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» Cells partially orient their movement toward increasing signal
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Chemotactic movement plays a key role in many processes of
communication bewteen cells, e.g. in

» formation of aggregates such as in populations of Dictyostelium
discoideum or Escherichia coli

» tumor cell migration

» organization of cell positioning during embryonic development

|



The Keller-Segel model

KELLER/SEGEL 1970:
> u = u(x,t): Density of cell population

» v = V(X,t): Concentration of signal

U =Au—V-(uVv),  xeq, t>0,

KS
Vi = AV —V + U, X€Q, t>0. (KS)

We consider (KS) along with homogeneous Neumann boundary

conditions g4 = 2 = 0 on 0 and initial conditions

U(x,0)=Uo(x) 20,  V(x,0)=V(x) >0, x€e®,

with smooth ug, vg, in bounded domains 2 C R" with smooth
boundary.
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Definition: A model of the form (KS) is said to describe aggregation
if it possesses unbounded solutions.

This seems adequate, because (KS) preserves the total mass of
cells:

/Qu(x,t)dxz/ﬂuo(x)dx

Hence, the mass of an unbounded solution should essentially
concentrate near blow-up points.

Goal: Identify circumstances under which solutions (KS) blow up.
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Do there exist more unbounded solutions?
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» n=2:If
/u0<47r,
Q

then (u,v) is global and bounded (NAGAI/SENBA/YOSHIDA
1997).

» n > 3: Let§ > 0. Then there exists £(4) > 0 such that whenever
luoll 5-5gy <2(6)  and  [Nollwsnss(e) < £(9),
the solution (u, V) is global and bounded (W. 2010).

Many boundedness results are available for related systems, involving e.g. nonlinear
diffusion or variants in cross-diffusion, signal production,...(SENBA, Suzukl, CIESLAK,
BLANCHET, LAURENGOT, WRZOSEK, CORRIAS, PERTHAME, TAO, TELLO, FRIEDMAN,
SUGIYAMA, HILLEN, PAINTER, ISHIDA, YOKOTA, CARRILLO, CALVEZ, MIMURA,
NAITO...)
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Theorem 1 (HORSTMANN/WANG 2001). If Q ¢ R? is simply
connected, then for almost every m > 4r there exist initial data

(Uo, Vo) such that [, up = m, and such that (u,v) blows up either in
finite or infinite time.



Aggregation

The challenge of detecting blow-up

Theorem 1 (HORSTMANN/WANG 2001). If Q ¢ R? is simply
connected, then for almost every m > 4r there exist initial data
(Uo, Vo) such that [, up = m, and such that (u,v) blows up either in
finite or infinite time.

Theorem 2 (W. 2010). Ifn >3 and Q C R" is a ball, then for all
m > 0 one can find radial (ug, vo) with mass fQ Uop = m such that
(u,Vv) blows up either in finite or infinite time.



Strategy |

Large negative energy enforces blow-up

Underlying strategy, e.g. in Theorem 2:
Step 1. Energy inequality

%]—"(u(t),v(t)) < —D(u(t),v(t)) fort € (0, Tmax ),

where Thax < co denotes the maximal existence time of (u,v),

2 [P v [ ]
== VWl + = [ vi— [ uv+ [ ulnu
2 Q| ‘ 2 Q Q Q

2
D(u,v) = /vt2+/u’Eva

/|Av—v+u|2 /’——va

and



Strategy |

Large negative energy enforces blow-up

Underlying strategy, e.g. in Theorem 2:

Step 2. If (u,v) is global and bounded, then along some tx — oo,
(u(t), v(tk)) approaches a solution (U, Vs ) Of

0=Y=_Vv,, xeQ,

0= AV, — Vg + Us, X € Q,
(S) 73\/

0= %= X € 09,

ov
JoUse = Jq Voo =M = [, Uo.
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Large negative energy enforces blow-up

Underlying strategy, e.g. in Theorem 2:
Step 3. There exists K(m) > 0 such that

F(u,v) > —K(m) for all radial solutions of (S)

Step 4. There exist radially symmetric (uo, Vo) such that [, up = m
and

F(uo, Vo) < —K(m).

By Step 1-Step 3: The corresponding solution cannot be global and
bounded.



Finite-time blow-up?

Drawback of the above strategy: Only unboundedness is proved.

Questions:
» Does finite-time blow-up occur in the case n > 3?

» |s finite-time blow-up a rarely occurring phenomenon?
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Finite-time blow-up !

Theorem 3 (W. 2011) Letn >3,R > 0and Q = Bg(0) C R". Then
for all m > 0 there exist (Uo, Vo) with mass [, up = m such that (u, v)
blows up in finite time.

Moreover, for any positive radial (up, Vo) one can find smooth positive radial ug, and
Vok such that (ugk, Vok ) — (Ug, Vo) in LP(Q) x W1.2(Q) for all p > % but such that
the corresponding solutions (uk, vi) blow up in finite time for each k.

In particular, all the constant steady states (u,v) = (m, m) are unstable in this sense.
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Deriving a superlinear ODI for the energy

Goal: Use largeness of dissipation rate D(u,v) when (u,v) is far from
equilibrium.

Step 2': Show
F(u,v) = ~Co(D'(u.v) +1) (1)
with § € (0, 1) and Cy ‘sufficiently independent of (ug, vo)'. Then
d —F(u,v) 3
—(- = > (—27 - :
dt( F(u,v)) =D(u,v) > ( C, 1)+
Since § > 1: If
F(Uo, Vo) < —Co, 2

then (u, v) blows up.

Step 3': Explicit construction: (2) is possible for — many! — intitial data.



