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Editorial

Fakulta matematiky, fyziky a informatiky na Univerzite Komenského v
Bratislave zacala v roku 2010 projekt vydavania Compendium Series in
Mathematics, Physics and Informatics. Séria zbornikov prdc je zamerand na
publikovanie siborov vybranych prac vyznamnych osobnosti fakulty s ciefom
zhrnut ich tspechy a spristunit ich mladej generécii vedcov a Studentov.

Stvrty zvizok je venovany dielu prof. RNDr. Pavla Brunovského, DrSc.,
znameho slovenského matematika a zakladatela slovenskej matematickej
skoly optimalneho riadenia a dynamickych systémov.

Profesor Brunovsky dosiahol cely rad vyznamnych vysledkov, akymi st
napriklad regularita syntézy optimalneho riadenia pre dolezité triedy tloh,
alebo kanonicka forma pre linedrne riadené systémy, casto tiezZ nazyvana
Brunovského normélna forma. Vyznamné vyledky dosiahol tiez v oblasti
klasifikacie typickych bifurkdcii jednoparametrickych diskrétnych dynam-
ickych systémov. Zalozil a viedol seminar z kvalitativnej teérie dynamickych
systémov, v ktorom vyrastlo viacero matematickych osobnosti zndmych aj v
zahrani¢i. Vdaka jeho iniciative dsiliu vznikol a dnes sa nadalej rozvija na
Fakulte matematiky, fyziky a informatiky UK Studijny program Ekonomicka
a finan¢na matematika.

Dufame, ze tento zbornik vedeckych a publicistickych prac bude
uzitotnym prispevkom k udrzaniu inStituciondlnej paméiti a napomoze

mladym kolegom a $tudentom v ich dal$om $ttidiu a vedeckej préci.

Pavel P. Povinec
Editor
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Zivotopis a dielo profesora

Pavla Brunovského

Profesor Pavel Brunovsky

Profesor Pavel Brunovsky sa narodil 5.
decembra 1934 vo Viedni. Stidium
matematiky ukonc¢il v roku 1958 na
Prirodovedecke;j Fakulte Univerzity
Komenského v Bratislave. V rokoch 1969-
1970 pracoval na Ustave technickej ky-
bernetiky Slovenskej akadémie vied, kde
absolvoval doktorandské stadium v roku
1964 pod vedenim profesora J. Kurzweila
z Prahy. Po roku 1970 p6sobil na Matemat-
ickom ustave Slovenskej akadémie vied az
do roku 1974. Najvys$siu vedeckii hodnost,
DrSc., ziskal v roku 1978 a za profesora
bol vymenovany v roku 1991. Dodnes
aktivne posobi na Fakulte matematiky,

fyziky a informatiky Univerzity Komenského. Bol hostujicim profesorom

na univerzite vo Florencii, viackrat na Michiganskej Statnej univerzite i

na univerzitach vo Viedni, v Tokiu, Nice a Parizi. V roku 2005 mu bol

prezidentom Slovenskej republiky udeleny Pribinov kriz za zasluhy v oblasti

rozvoja vedy a vzdeldvania.

Na zadiatku vedeckej kariéry Pavla Brunovského bola hlavnou oblasfou
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jeho zaujmu tedria a aplikacie optimalneho riadenia. Dosiahol cely rad po-
zoruhodnych a vyznamnych vysledkov, akymi su napriklad regularita syntézy
optimalneho riadenia pre dolezité triedy tuloh, alebo kanonicka forma pre
linedrne riadené systémy, dnes nazyvand Brunovského normdlna forma.
Doékazom uznania bola aj pozvana predndska na Svetovy kongres matem-
atikov v roku 1978, kde predniesol svoje vysledky o Struktire optimdlnej
spatnej vazby. O teérii optimalneho riadenia a riadenych sustav napisal tri
knihy, jednu z nich v spolupréci s Janom Cernym a dal$iu potom neskor
spolo¢ne s Margarétou Halickou a Pavlom Jurcom.

Neskor upriamil svoju pozornost na pribuzni oblast matemat-
ického vyskumu a onedlho sa stal expertom aj v tedrii dynamickych
systémov. Vyznamné vysledky dosiahol v oblasti klasifikacie typickych bi-
furkdcii jednoparametrickych diskrétnych dynamickych systémov. Na ti-
eto vysledky potom nadviazal dal$imi prdcami z oblasti tedrie bi-
furkacii kone¢norozmernych dynamickych systémov a chaotickej dynamiky
parcidlnych diferencidlnych rovnic prvého radu.

V 80-tych rokoch sa zafal venovat
kvalitativnej tedrii evolu¢nych parcidlnych
diferencialnych rovnic. Vyuzil pri tom
svoje bohaté skusenosti z tedrie dynam-
ickych systémov a ich bifurkdcii. Skumal
a charakterizoval kompaktné globdlne
atraktory  priestorovo  homogénnych
reak¢no-difuznych rovnic v jednorozmer-
nom priestore. V dalSich prdcach sa

venoval skimaniu generickosti Morseovej-

Smaleovej vlastnosti pre istu triedu Na semindri z diferencidlnych

evolu¢nych parcidlnych diferencidlnych rovnic v roku 1987.
rovnic parabolického typu. Zalozil a viedol
semindr z kvalitativnej tedérie dynamickych systémov, v ktorom vyrastlo

viacero matematickych osobnosti medzinarodného formatu.
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V roku 1994 sa zacal venovat priprave nového $tudijného programu Eko-
nomickd a finan¢nd matematika, ktory predstavoval jedine¢ny program a
prilezitost pre $tudentov aplikovat ziskané matematické poznatky v odboroch
matematickej ekondmie a tedrie financii. Vdaka jeho iniciative a usiliu
vznikol a dnes sa nadalej rozvija tispe$ny $tidijny program Ekonomick4 a fi-
nan¢nd matematika. Program zalozil v obdobi, ked po¢et matematicky orien-
tovanych Studentov klesal nielen na Univerzite Komenského, ale vSeobecne
na tzemi celého Slovenska. Program je populdrnou moznostou pre praxou
motivované studium matematiky a zaroven je vysoko ceneny talentovanymi
studentmi kvoli kvalite teoretického vzdelavania, ktora pontka. Pavel si
plne uvedomoval potrebu vedeckého vyskumu, ktory by podporoval neustale
zlepSovanie kvality pedagogického procesu na novozaloZenom Studijnom
programe. Preto obohatil svoje vyskumné zdujmy o problémy stvisiace s
modelovanim ekonomickych a finan¢nych procesov. Svoje vedomosti z kval-
itativnej tedrie diferencialnych rovnic zuzitkoval vo vedeckych ¢lankoch ve-
novanych analyze fluktuacii na financnych trhoch ako aj v modeloch op-
timalneho zaistenia finan¢nych portfolii.

Vyznamnou stitasfou
vedecko-pedagogického
posobenia  profesora  Pavla
Brunovského bola aj popular-
izatnd a publicistickd aktivita.
V  sérii  c¢lankov  propagoval
svoje zaujimavé pohlady na
rOzne matematické problémy.
V  populariza¢cnych  matema-
tickych  ¢lankoch sa najma

mladym ¢itatefom snazil priblizit
Stretnutie s absolventmi odboru EFM v roku

2008

pohlad skiseného matematika
na rieSenie zaujimavych uloh,
vacsSinou  pochddzajacich  z
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roznych aplikdcii. Jeho publicistickd aktivita je enormnd. Svoje tvahy o
postaveni a ulohach matematiky a matematikov v modernej spolo¢nosti
a celkovom smerovani vedy na Slovensku publikoval v mienkotvornych
casopisoch. Jeho kritické ndzory na chod spolocnosti a vedy si Citatelia
mohli preditat nielen v sti¢asnej postmodernej dobe, ale aj v ¢asoch redlneho
socializmu, ked pisaf o citlivych a ¢asto provokujtcich témach vobec nebolo
jednoduché.

Zivotny elan, fyzickd a duSevnd kondicia a eldn do prace si in-
tegralnou stcastou osobnosti Pavla Brunovského. Je trojndsobnym maj-
strom Ceskoslovenska v orientaénom behu, majstrom zdpadoslovenského
kraja a akademickym majstrom Slovenska v Stafete v behu na lyziach.
Dodnes rekreacne Sportuje a je pre mladsich kolegov prikladom aktivneho
pristupu k zivotu v duchu gréckej Kalokagathie, teda harmonického suladu a
vyvazenosti dusevnej a telesnej sily.

Vedecké dielo Pavla Brunovského sved¢i o jeho obrovskom nasadeni a
vplyve na vedecky zivot na Slovensku. Z jeho osobnosti a prace vyzaruje
mnozstvo pozitivnej energie, optimizmu a nadsenia. Pre mladsich kolegov,
ktor{ sa mali moZnost s profesorom Pavlom Brunovskym stretdvat, diskutovat
a (i rieSit r6zne teoretické i aplikované problémy, to vZdy bola a stdle je
in$pirujtica a povzbudzujica skusenost. Ad multos annos, sanos, fortunatos et
beatos!

Daniel Sevcovic
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Consider a linear control system
&= A(t) x -|- B@t)u (1)

X = (Xy yoe, X,) ER", w = (4 ,..., 4y,) € R™, A(t) and B(t) being real con-
tinuous on (—00, ac) # X z-matrices respectively.

The system (1) is called controllable on (—o0, o0), if to any two points
a4, % € R™ and any £, € (—o0, o0) there is a t; > 1, and a measurable control
function wu(z), t€[¢,, #;] such that the solution x(#) of (1), x(#,) ~= & under
u = u(t) satisfies x(z,) = % (cf. [7]).

It is a remarkable property of autonomous controllable systems
(A4(z) —= 4, B(¥) = B; A, B constant) that to any prescribed spectrum 2 there
is a closed-loop control # = Qx, (Q possibly complex) such that the spectrum
of the system (1) with z = Qx, i.e. of the system

& = (4 + BO)x
is 2.

This fact has been known for a long time in the case of #e Rl. For
ue R™, m > 1 it was apparently first explicitly stated by Popov (cf. [2], [3]),
who proved the equivalence of the above property to complete controllability
(cf. also [5], where the problem is formulated in a somewhat different way).

Recently, Wonham [4] presented another proof of it. In addition to Popov,
he has proved that if 2 contains with any complex number its conjugate
with the same multiplicity, O can be chosen real.

Let us note that a similar result can be obtained casily from the transforma-
tion of [6], (cf. Corollary 2), which is of a somewhat different kind than in
[4] and [5].

* This rescarch was partly done under the support of NASA (NGR 24-005-063).
296
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This paper is devoted to the proof of a similar property of controllable
linear periodic systems, the spectrum of 4 4 BQ replaced by the charac-
teristic multipliers of the system

% = [A() + B) 0. @)

Throughout this paper by a real-type (n-) spectrum X will always be meant
a set of not necessarily distinct complex numbers oy ,..., 0,, containing
together with cvery complex number its complex conjugate with the same
multiplicity. All other quantities occurring in this paper will be supposed
to be real, unless stated otherwise.

Further, for any r X s-matrix E denote | B | = 27, >/ | &5, E the
transpose of E, vectors being regarded as one column matrices in this
connection. By Y(z, #,) we shall denote the solution of the matrix equation

Y — Ay (3)

with Y(¢,, %) = I, I being the unity matrix. Y(z, 0) will be simply denoted
by ¥{(z).

If A, B are two matrices of z X n and # X m type respectively and the
system % = Ax -+ Bu is controllable, we shall call {4, B> a controllable
pair of matrices. It is well known (cf. [/]) that {4, B) is a controllablc pair
if and only if rank of the matrix (B, 4B,..., A" 'B) is z.

Before formulating the main theorem let us prove several auxiliary results,

some of which are of intercst by themselves.
Proposition 1. Let (A, B) be a conirollable pair of matrices, m < n, and
let B have vank m. Then, there are positive integers [;, 1 = 1,..., m such that

S%. 1l =n and a nonsingular n x n matrix C such that CrAC = D,
C-1B = G, where

D].l yrety Dl'm G]
D= ( ......... ) , G = ( ,
Dml yesey Dmm’ G-m.

Djarel; X I;,

NGk, g1 9 N1/
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if i £,

Dy = 0o , 0 .11,
Og B 1L 0 O ke, g 42 seees Ok,
i
ki = Z L,
y=1
G, are I; X m,

O, ............ 0
G; = 0, - 0

0:---1 0’ 1’ Vi, 641 roves Yim

(1 is in the ith column), i,j = 1,..., m.
For the proof see [6].

CoroLLARY 1. If B = bisn X 1, {4, b) is a controllable pair, then there
is a nonstngular matrix C such that C4C = D, Cb = g, where

0,1,0,..,0 0
D=1yo..01) £=1o
(xl yunry an ].

COROLLARY 2. Let (A, B) be a conirollable pair of mairices. Then, io any
(real type) spectrum X there is a complex (real) matrix Q such that A -- BO
has spectrum 2.

Proof. (A, B> being a controllable pair we can choose an n X 7
submatrix B of B(#i << m), such that (4, B} is a controllable pair and B has
maximal rank (cf. [6], p. 771). Suppose B consists of the first # columns
of B. By Proposition 1 we can find a matrix C such that the transformation
x == Cy transfers the system

% == Ax + Bu
to the system
p =Dy + Gu

D and G being as in Proposition 1. Let A* 4- B ,A%1 4 -+« 4 B, be the
polynomial with its set of roots equal to Z. If X' is real-type, §;, ¢ = 1,...,n
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are real. We define u = Py, where p,; = —fB; — a,; and recursively
Pi; = 81,5 — %y — Xiliy1 Yo P » Where 8 is the Kronecker’s symbol.

Then,
0, 1,...,0
D+ GP = .
0,..., 1
—Bl 3oy —ﬁ'n.

and therefore its spectrum is X. Further, if we denote Q == PC1, then the
matrix A 4 BQ = C(D + GP)C-? has also the spectrum Z. Now, let § be
the matrix with the first # rows equal to those of O and the remaining being
zero, Then, 4 4+ BO = A + BQ and thus 4 4- BO has spectrum Z.

