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Our system (PE)

(PE)
U=V -(VU-UVV) in R" x (0, 00),
O=AV+U inR"x(0,x), V(0,-)=0 in (0, 00),
U(-,0)=Ur>0 in R™

on—=1223---.

e (PE) is a simplified version of Keller-Segel system, if n = 2.

o Keller-Segel system is introduced to describe the aggregation
of cellular slime molds.

e U(x,t) represents the density of the cells.

e \We consider the behavior of the function U.
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Plan of our talk

Fundamental properties of radial solutions.

Known results and behavior of solutions.

Our results (Stability of stationary solutions)

Application of our results (existence of oscillating solutions)
Idea of poof of our reslts.



Time local existence and uniqueness

If UZ is radial, positive and

7y _ [ O@)/[af2 (n > 3)
U()—{ouwm4m=2>

there exists a unique solution (U, V) as follows.

Uz, t) = /Rn Gz — 7, UL (7)d7

t i}
—/ / V-G(z — 7t —1) — / U(z,0)dz s U(F, D) dadE
0 JR" z|<|Z|

wp |Z|™

} as |x| — oo,

in R™ x [0,T) with a constant T € (0, oo].
G is the Gauss kernel of 9y — A in R™ and wy, = |S"7 1.

V(e t) = _/\x| 1

0] Wn’r'n_ 1

/ U(Z,t)didr in R™ x [0,T).
|Z|<r



Fundamental properties of solutions

e U is non-negative in R™ x (0,T), since UL is non-negative.
e (PE) has radial stationary solutions (Ug, V) for any o > 0 sat-
isfying Un(0) = «,
U (a) — { O(1)/[af? s |z] —+ o0 (n >3),
3 a/(1+ (a/8)|z]?)? (n=2),
Va(z) = 1og(Ua(z) /).

TIf n =2, /R2 Uq(x)dx = 8w for a > 0.
T Uq 1S continuous with respect to o.

0= AVy+ ae'e in R”,
Va(0) =0, o =ae’e in R”
2(n—2) .
>
T Singular stationary solution Ux(z) = |2 itn >3,
8mdg if n = 2.

T Stationary solutions (Ug, Vi) satisfies {




Known results ~ radial case ~

e [ here exist solutions blowing up at finite time T.

limsup [|U(:, )| peo(rn) = 0o.  [Nagai '95 etc]
t—T

e Solutions exist globally in time, if

0< UL <Us, UL#£Usx (n>3),
UT >0, /R2 UL(z)dz < 87 (n =2). [Biler etc '06]

e [ here exist solutions blowing up at infinite time.

limsup [[U(-, t) | Leo(rny = o0-
t—00

(n = 2 [Blanchet etc '08, Kavallavis-Souplet '09 (bounded do-
main)], n>11 [S., '09)])



Oscillating solutions ~ A =87 and n =2 ~

Put  w(UT: C(R2)) = {F e C(R?)NLP(R?) : lim t, = oo,

n—oo

im [|U(, tn) — Flloo(r2y =0 for some {in} C (O,oo)}.

Theorem 1.[Naito-S. preprint]

(1) For a and d with O < a < d there exists a radial solution
(U, V) with U(-,0) = UZ satisfying

{Ushiefaq) C 0@ : CR?), [ Ul t)de = &r.
(2) For {bj}ﬁl C (0,00) with lim,_,,, b; = oo there exists a radial
solution (U, V) with U(-,0) = UZ satisfying

{U,,1321 € w(UT : C(R?)), /R2 Uz, t)ds = 8



Remark

(1) For each b € [a,d] there exists a sequence {t;}72; C (0,00)
satisfying

lim ((U(C,tr) — Upll 5 o = 0, lim t;, = oo.
k_>oo|| (5 tx) oll 1, (R2) o Uk o0
(2) For each j = 1,2,3,--- there exists a sequence {t;}72, C

(0, c0) satisfying

UG k) = Upllpoor2y =0, lim #, = oo.

lim
k— 00 k— 00

There exists a sequence {t;}72; C (0, 00) satisfying

UG t) | poo(r2y = 00, liM 1 = oo.

lim
k—00 k— 00

0 limy_,o, Uy = 8760.



Tools for construction of oscillating solutions ~ n =2 ~

e Stability of stationary solutions for radial perturbation.

