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Introduction

In this talk we will consider the problem

(1.1)

ur = Au + uP in RY x (0,7),
u(x,0) = uo(x) in RY,

where N > 2, p > 1, and ug > 0, ug Z 0, uo € C(R") N L=(R").

It is well known that there exists T' € (0, co] such that

(1.1) has a unique classical solution on ¢t € (0,7), and if T' < oo then
lims— 7 ||u(t)]|co = 00.

We are interested in the case 1" = oo, and consider the attractivity property

of positive stationary solutions.



Plan of this talk

Part |. Remarks on attractivity properties for us = Au + uP”.
1.1. Known results
(i) Local stability property by Gui, Ni, and Wang (1992, 2001)
(ii) Global attracitivty property by Polacik and Yanagida (2003)
1.2. Main remarks
1.3. Sketch of Proof

Part |l. Application to the problem u; = Au + e“

Part Ill. Application to self-similar solutions to u: = Au + u”



Part |.
Remarks on attractivity properties for

uy = Au + uP.



Stationary solutions: Definitions

Let us recall the properties of solutions to the problem

Ap+¢P =0 in RV,

Define
( 00, 3 < N <10,
Pe = 4
1+ : N > 11
\ N —4—2v/N —1
Put

9 9 1/(p—1)
()
p—1 N — 2

Note that there is a singular solution ¢oo(|z|) = L|z|~2/(P=1) if p > N/(N — 2).



Stationary solutions: Positive solutions

For a > 0, we denote by ¢ (r) a solution of

N —1
¢//_|_—¢/_|_¢p207 ’I°>O,
T
»(0) =a and ¢’(0) =0.
e When p > (N 4+ 2)/(N — 2), ¢ satisfies ¢o(r) > 0 for r > 0 and

r2/P=Dg (r) = L asr — oo.

e When (N +2)/(N —2) < p < pe,
®a(r) and ¢g(r) intersect infinity many times on (0, co).

e When p > pe, ¢a(r) > ¢g(r) forr > 0 if o > .
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Known results by Gui-Ni-Wang

Let v» € C(RYN). For A > 0, define ||¢||x = sup (1 + |z|) M (2)].
rzeRN
Let A1, A2 be the roots of
2
M —(N=2-2m)A+2(N—-2—m)=0 withm = —
p_

When p > pc, we have 0 < A1 < A2. (If p = pe, then 0 < A1 = Ag.)

Theorem A (Gui-Ni-Wang 1992, 2001). Let p > p. and a > 0.
(i) For any € > 0 there is § > 0 such that, if |jup — ¢a|[m+r, <9, then

|lu(-,t,u0) — Pallmrr, <e forallt > 0.
(ii) For any A € (A1, A2], there is § > 0 such that, if ||ug — ¢a|lmer < 4, then

lim [|u(-, ¢, u0) — @allmer =0 forany X € [0, ).

t— o0

i.e., ¢ is stable w.r.t. || - |[;,+x,, and
¢ is weakly asymptotically stable w.r.t. || - ||;n+x-



Known results by Gui-Ni-Wang: Remark

The condition p > pc is crucial.

Theorem (Gui-Ni-Wang 1992)
Assume that (N +2)/(N — 2) < p < pe.
(i) If ugp < ¢po and ug Z ¢ for some o > 0,
then u(x,t, ug) is global and tlg](f)lo |u(-,t,up)||eo = 0.
(ii) If ug > ¢ and ug Z ¢ for some a > 0,

then u(x,t,ug) blows up in finite time.



Known results by Gui-Ni-Wang: Remark

Let us recall a sketch of proof of Theorem A.

Let p > p.. For each o > 0, we have
L 1
Do () = + ai() +o0 ( ) as |x| — oo,

o |x‘m |x|m—|—>\1 |$‘m—}—)\1—|—6

where a1(a) < 0 and aj(«) is continuous and increasing in « > 0.

Then we have
|Pa — P8llm+r, — 0 as B — a.

Thus, for any € > 0, there is n > 0 such that

|Patn — Pallmir, <e.



Known results by Gui-Ni-Wang: Remark

Let n > 0 satisty
||¢5ozin — gbaHm—I—)\l < E.

There exists § > 0 such that, if ||¢o — uo||m+r; <, then
ba-n(7) < u0(®) < far(x) in R,
By the separation property of ¢o+yn and ¢o—n, we have
Ga—n(x) <ulz,t,uo) < daiy(x) fort>0,r€R".