Strategy |l
Outline of Step 2’

Prove more than necessary: Show
F(u,v) > —Co (D"(u,v) + 1)

for all (u,v) € S(m,M, B, k), where

S(m,M,B, k) := {(u,v) e CHQ) x C3(Q) | (u,v) is radial and positive,

ov
v ‘dﬂ

/u—m /v<M

v(r)<Br *forr e (O,R)}

for fixedm >0,M >0,B >0and x >n — 2.



Strategy |l
Outline of Step 2’

Lemmal Fix x > n — 2. Given any smooth positive radial (uo, Vo),

let
m ::/Quo and M = max{l,/Qvo}.

Then there exists B = B(m, M) > 0 such that
(u(t),v(t)) € S(m,M,B, x)
for all t; in particular,

v(r,t) <B(m,M)r—* forall r,t.

Proof: Smoothing properties of the Neumann heat semigroup.



Strategy |l
Outline of Step 2’

Observe: Since {In¢ > —1 for ¢ > 0, have

F(u,v) = /|Vv|2 /v —/uv+/ulnu
—/uv—?
JQ

Y



Strategy |l
Outline of Step 2’

Observe: Since {In¢ > —1 for ¢ > 0, have

/|vV|2 /v —/uv+/u|nu
f./quf?

Thus the main step is:

F(u,v)

Y

Lemma2 Letn>3,m>0M>0,B>0andx>n-—2.Then
there exist 6 € (3,1) and C > 0 such that

/uv<C(m M,B, ) {HAv—eruH +H——vaH vy T
Q

forall (u,v) € S(m,M,B, k).



Strategy |l

Proof of Lemma 2

First reformulate: Letf := —Av +v —u and g := Y% — /uVv.
Then our goal is to derive the a priori estimate

[ wv < c{ifEa + gl + 1}
for solutions (u,v) € S(m, M, B, k) of elliptic-hyperbolic system

—Av+Vv=u-+f, X € Q,
—\/uvVv =g, X € Q,

B _
3‘1’, 0, X € 09,
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Proof of Lemma 2

i) Multiply —Av +v =u +f by v and integrate:

5 2n+4
[ <z [iver+ e, + 1)
Q Q
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Proof of Lemma 2

i) Multiply —Av +v =u +f by v and integrate:

2 n+4
/QUVSZ/WV\ +C{”f”tz+<m+1}

i) Test —Av +v =u+f by v fora € (0,1) and use v(r) < Br—*:

/ |Vv[? <g/ uv+e/ IVv[2+ C. {ro +||f||L”;(‘;2)}
2\By, (0)

with some 5 > 0 and C. > 0 independent of rg.

iii) Use radial symmetry and n > 3 in deriving
/ IR e o M + ol + 1)
"o

with C independent of ry.



Strategy |l

Proof of Lemma 2

Jw < 2w ec{ind +1). ®
Q

Lok < [weee [ VP 105G L @
Q\Bro(o)

[ < e {rolflim + lolem + 1} ©)
Br, (0)

Collect:

IN

IN
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Proof of Lemma 2

Collect:
Jw < 2/|VV|Z+C{HfH 1) 3)
Q
/ WP < /uv+€/|VV|2+C (2 + 115 ) @
Q\Bro(o)
[t < e {rolflim + lolem + 1} ©)
By, (0)

iv) In (5), letrg ~ ||f||L2 with appropriate v > 0. Then (4)-(5) yield

‘VV|2 <2€ UV+C HfHLZQ +||g|||_2 +1
(9)

with some 6 € (3, 1).

Combined with (3), this finally shows

/uv<C /HfHLZ(m+llglle )+ 1},



Strategy |l

Completion of blow-up proof
Hence, for (u,v) € S(m,M, B, k),

/qu < C(Mm,M,B,x)- {HAV v ulZg + H% — Vuwv

+1p.
L2(2) }
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Completion of blow-up proof
Hence, for (u,v) € S(m,M, B, k),

/uv<C(mMBm {HAV v+uH +H——vaH2 +1
Q L2(Q)

In particular: For some Cy = Co(m, M, B, ) > 0 and all
(u,v) € S(M,M, B, k),

F(u,v) > —/qu—|eQ| > —Co{Da(u,v)+1}.

Since given m > 0 and M > 0 it is possible to construct (ug, Vo) with
Jouo=mand [,v <M such that F(uo,Vvo) < —2Co(m,M,B, ) and
(u(t),v(t)) € S(m,M,B, ) for all t, we thus have

& (- Fumvm)

IN

(%}V(t)) _;|_)J%r > (W)é
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Completion of blow-up proof
Hence, for (u,v) € S(m,M, B, k),

/uv<C(mMBm {HAV v+uH +H——vaH2 +1
Q L2(Q)

In particular: For some Cy = Co(m, M, B, ) > 0 and all
(u,v) € S(M,M, B, k),

F(u,v) > —/qu—|eQ| > —Co{Da(u,v)+1}.

Since given m > 0 and M > 0 it is possible to construct (ug, Vo) with
Jouo=mand [,v <M such that F(uo,Vvo) < —2Co(m,M,B, ) and
(u(t),v(t)) € S(m,M,B, ) for all t, we thus have

(7)< (TGO ) (TGG)!

implying blow-up in finite time.
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» Finite-time blow-up in the Keller-Segel system occurs for many
solutions

» whenn > 3 and
» the spatial setting is radial.

Some open problems concern

» finite-time blow-up in the two-dimensional case (for supercriticial
mass)
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» explosions in nonradial frameworks
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‘Thank you very much!