ProrosiTiON 2. If (A4, B) is a controllable pair and B has maximal rank,
then there 1s an m X n-matrix Q such that {A -~ BQ,b,,> is controllable.
If det A >> 0, Q can be chosen in such a way that

det (4 + KE b,g;) >0, i=1..,m 4)

where b, are the column vectors of B and q, are the row vectors of Q.

Proof, We can without loss of generality suppose that 4, B are trans-
formed to the special form of Proposition 1, ie. 4 = (D};), B = (G)),
5 =1,.,m.

Suppose first det A > 0. Denote p,; = ~oy;, j=l.,#t, P =
(P »e-» Pwnm)’- Then, the last row of 4 - b, p,, is zero, and, consequently,
det(4 -+ b, p,,) == 0. Since det(4 + b,g,,) = det A(l 4 ¢,,A-b,) and
A~b,, 0, for any € > 0 we can find ¢,, such that | ¢,, — p,,. | < m| B¢
and det(4 + b,.g,,) > 0. Further, we define recursively

Pis = Slc,;+1.:i Oy — Z Yilvi » = (Pil gerey Pin)’-

y=¢+1
If
det (4+ Y b +bti) #0,
v==i-H1
we define

gs; = sign det (A + Y b + biPZ‘) prid = %i = 2. Yillyi »

v=¢+1 vl
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If

det (44 5 bgl +bapf) =0,

r=i+1
from
det (44 Y, bai+ bai)
p=i+1

—det(44 3 bg)-[1+a(d+ 3 ba) b

ve=g+41 v=¢-11

Frevmmmend

FAallncen ¢hat

at thoen 20 n o g thoar 1 ol a1 D1 aae 1 LAY o ol
I040WS tnat ineie is a g; sucn tnat | p; Gy | << | D | € and (4} is vaia
(recall that g, , » == ¢ 4 1,..., m are alrcady chosen so that 4 + X", - b,g, is

nonsingular).
From the above construction, it follows that 4 - BQ = T 4 8§, where

0, = +1 or —1 and | S| < e. Clearly the pair {7, 5,> is controllable.
By ([7], Chapter 2, Theorem 1), for ¢ > 0 sufficiently small (4 - BQ, b,.> =
(T 4+ 8§, b,,> is also controllable.

The assertion of the proposition for det 4 <{ 0 can be obtained by a
similar, rather simplified argument (p; = ¢;, 7 = 1,..., m).

ProposITION 3. Let A(t) and B(t) be w-periodic an integrable over [0, w].
Then, the system (1) is controllable if and only if the rows of the matrix function
Y—(s) B(s), s € [0, nw] are linearly independent.

Proef. Tt is well known (cf. [1]) that (1) is controllable if and only if
to every £, there is a #, such that the rows of the functional matrix Y(s) B(s)
on [Z,, f;] are lincarly independent. Clearly, this is true in the periodic case
if and only if such a #; exists for every #, = kw, k integer. Further, we have
Y7Ys, kw) B(s) = YYs — kw) B(s — kw) = Y~2) B(t) for s € [kw, t,] and
t [0, #; — kw]. Consequently (1) is controllable if and only if the rows of
Y-1(¢) B(¢) are linearly independent on [0, #;] for some #; > 0. It remains
to prove that this is equivalent with linear independence of the rows of

AF_1r.\ TS

Y-1(z) B(¢) on [0, nw]; the only nontrivial part of this statement is that the
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lincar independence of the rows of the matrix Y—'(¢) B(z) on [0, t,] for
t; > nw implies their independence on [0, #w]. To prove this, note that from
YY) B(t) = 0 on [0, nw], Y7X(t) B(t) = Y *w) Y~Y(I — kw) B(t — kw)
and the fact that for & > n the matrix ¥*(w) is a linear combination of the

[kw, (R +- D], & = nw.

CororLiary 4. Let A(t), B(t) be continuous and w-periodic. Then, (1) is
controllable if and only if there are (1 < r < n) numbers

<y < <t <o (3)
and integers iy ..., i,, | < i; << m, such that
(i) The wvectors b, = Y7(t,) b.,;l(tl),..., b, = Y(¢,) b, (t,) are linearly
independent (b; denotes the i;th column of B)
(i) The pair of matrices {Y (w), B is conirollable, where B - (b, ,..., b,).

Proof. Suppose (1) 1s controllable. From the set {Y~1(¢) 8,(8)| t € [0, o],
i = 1,..., m} choose an arbitrary maximal sct of lincarly independent points
b; = YY) b (1), 0 <<ty <+ < t, < w. Then (i) is satisfied and every
point Y(2) b,(t), t€[0,w] ¢ = 1,..,m, is a linear combination of b,,
J= lu,r. Now, let 1€ [0, nw], t = 7 -+ pw, 7€ [0, 0], | << i < m. Then,
there is an m-vector d such that Y-1(7) b(r) = Bd. We have

Y1) bt) = Y~(w) YY) bir) = Y4(w) Bd.

Consequently, the lincar hull of the set of vectors {¥Y~(z) b,(2)] t € [0, w],
i< l,..,m} is contained in the linear hull of the vectors {V—#(w)b,!
i==l,n,7,u=0,..,7 — I} But the lincar independence of the rows of the
matrix Y-1(z) B(f) on [0, nw] implies that the vectors {Y='(¢) d(?)| £ € [0, aw],
{ == 1,..., m} span R*, Thus, the vectors {Y#(w)b; | i == 1,.., 7, . = 0.0, 1 — 1}
span R, or, equivalently, rank (B, Y-Y(w) B,..., Y "*{(w)B) == n. Since ¥(w)
is nonsingular, this is equivalent with rank (B, Y(w) B,..., Y" ¥ ()B) = 2.
The numbers 1, ,..., #, arc not necessarily distinct, but since Y—(#) B(f) arc
continuous, a sufficiently small change of the numbers #; will not affect the
rank of the matrices B and (B, Y(v) B,..., V" Y)f). Therefore, by a small
change of the numbers #; we can achicve that both (5) and (1), (i) will be valid.
In the other direction, the corollary is obvious.

Remark 1. Since Y(w) is nonsingular, (¥(w), B> is a controllable pair
if and only if (¥ (w), Y(w)B) is controllable.

Prorosition 4. Let A(t), A,(t) be w-periodic integrable mairices such that
A1) — A(t) for k — o in L;(0, w). Then, ¥ (w) — Y(w) for k — o, where
Y(t) is the solution of Y = A (£)Y with Y,{0) == I.
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Proof. We have

Vi) <+ [ A6 | Vil

By Gronwall’s inequality
12 w
| Yi(t)| << nexp f | Ax(s)| ds < n exp f | Aw(s)| ds  for te]0, w].
. 0 0

Since A) converge in L;(0, w), |, | Ax(s)| ds is bounded; hence, | Y(%)|

| 4
are eauithounded on [0 n1 sav | V. (t)lf < «. Further, we have

SIC CQRIDOLAICCCE OV, Say | LERA LS Y 114V

| Yt) = YOI < [ 1440 Yilo) — 4@ YO &
< [T1Y0 1 44fs) — A9 ds
+ [ 14011769 — ¥ s

71436~ A s + [ 146N V) — YO

Applymg Gronwall’s inequality, we obtain | Y, () -Y ()| < KL,]Ak(s) —A(s)] ds.
exp{f0 | A(s)| ds} which completes the proof.

THEOREM, Let A(t), B(z) be w-periodic and C* in t and let (1) be controllable.
Then,

(i) To any real-type spectrum Y. = {oy,...,0,} such thai o; 70,
i=1,.,n and [y 0; > O there is an w-periodic m X n matrix Q(t) such
that the characteristic multipliers of (2) are equal to o; .

(i) To any real-type spectrum 3, = {oy,...,0,} such that o; 70,
i = l,..., n there is a 2w-periodic m X n matrix Q(t) such that the characteristic
multipliers of (2) (considered as 2w-periodic system) are equal to o2

Moreover, both (i) and (ii) are sufficient for complete controllability of (1).

Proof. Suppose first that (1) is not controllable. Then, there is at least
one nonzero n-vector ¢ such that

CYY)B(t) =0 forall ¢ (6)

The set of all ¢ satisfying (6) is a linear subspace of R" invariant under the
action of Y(w)’, since

(Y(w) ey YY) B(t) = ¢ - YNt —w) Bt —w) =0  forall ¢



Vyber prac z optimélneho riadenia 37

LINEAR PERIODIC SYSTEMS 303

Therefore, it contains at least one eigenvector of Y(w)', i.e. there is a
vector ¢, satisfying (6) such that ¥(w)'¢, = Ac, . Now, let Q(t) be any periodic
m X n matrix and X(¢) be the fundamental matrix of (2) with X(0) == 7.
Using the variation of constants formula we obtain

G X(w) = ¥ (@) + | : ~\(z) B(t) O(t) X(t) dt
= Xy -+ [ 6¥=2) B O() X(2) dt = ey

) Ts £ Y.\ Il‘]ﬂd t]—n a nf Mo fl\l- anv

Thus, A is an eigenvalue of X(w)' (and, thus, of X(w)) for any Q.

Now, let (1) be controllable. Choose the numbers 0 < t; << - <t < @
and {7, ,..., ,} and define B == (l;1 ooy 0,) as in Corollary 4.

The proof will be accomplished in several steps which we shall number
for better orientation.

1o, For an arbitrary r X # matrix Q = (¢; ..., ¢,)" and

0 < h {\\ ho = min {ti —_ t‘i—l s tf}

t=lyuae,?

denote

lQ”) for telt; + vw, t; + vo + k], vinteger

On(t) =

0 elsewhere

where Q9 is the matrix with ;th row ¢; and the remaining rows equal to zero.
Denote X, 4(2, 7) the solution of the matrix equation

X = (40 + B(t) Qalt)s
with Xy 5(r, 7) = I. We prove that for 2¢[0, 1]

Xoalty + ht, 1j) = 5494 1+ O(R) )
locally uniformly in Q, which implies
Xo (@, 0) = Y(w,1,) =% ¥(1, 1, ;) et oo gl ¥ (1)) 4 O(h)
= Y ] &4 + O ®)
71

locally uniformly in Q, where §; = Y(z;)' ;. This allows us to define

T oo
Xog,olw, 0) = }Li_n:(n) Xgn(w, 0) = Y(w) I] I

j=1
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For te[0,1], 0 < 2 < Ay we have

~F
| Xoa(t; + ht, 1)) <m -+ Jo (b + B | g; ) Xoalt; + s, 2;)| ds

where

o= max [Alt;+ 1, B= max [t 1)

and, consequently, by Gronwall’s inequality

| Xoa(t; -+ ht, )| < ne™ - Ul  flul for 1[0, 1] 9

where « is a constant indcpendent of h, Q for h sufficiently small.

Tresle oy ) A £ Y. ~ TNy 1
FUr LJ.I.D]., we nave ior Z e l_U, 1], LA AV ”()J

| Xoalts + ht, ;) — P95 |
t
< [ IbAGs + ) + bty + ) 5] Xoalty + sy )
— b, (%) q;-e“bif(t”')""' | ds
[
< f.; | s (801 45 || Xo.u(Z; + bs, ;)
) ¢
@5 ds - [ B 1A + Bo)l| Koty 4 B, 1) ds
0
]
o f bt 1) — 0@ 45| Xoalts + s, 1) s (10)

According to (9),

[ BUAC + Bl Koty + by 1)) ds < T Ls™ )
f ity + hs) — byt | 45| Xoalty + bs, 1) ds < B ]| g; | - w19 - B,
(12)
where
/31 = telt)s z+h]'b (t)l

From (10), (11), (12) it follows

| Xoult; + ht, 1)) — €495 |
t ?’
< em(@) +9la) [ | Xoalts +hs, 1) — 499 ds
0
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for € [0, 1], where y,(g), ¥s(¢) do not depend on 4 for k&[0, hy] and are
locally bounded in g. Using Gronwall’s inequality, we obtain

| Xoalt; + ht, 1) — ™99 | < hyy(g) @ for 1[0, 1]

which proves (7).
20, Let p be any vector such that det(7 + b;p') > 0. Then, there is a
real vector g such that

Yz) 5 Y (@) = T+ by’ (13)

or, equivalently,

where § = Y(t)'q.
Wehave
L . a'by
e =1+ bg’ f—rr—l (14)
g'b;
(Here and further we understand (ef — 1)/¢ = 1 if £ = 0).
Using (14), (13) can be rewritten as

s eﬁlﬁi . 1 .,
b ——— = bip (15)
q';
Denote 2 ..., 85y arbitrary 7 vectors such that 2 .., 2,1, b; form a
basis in R*. Since | + p'b; = det(I + b;p") > 0, we can define

(i’b} = 11'1(1 -+ Pll;j) (16)

” # In(l 4 p'b,)

q zv o= ———--’—;————' - 2v , Vv == 1,..., n — ]. (17)
P

(again, £&1In(1 4 &) =1 if £ = 0). Since 2,, v = 1,...,n — 1 and b; form
a basis, §' is uniquely determined by (16), (17). From (16) follows

78 1 = p'é; (18)
or, equivalently,
a6; N
g =L _ i, (19)
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From (16), (17), (18) follows

~r

oy, q J'P .
9% = AE ]
or, equivalently,
a'6;
il N (20)

§'b;

Since z,, v = l,...,n — 1 and 4; form a basis, from (19} and (20) follows
AR | )
§ =7 (21)

Multiplying this equation from the left by 4; we obtain (15).
As a consequence of this we obtain that to any set of 7 vectors p, ,..., P,
such that det(I -+ b, £;) > 0 we can find a matrix Q such that

Xo.(@, 0) = Y(w)

! Ny _ . ' | \ 1\
A, V) — \£ T~ Uy j'}' LL)

...:i—:l'*

o=

30. Toany 7 X n-matrix V, V = (v, ,..., 7,)" having the property
T r
det (T Y, b)) >0 j= 1ot (23)
==y
there are vectors p, ,..., p, such that

r r

[T +62) =T+, by, det(l + b7) >O. (24)
=1 j=1

It 1s easy to verify that under our assumptions the vectors
T ~1’
pi=(I+ ¥ 83) o
r=j+1
solve equation (24) and we have

det(I 4 b;p;) = det [I + b9} (I + zr: 5,,‘0,',)‘1]

v=j-+1

= det (I + Z Ep-a;)—l - det (I + Z b”pv;) > 0.

v=j41 v=j
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Combining (22) and (24) we obtain that to any » X z matrix " such that
(23) is satisfied there is a matrix Q) such that

Koo, 0) = V() + 3 Y(w) b} (25)

j=1

40. By Liouville’s theorem det ¥ (w) = exp [, tr A(t) dt > 0. Therefore,

according to Proposition 2 and Remark 1 there is an # X n matrix J such that

(Y (@) -+ BV), Y(w) b, is controllable and det(Y(w) + Y7_; Y{w) b,3)) >0,

j = l,..., r, which is equivalent with (23). From ([7], Chap. 2 Theorem 11}

again follows that there is an ¢ > 0 such that if | Z — Y()I + BY)| <,
| b — b, | < e then {Z, Y(w)b) is also a controllable pair.