Thus we obtain Theorem A (i).

T 7)
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Known results by Gui-Ni-Wang: Remark

Let us consider the sketch of proof of Theorem A (ii). Recall that

L a1 (a) +0( 1

|x|m—|—>\1—|—€

Pa () =

e e ) bl

Let A > A1. Then we have
{uo : [[uo = dallmir <0} N{pp: >0} = {da}.
If ||up — dal|lmar <, we can show that

|u(-,t;u0) — dallxy — 0 ast — oo

for any A’ € (0, m + A). Thus we obtain Theorem A (ii).



Recall that

bo(z) = L ay (o) +O( 1

|$|'m, |$|m—|—)\1 xm—l—)\l—l—e) as |$| — e
Let A > A1. Then we have
{uo : [[uo — dallmer <} N{gs: 8> 0} ={da}

% %




Known results by Polacik-Yanagida

The global attractivity property of steady states was shown by
Polacik-Yanagida(2003).

Theorem B (Polacik-Yanagida 2003)
Let p > p.. Assume that

— ¢ (|2]) S up(x) < Poo(|z]) for x € RY.

If ug satisfies
lim  |z|™ M ug (@) — ¢a(|z|)| = 0
|z|—o0

with some a > 0, then

Ju(-st,uo) = dallpeo @y — 0 ast — oo



Known results by Polacik-Yanagida: Applications

As applications of Theorem B, they showed the following.
Define the w-set of the solution u by

w(u) = {Y : u(-, tn) — 1 for some sequence t, — co}.

Theorem (Existence of nonstabilizing bounded solution)
Let p > pe. For given —oo < a < 8 < 00,

there is ug such that u = u(x,t; ug) satisfies

w(u) = {py s a <y < B}.

Theorem (Existence of global unbounded solution)

Let p > pc. Then there exists ug such that u(z,t, ug) is global and
[u(st, uo)|| poo(rivy — 00 ast — oo.

See also Polacik-Yanagida (2004).

(The existence of solution which undergoes a sort of birth-and-death process.)



Known results (summary)

In Part I, we will give some remarks on these results.

Theorem A. Let p > p. and a > 0.
(i) For any € > 0 there is § > 0 such that,
if ||luo — ¢allm+xr,; <0, then

|lu(-,t,u0) — Pallmyr, <e forallt > 0.

(ii) For any A € (A1, A2], there is § > 0 such that,
if ||up — dal|lm+r < 9, then

tlim |u(:yt,u0) — dallmar =0 for any X' € [0, N).

Theorem B. Let p > p.. Assume that

— ¢ (|2]) S up(x) < Poo(|z]) for x € RY.

If ug satisfies lim |z|™ T jug(z) — ¢u(|z|)| = 0 with some a > 0, then

|| — 00

Ju(-, ¢ u0) — PallLoogyy — 0 as ¢ — oo.



Main remarks: The case p > p.

We assume that ug € C(R") satisfies
(%) —doo (|2]) < uo(2) < doo(|z|) for z € RY.

By a small change, we obtain the following.

Theorem 1.1. Let p > p. and o > 0. Assume (x).
For any € > 0, there is 4 > 0 such that, if

limsup |z ug (2) — da(lz])] <6,

|| — 00

then
limsup ||u(-,t,u0) — ¢al] - Dllm+r, <e.

t— o0

Corollary 1.1. Let p > pc. Assume (x). If

lim [z[™F M |ug(2) — ¢a(|z])| = 0

|| — o0
with some a > 0, then

lim lu(-t,u0) = ¢al(l - Dllmsr, =0

t— o0



Main remarks: The case p > p.

The asymptotically stability result is extended as follows.

Theorem 1.2. Let p > p. and a > 0. Assume (*).
If there exist A € (A1, A2] such that

limsup |z ug () — ¢a(|z])| < o0

|z — o0
then, for any A\’ € [0, \),

() Jimlu(,t,u0) = @all - llmgr = 0.

Remark.

(i) It is open whether (*x) holds with A = A.

(ii) In Theorem 1.2, we can not replace A € (A1, A2] by A = A;.

(iii) In the proof, we will employ weak super- and subsolutions
to stationary problem.



Main remarks: The case p > p.

Theorem (Fila-Winkler-Yanagida 2005, see also Hoshino-Yanagida 2008)
Let p > pc and A € (A1, A2). Assume (x).

