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Our system (PE)

(PE)
Ut = ∇ · (∇U − U∇V ) in Rn × (0,∞),
0 = ∆V + U in Rn × (0,∞), V (0, ·) = 0 in (0,∞),
U(·,0) = UI ≥ 0 in Rn.

• n = 1,2,3, · · · .
• (PE) is a simplified version of Keller-Segel system, if n = 2.

• Keller-Segel system is introduced to describe the aggregation

of cellular slime molds.

• U(x, t) represents the density of the cells.

• We consider the behavior of the function U .



Plan of our talk

1. Fundamental properties of radial solutions.

2. Known results and behavior of solutions.

3. Our results (Stability of stationary solutions)

4. Application of our results (existence of oscillating solutions)

5. Idea of poof of our reslts.



Time local existence and uniqueness

If UI is radial, positive and

UI(x) =

{
O(1)/|x|2 (n ≥ 3)
O(1)/|x|4 (n = 2)

}
as |x| → ∞,

there exists a unique solution (U, V ) as follows.

U(x, t) =
∫
Rn

G(x− x̃, t)UI(x̃)dx̃

−
∫ t

0

∫
Rn

{
∇x̃G(x− x̃, t− t̃) ·

x̃

ωn|x̃|n
∫
|x̂|<|x̃|

U(x̂, t̃)dx̂

}
U(x̃, t̃)dx̃dt̃

in Rn × [0, T ) with a constant T ∈ (0,∞].
G is the Gauss kernel of ∂t −∆ in Rn and ωn = |Sn−1|.

V (x, t) = −
∫ |x|

0

1

ωnrn−1

∫
|x̃|<r

U(x̃, t)dx̃dr in Rn × [0, T ).



Fundamental properties of solutions

• U is non-negative in Rn × (0, T ), since UI is non-negative.
• (PE) has radial stationary solutions (Uα, Vα) for any α > 0 sat-
isfying Uα(0) = α, Uα(x) =

{
O(1)/|x|2 as |x| → ∞ (n ≥ 3),
α/(1 + (α/8)|x|2)2 (n = 2),

Vα(x) = log(Uα(x)/α).

† If n = 2,
∫
R2

Uα(x)dx = 8π for α > 0.

† Uα is continuous with respect to α.

† Stationary solutions (Uα, Vα) satisfies

{
0 = ∆Vα + αeVα in Rn,

Vα(0) = 0, Uα = αeVα in Rn

† Singular stationary solution U∞(x) =


2(n− 2)

|x|2
if n ≥ 3,

8πδ0 if n = 2.



Known results ∼ radial case ∼

• There exist solutions blowing up at finite time T .

lim sup
t→T

‖U(·, t)‖L∞(Rn) = ∞. [Nagai ’95 etc]

• Solutions exist globally in time, if 0 ≤ UI ≤ U∞, UI 6≡ U∞ (n ≥ 3),

UI ≥ 0,
∫
R2

UI(x)dx ≤ 8π (n = 2). [Biler etc ’06]

• There exist solutions blowing up at infinite time.

lim sup
t→∞

‖U(·, t)‖L∞(Rn) = ∞.

(n = 2 [Blanchet etc ’08, Kavallavis-Souplet ’09 (bounded do-

main)], n ≥ 11 [S., ’09])



Oscillating solutions ∼ λ = 8π and n = 2 ∼

Put ω(UI : C(R2)) =
{
F ∈ C(R2) ∩ L∞(R2) : lim

n→∞ tn = ∞,

lim
n→∞ ‖U(·, tn)− F‖L∞(R2) = 0 for some {tn} ⊂ (0,∞)

}
.

Theorem 1.[Naito-S. preprint]

(1) For a and d with 0 < a < d there exists a radial solution
(U, V ) with U(·,0) = UI satisfying

{Ub}b∈[a,d] ⊂ ω(UI : C(R2)),
∫
R2

U(x, t)dx = 8π.

