Asymptotic behavior of Palais-Smale

sequences in the critical problem and its
application to semilinear heat equation

Michinori Ishiwata
Fukushima university  (Fukushima, Japan)

5th Euro-Japanese Workshop on Blow-up, Centre International de
Rencontres Mathematiques, 10-14, September, 2012, Luminy, France.

Michinori Ishiwata Asymptotic behavior of Palais-Smale sequences



Introduction.

o Notation. i
N>3, QCRV, K()=et, lull i = [ () KC),
HI(K) — Cigo||V~||2,KY L7(K) := @H-II,,K.

e Problem.
up € HY(K) N L>: initial data, p>2, u=u(x,t),
- (P)
Ou—Au = wululP2 in Qx(0,T),
u =0 on 0Qx(0,T),
U’t:() = U in Q,

kwhere T: maximal existence time in the classical sense.

Asymptotic behavior of solutions of (P) with

p=2%:= % Q=RN and ug: “threshold”

from the variational point of view. (H(Q) — LP(Q))
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Plan of this talk.

Known results. (Results for p < 2* and p = 2*)

Main results.

Background facts for main results.
(Scaling structure, (PS)-sequence, energy structure)

Sketch of the proof.

Application.
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Known Results for p < %, Q = R".

Kavian ('87), Kawanago ('96): ¢ € HY(K) N L*®, ¢ > 0.
e For any ¢ above, 3\ > 0 s.t. sol. uy with u(0) = Ap (A > 0),

A< T=oo, tN2|u\(t)]e = O(1)
A=X T=o0, tYP2|uy(t)]e =O0(1)
A>T < oo, llua(t)|loo — 0

o |us(x,t) ~ A-f (%) where f = f(z) satisfies

0=Af+ 3z-Vf+ 5f + f|f|P~2

= ‘Threshold behavior: Decay with the self-similar profile‘
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Known Results for p = 2, O = RV, radial case.

2
@ >0, radial, lim,_ @(r)rr—2 = 0.

@ Polétik-Quittner ('08), Quittner ('09)
For any ¢ above, 3\ > 0 s.t. sol. uy with u(0) = Ap (A > 0),

A< T=o00, tN2?uy(t)]lee = O(1)
A=X T=o00, tYP2|u\(t)]|e — o0 (I|m sup)

t—00

A>X T <oo, |lun(t)]eo — 00

@ (1.('10)) In addition : decreasing in r, fast decay at co =

where w(x) is a stationary solution of (P) with [|w|/s =1

= || Threshold behavior: rescale of the stationary solution

if ¢ > 0 and radial. Nonradial case?



2N

Known Results for p = &%, Q = R”, general case.

T. Suzuki-l. (submitted): » >0, ¢ € HY(K).
@ For any ¢ above, 3\ > 0 s.t. sol. uy with u(0) = Ap (X > 0),

T =00, t"?|ur(t)l|oc = O(1)

T =00, tYP=2|uy(t)]ec — o0 or
T < oo, |lux(t)]eo — o0

A>X T <oo, |un(t)]eo — 00

A
>l >

radial case: intersection comparison + ODE argument,
nonradial case: energy method + blow-up argument.

e Additionally ¢: symmetric in x; = 0, decreasing in |x;|, Vi
= T =o0cfor A=\

Threshold behavior for general case?‘
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Hereafter we assume Q = R" and p = 75 unless stated.
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Main Result. Asymp. behavior of threshold solution.

Let u: time-global solution of (P) with ||Vu(t)|l2 /4 0 as t — oo

=
There exist M € N, (tx) with tx — oo as k — oo and

. ,U/E(m) c R+,
-af(m)ERN, (m:]-avM)

- wlm™(#£0): sol. of —Aw = w|w|P~2

)
s.t. for | (w!™)(x) = Ww(m) ( o >

: w' rescaled by /z/im) and translated to aE(m), the following holds.
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o u(-ytk) = Yoy (W) +o(1) in HY(RY),

o J(u(t) = Ty Jw M) o),
where J(u) = 3| Va3 — & ul

(J((w(™),) = J(w{™) by the scale-invariance)

@ Theorem says (u(tx)) splits into a finite pieces of rescaled
stationary solutions.

e u: (Nonradial) changing-sign solution is allowed.
o (u(ty)) is a (PS)-sequence of J in H.