50, From 290, 30, 40 follows that there is a matrix Q such that
Xo,fw, 0) = ¥(w)I + BP)
and that for sufficiently small 2 > 0,
| Xo,n(w, 0) — Xo o, 0)] < e (26)
Since b; (t) and Y(w, £) are continuous, we can choose & >> 0 so small that

| Y{w, t, + h) bz-r(t, + k) — Y(w, t,) b, | < e. Denote

R(t) = RAQWERt — 1)) for telt; +vo, t; +vw -+ K], v integer
" 0 elsewhere

where £4f) = 0for ¢ = 0,1, &(t) = 1 for te[8,1 — 8] 0 < &(¢) < 1 for

te[0, 1] and £4(2) is C* on [0, 1]. Clearly A(t) + B(t) R,%2) is w-periodic,

Ct and A(t) 4+ B(t) R2(t) — A(t) + B(t) Qx(f) for 8 — 0 in L(0, w). Thus,

if we denote W;3(¢) the solution of the matrix equation

& == (A(t) - B() Ry’(2))x, (27)
with W;%(0) == I, we have by Proposition 4
| Wa¥(ew) — Xou(w, 0)] < %e (28)

for sufficiently small 6 > 0. Combining (26), and (28) we obtain
| Wyi(w) — V(o) + BV < c

Hence, by 4°, {W,¥w), ¥(w,t, + k)b, (¢, + h)> is controllable. Since
A(t) + B(t), R() = A@) for te(t, +h w), Y(w,t, + k) = W¥w),
Wha(tr + h)ﬁ-l and: Consequentl)r: <Wha(w)r Wka(w) Wha(t*r -+ h)—l bz‘ (tr + h)>
is controllable. '
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6°. By the above procedure we have reduced our problem to the case
of A(t), B(t) in (1) being C* and the pair {(V(w), ¥(w, #,) b(t,)> being con-

trollable for some #; € [0, w), since the system
& = A(t)x + B(t)u (29)

with A(t) = A1) + B(¢) R,?() and suitably re-ordered columns of B
satisfies the above properties. 1f the matrix (J(#) solves our problem for the
system (29), then the matrix R,%(¢) + Q(t) == (J(#) solves the problem for
the original system (1).

70. Let us hence suppose that A(t), B(t) are C! and {Y(w), Y(w)b),
b = Y-I(t,) by(t,) is controllable. Then, there is a nonsingular matrix C such
that D = C“lY(w)C g = C1Y(w)b bave the special form of Corollary 1.

PP [ bt tha L nne ahanoge ~F wawi-kle by tromofnema

IL is Cdby to Vhlily Lll‘ll— i{ne iinear \.«lldllbc 01 variaonics x == l/)l {ransSioriis
¥(w) into D, ¥Y(w) b, into g without changing the characteristic multipliers
of the system so that we can without loss of generality assume that ¥(w),
Y(w)b have already this special form of D and g of Corollary 1.

Now, choose an arbitrary spectrum. containing no zero element. Choose p
according to Corollary 2 in such a way that the spectrum of

Y(w) + Y(o) bp’ = Y()I + bp']
is 2. If ¢, - o, > 0, then det( + bp’) > 0 and according to 29, there is

a vector q" such that
X o, 0) = Y(w)[I + bp']

(where X, (2, 7) stands now for Xy ,(t,7) with Q = (¢,0,...,0)). If
oy *** o, << 0, then certainly (oy -* ¢,)> > 0 and we can apply our argument
for (1) considered as a 2w-periodic system.

80, The proof will be complete if we show that thereisan 2 >0 and a
vector ¢ such that X ,(w, 0) is similar to X o(w, 0). This will be proved
by an implicit function argument, for which we need first to prove the
continuity of

c 3
Xq,h(w: O): W Xq,h(w; 0) and 3 ' h(w O)

in ¢ and /& in the right (in %) neighborhood of the point (g% 0). Since
Xow(w,0) = Y(w, t; -- k) - X, ,(t; + A, 1)) Y(t,)

it is obvious that if we denote X, (2, + 0, ;) = €% it is sufficient to
prove the continuous differentiability of X ,(¢; -- A4, t;). For the sake
of s1mpllc1ty we shall use further the notation X, ,(f 4- £, 1) = Z, (1),

Lfa

by(ty - 1) = b(8), 8(0) = &, X o{ts + 0, y) == Zyyp-
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From the definition of Z,;(%) it is evident that Z,,(k) is continuous
in ¢, & for £ > 0. From (7) it follows that it is continuous in ¢ for & = 0.
Therefore, the continuity of Z, ,(%) in ¢, 2 for & > 0 follows from the local
uniformity of O(h) in (7).

(9/0g,) Z, (%) is the solution of the equation

Z = [A(fy +8) + h0(E) '} Z + HB(8) eiZq(2) (30)

with Z(0) = 0, where ¢; is the vector with ith component I and the
remaining 0. From (30) follows

n
adll) 3 [ 2,(0) Z3306) D) 0 s
0q; 0

~l

= J Zo ki) Z3(hs) b(hs) e - Z, 4(hs) ds
0

and by (7),

- DZ L ¢
Lim ____:_.h( ) — [' —9ve beiesbq ds = be}, ——
et oy Yo q'b

€17 4 1 - b
(g6
a , eq'l)—l a bq" a
= g (T80 =) = g =

dy; B 5(};

+ bg'b; ~

Zaor 1)

(where b; stands for the 7th coordinate of b) if ¢’ o= 0; the validity of (31)
can be similarly verified if g8 = Q.

Since the convergence in (31) is locally uniform in ¢, the continuity of
(0/eq,) Z, x(k) is proved.

Now, consider for k, k& << Ay :

d

77 Lanlbt) = Zo (k)] = [hA(L + kt) + bt} q'] Zoalht)

— [RA(t, + ki) +- blkt) ¢'] Z,.1(kt)
= [RA(t, -+ ht) + b(ht) [ Zo(ht) — Zo ()]
+ [hAGs + ht) — RAGE + o) + (br)
— b(Rt)) g1 Zasl2) (32)
Denote [AA(t, + ht) — kA(t, -~ kt) + (b(At) — b(kt)) '] = (A, &, t). Using
the variation of constants formula, we obtain from (32)

Zonll) — Zy 1Ry = f : Zooh) ZAh) Ty &, £) Zy (k) dt. (33)

505/6/2-8
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We have
I'(h k,t) = (B — k) A(t, + ht) - R[A(t, + kt) — A(t; + kt)]
- [b(#2) — b(kt)] ¢’

= (’lr — \,’ u(ll % lh’f} Iﬁ b[z’g(fl + ht)’k _— k)t]
- b(ht)h — Ryt ¢ 4wk, h — R), (34)

n - —

where w(f, i — &) == o(h — &) uniformly in 0 << /2 < /4, and locally uni-
formly in ¢. From (33) and (34) we conclude

o

d Zon(h) = IEI-EII1 (h — k)Y V[ Z,4(h) — Zgu(R)]
= {1 Z (k) Z, 3 (Bt)[A(t, - ht) + htA(t, - ht)

1 th(ht) ¢'] Z, (Rt dt.

For i — 0 we obtain
Zoalh) = f 6= 4(t,) + tB(0) ¢] €7 dt (35)

locally uniformly in ¢. Since the function on the right-hand side of (35) is
continuous in ¢, the continuity of (d/dh) Z, ,(F) is established.

90, We construct a nonsingular # X n-matrix S such that
Xon(@, 0) - § = SX e, 0) (36)

for & > 0 sufficiently small and appropriate g. Further, we shall simply
denote X, j(w, 0) by X, ;.

Denote s;, ¢ == 1,...,z the columns of S and choose s, == ¢,. Then,
taking into account that by 70

_"'ﬁl 1---’ _ﬁ-n

we see that (36) is equivalent with the set of equations
Xonsy = —Bien

Xq,hsz =& — leen
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or, equivalently,
Spa = (Xq.h + ﬁn) €y
Sp-a = Xo,nSn1 Br-atn (37)

0 = Xons1 + Prn -
This set of equations is equivalent with

n—~i—1

§g == [" :ﬁz + Z X;,hﬁﬂjﬂ] €y i=lo,n—1 (38)
=0

.n__l . -
0= [Y?n 4+ ), Xi.nﬁl.I.j-J ey . (39)
=0

a o n-—~1 J' T 0 () woe I
Denote ¢(g, &) = [Xq n T gt BriiXyn) €n . We have $(g", 0) = 0, because
the square bracket in (39) is the characteristic polynomml of qu,(,. Since
v PR S, P o v WD, NG (SR I, S, 2 ) NP o,
A([ R .lb a LULILLU.U.ULLDL‘Y Jinfereénudanic munciion Ul El, ", S0 lb q) £ JLCECLULG,

by the implicit function theorem, if we prove that (8/8g)(¢(g, 0}|¢—q, is non-
%ingulfu it follow:, that thuc is a continuoua function q(k) for Iz sufficiently

0,..., 1
Xy "l" P1 yeoey Ofpy "%" Pn

where p == (Py yoeey Pp) = q(e’;"?' — D)/'§and § = Y(t,)'q (cf. (21)). From this
it follows that

- 0 2
0
Xagen = %, —ll Pn
Sy T Pua 4 Frare(Pa)
L1~ Priir - Srn(Br s Prsso) )

where 1 is in the #-fth row and f;, are polynomials. Consequently,

oy + Pa

qg(q, 0) — Oy + _Pn-—l 'i‘ f2(P1’2) (40)

% "]" P’ ']'f'n(pn :---:Pz)

where £, ,..., f,, are polynomials.
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We have
op(g,0) _ (g, 0) 9p 8§

7 o 9 dg°

From (40) follows that (2¢(q, 0))/ép is triangular with ones in the diagonal
and, conscquently, nonsingular.
Further, if we denote p = Y Yw)'p, § = Y Yw)'d, we have

ﬁ _ e(Y(m)f;)’ﬁ —1 - q _ Bé" 1
(Y(w)8) ¢ Gu
so that
3]52 _ eq“ —_ ]_ . . 5 a_[;n _ a én »
anj B -(i” 8“ i J 7/_ " 6.(1;!7!, o —5_(271( B ]) i 0

which proves that 85/é4 is nonsingular, Consequently,
6p/og = Y(w)(@h/oG) Y-(wy

is nonsingular. Since 8¢fdg == Y(¢;)’ is also nonsingular, we have proved
that (8¢/8g)(¢° 0) is nonsingular.

Thus, for any ¢° we can find an /4 >> 0 and ¢ such that (39) and, consequently
(36) is satisfied and ¢ is arbitrarily close to ¢%. Irom (37) it follows that S
is a continuous function of ¢ and 4. But for ¢ :==¢® and £ =0, S =1 so
that for 4 > 0 sufficiently small $ will be nonsingular. This completcs the
proof.

Remark 2. If we allow Q(f) to be complex, then the characteristic
multipliers can be shifted to any nonzero numbers oy ,..., o, by closed loop
control u = Q(t)x.

Remark 3. 1t A(t), B(¢) are only continuous, the theorem is still valid
in a weaker form: namcly, if (1) is controllablec and X is a spectrum such
that oy ,..., 0, = 0, then to any e > 0 there is a matrix Q(#) such that the
characteristic multipliers o; of the system (7) satisfy | o; — o; | < e. (The
case (ii) of the theorcm can be changed in a similar manner). Also the
sufficiency part remains valid.

This can be seen from the fact that (7) can still be proved in a weaker form

Xoaler0) = Y(w) - [T & + 6h) = oo, 0) + 6(B)  (41)

i=1
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where limy,_, 6(k) = 0 locally unifermly in ¢. Thus, the steps 29-7° of the
proof can be repeated without change and we can find the Q° such that
X ov,o(w, 0) has spectrum Z, or an arbitrary close spectrum to X, if 2’ contains
zero elements, Since the spectrum of a matrix is a continucus function of
its entries the statements follow from (41).

Remark 4. 'The matrix, which we have constructed to solve our problem,
is discontinuous. This is not essential and it can be verified that there is
a C®-matrix Q(¢) which solves the problem. For this purpose, let us first
note that the function £4(z) of 5° can be chosen C* with ail required
properties preserved. Choosing such a function the proof can be carried out
essentially in the same way (with some calculations, of course, more com-
plicated) with Q(z) replaced by

sh"lgmfs[h"l(t —t)] in [t - ves, t; -Fve 4 A v  integer
{0 clsewhere.

0u0) -
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KYBERNETIKA CISLO 3, ROCNIK 6/1970

A Classification of Linear Controllable
Systems™

PavoL BRUNOVSKY

The concept of feedback (F-) equivalence of linear controllable systems is defined and the
classification of such systems based upon this equivalence concept is discussed.

1. INTRODUCTION

This paper is concerned with linear control systems, which can be represented by
systems of linear differential equations of the form

(1) % = Ax + Bu

where x and u are n- and m-vectors respectively, 4 and B are matrices of appropriate
size, in general time-dependent.

Since the system (1) is uniquely determined by the pair of matrices 4, B, we shall
frequently call it {A, B).

The basic question, which leads to the classification studied in this paper, can be
formulated as follows:

Having two systems {4, B) and {(4’, B'}, is there a linear feedback which, added
to {A, B), yields a system, which behaves like {A4’, B'>?