(2) For {bj}∞j=1 ⊂ (0,∞) with limj→∞ bj = ∞ there exists a radial

solution (U, V ) with U(·,0) = UI satisfying

{Ubj}
∞
j=1 ⊂ ω(UI : C(R2)),

∫
R2

U(x, t)dx = 8π



Remark

(1) For each b ∈ [a, d] there exists a sequence {tk}∞k=1 ⊂ (0,∞)

satisfying

lim
k→∞

‖U(·, tk)− Ub‖L∞(R2) = 0, lim
k→∞

tk = ∞.

(2) For each j = 1,2,3, · · · there exists a sequence {tk}∞k=1 ⊂
(0,∞) satisfying

lim
k→∞

‖U(·, tk)− Ubj‖L∞(R2) = 0, lim
k→∞

tk = ∞.

There exists a sequence {tk}∞k=1 ⊂ (0,∞) satisfying

lim
k→∞

‖U(·, tk)‖L∞(R2) = ∞, lim
k→∞

tk = ∞.

※ limb→∞Ub = 8πδ0.



Tools for construction of oscillating solutions ∼ n = 2 ∼

• Stability of stationary solutions for radial perturbation.

Proposition 1 [ Biler-Karch-Laurençot-Nadzieja ]
Let UI be nonnegative and radial, ‖UI‖L1(R2) = 8π and

sup
x∈R2

(1 + |x|)5|UI(x)− Ub(x)| < ∞

with some b > 0. Then, limt→∞ ‖U(·, t)− Ub‖L∞(R2) = 0.

• Layer of stationary solutions.
lima→b ‖Ua − Ub‖L∞(R2) = 0 (b > 0)∫
|x|<r

Ua(x)dx ≤
∫
|x|<r

Ub(x)dx (r > 0), if a ≤ b.

• Arguments in [Poláčik and Yanagida ’03]



Our result ∼ high dimensional case ∼

Theorem 1 Let n ≥ 11. β± = {n+2±
√
(n− 2)(n− 10)}/2 ∈

(2, n). Suppose 0 ≤ UI ≤ U∞ in Rn and

lim
|x|→∞

(1 + |x|)β−|UI(x)− Uα(x)| = 0

with some α > 0. Then, the solution (U, V ) to (PE) satisfies

lim
t→∞

‖U(·, t)− Uα‖β−,Rn = 0,

where ‖F‖β,Rn = supx∈Rn(1 + |x|)β|F (x)|.

• Layer of stationary solutions. ( n ≥ 11)

lima→b ‖Ua − Ub‖β−,Rn = 0 (b > 0)

Ub(x) =
2(n− 2)

|x|2
−

A(b)

|x|β−
as|x| → ∞.

A(b) > 0 is continous with respect to b > 0.
Ua(x) ≤ Ub(x) in Rn if a ≤ b.



Remark

Let W be a solution to

Wt = ∆W + eW in Rn × (0,∞) W (·,0) = W I in Rn

and let Wα be a radial stationary solution satisfying Wα(0) = α.

Theorem 2 (Tell ’06) Let n > 10. For some 0 < γ < γ′

suppose Wγ ≤ W I ≤ Wγ′ in Rn and

lim
|x|→∞

(1 + |x|)β−−2|W I(x)−Wα(x)| = 0

with some α > 0. Then, limt→∞ ‖W (·, t)−Wα‖β−−2,Rn = 0.

• Assumption “lim|x|→∞(1+ |x|)β|UI(x)−Uα(x)| = 0” is optimal,
since limγ→α ‖Uγ − Uα‖β−,Rn = 0 and

lim
|x|→∞

(1 + |x|)β−|Uα(x)− Uγ(x)| > 0 if γ 6= α.



Functional spaces and ω-limit set

• For a non-negative constant β, put

Cβ(R
n) =

{
F ∈ C(Rn) ∩ L∞(Rn) : sup

x∈Rn
(1 + |x|)β|F (x)| < ∞

}
.

• Let (U, V ) be a solution to (PE) with initial data UI satisfying

U ∈ C([0,∞) : C(Rn) ∩ L∞(Rn)). We put

ω(UI : Cβ(R
n)) =

{
F ∈ C(Rn) ∩ L∞(Rn) : lim

n→∞ tn = ∞,

lim
n→∞ ‖U(·, tn)− F‖β,Rn = 0 for some {tn} ⊂ (0,∞)

}
.