@ u: nonnegative or radially symmetric =
N—-2

w(m(x) = [145’1\2} I w(x) : m-indep., hence

J(u(tk)) = MJ(w) + o(1).
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Energy structure associated with (P).

o (P) has a “L2-negative gradient flow” structure:

10eul3 = —0e(u(t)), J(u) =3 [IVul> =5 [ |ulP.

@ Scale invariance of the structure associated with (P):

2

Let |uy(y,s) = Ap2u(x, t), y = M\x, s = \%t| A ER,

o "u satisfies (P) < uy satisfies (P)" , Vp.

o “J(u) = J(up)" only holds for p = 2.

2N

C(P) and the energy structure is invariant under the action of RJF)
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Difficulty. Absence of a priori (PS)-sequence.

Let u be a threshold solution of (P) (i.e., time-global,
IVu(t)]]2 # 0).
o If 3(tk) s.t. u(tx) =: uk is a (PS)-sequence of J,

(i.e., J(uk) — ¢, (dJ)y, (¢) = 0 unif. in [[Ve|l2 =1)
then
Struwe ('84), Benci-Cerami ('92)
. glm) .
ue = SM Ww(m) ( o ) in H! as k — oo

(FL/( ) 2 k

which implies a main result. | 3(tx) s.t. u(tx): (PS) of J?

e We have ‘ A(tk) s.t. ||ue(te)]2 — 0 ‘ as n — oo, indeed,

o T=o0= lim J(u(t)) > —oo = I(t) sit. 4 J(u(tx)) — O.

o By the energy equality |[u.(t)|3 = — 5 J(u(t)), conclusion.
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o We have ty s.t. |[ue(tx)|[2 = o(1). We want to show

(dJ)u(tk) —0in (Hl)*

o Take any ¢ € H' with |[Vg|2 = 1. We compute (dd)u(en) ()

(d)u(t)(9)] = | /Q ue(t) ]

lJue(te)ll2llell2” <" Cllue(t) 2 Veoll2
Cllue(ti) 2

IN A

: OK?

o || A priori NO‘ when the Poincaré inequality fails in Q

Dynamical structure: L2 ‘ vs. | Energy structure: H!
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Sketch of the Proof for Main Theorem.

Strategy
Take a forward self-similar transformation to (P) and analyze the

lack of the compactness of the associated variational problem.

Let u: T =00, ||Vu(t)]|2 # 0 (“threshold solution™).

o Forward self-similar transformation:
o v(y.s) = (1+ O Vu(x,e), s=In(l+¢), y= =
° (P) -
(P) v = £V(KVv)+ ﬁv—k vivlP?  K(y) =e+
o u: threshold = v: threshold (||Vv(s)||2 # 0).

° ’ v: stationary = v = 0‘ (Escobedo-Kavian ('87))
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Vv gK v gK HV“ﬁK
o o [OuvIE=—Lu(v(s) (Un(v) = g — Jrlas L)

lell2k < C[ Vo2 due to limyy) o K(y) = o0

= 3(sn) s.t. v(sk) =: vi: (PS)-sequence of Jx in H'(K).

= || Behavior of noncompact (PS)-sequence of Jx?

o J: scale-invariant. Struwe '84, Benci-Cerami '92
o Jk: not scale-inv. due to K. But Jk(v) ~ K(a)J(v) if v ~ d,.

@ Detection of the singular set: _
(vk): noncompact (PS) of Jx = vx — 0 in H*(k) and

WP = = Seewb
z in M(R™).
{‘vka - MZZzesﬂz(sz (B%)
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LemrApa 1.
( v,=p,>S2, VzesS. )

Indeed, let

0z >0, 0, =1in B(2), oz =0in By (2)
. cut-off around z with supp ¢, . = B:(z). Then

o f1z = limeo limi—o | V(vipze) |13 ¢
vz = limz_o limi—oo |[Vigze|2
o (dJk)v(vkpze) = o(1)
= [ V(vikpz2) 5k = [vkpzellh ¢ +0(1) as k — o0, Ve > 0

= (taking ehj}) kll—>moo)

o Sllvkpzel? i < IV(vkp2e)|3 i Sobolev inequality
P ’

2
= | Sv,p < py| (taking lim lim ).