We shall make this question more precise in the next section. At this point let us
note that the feedback will be required to be constant, time varying or periodic in ¢
according to the system itself.

We shall see, that this question gives rise to a classification of controllable auto-
nomous systems into a finite number of classe seach of which can be represented by
a very simple canonical form. For time-varying systems, such a classification will be
given for an important subclass of controllable systems. '

* This research was supported by NASA under grant No. NGR-24-005-063 during the
author’s stay at Center for Control Sciences, University of Minnesota, Minneapolis, Minnesota,
U. S. A,
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1

Let us note that this paper is related to [1], [2], [3], where similar concepts of
equivalence have been introduced, though for different purposes. For time-varying
systems, this paper extends a result of [4]. The point of view of studying control
system Is to a certain extent related to that of [5]

2. AUTONOMOUS SYSTEMS

In this section, we shall assume that A, B are constant matrices and that the system
is completely controllable, 1. e.,

(2) | rank (B, 4B, ..., A""'B) = n.

To formulate the question raised in the preceding section more precisely, we trans-
late it into an algebraic form. ,

By adding a linear feedback to {4, B>, we mean that in (1), we substitute u = Qx +
+ v, where @ is m x n constant. As a result of this transformation, we obtain a
system {A", B">, with A" = 4 + BQ, B" = B,

By saying that (A", B”)> behaves like {(A4’, B’) we mean that by nonsingular linear
transformations of the state (output) and input variables, (A", B") can be brought
into {A’, B") or, algebraically, there are nonsingular matrices C and D of type
n x n, m X m respectively, such that 4’ = C"*4"C, B' = C"'BD.

Summarizing, we find that the question of the preceding section asks, whether
for given systems {4, B), (A’, B’> there are matrices C(m x n), Q(m x n),
D(m x m), C, D being nonsingular, such that

3) A'=C Y4+ BQ)C, B =C'BD.

If the answer is positive, we shall say that {4, B) and {A', B") are feedback (or,
briefly, F-) equivalent.

By a straightforward computation it can be checked that F-equivalence is actually
an equivalence relation, i. e., it is symmetric, reflexive and transitive, Moreover,
the order of transformations, by which {A’, B’} is obtained from {4, B), can be
changed.

It will be frequently convenient to express that a system {A’, B') can be obtained
from (A4, B) by one of the transformations, occuring in the definition of F-equiva-
Ience, only.

Referring to our definition, {4, B) and {(A4', B’) will be called

—C-equivalent, if § = 0, D = E,
— Q-equivalent, if C = E,, D = E,,
— D-equivalent, if C = E, Q = 0,

where E is the unity matrix, the index indicating its size. It is easy to check, that these
relations are equivalence relations.
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We associate with a given system <4, B) n numbers ry, ry, ..., r,_; as follows:

(4) ro=rank B,
r; = rank (B, AB, ..., A’B) — rank (B, 4B, ..., A""'B), 1<j<n-—1.

Geometrically, if we denote by L;{A4, B) the linear subspace of R", spanned by the
column vectors of B, AB, ..., A’B, by Aj; the orthogonal complement of L;_; in L;
and by m,(f) the orthogonal projection of a vector f into A, then r; is the dimension
of A, which is equal to rank (r,(4’B)).

n—1

Obviously, 0 < r; < m for 0 £ j < n — 1 and, because of (2), Y r; = n. More-
=0

over, since A'b, =Y Ab, Ie{l,...,m} implies A/*'b, =¥ Ajf“b‘,, we have
vel vel

rozr, ,..., = r,., and we can choose a basis S of R” from the column vectors

- of (B, AB, ..., A" 'B) in such a way that the vectors {r,(4’b,)|4’b; € S, j fixed}

span A; (consequently, their number is r ) and if A7, ¢ S, than 4/*1p, ¢ S. Such a

basis we shall call pyramidal.

Assuming that we have chosen a pyramidal basis S, we can associate with every
column b; a number p;, such that A’b,e S for 0 < j < p; — 1, but A”b;¢ S. By
re-ordering suitably the columns of B (this is a D-transformation) we can achieve
that p, =2 p, 2,..., Z p,- Consequently, the p-numbers can be uniquely determined
by the r~numbers, associated with (A, B}, as follows:

(5) p; is the number of r;’s, which are > i.
Conversely, the r-numbers are evidently uniquely determined by the p-numbers of

(A, B>.
As a result of our discussion we have:

Lemma 1. For every controllable system {A, B}, the finite sequences of numbers
R{A, B) = {r;}iZq, PXA, B) = {pi}i-, defined respectively by (4), (5), have the

following properties:

i) 0sr;s=sm, ro2nr

v

n—1
21 >0, r;=0forj2 pl,zorj =n,
5 i=

(ll) Oépién,plg...zpro>o, pi=0f0ri>ProsZpi=n)

i=1

i) P{A, BY = P(A', B> if and only if R{A,B) = R{(A', B">.

(iv) There is a system {A, B') D-equivalent with (A4, B) such that the vectors
Ajbi’ 1 § l é r09 0 é] é pi - lform a baSiS Of Rn'

Now we are able to formulate
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Theorem 1. (A, B} is F-equivalent with (A’, B’> if and only if R{(A4, B> =

= R{A', B") (or, P{A4, B) = P{A’, B").

Theorem 2. Let P{A, B) = {p;}i-1, R(4, B) = {r;}25. Then, {A, B) is F-equi-

valent with a decoupled system of r, integrators:
(6)

where k; =Y p,.
v=1

Yrivt T VYiiv oYk -1 = Vi

We first prove theorem 2, with the aid of

Lemma 2. Let P{A4, B) = {p;)"_,, R{A, BY = {r

Yiior =

n—-1
isj=0

Then, (A, B) is C-equi-

valent with a system {A’, B"> of the following form:

A = (A, .., AL\, B = [B}
A:ol’ ’A;oro
where A}; are p; x p,,
A; = [0 s oo 0
0 yeees 0

ifi=+j,

iy 415 Ly 420«

¥

ki =) p, Bjarep; x m,
y= 1

B;=/0,..............

t

07"'7 0’ liyii+la vee

(1 is in the i-th column), i,j = 1,..., m.

This lemma is proved-in [6] and, in fact, is also a special case of lemma 8 of this

paper.

Proof of theorem 2. In virtue of lemma 1, we can assume that {4, B) has the
special form, given in its formulation. Denote by B the submatrix of B, consisting

of its k,-th rows, i = 1, ..., ro (those are precisely the non-zero raws of B), by B the
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submatrix of B, consisting of its first r, columns. B is a nonsingular triangular
ro X ro matrix and, furthermore, the columns b, i > r, of B are linear combinations

of the columns of B, i. ¢., there are ry-vectors d;, such that —b; = Bd,, ro < i < m.

Denote
b (B s dn)
0 E

m-—rop

Then, BD = (E,,, 0) and, consequently, B' = BD has all elements zero except for
x:i» Which are equal 1; (4, B") is D-equivalent with (4, B). To complete the proof,
we define Q as follows: ¢;; = éocij, 1<igSr,12j<n4q;=0r,<i=m,
1 £j £ n. Then, the system (4, B'> with 4" = 4 + B'Q is F-equivalent with

(A, B} and has the required form.

Proof of theorem 1. The F-equivalence of the systems with the same R (or P)
follows directly from theorem 2.

To prove the opposite implication, it suffices to show that none of the C-, D-,
O-transformations changes the r-numbers of a controllable system.

For C- and D-transformations, this statement is trivial. If (4’, B) is a Q-transform
of {4,B), A’ = A + BQ, then we have A”B = (4 + BQ) B = A’B + G, where
G is an n x m matrix, whose columns are contained in L;_ {4, B) and the state-
ment follows by induction in j.

The system (6) of theorem 2 can be considered as a canonical form for a particular
class of systems.

Let us also note that besides other things, theorem I justifies our restriction to
controllable systems. Namely, it shows that there is no C-, D- or Q-transformation,
which will make a controllable system from a non-controllable one and conversely.

It is apparent that for given m and n, there is only a finite number of equivalence
classes. From lemma 1 and theorem 1 it follows that the number of classes is equal
to the number ¢,,, of ways in which n can be written as a sum of n nonnegative in-
tegers (or the number of ways, in which n can be written as a sum of n nonnegative
integers, not exceeding m). However, there is no formula known for the computation
of ¢,.,. The problem of finding the numbers g,,, is an old numbertheoretical problem
called “partition problem”. It goes back to Euler, who gave a “generating function”
for 0., which'is \

1

(1-x%)(1 - x¥)...(1 —x)

This means that if we expand F formally into Taylor series, F ,,,(x) =1+ Z GonX"s
n=1

Fo(x) =

than g, are the numbers, defined above. For details, cf. [10].

The following two corollaries illustrate the usefulness of theorems 1 and 2. For
other applications of theorem 2 (or, rather, lemma 2) the reader is referred to [6], [7]-
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Corollary 1 (cf. [1], [2], [7]. [8], [9])- To any n-th degree polynomial P(4) and
any controllable system {A, B), there is a system {A', B, Q-equivalent with
{4, B), such that the characteristic polynomial of A’ is P(A). In particular, every
controllable system can be stabilized by an appropriate linear feedback.

Let us note, that also the converse is true, but we shall not prove it here (cf. [1],

[2), [9D-

Proof. Since C- and D-transformations do not change the characteristic poly-
nomial of A4, we can assume that {4, B) is in the canonical form (6) Then, we define
the Q-transformation by v; = X3,41 + Wi, 1 S i Sro — 1, 0,0 = —(Byx; + ... +
+ Bux,) + w,, where P() = " + B,A""1 + ...+ By

Corollary 2 (cf. [7]). If {4, B) is controllable, then for any non-zero. vector
fe Ly (A, B), there is an m x n-matrix Q such that {A + BQ, f) is controllable.

ro

Let f = Y A;b;, and let 4; & 0. Then, if I & ry, we define

i=1

Proof. We can obviously again assume that <4, B) is in the canonical form (6).

lifeitheri+ Litrg,j=k +1,0ri=ry,j=1,
qij = .
0 otherwise.

If I = ry, we define

qdij

_frifj=k +1,i%r,
0 otherwise .

It can be easily verified that the matrix H = (f, A'f,..., A" 'f), where A’
= A + BQ, has the following form:

— (Hlla 0 )
H21’ HZZ
where Hy, is k; x k;, both H,, and H,, are supper triangular with 4; on the diagonal.
Consequently, H is non-singular, q. e. d.

3. TIME-VARYING SYSTEMS

In this section, we apply some of the ideas of the preceding section to time-varying
systems.

We consider systems
(7 % = A(t)x + B(f)u

where A(f) and B(f) are defined and of continuity class ¥ on some interval J.
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For time-varying systems, we modify the concept of F-equivalence, by allowing
the matrices C, Q, D to be time-varying. So, (7) and

(8) v = A0y + B()o

will be called F-equivalent on J, if there are matrices C(t), Q(t) and D(t) on J, all of
class ¥, such that the transformations u = Qx + Dv and x = Cy bring (7) into
(8). Translated completely into the language of time-varying matrices, defining the
system, {4, B) will be said to be F-equivalent with {A4’, B> on J, if there are €*-
matrices C, Q, D on J such that 4’ = C™[(4 + BQ) — C] C, B = C™*BD for
teld. :

It can again be easily verified that F-equivalence is actually an equivalence relation.
In a similar way, the definitions of C-, -, D-equivalence can be modified.

There is no reason to expect that a classification of controllable time varying
systems similar to that of autonomous ones can be obtained, whatever geometric
definition of controllability we use. This is partly due to the fact, that for none of
those concepts of controllability there is an equivalent algebraic condition, correspond-
ing to (2).

However, there is a condition for time-varying systems, generalizing (2), which
implies controllability in any reasonable geometric sense. This condition can be
formulated as follows:

For F being a #° n x s-matrix function for some s, denote A F(r) = A(t) (Fr) +
+ F(1). Then, for every ¢,

9) rank (B, UB, ..., W 'BY=n.

Let us now ask the following question: When is a time-varying system F-equivalent
to an autonomous one? Those systems, which are equivalent to autonomous ones,
we are of course able to classify. It turns out, that the systems, F-equivalent to auto-
nomous ones, are precisely those, which satisfya somewhat strengthened condition 9).

For time-varying systems, we define R{4, B) as the n-tuple of functions {r(t)}1=¢
on J, where

r{t) = rank (B(t), ..., W B(t)) — rank (B(z), ..., W' B(r)).

P{A, B) is the m-tuple of functions p,(t) defined for every ¢ by (5). L;, 4; and =;
are defined similarly as for autonomous systems with 4 replaced by . They also
depend on t. :

Theorem 3. The system (A, B) is F-equivalent with a controllable autonomous
system on J if and only if the functions ro(t), ..., r,_(f) from R{A, B) are constant
on J and rot) + ... + r,_y(t) = n.

For better orientation, we divide the proof of this theorem into several lemmas.
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Lemma 3. Denote S () = {A" b,.(t)l() <v'<ijie M.}, where M, are subsets of
{1,.., m}. Let S{t,) be a basis of Lt,). Then,

(i) S{t) is a basis of L{t) in a neighbourhood U of t,.
(i) If f(t) e L(t) and f is €* on U, then

f@) = % 92 b()

ieM,,
where 7, are € functions on U and b (1) are the columns of B(1).
Proof. Let ¢; = Z r,. Then, there is a ¢; x ¢; nonsingular submatrix §(t,) of

Si(t,). Since det§ (t) is continuous, we have det §(t,) + 0 in some neighbourhood
U of t,. Since y,, can be expressed as polynomials of the entries of f(f) and S(f)
divided by det §{1), the lemma follows.

Chose a norm ||.| in R". As an immediate consequence of lemma 3 we obtain

Lemma 4. Let the functions of R{A, B) be constant on J. Then, the subspaces
L{(t) and A(t) depend continuously on t on J in the following sense:

To any ball Np = {x|Ix|| £ R} in R", any tyeJ and & > 0 there is a § > 0
such that for |t — to] < 9,

Lty N Ng, Lfto) NNk, Aft) N Ng, 4,to) N Ng
are contained in the e-neighbourhoods of Lty), L{(t), A{to), ALt) respectively.