Proposition 1 [ Biler-Karch-Laurencot-Nadzieja |
Let UL be nonnegative and radial, ||UI||L1(R2) = 87 and

sup (1 + |z])°|U(2) — Up(a)| < oo
reR?

with some b > 0. Then, liM; o0 U, ) — Upll poor2) = 0.

e Layer of stationary solutions.
iMg_p |Ua — Upllpoo(r2y =0 (0> 0)

/‘$|<r Uyg(z)dx < o< Upy(x)de (r > 0), if a <0.

e Arguments in [PolacCik and Yanagida '03]



Our result ~ high dimensional case ~

Theorem 1 Letn >11. iz ={n+2+,/(n—2)(n—10)}/2 €
(2,n). Suppose 0 < UL < Us in R"™ and
im (14 |z))P~|U%(z) — Ua(z)| = 0
|x|—00

with some o > 0. Then, the solution (U,V) to (PE) satisfies
|1UC5t) = Uallg. rn = 0,

lim
t—o00
where ||F||g rn = subzern(1 + |2])7| F(2)].

e Layer of stationary solutions. (n > 11)

(1imy_p |Ua = Upllg_ gn =0 (b>0)
2(n—2) A(b)
U = —
0= T g
A(b) > 0 is continous with respect to b > 0.
 Ua(z) < Up(x) in R"  if a <.

as|z| — oo.

7\




Remark

Let W be a solution to
Wy =AW 4+ eV in R x (0,00) W(,0) =W in R”
and let W, be a radial stationary solution satisfying W,(0) = «.

Theorem 2 (Tell '06) Let n > 10. For some 0 < ~ < ~/
suppose Wy < Wt < W, in R™ and

im (1 + [z))P=2|WE(z) — Wa(z)| =0

T|—00

with some o > 0. Then, limi_ [[W(:,t) — Wallg__o rn = O.

e Assumption “lim ., . (14|z|)?|U%(z) —Ua(z)| = 0" is optimal,
since liMy—q [|[Uy — Uallg_ gr = 0 and

im (14 |z])P~|Ua(z) —Uy(z)| >0  if v #a.

|x|—00



Functional spaces and w-limit set

e For a non-negative constant 8, put

Cs(R™) = {F c C(R™) N L®(R™) : sup (1 + |z))P|F(z)| < oo} .

rzceR"

e Let (U,V) be a solution to (PE) with initial data UZ satisfying
UeC([0,00) : C(R*")NL>®(R™)). We put
w(UT : Ch(R™)) = {F c C(RM NLOMRY - lim t, = oo,

n—oo

lim [[U(-,tn) — Fllgrn =0 for some {tn} C (O,oo)}.

n—oo



Application of Theorem 1 ~ oscillating solutions ~

Theorem 3 Let n> 11 and let \ be a set of [0,0).
Then, there exists a radial and continuous function UZ such that

0< Ut < Uy = in R™

and
{Ua}aen C w(UT Cg(R"™))  for any € [0,2).
Moreover, suppose inf A > 0. Then, we can take 3 € [0,5_).

Remark. U, — U aS a — oo. Then, if sup/A\ = oo,

lim sup [|[U(+, £)|| poo(rn) = o0-
t—00



Proof of stability ~ sub-solutions, super-solutions ~

Lemma 1 (Tello '06, Gui-Ni-Wan ’92 Letn > 10. There
exists a sequence of radial functions {V ), Va }k ~1 Ssatisfying the

following properties.

_ — (k)
° AV((f) 4+ aeva” <0 in R® (Super-solutons).

(k) V(k) ; n ;
e AV’ 4+ ae¥a” >0 in R*(Sub-solutions).
R 4SRN 74 N VD SRR v GO 7o o
o liMinfi,_oo(1+ [z))+ 2|V () - Valz)| > 0, where V. =V or
(k)
' B —2 B (k)
o I|m‘x‘_>oo(1 + |x|) |V (z) — Va(x)| = O, where V. = V"’ or
(k)

o Va is a un/que solutions to AV +ae” =0 in R™ with V(0) = 0
such that V( ) > Vo > Vgé )



Transformation and sub and super solutions

Let (U, V) be a solutions to (PE) and let w, = |S™1|.
o Put u(r,t) = / U(x,t)dx. u satisfies
lx|<r

wnr™

( E(u)zut—urr—njﬂ'lur—u{rur—l—nu}=O (O<r<oo, t>0),

ur(0,t) =0 (¢t > 0),
L u(z,0) =ul  (0<r< o).

N\

1

o uq(r) = / Ua(x)dx is a stationary solution to £(u) = 0.

wnr™ J]z|<r
(k) 1 v @y, .

oeuy (r) = —/ ae’ dx is a super-solution to L(u) = 0.
wnr™ Jz|<r

o uy (r) = —/ e dx is a sub-solution to £L(u) = 0.
wnr™ J|z|<r



Linearized equation

For a stationary solution uq, let m be a solution to

( Ma(m) = ms — myy — nT-Hmr — mA{ruar + nua} — ue {rmy +nm}
(O<r<oo, t>0),

mr(0,t) =0 (¢t > 0),
| m(z,0) =mf (0<r< o).