If ug satisfies
uo(z) — pa(lz))] < clz|~™*, zeRY,

for some a« > 0 and ¢ > 0, then there exists C' > 0 such that

A—A

||u('7t7u0) — ¢a(| ’ |)||LO° < C(l + t)_Tl

for all ¢ > 0. (This estimate is optimal.)

Remark. The decay rate may depend on the weight of the norm.
We have

( A—A1
O(t— 2 > if A € (0,m 4+ \i]

Ju(-st,uo0) — dall - DIIx = < B
— 2221 (A=) YRV,
Ot 2x it A€ (m+Ai,m+ )
\

as t — oo.



Main remarks: The case p = p.

Next let us consider the case where p = p.. For each a > 0, we have

L 1 1
paeloglal o (

Pol®) = o T g EGaey

) as |x| — oo,

where a1 () < 0 and aj(«) is increasing in o > 0.
For A > 0, u > 0, define

(1 + =)
HllIx,u = sup

RN (log(2 + |z|))~ [P (x)].

Theorem (Gui-Ni-Wang 1992, 2001) Let p = p. and o > 0.
(i) For any € > 0 there is 6 > 0 such that, if |||uo — ¢al||m+r;,1 <9, then

|||u('7t7u0) _ ¢Oé|||m—i—)\1,1 < e forall t >0.
(ii) For any u € [0,1), there is 6 > 0 such that, if |||ug — ¢al||lm+r;,u <9, then

Bim [u(-,t,u0) = Salllmag, =0 for any p’ € (u, 1]



Main remarks: The case p = p.

Theorem 2.1. Let p = p. and a > 0. Assume ().
For any € > 0, there is § > 0 such that, if

|a:|m"‘>‘1

[uo(z) — ¢a(lz])] <4,

lim sup
|| — oo log |:B|

then
limsup |[|u(-,t,u0) — ¢al(] - Dlllms+r;,1 <e

t— o0

Corollary 2.1. Let p = p.. Assume ().

If
o]

[uo(®) = pa(|z])| =0

lim
z|—oo (log|z|)

with some a > 0, then

Bim [u(-,t,u0) — Sl - Dlllmar.1 = 0.



Main remarks: The case p = p.

Theorem 2.2. Let p = p.. Assume ().
If there exist a > 0 and p € [0, 1) such that, if
||t A

lim sup juo(z) — da(|z])] < oo,
|| — o0 (10g|$|)“

then, for any u’ € (u, 1],

lim ([u-t,u0) = dal - Dlllmry o = 0.



Sketch of Proof:Weak super- and subsolutions

Let us consider the stationary problem
Ap+¢P =0 in RV,

We say that ¢ is a (continuous) weak subsolution, if ¢ € C°°(R*) satisfies,
for any n € C?(R") with n > 0, compact support in R,

Note here that, if ¢ € C?(R%), then
Ap+ P >0 in RY.



Sketch of Proof:Weak super- and subsolutions

Let us recall fundamental results for the Cauchy problem
us = Au+uP  in RN x (0, 00),
u(x,0) = up(x) in RV,

Lemma 1. Let up and uy are weak super- and subsolutions satisfying
uy < ug < up. Then

ug(x) < u(x,t,uo) <uo(z) forallt > 0.

Lemma 2. If ug is a bounded weak subsolution, then u(z,t,ug) is
non-decreasing in ¢ > 0 for each fixed x € R .

Lemma 3. Assume that v = u(|z|,t) is decreasing or increasing in t > 0,

and that
lim wu(|z|,t) = v(|z|) € L.
t— 00

Then v is a stationary solution, i.e, v = ¢, with some a > 0.



Sketch of Proof:Weak super- and subsolutions

By using previous lemmas, we obtain the following.

Lemma 4. (i) Assume that ug is a weak supersolution satisfying
{¢:ba < <uo}N{dg:L>0}={da}.

Then we have u(x,t,ug) — ¢o(x) as t — oo.
(Because we have ¢ () < u(x,t,ug) < ug(x) for t > 0.)

(ii) Assume that u, is a weak subsolution satisfying
QO < ¢O¢ and
Wiug <P < pa}Nidp: >0} ={da}.

Then we have u(x,t,uy) — Pa(x) as t — oco.



Sketch of Proof: Proof of Theorem 1.2

We will give the proof of Theorem 1.2 (global attractivity part).