Lemma 5. If (A,B) and {A,B')> are D-equivalent, then L;{A, B>(t) =
= LA, B')(t) and AA, BY)(t) = A, (A, B')(t) for all teJ.

m

Proof. We have Wh} = Z‘l[’(b“ W)-Z(Q[’bﬂ)d,“ Z(“ZI’ 'b,) d,. From

this we obtain by induction L <A By <L, <A B, 05j= < n— 1. By symmetry
of D-equivalence, we have the opposite 1nclu31on and, thus, equality. The equality
of A;’s follows trivially.

Lemma 6. Let for some t, S(t) be a pyramidal basis of L{t). Then, St) can be
completed into a pyramidal basis of L,_(t).

Proof. We prove that S{f) can be extended into a pyramidal basis S;.(t) of
L;. (7). The rest follows then by induction.

Let b, e S(¢), if and only if ie M;. Then we have for every by, 1 £ kK = m,
Wh, =Y 2,Wb; + g,, where g,eL;_ (1)

ieM

Thus,
9[’“[) = Y 2,0, — Y J b, + Ug, = Y AW b, + f,

ieM; . ieM ; ieM;
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where f; € L({). From this it is clear that to complete the basis for S;.,(f), we can
add to S(t) any r,, ,(¢) linearly independent vectors from W *'b,, ie M, q. e. d.

Corollary 3. m = ro(t) 2 ri() = ... = r,_(t) 2 0 for all t.
Lemma 7. Let the functions of R{A, B)> be constant on J. Then, {A, B) is D-equi-
valent with a system (A, B") such that

Sty ={wr(o=v<j, 1<isr) arebases of L(1) for teJ.
Note that the theorem of [11] is a special case of lemma 7.

Proof. The matrix D(t) will be constructed as a product of n matrices D = Dy ..
.. D,_, in such a way that for <A, BD, ..... D,)> the statement of the lemma will
be valid for j £ k. -

Assume that we have already constructed the matrices Dy, ..., D, . In virtue of
lemmas 3, 6 we can cover J by a sequence of open intervals J, = (a,, b,), —o0 <
< p < oo in such a way that 4(a, + b,) is an increasing sequence, b, < a,,, for
all y and for every p there is a subset M, < {1, ..., r_,} such that {m(3*b (1))|i € M.}
span A,(f) for t € J,. D, will again be constructed in steps. First we define D(t) on
[6-1,a,] as follows.

Weputd,=e,;, 1 2i<r,d; =e forr,_, <i<m and the remaining d,'s
we put equal to the remaining e;’s arbitrarily. There M, = {0y, ..., 6, }, d;, e, are
the columns of D, E, respectively. By multiplication of B by D,, the columns
{bi|ieM0} are brought into the first r, positions and the columns b, i > r,_
remain without change.

We proceed by introduction assuming that D,(f) has been constructed on [b_,, a,]
with following properties: (which are obviously satisfied for u = 1).

Denote D (1) = Dy(t) for te[b_,,a,], D,(t) =Dyb_,) for t <b_,, DSt) =
= Dy(a,) for t > a,, B(t) = B(t) D,(¢). Then:

(i) D,(1) is nonsingular and €™ for all ¢
(ii) The vectors {A'H 0 <v <k —1,1 =i < r} span L, for all t

(iif) The vectors {m(Wb)|1 < i £ r} span A t) fora_,.; <t £ b,_, and there
are subsets M,, M_, of {1, ..., r,_,} such that ‘

{m(Wb)|ie M}, {m(U*b)|ieN,} span A1) for te[a,, b,]

and tefa_, b_,]| respectively.

We show that Dy(f) can be extended so the interval [b_,.1,a,,,] in such a way
that (1) —(ii1) remains valid with u replaced by u + 1. We show only the extension
forwards, the extension backwards being entirely similar.

We divide [a,, b,_,] into r, subintervals of equal length 7 = r;'(b,_; — a,)
and denote o, = a, + {r. Again D(t) will be extended by induction. We assume
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!
182 that D,(t) has been extended for ¢ < a,_,, { £ n in such a way that if we denote

D—g_l(t) == Dk(t) fOI‘ t é Ofg_.], D—g—l(t) = Dk(of{._]) fOI‘ t g (x;_l N
B(t) = B(1) D,_ (1), then we have

(a) D,_,(f) is €, nonsingular for all 1,

(b) The vectors {30 S v <k — 1,1 < i = r}span L,_,(f) for all ¢,
(c) The vectors {my(Wb)|1 < i < r,} span A,(t) for t £ b,_,,

(d) There is a subset N, of ({, ..., r,—4} such that

{nWh)|l <i<?{ orieNyisa basis of A1) for a,_ <t < b,

We show that D,(1) can be extended for t < «, so that (a)—(d) remain valid with
{ — 1 replaced by (. :

From (c) and (d) it follows that there is an [ € N, such that 2/b, is not contained
in the subspace A(f) of A,(t), spanned by {m(Wb)|l <i<r, i} for any
tefo-y, b,.i]- If I = ¢, we simply define D\(t) = D,_, for te[e,_y, 0], i. e. we
extend D,(f) continuously as a constant. If = { (note that then I > r\) then m,(2*b;)
and either 7,(U*b)) or its negative lie in the interior of the same one of the two
halfspaces, into which A(t) divides A,(f), for all t & [a_,, o ]. In the first case, we
define for 1 € [y, o], D, (1) = D(¢) Z(1), where Z(t) = (z,(t)) is defined as follows:

(10) zgf{) = 1= Pl + 1), 2= —Yloyg_, +1),
zi(f) = Ylogg + 1),z = 1 — Ylog_y + 1),

z;(t) = 8;; otherwise and (r) is a nonnegative € real function such that (0) = 0
fort 20, Y(r)=1forr 27, 0=<y()<1for 0 <t =<7 In the second case, we
define z,; and z,, with opposite signs.

Now, the validity of (a) for { is obvious. For the proof of (b)—(d) denote B(f) =
= B(t) D(t), where D is defined as D(f) with { — 1 replaced by {. We have

WB = W(BZ) = (WB)Z+ F
where F € L,_;(t), which implies
(11) 7,(WB) = (n(W'B)) Z .

If we denote ﬁ, ﬁ the submatrices of B, B respectively, formed 'by their first r,
columns and Z, the submatrix of Z, formed by its first r, columns and r, rows then,
because all elements of the first », columns, not belonging to Z,, are zero, we have
from (11)

7(W'B,) = (z,(AW'B)Z, for 0 S vk~ 1

which implies- (b).
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(c) follows from the fact that by (10) and (11), m(2*b,) is for all ¢ a convex com-
bination of two vectors, both of which lie in the interior of the same one of the half-
spaces, into which A(t) divides 4,(f) and the other vectors of {m (Wbl < i < ry}
are not affected by multiplication of B by Z.

(d) follows from the fact that for t 2 a,, m(2*b,) = =, (2A*h,).

After extending Dy(f) for t < b, _, stepwise in the described way, we extend Dy(t)
for t < a,,, by setting Dy(t) = Dy(b,_,) for te[b a,+,]. Then, it is easy to
verify that D, satisfies (i)—(iii) for t < a,,,.

This, by introduction, proves the existence of D,(r) and, thus, of D(r).

g1

Remark 1. By a refinement of the above argument it can be shown that if the
matrix (B, AB, ..., A" !B) and all its p derivatives (p = max p,) are bounded on
1<ism
J and for each t there is an n x n-subdeterminant of this m—at—rix, the absolute value
- of which is bounded below by a positive constant, independent of ¢ on J, then D(t)
can be constructed in such a way that (B, UB’,..., A" 'B’) is bounded and
|det S,,_l(t)l is bounded below by a positive constant, independent of f. This will
be seen to be important for the stabilization problem.

The refinement is essentially based on the facts, that under the above boundedness
assumptions the covering {J,} of J, which occurs in the proof of Lemma 7 can be
for every k constructed in such a way that on every interval J, the absolute value
of some pyramidal basis and also the length of the intersections of the consecutive
intervals are bounded below by a positive constant, which is independent on p.

Lemma 8. Let for all teJ, the vectors {Wb0<v=n—1, 1 Si=r} be
linearly independent. Then, (A, B) is C-equivalent with a system {A', B'>, where
A’', B' have the form of lemma 1 with o’s and y’s time-dependent.

In essence, this lemma is proved in [4], but we shall give an alternate proof, which
is modeled after the proof of lemma 2 of this paper from [6].

i
Proof. Let P(4, By = {p|l i< m}, k, =Y p, and let C be the submatrix
v=1

of C, consisting of its k,th columns, G the submatrix of B’, consisting of its k,-th
rows. Then, C, G have to satisfy ‘

(12) AC=CA' +C, B=CG,

G being triangular, so is G™'. We define G™' = (,;) as follows: y,; for 1 < v < r,,

are the unique nunbers such that
7, (Wb, + ¥ 7, q%b,) =0,
v=1

¥;; = 1 and all remaining y’s are equal to zero.
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From lemma 3 it follows that 7,; are €. Since C = BG™!, we have n, (A?'c, ) =

=7, (Wb, — Zlyv,-ﬁl”"bv) = 0, or APc, e L,,_,. Moreover,

(13) We 0<v<j, 12igr)

are bases of L;.
Decomposing the first equality of (12) into columns, we obtain

ro

Crpgrj = Wex,_y1je1 — zavki_,+j+1ckv= J=1..,p—Li=1,..

v=1

ro
0=Q[cki—1+1 _Zavkl._l_f_lckv, l=1,...,’n.

. v=1
Consequently
. pi—J ro
(14) hiores = W e = TUTI I e
p=1 v=1
Pi ro
(15) 0 = QIpiCki - Z Q[Pi"ﬂ Z Okal.-y+lckv .
n=1 v=1

Since for any 4> o(f) scalar and b(r) n-vector functions

(16) W(ab) = zo (f)( y=r 4% gy

I deiH

is valid, we can re write (15) as

pi—1 ro
AWric, Z Z Z ()( I ”ai{{ _“,)+_,+191”Ckv

Jj=0 v=1 p=0

pi—1 ro pi—1 ]
= 2 Eﬂl%k Z ( )( 1" uo‘s’fczul)ﬂﬂ'
i u

u=0 u=1 i=n

"m’

If we define ¢,, = 0 for u = p,, then by (13) ¢,,, 1 Sv=<r,, 0 pu = pi 1

are uniquely determined by the equation

pi—~1 ro

Wie,, = > Y Wy o,

u=90 v=1
and they are €% on J.

¢,, being known, a,, can be determined by solving r, triangular systems w1th I’s

in the -diagonal

J=u

pi—1 j .
5 (ﬂ)(—l)f-"«x, Y= o

Obviously, the o’s obtained from these equations are also €® on J. The a’s being
known, we can determine C by (14) and it can be readily verified that (12) is satisfied.
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Since by (14) and (16), ¢,,_,,; = AP~ 7J¢,, + f, where fe L, _,, it follows from
(13) that C is nonsingular.

Remark 2. It can be easily checked that if we want the o's and y’s to be merely
continuous, it is sufficient to assume that (B, UAB,..., A"~ 'B) has max p; — 1
derivatives. Moreover, if these derivatives are bounded and |det S(1)|, where S(¢) is
the matrix, consisting of the columns {2'b,J0 < v <n — 1,1 < i £ r} is bounded
below by a positive constant, C, C™' and 4’, B’ are also obtained bounded.

Proof of theorem 3. If: By lemma 7 and 8, {4, B) can be brought to (4’, B’
with A’, B’ having the special form of lemma 2 with «’s and y’s time dependent. In
the same way as in theorem 2, we construct Q (which will be, of course, time depend-
ent) in such a way that {4’, B’ will be Q-equivalent to the decoupled system of
ro integrators (6), which is autonomous.

Only if: Lemma 5 proves that the r-numbers are invariants of a D-transformation.
The theorem will be proved if we show that they are also invariant of the C- and
Q-transformation.

For the C-transformation if follows from A'f' = C™}{AC — C)C™'f — C7f +
+ C'lf = C™! 9f for every €> vector function f, where {A4’, B") is the C-transform
of (A, BY and A’ = (4’ — d/dt).

For the F-transformation we note that if {4’, B) is a Q-transform of {4, B),
then Af = (4 + BQ)f — f = Uf + BQS, from which it follows L, < 4’, B> ¢

LA, B). From the symmetry of Q-equivalence it follows L{4, B) = L{4’, B)
and, thus, L<{4, B) = L;{A’,B), q. e. d.

Those systems, which satisfy the assumptions of theorem 3 we shall call auto-
nomous-equivalent, or A4-systems.

We have also proved

Theorem 4. Two A-systems {A, B) and {A’, B") are F-equivalent if and only if
R{A, BY = R{A', B'). They are both equivalent to the canonical system (6).

Corollary 4. For autonomous systems, we obtain the same classification, whether
we allow the transformation matrices to be time-dependent or not.

Corollary 5. To any n-th order polynomial P(3) and any A-system {A, B there
is an autonomous system (A', B'), F-equivalent with {A, B) such that P(A) is the
characteristic polynomial of A’ (cf. [4]).

Remark 3. Corollary 5 is of use for the stabilization problem only if J = [#,, 00)
and the transformation matrices and the inverses of the C- and D-matrices are bound-
ed. In virtue of remarks 1 and 2, this will be true if the assumptions of remark 1 are
satisfied on some interval J = [#,, o). Let us also note that for the stabilization
problem solely, it is sufficient to assume that the matrix (B, UB, . ., UP71B), p =

185



Vyber prac z optimélneho riadenia 63

186 = max p,; has n — 1 bounded continuous dérivatives. Qur results, therefore, improve

15ism
the result of [4], where it is in essence assumed that the system satisfies the assumptions
of Remark 2. We assume that A, B are €™ merely for the classification theory. Namely,
if (A, B> is not assumed to be ¥, then the system {A’, B') of lemma 8 is obtained
with much fewer continuous derivatives, which is inconvenient,

Corollary 6. Let (A, B) be an A-system and let f(t) bea > vector function such
that for all t€ J, f(1) € Lo A, B) (t), Then, there is a system {A’, B'), F-equivalent
with {A, B), such that {A', > is an A-system.

