hi) =0, i=1,2,3.

(ODE)
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2. L? gradient estimate: VK C Q compact
// |Dou | de < ICk (|2 + 1).
K

Use cut-off functions ¢(H (x)). Multiply (DP)® by ¢(H (x))u®(x),
integrate by parts, and use Holder’s inequality.

We assume henceforth that there exists a sequence €; — 0+ such
that

sup ||[u || oo, < 00.
JEN

When needed, we will pass to a subsequence of {u®i}.
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3. Set
N ={x € Q : |DoH(z)|®> > 0}.

For any z € N, after a change of variables, we are typically in the
situation that

H(x) =x2 inU,
C := sgp//u(u;jz)2dm< 00,

where U is a neighborhood of z.
Then, b = (1, 0) and the PDE for u = u®i is

—Ug, = €j(Aou+ by - Du + g) = 0.
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By translation, assume that z = 0. Let
U=|[-a,a] xX[-6,8], a>0,3>0.
We have

B8
i ) ? dz, < 2C/a.
a/%l;rllsa /—5 (um2(9317 5132)) T2 S /e

32? € [a/2, a], 3¢ € C([—B, G]) such that

u®i (:B?l, -) — ¢ uniformly on [—73, 3].

HI (Waseda Univ) perturbations of Hamiltonian flows 9/11/2012

25/ 34



For 6 > 0, if e; < 4, then

i subsolution
x +— +6(x1 — x)) are a . of
supersolution

—Ugp, = Ej(Ao’u + b() - Du + g).
Hence, if 7 > 1, then
|u®i(x) — ¢(0)] < d for x near [—/2, /2] X {0}.

Thus,
ut(0) = u=(0),

where
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where uT denote the half-relaxed limits:
ut (x) = limsup® v (z),
j—oo

u () = lljrgggf; u®i(x).

We have
ut(x) =u () forx € N.
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4. We have in the viscosity sense,
—b-Dut <0 inQ,
—b-Du™ >0 in (2.

For h # 0,

t — u*(®;(t,h)) monotone and periodic;
hence constant in t.

Hvz?t(h) such that

ut(z) = 'v;t(h) for = € ¢c;(h), h #0.

HI (Waseda Univ) perturbations of Hamiltonian flows 9/11/2012

28 / 34



5. Since uT(x) = u=(x) for z € N and N Nc;(h) # 0,
vl (h) =v; (h) forh € J; i=1,2,3.

Since N U {0} is a neighborhood of the origin and the geometry of
Ci(O),

ut(z) = (z) = lim v ((—1)’h) forz € {H =0} \ {0}
h—0+
A conclusion here is:
u®i (x) converge locally uniformly on Q \ {0},

and the limit on Q; is: v;(H (x)) for v; := 'uz?t.
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6. Some barrier arguments show that the uniform convergence of
u¥ on Q\ {0}.
7. Assume that H = x1x2 near the origin. Consider the set

S,i,a:{:cE]R2 }z|o < K, |H| < 6}

where K > 0 and 6 > 0 are small.

T2
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Set
v;(0) = hl_i)r(r)l_‘_ v;((=1)*h) fori=1,2,3.

Note that v1(0) = v2(0) = v3(0). If § < 1, then
v;(t) = v;(0) for |t| <9,
So,if § < 1andj > 1, then

u® (x) = v1(0) = v2(0) = v3(0) for x € BS,,5.
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Start with the function

T t
E(r) =/0 e’ dt/0 e ds,

and scale it appropriately, to find functions E.; on R and v, defined

on S, s as
ve(x) = Ec(x1),

which has the properties

— (Ao + (bo + €7'b) - D)ve < —|g(z)| on Sk,

;i_rf(l) |vell00,5,,6 = O
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By comparison, if d < 1 and 7 > 1, then
[u (x) — v1(0)] £ —ve; (%) + [|ve;lloo,50,5  ON Sk,
Hence,

ut(0) = u™(0) (= v1(0) = v2(0) = v3(0)).
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8. Finally, identify (v1,v2,v3) with the unique solution
(u1,u2,us) of (ODE).

With this identification, we complete the argument for the uniform
boundedness of u%7, and then complete the proof of the uniform
convergence of u® on 2 as ¢ — 0.
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