Theorem 1.2. Let p > p. and o > 0. Assume (x).
If there exist A € (A1, A2] such that

lim sup || *uo (z) — da(|z])] < oo

|z — o0
then, for any A’ € [0, \),

lim u(,t,u0) = o] - Dllmsr =0

Recall that ug € C(RY) satisfies (), i.e.,
(+) ~poo(lo]) < uo(w) < doo(fal) for @ € R

We may assume that there exists 8 > « such that

—¢g(|z]) <uo(x) < Ppg(lx|) for x € RY.



Sketch of Proof: Proof of Theorem 1.2

The following result is crucial for the proof of Theorem 1.2.
Proposition. Assume that ug € C(R”) satisfies

limsup |z ug () — ¢a(|z])| < o0

|| —o0
for some A € (A1, A2], and
—¢s(|z]) < uo(x) < dg(jz]) for z € RY  with 8> a.

(i) There exists a weak supersolution ug satisfying
ug < ug, Pa < ug and

W ¢a <P <oy Nigp: 8> 0} = {da}.

(ii) There exists a weak subsolution u, satisfying

{:uyg <Y< datN{ps:B>0}={da}



Sketch of Proof: Proof of Theorem 1.2

Once we obtain Proposition, it is easy to give the proof of Theorem 1.2.

Let up and u, be super- and subsolutions obtained in Proposition.
Since ug < ug < ug, we have

u(z,t,uy) < u(x,t,ug) < u(x,t,ug) fort > 0.

By Lemma 4, we have

u(z,t,ug) — ¢a(x) and u(x,t,uo) — da(xr) ast— oo.

Thus we obtain u(z,t,ug) — ¢a(x) ast — co. [



Part 11.
Application to the problem u; = Au + e



Exponential nonlinearity: Problem

We consider the problem

ur = Au+e*  inRY x(0,7),
u(z,0) = uo(x) in RY,

where N > 2 and ug € C(R").
First, let us recall the properties of solutions to the problem

Ap+e®=0 in R".



Exponential nonlinearity: Stationary solutions

For a > 0, we denote by ¢ (7) = ¢(r; ) a solution of

N —1
¢/,—|——¢,—|-€¢: ) T>O7
T
»(0) =a and ¢’(0) =0.
e When N > 3, ¢ (r) is decreasing and satisfies

da(r) = —2logr +0O(1) asr — oo.

e When 3 < N <9,
¢a(r) and ¢g(r) intersect infinity many times on (0, co).

e When N > 10, ¢a(r) > ¢g(r) for r > 0 if a > B.



Exponential nonlinearity: Stationary solutions

Let us recall the precise behavior of ¢ (r) as 7 — oo. (Tello 2006)
Let A1, A2 be the roots of

A2 — (N —2)A+2(N —2) =0.

When N > 10, we have 0 < A1 < Ao, i.e.,

N—2—4/(N—-2)(N-10) A\

A = i | N—2—|—\/(N—2)(N—10).

2

For each a > 0, we have

—2logr +1og(2N — 4) + a1 (a)r = + by (a)r =2 + o(r=72)
it N> 11,
Pa(x) = < ] b
—2logr + log(2N — 4) + ai() Og}\’l‘l—l— 1(@) + o(r~?1)
T
\ if N =10

as |x| — oo, where a1 () is a negative constant.
Note here that a1 () < 0 is continuous and increasing in a.



Exponential nonlinearity: Local stability

Theorem A (Tello 2006)
Let N > 10 and a > 0.
(i) For any € > 0 there is 6 > 0 such that, if ||ug — ¢al|x, <, then

Ju(-,t,u0) — Pallr; <e forallt > 0.

(ii) There is § > 0 such that, if |[ug — ¢al|r, < 6, then

tlim |u(-,t,up) — dallx =0 for any X € (0, A2).



Exponential nonlinearity: Global attractivity

We assume that ug € C(R") satisfies
(%) g (J2]) < uo(z) < ¢g(lz]) for z € RY

with some 3,3 € R.
Theorem 3.1. Let N > 10, and assume (x). Let a € (8, 3).
For any € > 0, there is 4 > 0 such that, if

limsup [z|** [uo () — da(lz))] <6,

@] — o0

then
limsup ||u(-,t,u0) — (] - |)x, <e.

t— o0

As a consequence of Theorem 1, we obtain the following.

Corollary 3.1.(Tello 2006) Let N > 10. Assume (x). If

lim |z |ug(z) — ¢a(|2])| = 0

| x| — o0
with some a € (3, 8), then

Tim Ju(,,u0) = dal] - Dlx, =0



Exponential nonlinearity: Global attractivity

Theorem 3.2. Let N > 10, and assume (x). Let a € (5', 3).
If there exist A € (A1, A2] such that

lim sup |2|*|uo(z) — ¢a(|2])| < 0o

|z|— o0
then, for any A\ € [0, \),
(%) lim [Ju(-,t,u0) — da(l-[lx = 0.

t— o0



Part 111.