The idea of proof is the same as that of the proof of Corollary 2; we omit the
details.

4. REMARKS ON DISCRETE AND PERIODIC SYSTEMS

For discrete systems, autonomous as well as time-dependent, a similar classification
theory can be developed. We are not going to formulate the results, which can be
drawn from those of 2—3 by simple analogies.

Time-varying periodic systems with continuous time can be regarded as a parti-
cular case of general time-varying systems. It is natural to require from the trans-
formation matrices to be periodic in this case but this requirement does not intro-
duce new difficulties.

Sometimes, however, one does not need the information about the behaviour of
the system for all ¢, but only about its behaviour in discrete moments, the period of
the system apart. For instance the stability properties of the system are completely
determined by the discretized system.

To make this point more precise, assume that the matrices of the system (4, B)
are T-periodic and of class €'. The solutions of the system % = Ax + Bu can be
expressed as

«(t) = Y(1) x(0) + J ;Y(t) ¥(—s) B(s) u(s) ds

where Y(1) is the fundamental matrix of y = Ay with initial condition Y(0) = E.
Then, the corresponding discrete system is

Chi1 = Y(T) &+ F(ﬂk)
where & = x(kT), 7 is the piece of control function u(s), kT < s < (k + 1) T and

F is the linear operator, mapping #, into

JTY(T) Y(—s) B(O) u(kT + s) ds .

0

It can be immediately seen that if we try to use the concept of D-transformation
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to this system, difficulties arise. Namely, a general linear transformation in the
n-space would involve the future values of the control, which is physically unthinkable.

However, there is a result of the type of corrollary 1, which may be worthwhile
to mention in this context:

Theorem 5. A T-periodic system {A, B) with (A, BY bein €' is controllable if
and only if to every n-th degree polynomial P(Z) with positive absolute term there
is a T-periodic m x n matrix Q (which can be choosen piecewise constant or ar-
bitrarily smooth) such that the characteristic multipliers of the system y = (A +
+ BQ) y are exactly the roots of P(A). In particular, periodic controllable systems
can always be stabilized by an 'appropriatre periodic feedback.

This theorem is in a sense stronger than corollary 4, since controllability in it is
assumed only in its weakest geometrical sense, i. ¢. that we can join any two points
in R" by a trajectory of the system in sufficiently long time, with the aid of an appro-
priate control.

For the proof of theorem 5, see [7].

(Received April 2, 1969.)
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VYTAH

Klasifikacia linearnych riaditeInych sistav

PavoL BrunNovskY

Vysetruje sa relacia F-ekvivalencie a na nej zaloZeni klasifikicia linearnych
riaditeInych sustav. Dve linearne sustavy riadenia X = Ax + Bu a y = Ay + Bv
(A4, B, 4, B’ kon§tantné), spliiujiice predpoklad riaditelnosti (2) sa nazyvaju F-ekvi-
valentné, ak existuju matice Q, C, D (C, D regularne) také, Ze je splnené (3). Odvozuje
sa nutni a postacujica podmienka ekvivalencie sistav, spoivajice v rovnosti ko-
nefného poctu Cisel, zviazanych s maticami 4, B, resp. 4', B’. Ukazuje sa, Ze v kai-
dej triede ekvivalencie existuje kanonickd ststava, pozostivajliica z nezavislych
integratorov, ktorych pocet a rady uplne charakterizuju triedu ekvivalencie.

Pojem F-ekvivalencie sa zovieobeciiuje pre sustavy zavislé od €asu a to tak, Ze sa
povoluju matice @, C, D zavislé od Casu. VySetruje sa trieda sustav, F-ekvivalentnych
s Casovo nezavislymi sistavami — sa to prave tie, ktoré spliiuji podmienku (9).

Nakoniec sa struéne diskutuje pripad sustav periodickych a diskrétnych v Case.

RNDr. Pavol Brunovsky CSc., Ustav technickej kybernetiky SAV, Ditbravskd cesta, Bratislava 9.
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LOCAL CONTROLLABILITY OF ODD SYSTEMS

PAVOL BRUNOVSKY

Mathematical Institute, Slovak Academy of Sciences, Bratislava, Czechoslovakia

1. Intreduction

Consider a control system
€y x = f(x, w),

where x € R" and u € U (we do not specify the set U at this point) and a set of ad-
missible controls % which is a subset of the set of mappings u of intervals [0, T(u)],
T(u) = 0 into U, having the property that for any u € % the solution ¢(t, x4, 1) of
the differential equation '

x = f(x,u(t))

with @(0, xo, ) = X, is uniquely defined on [0, T(#)]. We denote by Z(x,) the
reachable set of (1) from x,, i.e., Z(xo) = {@(T®W), X0, u)| u€ ¥} and call (1)
locally controllable at x, if x, € int Z(x,).

The well-known theorem of Kalman gives necessary and sufficient conditions
of local controllability at 0 for the class of linear systems (f(x, #) = Ax+Bu) with
U being a subset of R™ containing 0 in its interior (the bang-bang controllability
theorem makes the choice of # irrevelant in this case). For nonlinear systems,
sufficient conditions for local controllability at a rest point of the uncontrolled
system are given by the theorem of Lee and Markus ([4]). However, since the theorem
of Lee and Markus uses only the linearization of the system (in both x and u), it
is not difficult to see that its sufficient condition is far from being necessary.

A more recent approach, going back to Hermann ([2], cf. also [5], [6]) relates

the problem of controllability to the study of orbits of families of vector fields. -

Given a family of vector fields & = {X’| ieI} on R", the orbit of x, is defined
as 2(x;) = {gpfgo o git(xo) p = 0, jel,tjeR,j=1,...,p}, where by o' we de-
note the flow of X', It is immediately seen that if % is taken as the set of piecewise
constant controls and we associate with (1) the family of vectors fields &
= {X"| u € U} defined by X*“(x) = f(x, u), then Z(x,) = Q*(x,), were 2+ (x,) is the
positive semiorbit of x,, defined by 27%(x,) = {¢i?0 ...0 ¢{*(x0)| p = 0, u; € U,
ti>0,i=1,...,p}. ‘

[39]
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It is not true in general that Q+*(x,) = Q2(x,). The only simple (but rather
restrictive) condition guaranteeing this is the symmetry condition: for every x and
every i € I there exists a j € I such that X = —X"* in some neighbourhood of x (cf.
[5D- '

For families of analytic vector fields, the classical theorem of Chow gives
a certain rank Condition (cf. Theorem 1 below), which is necessary and sufficient
for x, € int 2(x,) and which, if applied to linear systems, is equivalent to the rank
condition of Kalman (cf. [2],[5]). However, Chow’s theorem does not yield a general-
ization of Kalman’s one since the family of vector fields, associated with a linear
system is not symmetric in general.

The aim of this paper is to prove the equivalence of Chow’s rank condition
to local controllability for systems exhibiting a different kind of symmetry which is
satisfied for linear systems—a theorem which does contain Kalman’s controlla-
‘bility theorem as its special case.

In §2, we formulate the main theorem in.the language of families of vector
fields and three lemmas from which the proof of the theorem easily follows. The
applications of the main theorem to local controllability of control systems are given
in § 3 and § 4 contains the proof of Lemma 3.

»

‘ 2. Main theorem

We shall call a family of vector fields & = {X'|ie I} odd if for every i € [ there
exists a j € I such that X’(—x) = —X/(x) for all x. An odd family of vector fields
can always be indexed in such a way that I contains symbols +7 and —7 in such
away that X~i(x) = —X*(—x) (sometimes X* and X! may coincide). When dealing
with an odd family of vector fields we shall always assume that it is indexed in this
way. _

Further, we shall always assume that all the vector fields under consideration
are complete, i.e., that the domain of existence of their integral curves is R. This
assumption, just as the assumption that the vector fields are defined and satisfy the
oddness assumption over all R" (instead of a neighbourhood of 0) is not essential
and is made only for the sake of simplicity.

With a family & of C® vector fields we associate the family [Z], which is the
smallest family of vector fields containing & and closed under the formation of Lie
brackets (cf. [2], [5], [6]). We write Z(x) = {X(x)| X € Z'}.

THEOREM 1. Let & be an odd family of analytic vector fields on R". Then
0 eint 2+ (0) if and only Chow’s rank condition is satisfied at 0, i.e., dimspan[Z] (0) = n.

For the proof we need the following three lemmas.

LeMMA 1. Let & = {X'| i eI} be a family of C* vector fields on R" satisfying
Chow’s rank condition at x,. Then, for every 6 > 0, there exist iy, ...,i,€l,
815 - Sy € [0, 8) such that the map (¢t , ..., ty) o @lno ... o @ii(x,) is a local diffeomor-
phism at (s, ..., S,).



70 Vyber prac z optimdlneho riadenia

LOCAL CONTROLLABITY OF ODD SYSTEMS - 41

For the proof, cf. [3]. ,

LEMMA 2. Let & ={X'|iel} be a family of C*® vector fields, y € int 2+ (x),
z €% (). Then, z € int 2+ (x).

Proof. From z = g{Zo ... o p}1(y) it follows that

zegpo...oqi(int 2+(x)) < int (gvfg °o...0 <p,i;(!2+(x))) < int 2+ (x),

since @i o ... o @it is a local diffeomorphism.

To make the formulation of Lemma 3 easier, we define for a given family of
analytic vector fields, a stream on V < R" open as an analytic map y: (— 9, 0) %
xV — R", 6 > 0 (write (x) = x(, x)) such that

1. for every t € (— 9, 0), y, is a diffeomorphism V — yx,(V),

2. forall x eV, xo(x) = x, ,

3. for every ¢ € [0, 6) and all x e V, y,(x) € 2% (x).

Note that if y,  are streams on V and 7, 7, are analytic functions on
a neighbourhood of 0 such that

Q) 7:0) = 7,00) =0 and  7,(¢) > 0, 7,(t) > 0 for ¢ > 0,

then 7 ¥z ) © Yeyry IS also a stream on V. If for two stréams y, v there exists
a stream # and analytic functions 7,, 7, satisfying (2) such that v, = 7;,¢) ° ¥r,00
for | ] sufficiently small, we shall write y < . The relation < is obviously transitive.

LEMMA 3. Let & be an odd family of analytic vector fields. Then for every stream ;
X there exists a stream 9 > y such that 9,(0) = 0 for t > 0 sufficiently small.

Proof of Theorem 1. Sufficiency. Write yx,(x) = @in o ... 0 @it (x), where
i1y vy in, Sy, ..., S, are chosen as in Lemma 1. Obviously, y is a stream on some
neighbourhood of 0. The Jacobian of y, at 0 is an analytic function of ¢ which does
not vanish for ¢ = 1. Therefore, it must be non-zero for ¢ > 0 sufficiently small.
Consequently, %,(0) € int 2+ (0) for # > 0 sufficiently small. Let ¢ be as in Lemma 3.
Then there exist analytic functions 7,, 7, satisfying (2) and a stream # such that
Nesty © Xeyty (0) = 0 (which implies 0 € 27 (i,(0))) for ¢ > 0 sufficiently small. By
Lemma 2, 0 € int 27%(0).

The necessity of Chow’s condition follows from the fact that 2+(0) < 2(0)
and that, if Chow’s condition is not satisfied, £2(0) is a submanifold of R" of dimension
< n (cf. [5], [6]).

Let us note that although Theorem 1 is formulated in R", its nature is local.
Thus, we can replace R" by an n-dimensional analytic manifold, provided the oddness
assumption is satisfied in some local chart at 0. This is the situation.if e.g. Chow’s
condition is not satisfied and we consider the restriction of & to the orbit £2(0),
which is an analytic submanifold of R" of dimension < n (note that £2(0) is symmetric

- with respect to 0 if & is odd!); cf. [5], [6]. Thus we have

THEOREM 2. Let & be an odd family of analytic vector fields. Then 0 € int 2% (0)
in the topology of 2(0).
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3. Application to control systems

Consider a control system

3 % —fo(x)+lu,f;(x), w e U = [-1, +1],

i=1
U=UxU,x% ... xU,. Weassociate with (3) the family of vector fields Z = {f, +f}|
=1, ...,p}. If we take as % the set of piecewise constant bang-bang controls
(i.e., the set of piecewise constant controls with values +1), then obviously %(x)
= 0%(x). Let us also note that since Z'(x) and {fi| i =0, ..., p} (x) span the same
linear subspace, so do [#](x) and [{fi|i =0, ..., p}](x). Thus we obtain the follow-
ing corollary of Theorem 1: ,

THEOREM 3. Letf;,i =0, ..., p be analytic, let [, be odd, and let f;,i = 1, ..., p,
be odd or even. Then (3) is locally controllable at 0 if and only if rank[{f}]i =
0,...,p}0) isn.

We omit the obvious reformulation of Theorem 2 in the language of control
systems.

Let us note that the conditions of Theorem 3 are satisfied if f, is linear and

Jfi, i =1, ..., p, are constant and so Kalman’s controllability theorem is obtained
as a special case of Theorem 3.

The perturbation theory of [1] allows us to extend the controllability result
of Theorem 3 to “allmost odd” control systems:

THEOREM 4. Given a system (3) satisfying the assumptions of Theorem 3 such
that dimspan [{f;| i =0, ..., p}] = n, there exist ¢ > 0 and n > 0 such that for any
Sfunction g(x, u) which is Lipschitz continuous in x and continuous in u and satisfies
lg(x, w)| < & for |x| < n the system

% =fo(x) + Z u; fi(%) + g (x, 1)

is locally controllable at 0.

The proof follows from [1], Proposition III-6. One has merely to note that
the homogenity assumption is not essential in this proposition.

4. Proof of Lemma 3

For the sake of brevity we make the following convention: By a stream we shall
always understand a stream on some neighbourhood of the origin. In statements
concerning ¢ we shall drop “for |¢| sufficiently small”.