Application of Theorem 1 ∼ oscillating solutions ∼

Theorem 3 Let n ≥ 11 and let Λ be a set of [0,∞).

Then, there exists a radial and continuous function UI such that

0 ≤ UI ≤ U∞ ≡
2(n− 2)

|x|2
in Rn.

and

{Ua}a∈Λ ⊂ ω(UI : Cβ(R
n)) for any β ∈ [0,2).

Moreover, suppose inf Λ > 0. Then, we can take β ∈ [0, β−).

Remark. Ua → U∞ as a → ∞. Then, if supΛ = ∞,

lim sup
t→∞

‖U(·, t)‖L∞(Rn) = ∞.



Proof of stability ∼ sub-solutions, super-solutions ∼

Lemma 1 (Tello ’06, Gui-Ni-Wang ’92) Let n ≥ 10. There
exists a sequence of radial functions {V (k)

α , V
(k)
α }k≥1 satisfying the

following properties.

• ∆V
(k)
α + αeV

(k)
α < 0 in Rn (Super-solutons).

• ∆V
(k)
α + αeV

(k)
α > 0 in Rn(Sub-solutions).

• V
(1)
α > V

(2)
α > · · · > Vα > · · · > V

(2)
α > V

(1)
α .

• lim inf |x|→∞(1+ |x|)β+−2|V (x)− Vα(x)| > 0, where V = V
(k)
α or

V
(k)
α .

• lim|x|→∞(1 + |x|)β−−2|V (x) − Vα(x)| = 0, where V = V
(k)
α or

V
(k)
α .

• Vα is a unique solutions to ∆V +αeV = 0 in Rn with V (0) = 0
such that V

(1)
α > Vα > V

(1)
α .



Transformation and sub and super solutions

Let (U, V ) be a solutions to (PE) and let ωn = |Sn−1|.
• Put u(r, t) =

1

ωnrn

∫
|x|<r

U(x, t)dx. u satisfies


L(u) = ut − urr − n+1

r ur − u {rur + nu} = 0 (0 < r < ∞, t > 0),

ur(0, t) = 0 (t > 0),

u(x,0) = uI (0 ≤ r < ∞).

• uα(r) =
1

ωnrn

∫
|x|<r

Uα(x)dx is a stationary solution to L(u) = 0.

• u
(k)
α (r) =

1

ωnrn

∫
|x|<r

αeV
(k)
α (x)dx is a super-solution to L(u) = 0.

• u
(k)
α (r) =

1

ωnrn

∫
|x|<r

αeV
(k)
α (x)dx is a sub-solution to L(u) = 0.



Linearized equation

For a stationary solution uα, let m be a solution to
Mα(m) = mt −mrr − n+1

r mr −m {ruαr + nuα} − uα {rmr + nm}
(0 < r < ∞, t > 0),

mr(0, t) = 0 (t > 0),

m(x,0) = mI (0 ≤ r < ∞).



Estimates of solutions

Lemma 2 Let n ≥ 11, β ∈ [β−, β+] and α ≥ 0. Suppose

mI ≥ 0 and rmI
r + βmI ≥ 0 (0 < r < ∞).

Then, the solution m to Mα(m) = 0 satisfies

m ≥ 0, rmr + βm ≥ 0 (0 < r < ∞, t > 0).

〈 Idea of proof 〉 “m ≥ 0” comes from the comparison theorem.
Multiplying Mα(m) = 0 by rβ and differentiating with respect to
r, we have

[(rβm)r]t = [(rβm)r]rr+“ terms of [(rβm)r]
′′+“ positive term ′′(rβm)

and that “positive term” > −2(β − β−)(β − β+)r−3 for r > 0.
Then, the second claim comes from the comparison theorem.



Sub-solutions and super-solutions to L(u) = 0

Lemma 3 Let n ≥ 11, β ∈ [β−, β+], α > 0 and let m be a

solution to Mα(m) = 0. Suppose

mI ≥ 0, rmI
r + βmI ≥ 0 (0 < r < ∞).