Application to self-similar solutions to

uy = Au + uP



Self-similar solutions

We will consider the problem

{ ur = Au+uP  in RN x (0,7),

u(x,0) = ug(x) in RV,

(1.1)

where N > 2, p > 1, and ug > 0, ug Z 0, ug € C(RY) N L>*(RN).

We recall that u is a self-similar solution if and only if v has the form
u(z,t) =t~ P De(z/V),

where ¢ satisfies the elliptic equation

1 1
Agb+§x-v¢—|——1gb—l—¢p20 in RV .
p_



Similarity variables

For a solution u of (1.1), define
w(y,s) = (t+ DY P Dy(z,t) withy =z/VEi+1, s=log(t+ 1).

Then (1.1) is reduced to the problem

( 1 1
wszAw+§y-Vw+—1w—|—wp, s > 0, yERN,
p_

\ w(y,O) — uo(y), (NS RN,

A stationary problem for (1.2) is as follows.

(1.2) <

1 1
A¢p + 5:1:-qu—|— —1qb—|—gbp:O in RV.
p_



Initial value problem

For a > 0, we denote by ¢, a solution to

( N-—-1 r 1
o'+ (S ) e =0 ra

r

\ »(0) =a and ¢'(0)=0.

This ODE problem was studied extensively, by
Haraux-Weissler (1982), Weissler (1985),
Peletier-Terman-Weissler (1986), Yanagida (1996)
Dohmen-Hirose (1998), Galaktionov-Vazquez (1997)
Souplet-Weissler (2003), Bae (2004), N (2006)

We recall here the results on the asymptotic behavior of ¢ (7r) as r — oo.



Asymptotic behavior

Haraux-Weissler (1982)
Let p > pr := (N 4+ 2)/N. For a > 0, there exists £ = ¢(a) € R such that

lim r2/®P=Dg, (r) = l(a),

T— 00

and that ¢(«) is continuous in a > 0.

N (2006) Let prp < p < pe.
Then there exists a® > 0 such that, if 0 < a < 8 < o™, then

0 < pa(r) < ¢g(r) forr >0 and 0 <L(a) <L(B).

Note here that
Do (1) = E(a)r_2/(p_1) - o(r_2/(p_1)) as r — oo.

We can expect similar results as Part I and II for self-similar solutions.



Results

First let us consider the problem (1.2).
(1.2) 27 p—1

We assume that

() 0 <uo(y) < gax(ly]) forye RN,

Theorem 3.1. Let pp < p < pc. Assume (x). Let a € (0, a™).
For any € > 0, there is 6 > 0 such that, if

lim sup |y|*/ =P ug (y) — dallyl)] <6,

|y|— o0

then
limsup [[w(,8) — ¢a (|- Dll2/(p—1) < &

t— 00



Results: Remark and Corollary

Remark. Since |y|2/ (P~ Do, (ly|) — £(a) as |y| — oo, the condition

lim sup |y P~V |uo (y) — da(ly])| < 6,

|y|— o0

in Theorem 3.1, can be written as

lim sup ||y|?/ P~ Dug(y) — £(a)| < 6.

|y |— o0

We note that, for any ¢ € (0, 4(a™*)), there exists a unique o € (0, a™)
satisfying ¢ = ¢(«).

Corollary 3.1. Let pr < p < pc. Assume (x). If

lim |y[*/ P~ Dug(y) = ¢

|y|— o0

for some ¢ € (0,¢(a™)), then
T [w(-,s) = ba (- Dllayp1) = O

where « satisfies £ = £(a).



Results

Finally, we apply our result to the problem (1.1):

us = Au + uP in RN x (0,7),
u(x,0) = ug(x) in RV,

(1.1)

For a > 0, define
ta(,t) =t~ P2 (|2|/V1).

Corollary 3.2. Let pr < p < pe.
Assume that there exists tg > 0 such that

0 < ug(z) < ug*(z,tg) for x € RY.

If lim |z|?/®~Dyg(z) = £ for some ¢ € (0, 4(a*)), then

@[ — o0

Jim /@D [lu, 1) —ua(] - [,z =0,

where « satisfies £ = £(a).



Thank you very much for your kind attention !