Let us note that if & is odd, for any stream y the symmetric map y~ defined
by y7(x) = —x,(—Xx) is also a stream. For the proof it suffices to note that y,(x)
= @20 ... o pii(x) implies

xi(x) = —y(—x) = 'P o...0 (pﬁi(-—x) = qp,p"’ o...0 (p,‘lil(x) € 2% (x).
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In the sequel we shall always denote pairs of symmetric streams by the same
letter with superscripts +, —, sometimes dropping +. When dealing with them
simultaneously we shall use the letter § to indicate the signs; if multiplied, +, — will
be understood to behave like +1, —1.

In order to prove Lemma 3 we prove the following induction statement:

Let yi, i = 1, ..., k, vy be streams such that
(4) %,6(0) = @it +o(t? 1), 4, (0) = bt +o(t%HY),
where a;, i = 1, ..., k, are linearly independent and b, does not belong to any subspace
_spanned by k—1 of the vectors a;, i = 1, ..., k.

Then either there exists a stream Y., > Wi Such that y,.,:(0) =0 or there

exist streams Yiy1, Yrr1 SUCh that @y >y and y;, i =1, ..., k+1, and i,

satisfy (4iy1).

The assertion of the lemma results from this induction statement as follows:
If %,(0) = 0, we write & = y. Otherwise, (4,) is satisfied for y, = v, = x. Using
the induction statement we construct & sequence of streams p; <, < ... (and the
auxiliary streams y,, X2, ...) until we reach k, such that v .(0) = 0 and we write
9 = yy,. Since (4,4,) is impossible, ko < n+1. '

To prove the induction statement we write

it = Xisay Where  s;(t) = tP1--PimtPirio Pk
Nkt = Ymry,  Where  r(t) = ¢Pr-Pi
&, i=1,...,k, and # are streams, & > x;, 7 > ¥ and
£.:(0) = @12+ 012+,
Nk,1(0) = b 12+ 012+,
where Q = p, ... ppqx. Further we have

Qo
Ei(x) = x4 ) ay()H+0(2H),
©) =

Qo
i) = x4 i)+ 02+,

where a;;(x) = O(|x]), B;(x) = O(]x]) for j =0, ...,0—1 and «;(x) = a;+O(|x]),
Bo(x) = b+ O(|x).

Assume that there exists no stream ., > w, such that v, ,(0) = 0. Write
Ty =span{a]i =1,...,k} and choose such a complement S; to T} that if 7z
denotes the projection onto T; along Si, then 7, (b,) does not lie in any subspace
spanned by k—1 of the vectors ¢;, i = 1, ..., k. This is possible owing to the assump-
tion that b itself does not belong to any such subspace. We show that there exist
functions 7y, ..., 7, and signs &, ..., & such that 7;(0) = 0, 7;(0) > 0 for ¢ > 0,
i=1,..,k, and

(6) TTy, © E‘ifrl(t) ©...0 Eﬁ’frk(t) ° nk,t(o) =0.



Vyber prac z optimélneho riadenia 73

44 P. BRUNOVSKY

Denote F°v%: R*™1 T, by
ForeO(qy ., ty, 1) =m0 £31,, 0 ... 0 &% 0 my,,(0).

By (5) we have
. .
Fovoti(zy, o, m,t) = 3 8101+ m(B) 12+ 0(T, .o T, 1),
i=1 .

where w is analytic and satisfies
(7) 6()(‘51,..., Tk’t) =0(|TIIQ+ +lTk|Q+|tlQ)'
Write

Gor%(oy, ., op, 1) = Fov (o, t, ..., oyt, t).

Then we have
k
GOr %oy, ..., 0, t) = 12 [Z 6iaiaiQ+nk(bk)] +w(o,t, ..., oxt, t).
=1

By (7) we have &/tt-Hiwig(o,t, ..., 6xt,t)/dcdt ... 0o 0t%+1(0) = 0 as soon
as jx+: < Q. Thus, by the Weierstrass preparation theorem, w(o,¢, ..., oxt, t) =
t2+1%(oy, ..., 0k, t), where @ is analytic in o, ..., oy, . Therefore,

k

Gor (o, ..., oy, 1) = 12 [Z 8;a; 02+ m(by) +tav(oy, ..., O, t)]
i=1
and
Gr %o, o, t) =0 if  Hv o %(ey, .. 0y, t) =0,
where

k
Hov%(g,, ..., 04, t) = Z 8;a; 02+ (b) +to(0y, ..., Ok, 1).
=1

. Since a;,i =1, ..., k, form a basis of T} and 7 (b,) does not belong to any
subspace spanned by k—1 of the vectors a;, there exists a unique k-tuple of reals

. k
vi, all of them # 0, such that —m(by) = D' a;y;. We write ; = signy; and
i=1 ’

OH’v " %[dg (0%, ..., of, 0) = (8, 679 *a,, ..., &0F% 'a) is nonsingular
(here o = (o4, ..., 0v)), there exists a unique k-tuple of analytic functions o;(¢)
such that ¢;(0) = o} and H’v%(0,(t), ..., 0x(t), t) = 0. Moreover, a;(t) > 0.
If we write 7;(¢) = to;(¢), i = 1, ..., k, then 7; will be analytic and will satisfy
7(0) = 0, 7;(¢) > 0 for ¢ > 0 and F®v % (7,(r), ..., (), 2) = O.
Write

Kia1,:(X) = 5‘:511(:) °...o0 fzfrk(t) ° Nk, - .
Obviously xx.; > yi; thus yiyq,:(0) # 0 by assumption. By (6) and the definition
of x+1> 7o xxe1.:(0) = 0, which implies that the first non-zero coefficient in the
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expansion of yx.1,.(0) must be linearly independent of the vectors %, i=1, ..,k
Therefore, %1, ..., Xr+1 satisfy (4ryq).

To obtaln Pre1 We choose another complement S; to Ty, the intersection of
which with the span {a;] i = 1, ..., k+1} does not lie in any subspace spanned by
k of the vectors a;, i =1, ..., k+1. We construct ¢, by the same construction
as yr.1 With S; replaced by Si and 7 replaced by 7, the projection onto T; along
S%. Since vy, q,:(0) # 0, owing to the choice of Sx, y;, i =1, ..., k+1, and yp,
will satisfy (44, ).
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The basic optimal control problem is given by a system

x =f(x,u), x€ER", u€R™, 1
~ a control domain
77 e R’Iﬁ (2)
a performance index
T
J@) = [ f°(x,u)dt (f*: R"XR" > R), A3)
0

initial and target states x,, x; respectively. By an admissible control we understand
a piecewise continuous function, defined on some interval of the real line with values
in U. Under suitable regularity conditions on f°, f every admissible control
u:[0, T]-U when substituted into (1) defines a unique solution x(#,u) starting
at x, for t=0 (called the response of u). Substituting the control and its response
into (3) for u, x respectively, gives a real value to J. One is interested in finding
and studying the properties of the optimal control which steers the system from
Xo to x; (i.e. its response x(¢) called the optimal trajectory satisfies x(T)=x;)
for some T=0 and minimizes the performance index J.

From the very beginning of the optimal control theory one of the approaches
to study this problem has been to imbed it in a family of problems with a varying
initial state x,. This approach is based on the simple observation (frequently called
Bellman’s optimality principle) that if u# is an optimal control on [0, 7], then its
restriction to any interval [#,, T], #,>0, is an optimal control for the initial state
x(ty, u). If for each initial state x in some region G the optimal control u, (and,
consequently, its response &, starting at x) is unique, from the optimality principle
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we obtain immediately that the optimal control can be expressed, independently
of the initial state, as a function of the present state of the system, i.e. there exists
a function v: G—~U such that u,(r)=v(£,(t)) for x€G. Therefore the optimal
trajectories satisfy in G the differential equation

x = f(x, v(x)). 4)

Let us note that in many applications the uitimate goal of solving the optimal
control problem is to find the function », which is called the closed-loop optimal
control, the optimal feedback law or the synthesis of optimal control.

Formally, one can consider (4) as an equation for optimal trajectories. In order to
utilize it, it is important to know something about the properties of the function v.
For example, for the classical existence and uniqueness theory of ordinary differential
equations it would be useful if v were continuous. However, simple examples in
which v can be constructed explicitly (cf. [1, Chapter III] or [11, Chapter 2]) show
that due to unilateral constraints, which are typical for the optimal control theory,
v is frequently discontinuous.

A deeper reason for studying the structure of v is the problem of sufficiency
of the variational necessary conditions of optimality, in particular of the Pontrjagin
maximum principle (PMP). Assume that for every initial state x€G there exists
a unique control steering the system from x to x, and satisfying PMP, thus
being the unique candidate for the optimal control. If we define v(x)=u,(0), we
may ask whether « is the closed-loop optimal control, i.e. whether (4) yields optimal
trajectories (and only optimal trajectories) as its solutions. As it is shown in [1], [2]
this problem is closely connected with the problem of the sufficiency on the dynamic
programming equation (which corresponds to the Hamilton-Jacobi equation of the
classical calculus of variations).

When trying to resolve this question one is again confronted with the problem
of the regularity of the behaviour of v. Bolt’anski observed that one can work also
with a discontinuous synthesis, provided its set of discontinuities is sufficiently
regular, This led him to introduce the concept of regular synthesis for the time-
optimal control problem (f°=1) (cf. [1], [2]). By a regular synthesis for the time-
optimal control problem in a region G we understand a pair (¥, v), where & is
a locally finite partition of G into C' connected submanifolds of G (called cells),
v is a function G—U satisfying the following conditions:

A. The set G’ (where G’ is the union of the cells of dimension <n) admits
a stratification in G. (By a stratification &£ of a subset H of G we understand
a locally finite partition of H into C! connected submanifolds of G (called
strata) such that PnQ=@ implies PcQ@ and dim P<dim Q for any
P, Qc?, P=Q.)

B. The function » is C! on each S¢% and can be extended to a C' function
in some neighbourhood of S. The cells of & are of type I and type II. If S is
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of type I, then f(x, v(x))€T, S (the tangent space of S at x) for every x€S and
there is a uniquely defined cell =(S) such that every solution of (4) starting at any
point x€S enters n(S) transversally for some t>0 (after stayingin S on (0, 7))
which is a continuous function of x. If S is of type II then f(x, v(x))4 T,.S for all
x€S and there is a unique cell Z(S) of type I such that v is C* on Su X(S)
and every solution of (4) starting in S lies in X (S) for sufficiently small positive
times.

C. Every trajectory x(¢f) of (4) starting at some point x¢G (which is by B
uniquely defined until it stays in G) eventually reaches x; in finite time 7(x)=0
passing through a finite number of cells only and together with the control u(#)=
v(x()) satisfies PMP.

D. T(x) is continuous in G. Let us note that this definition differs somewhat
from Bolt’anski’s one as well as from that of [3]. (For details, cf. [3] and the forth-
coming Erratum to [3].)

In [2] (cf. also [1]) Bolt’anski proved that if (%, v) is a regular synthesis, then
v 1is the closed-loop optimal control in the following sense:

The trajectory ¢, (in the Carathéodory sense) on [0, T(x)] of equation (4)
starting at x€G is the optimal trajectory and u,(¢)=v(&,(¢)) is the optimal control.

Virtually in all the simple examples in which it has been possible to construct
the synthesis explicitly, the latter has satisfied the conditions of regularity. However,
except for some studies of the local structure of v near x, (cf. e.g. [14]) no attempt
has been made to prove that a more general class of problems would globally admit
a regular synthesis. Such a result has been made possible by Hironaka’s theory
of subanalytic sets [7], [9], [10]. It concerns linear control systems

X = Ax+Bu (5)
with
U=co{wy,..,w,} 6)
being a convex polytope. Such a problem is called normal if for every i#j, k,
det (b, (w;—w)), Ab(w;—w)), ..., A" b, (w;—w))) =0,

where B=(by, ..., b,). Let us note that normality is a generic property (cf. [11,
Chapter 2, Theorem 11}).

THEOREM 1 [3]. Assume that the control system defined by (5), (6) is normal and
that U contains O in its interior. Then the time-optimal control problem with the
target point x;=0 admits a regular synthesis in the domain G of points that can be
steered to 0.

As mentioned above, the proof of this theorem makes use of the theory of sub-
inalytic sets. A subset M of an analytic manifold is called subanalytic if it can be
ocally (in A4) expressed as a finite union of sets of type f(Y)\g(Z), where Y, Z
ire analytic manifolds and f, g are analytic proper. By the central theorem of the
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theory of subanalytic sets, every subanalytic subset of 4 admits an analytic strati-
fication, the strata of which are subanalytic (cf. also [13]).

The cells of the synthesis are obtained by an inductive construction. The sets of
continuity of v are shown to be subanalytic and the synthesis cells are obtained by
a sequence of partitions of these sets into connected analytic submanifolds. In
addition to the standard theory of subanalytic sets one needs the following

LeMMA. Let M be a subanalytic subset of an analytic manifold A and let X3, ..., X,
be analytic vector fields on A. Then M admits a locally finite partition & into con-
nected analytic submanifolds of A, which are subanalytic in A, such that for every
Pc? and i=1, ..., r, X, is either everywhere or nowhere tangent to P.

This lemma, an improved version of which has been proved by Sussmann, appears
to be crucial also for other application of the theory of subanalytic sets in control
theory (cf. [12]). From this theorem it immediately follows that the minimum steering
time to x,, T(x), is analytic in G everywhere except for a stratified set (G") of
dimension n—1 (=maximal dimension of the strata).

If one tries to extend the concept of regular synthesis to problems where PMP
yields controls with corners which are not jumps (like time optimal control problems
with control domains having piecewise analytic curvilinear boundaries, or linear-
quadratic problems with linear constraints), one immediately sees that the trans-
versality assumptions as well as the C! extendability of v to the neighbourhood
of S in B cannot be required. Instead, one has to assume their consequences,
namely that the time t(x) at which £.(¢) enters n(S) for S of type Iand n(Z(S))
for S of type II, the trajectory &,(¢) and the control u.(f) are C' functions
of x,t for x€8§, t€]0,7(x)) and can be extended to C* functions of x, ¢t for
t=1(x) close to 7(x). With this difference, the definition of regular synthesis can be
literally extended to control problems with other performance indices (7 in D
replaced by J, the performance index). Bolt’anski’s proof can be extended easily
to yield an extension of his sufficiency theorem to general performance indices.