Then, uα ±m is a sub-solution to L(u) = 0.

Lemma 4 Let n ≥ 11, β ∈ [β−, β+], η > γ > α > 0 and let m

be a solution to Mγ(m) = 0. Suppose

mI ≥ 0, rmI
r + βmI ≥ 0 (0 < r < ∞)

and

mI ≤ uη − uγ ≤ uγ − uα (0 < r < ∞).

Then, uα +m is a super-solution to L(u) = 0.



〈 Idea of proof of Lemma 3 〉

L(uα ±m) = L(uα)±Mα(m)−m{rmr + nm} ≤ 0.

• rmr + nm ≥ 0 and m ≥ 0 by Lemma 2.

〈 Idea of proof of Lemma 4 〉

L(uα +m) = L(uα) +Mγ(m) + (uγ − uα −m){rmr + nm}
+ {Uγ − Uα}m ≥ 0.

• m ≤ uη − uγ ≤ uγ − uα by Lemma 3 and assumptions.

• rmr + nm ≥ 0 and m ≥ 0 by Lemma 2.

• Uγ ≥ Uα in Rn.

Then, L(uα +m) ≥ 0.



Decay of solutions to Mα(m) = 0

Lemma 5 Suppose limr→∞(1 + r)β−|mI(r)| = 0. Then, the

solution m to Mα(m) = 0 satisfies

lim
t→∞

‖m(·, t)‖β−,[0,∞) = 0,

where ‖f‖β,[0,∞) = sup0<r<∞(1 + r)β|f(r)|.

Remark

• L(u(1)α ) > 0, L(u(1)α ) < 0.

• limr→∞(1 + r)β−|uα(r)− uγ(r)| > 0 if α 6= γ.



〈 Idea of proof 〉 Let mI = mI
+ − mI

− and mI
+ = mI

+χ[0,R) +
mI

+χ[R,∞).
For any ε > 0, there exists a R > 0 s.t. uα +mI

+χ[R,∞) ≤ uα+ε.
Let m+1 be a solutions to Mα(m) = 0 with m+1(·,0) = mI

+χ[R,∞).
m+1 satisfies uα +m+1 ≤ uα+ε.
On the other hand,
For some δ > 0, uα + δmI

+χ[0,R) ≤ u
(1)
α .

Let u be a solution to L(u) = 0 with u(·,0) = u
(1)
α and let m+2

be a solutions to Mα(m) = 0 with m+2(·,0) = mI
+χ[0,R).

By ut < 0, limt→∞ ‖u(·, t)− uα‖β−,[0,∞) = 0 and uα + δm+2 ≤ u.
Then, lim supt→∞ ‖m+‖β−,[0,∞) ≤ ‖uα+ε − uα‖β−,[0,∞).
Here, m+ = m+1 + m+2 is a solution to Mα(m) = 0 with
m+(·,0) = mI

+.
ε is arbitrary.
Similarly, we can show the decay of solution m− to Mα(m) = 0
with m−(·,0) = mI

−.



Proof of stability of uα

〈 Simple case 〉 uI − uβ ≤ uη − uγ ≤ uγ − uβ and uα ≤ uI ≤ uγ .

Let mI = uI − uβ.

Let mβ be a solution to Mβ(m) = 0 with mβ(·,0) = mI.
Let mγ be a solution to Mγ(m) = 0 with mγ(·,0) = mI.
By Lemmas 3 and 4,

uβ +mβ ≤ u ≤ uβ +mγ.

By Lemma 5,

lim
t→∞

‖u(·, t)− uβ‖β−,[0,∞) = 0.

Thus, stationary solutions uβ is stable.



〈 Parabolic regularity method 〉 Using the parabolic regularity

method for the above solution, we establish the convergence of

solutions to (PE).

Parabolic regularity argument. There exists a constant C such

that

‖U(·, t)− Uα‖β,Rn ≤ C max
t−1

2≤s≤t+1
2

‖u(·, s)− uα‖β,[0,∞)

for t ≥ 1.