Estimates of solutions

Lemma 2 Letn>11, B€[B-,54] and o« > 0. Suppose
m? >0 and rmg—l—ﬁmzzO (0 < r < o0).
Then, the solution m to Ma(m) = O satisfies

m>0, r™,+8m>0 (0<r<oo, t>0).

( Idea of proof ) “m > 0" comes from the comparison theorem.
Multiplying Ma(m) = 0 by r? and differentiating with respect to
r, we have

[(7Pm) ] = [(PPm)r]mr+  terms of [(rPm),]"+ * positive term " (rPm)

and that “positive term” > —2(8 — B_)(B — By )r—3 for r > 0.
Then, the second claim comes from the comparison theorem.



Sub-solutions and super-solutions to L(u) =0

Lemma 3 Letn > 11, B € [B—,B4], « > 0 and let m be a
solution to My(m) = 0. Suppose

mf >0, rmf4+B8m?f>0 (0<r< o).

Then, uq £ m is a sub-solution to L(u) = 0.

Lemma 4 Letn > 11, B € [B-,64], n>~v>a >0 and let m
be a solution to M~(m) = 0. Suppose

mt >0, rm%—I—BmIZO (0 < r < o0)

and

mI<ur,7—ufy§ufy—ua (0 < r < o).

Then, uq + m is a super-solution to L(u) = 0.



( Idea of proof of Lemma 3 )

L(ug £m) = L(ug) £ Ma(m) — m{rm, + nm} <O0.
o rmy+nm >0 and m >0 by Lemma 2.

( Idea of proof of Lemma 4 )
L(uog+m) = L(ua)+ My(m)+ (uy — uq —m){rmr +nm}
+{Uy — Ua}m > 0.
o m < upy—uy < uy — uq by Lemma 3 and assumptions.
e rmy +mnm >0 and m >0 by Lemma 2.
o Uy>Ugy in R

Then, L(uq + m) > 0.



Decay of solutions to M,(m) =0

Lemma 5 Suppose limy—oo(1 + 7)P~|mZ(r)| = 0. Then, the
solution m to My(m) = O satisfies

Jim (-, )l fo.0c) = O,

where || f]|3.10.00) = SUPO<r<oo(1l + r)Pf(r)].

Remark
o £(ﬂ&1)) > 0, £(g&1)) < 0.
o liMr—oo(1 4+ )P~ |ua(r) — uy(r)] > 0 if a # 7.



( Idea of proof ) Let m? = mi —m’ and mi = mi xRy +
MY X[R,00)

For any £ > 0, there exists a R > 0 s.t. uq +m% 1T X[R,00) S uoé_|_6

Let my 4 be a solutions to Mq(m) = 0 with m_|_1( 0) = m+x[R o)

m 1 satisfies uq +my1 < ugye.

On the other hand,

For some 6 > 0, uq + 6m§_x[0,R) < ﬂ&l)

Let w be a solution to £(u) = 0 with @w(-,0) = u&l) and let m4o
be a solutions to Muy(m) = 0 with m4,(-,0) = m_|_x[o R)-

By u; <O, liMi—00 [[u(-58) — uallg_ [0,00) = 0 and ua + dm4 o < u.
Then, IiImsup:_ ”m-I-Hﬁ_,[O,oo) < ||ua_|_€ — UQHB_’[O,OO).

Here, my = m431 + mgo is a solution to Mqa(m) = 0 with

m4(-,0) = m?l_.

g IS arbitrary.
Similarly, we can show the decay of solution m_ to Muy(m) =0

with m_(-,0) = mZ.



Proof of stability of u,

I—uﬁgun—uyguv—uﬁ and uaguzguy.

( Simple case ) u
Let mZ = o — ug.

Let mg be a solution to Mg(m) = 0 with mg(-,0) = m”.
Let m~ be a solution to M~(m) = 0 with m~(-,0) = mZ.

By Lemmas 3 and 4,
uﬁ—l—mﬂ §u§u5—l—m7.
By Lemma 5,
MM JuC,8) = ugllg_fo,00) = O.

T hus, stationary solutions ug IS stable.



( Parabolic regularity method ) Using the parabolic regularity
method for the above solution, we establish the convergence of

solutions to (PE).

Parabolic regularity argument. There exists a constant C' such
that

Uu(,t) —U, n<C  max u(-,8) —u
| ollgr 1T | allg,(0,00)

fort > 1.