e—0 k—oo
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Lemma 2
|S| < oo and there exists R > 0 s.t. limg_oo fRS\yI |Vvi|? = 0.)

o First: By Lemma 1. Especially |[dRy > 0 s.t. S C Bg
0

. 2 _ 2 ) 2
o Second: Jop,<iy) IVVil® = Jary<iyizp [V VA" + Jocyyy Vil

: 2.
e For [p<‘y‘ |V v |2
o ||Vvk|l2.k: bdd since (vk): (PS) of Jk. Then
VulPes < [|Vwle <3c

°
p<lyl

= Vv < e % C = lim lim |Vvi]? = 0.
p<lyl p— 00 k—o0 <lyl

e Hence f/><\y\ (Vvi? = o(1) for p>> Ry and k> 1.

o For f2Ro§|y|§p [Vl

|Vvk\2 — EZES uzéz, S C BRO = f2RoS\y\Sp \Vvk|2 = 0(1)
as k — oo.
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Lemma 3.
There exists ¢, > 0 with ¢, — 0, yx € RV,

w: nontrivial solution of —Aw = w|w|P~2 in RV s.t
Vﬁl)(Z) (ex) S v(yk + exz) — w(z) in HY(RN).

e Find appropriate scaling:

Qi(r) == sup,cpn fB,(y) |Vvk|?|: concentration function.

Then
o Qk(0 ) = integration over ball with radius 0 =0,
° Qk fR’V |Vvk\ > 30
(since otherW|se IVuklla = ||[Vvkl|l2 — 0: contradictiong the

assumption “u: threshold.”)

= (by mean—value theorem) Jex >0, yk € RV st
= Qu(ek) = J., () VWil
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@ Rescaling:

For vlgl)(z) = (Ek)¥ Vk(ekz + yk), there exists w s.t.

vie = w in H1(RY).

o | (vk): (PS) with weight K(y) = e# = | How about (V;El))?
o ex. [Vyw(y)Vyp(y)K(y)dy = [ V.vi(2)V.p(2)Ki(2)dz,

lekz]

where Ky (z) = e 4

o Tails of rescaled weight Kj:

. . legzl?
lim Ki(z) = lime ¢ =1,
k—o0 k—o00
. . legz|
lim Ki(z) = lim e ¢ =o00, Vk>1.
|z] =00 |z| =00

Jtail of v, at z ~ oo causes a several technical difficulties

o Test (dJK(Sk_))VlEl) with ¢: compact support. Then we can

show that ’ w is a nontrivial stationary solution of (P)‘
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By iterating if ||Vv,£1)\|2 # 0, we obtain:

B>0, Jsk(v) = 5IVvIB k= SIVIBK = £IVIE k.

e Propos_ition. ~N
(vk): (PS)-sequence of Js k in HY(K) with [|[Vv|2 /4 0 =

dM e N, 55{”7) € Ry, ylgm) e RN, w(m: sol. —Aw = w|w|P~2
s.t., as k — oo, (m=1,---,M)

. (m) . .
Vg = Z¥:1 Ww(m) ( EE}::;) ) + 0(1) m HI(RN)v
“k

J(vk) = Xy Jw™) 4 o(1), J(v) = 31IVvIE — SlvIlp.

N

@ Invariance of ||V - ||2 under the forward self-similar
: : 1 N—2
transformation with 3 = -4 (= %3*)
= Main Result (on u(tx)).
° ,ug(m) =41+ tkeg(m), ay =1+ tky,Em):

no infomation for limy_, -, is available.
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Remark. An application of Proposition.

@ Proposition gives the energy level for which Jx does not
satisfy the (PS)-condition: ¢ = ¢ + Z:\nﬂzl G
(co: critical value of Jk, ¢j: critical value of J, M € N).

’Several applications in variational analysis‘

o Example: We can show that, if N > 7, then
o J2-critical points v; (j = 1,2) of Jk for B € (¥, %), thus

o Oiu= Au+ %;u+ u|ulP~? has at least 2 time-global solution

of the form uj(x, t) = ——v; (%) forwe (L, 1+
2

tP—

<« construction of the critical point by min-max over

© 1-dimensioinal family (moutain pass) which gives a lower
energy solution , and
@ 2-dimensioinal family which gives a higher energy solution.
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