Employing essentially the same induction techniques as in the linear time-optimal
problem case, one can prove an abstract existence theorem. However, due to the
lack of transversality mentioned above, in order to obtain the C! dependence of
the required quantities one has to construct auxiliary partitions in the product
space of the state and adjoint space. By suitable partitions one can achieve that the
product flow of the system and its adjoint enters the cells in the product space
transversally, thus yielding analyticity of the required quantities.

Because of lack of space we desist from introducing this theorem, which has
a rather cumbersome formulation. This is due to technical assumptions, which are
needed for the extendability of the solutions of certain vector fields to sufficiently
long intervals. Rather we note that the most serious requirements (in addition to
analyticity, of course) for a system to admit a regular synthesis in some region
G are the following ones:
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1. For every initial state x€G, there has to be a unique control u, satisfying
PMP which steers the system from x to x;.

2. The number of switchings (which are roughly speaking the points of non-
analyticity) of the controls u, has to be locally uniformly bounded.

The first requirement makes the range of applications of such a result rather
limited. Indeed, although singular controls (not minimizing the Hamiltonian
strictly), which are quite typical for nonlinear control problems, are not excluded
in principle, when they appear the first requirement is usually not satisfied. On the
other hand the second requirement, the validity of which is difficult to prove for
more general classes of systems, is virtually always satisfied in particular problems.

The following theorem concerns a2 model class of problems in which these difficulties
can be overcome—linear-quadratic optimal control problems with linear constraints.

THEOREM 2. Consider the optimal control problem
X = Ax+ Bu,
T
J= [ [x*Ox+u*Ru]dt (R>0, Q= 0),
0

U= {uERmKlJ, u> < mj, j = 1’ cees p}?

x(T)=0, T fixed, and assume that this system is normal. Then the problem admits
a regular synthesis.

The normality assumption here consists in the non-vanishing of certain polynomials
involving the entries of 4, B, 0, [;,m;, as in the case of the linear time-optimal
control problem it is a generic property.

Of course, this theorem has a similar impact on the regularity of the minimal
value of the performance index as Theorem 1 had on the regularity of the minimal
steering time.

Let us note that neither Theorem 1 nor Theorem 2 contribute anything to sufficient
conditions of optimality (the sufficiency of PMP in both cases can be proved by
other, simpler means). Their value lies rather in the insight they give into the structure
of the closed-loop optimal control.

Finally let us note that in Bolt’anski’s sufficiency results one understands the solu-
tions in the classical Carathéodory sense. However, it has been demonstrated
by several authors in the fifties that this concept is inadequate in the case of equations
with discontinuities in the dependent variable. Because of the discontinuity of
v this is the case for equation (4) in many control problems. Several concepts of
solutions for such equations have been proposed, the most elaborate being that
of Filippov [6]. Therefore it is natural to ask whether the optimal trajectories (which
are the usual solutions of (4)) coincide with the Filippov trajectories or not. This
problem is related to the problem of stability of the behaviour of the solutions of
(4) with respect to perturbations (cf. [8], [4]). Using a slight improvement of Theorem
1 this question can be answered positively for the linear time-optimal control problem
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with dim u=1 (cf. [3], [5]). However, the results of [4], where the problem is com-
pletely solved for the two-dimensional linear time-optimal control problem, show
that there is a non-exceptional class of problems for which the optimal trajectories
do not coincide with the Filippov trajectories of (4).

The author is indebted to H. Sussmann whose comments on [3] have been of great
value for the present paper.
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THE MATRIX RICCATI EQUATION AND THE NONCONTROLLABLE
LINEAR-QUADRATIC PROBLEM WITH TERMINAL CONSTRAINTS*

PAVOL BRUNOVSKY? AND JOZEF KOMORNIK:

Abstract. It is proved that each positive semidefinite symmetric solution of the matrix Riccati equation
corresponds to an optimal control problem with suitable terminal cost and constraints. The approximation
scheme for the computation and characterization of the optimal cost and optimal controls of the problem
with terminal constraints is extended to the noncontrollable case.

Key words. matrix Riccati, linear-quadratic, terminal constraints

Introduction. Consider the linear-quadratic optimal control problem on the inter-
val [s, T, to=S =T, given by the equation

(1) i=A({t)x +B(t)u
(x e R", u € R"), the initial state
(2) x(s)=y,

the cost function
T
(3) Iy )= eltxu) di+x'(T)Rx(T)

with c(t, x, u) =x'Q(t)x +u'M (t)u and the terminal constraint
(4) Dx(T)=0,

D being g X n, q =n, with full rank, A, B, Q, M being continuous, Q, M symmetric,
Q =0, M >0 on [t, T], R =0 symmetric.

Under the condition that the system with output ¢ = Dx is output controllable
on {s, T] for each to=s <T, we have shown in [1] that the minimal cost for this
problem can be expressed by a solution of the corresponding matrix Riccati equation

(5) W+A'W+WA+Q—-W'BM 'B'W =0

(cf. also [2]) on [ty, T') that blows up for ¢t / T. We have characterized this solution as
a limit for m - o0 of solutions of (5) expressing the optimal cost of the corresponding
unconstrained problem with cost

(6) Com(y, u)=C7 (y, u)+m|Dx (T

containing a term penalizing the deviation of the response of u from the terminal
subspace. Also, we have shown that the optimal control and optimal trajectory for
the problem (1)-(4) are limits for m - c© of those for the problems (1)-(3), (6).

This result can be put into an interesting context with the ideas of [3]. By
associating with (5) a flow on the Grassmann manifold GR(n) of n-dimensional
subspaces of R*", we can prove an inverse theorem on the solutions of (5) (§ 3) and
extend our results from [1] to noncontrollable problems and problems with constraints
at several points (§ 4). In § 5 we show that the techniques of § 4 can be used to deal
with the infinite interval problem in case the finiteness of cost is not assumed for all

* Received by the editors March 11, 1981, and in revised form October 7, 1981.
1 Institute of Applied Mathematics, Comenius University, 84215 Bratislava, Czechoslovakia.
i Department of Probability and Statistics, Comenius University, 84215 Bratislava, Czechoslovakia.
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points. Section 2 contains a summary of the items of [3] that are important for this
paper.

All the necessary material about the Riccati matrix equation and the unconstrained
linear-quadratic problem is summarized in [1].

2. The associated flow on GR (). Denote
0 E
7~(g, o)
-E, O
where E,, is the n X n unity matrix. For z; = (x;, p;))e R" XR", i =1, 2, denote

— ! — ’ ! .
w(z1,22) =21Jz2=x1p2—Xx3p1:

w is a skew symmetric nondegenerate form on R 2" An n-dimensional linear subspace
L of R* is called Lagrangian, if the restriction of @ to L vanishes, i.e. w(z1,22)=0
as soon as z1, z2€ L. We denote the set of Lagrangian subspaces of R 2n by Z.

A linear differential equation in R*"

(7 z=H(t)z

is called Hamiltonian if  is its integral, i.e. w is constant along its solutions. This is
equivalent to

(8) H'J+JH =0.

By m, we denote the natural projection of R*" = R" X R" onto its first factor, and
we denote

Fo={LeZ|m(L)=R"}.
We have L € &, if and only if there exists a symmetric #» X n matrix W such that
L={(x, Wx)lxeR"}.

The (time-dependent) flow of the equation (7) carries linear subspaces into linear
subspaces of the same dimension and thus generates an associated (time-dependent)
flow € on the Grassmann manifold GR (rn) of the subspaces of R>" of dimension #.
More precisely, if L € GR(n) and we denote by ®, (L) the linear subspace filled by
the values at ¢ of the solutions of (7) with values in L at time s, then there is a
differential equation on GR (n) such that ®, (L) is the value at time ¢ of its solution
having L as its value at time s. Since GR (n) is compact, the solutions of this equation
are defined for all € R. Since w is an integral of (7), it is invariant under ®, i.e. Le ¥
implies ®, (L) & for all ¢, s € R.
Consider now the flow ® on GR (n) associated with the differential equation

9) i=Ax—BM™'B'p, p=—-Qx-A'p
with A, B, M, Q coming from (1), (3). The matrix
A, —-BM™'B'
o= ( R BM p)
-Q -A

obviously satisfies (8), which means that (9) is Hamiltonian. If Le L and L(t) = ®, (L) e
Lo for all tel =(t1, t>) and some s € I, then there exists a matrix function W(¢), r €
(t1, t2), such that L(z)={(x, W(£)x)|x € R"}. This matrix satisfies (5).

Note that although lim,.,, W(¢) may not exist for ¢, =1t; or to=t, L(t) = ®.4(L)
can always be extended beyond I to all R.
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3. The inverse theorem. Let A, B, Q, M be as in (1) (3).

THEOREM 1. Let W (t) be a positive semidefinite solution of the matrix Riccati
equation (5) on [to, T). Then there exist a q=n, a q Xn matrix D and a positive
semidefinite symmetric matrix R such that y'W (s)y is the optimal cost for the problem
(L)-4) forto=s<T.

Proof. Denote L{t)={(x, W({t)x)|lx e R"}. If lim,,r_ W(t) exists then we take
D =0, R =lim,_.r_ W(¢); the statement of the theorem in this case is standard [4].

If lim.7- W(t) does not exist, then L(T)=lim,r_ Lg%, Let g=
codim 7. (L(T))>0.

There exist n X n matrices S, S, such that rank

(81,8)=n and L(T)={(x,p)|Six +S,p =0}

If x € m,(L(T)) then there exists a p such that S,p =—Sx, i.e. S1x € Range S,. The
condition rank (§1, S,) =n means

(10) Range §; +Range S, =R ",

from which it follows codim Range S, =q. Consequently, there exists a g X n matrix
with full rank N such that y € Range S, if and only if Ny = 0. From (10) it also follows
that if we denote D = NS4, then rank D =rank N =q. Also, x € m.(L(T)) if and only
if Dx =0,1.e., x eKer D.

Let K be any n X n matrix, the restriction of which to Range S, is a right inverse
of S5, i.e. we have $,KS,=5,. Then, (x, p)e L(T) if and only if x € Ker D and

(11) p+KS.x eKer S,.

Denote R(): —KS1
Since L(T') e %, for any py, p,€Ker S,, x1, x2 € Ker D we have

(12) (Rox1+p1)'xa—(Rox2+p2)x1=0.

Choosing x; =0 and using (12) we obtain p'x =0 for any p eKer S, x € Ker D.
However, p'x = 0forall x € Ker D is equivalent top € Range D', so Ker S, < Range D'.
Since rank D = g = codim Range S, =dim Ker §,, we have

(13) Ker S, =Range D'.

Choosing p; =p, =01in (12) we have x 1 Rpx, = x 1R ox; for all x;, x, € Ker D. Also,
if we take any x € Ker D, then (x, Rox) € L(T). Since L(T") =lim,.r- L(t) (in GR(n)),
there exists a sequence of points t; /T, (x;, p;) = (x;, W(t,)x;) € L(t;), (x;, pi) = (x, Rox).
Since W (¢) is positive semidefinite, for each ¢ < T, we have x'Rox =lim;_ o x; W(t)x; =
0.

Denote R =PR,, R} = (E —P)R,, where P is the orthogonal projection of R"
onto Ker D. For any x4, x, € Ker D we have

1
X ’1ROX2 =X IlR 0X2
and, consequently,
1 1 1
X{Roxlzo, X£ROX2=X&RQX1.

Thus, the restriction of R} to Ker D is symmetric and positive semidefinite.
Obviously, we can find an R symmetric and positive semidefinite on all R" such that

(14) R!KerD:‘R(l)’KerD'
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By (13), for x e Ker D, (11) is equivalent to
p—Rox=p —Rix —R3%x €RangeD'.

Since R3x is orthogonal to Ker D, we have R3x € Range D', which means that (11)
is equivalent to

(15) p —Rx € Ranhge D'
for all x eKer D. By [5], [2], (14) is the transversality condition for the solution of

the adjoint equation of the problem (1)—(4). Since R =0, M (¢)>0 and Q(#)=0 for |

telto, T, if (x(2), p(2)) is a solution of (9) with Dx(T)=0 and p(T) satisfying (15),
then x(¢), t €[s, T] is an optimal trajectory for the problem (1), (3), (4) with initial
state x(s), the corresponding optimal control being generated by the feedback law

(16) u(t)=-M"(OB()p(6)=-M " (O)BEOW(0)x(t)

for s =¢ <T. Since 7, (L(S))=R", the points x(s) obtained in this way for all possible
choices of x(T') and p(T) fill up all R".
We have

x'(s)W(s)x(s)=p<s>x<s>=-j %(p(t)x(t))de’(T)x(T)
T
=x'(T)Rx<T)—[ [5'(t)x (£) +p' ()i (1)) dit

T
— x"(T)Rx(T) +j [e'()Q()x () + ' ()M () ()] .

Since x (), u(¢) are the optimal trajectory and control, respectively, this completes the
proof.

4. The noncontrollable problem. In this section we consider the problem (1)-(4),
but unlike in [1], [2], we shall not assume that the system (1) with output ¢ =Dx is
output controllable. It is obvious that the set of points that can be controlled to the
terminal set Dx(T)=0 on [s, T] is a linear subspace of R", but for a nonautonomous
problem it is moving with s in general, and it is not entirely obvious how to characterize
it. .

The following theorem gives two characterizations of this subspace—one in terms
of the flow on GR(n), the other in terms of the approximation scheme of [1]. Also,
it shows that for this approximation scheme to work, the output controllability
assumption is not essential.

As in [1], we denote by %7 (y) the set of controls steering the system from the
point y to the terminal set (4) on [s, 7] and by W,, the solution of (5) satisfying the
terminal condition W,,,(T)=R +mD’D. Note that y'W,,(s)y is the minimal value of
the cost for the unconstrained problem (1)—(3), (6). The optimal control u,,(¢) for this
problem is given by the optimal feedback law

(17) u=-M"1)B'(t)W.()x,

i.e., we have un(t)=—M ()B'(t)W,n(t)xm(t), Where x,(f) is the solution of the
equation

% =(A—BM 'B'W,)x
with x,,.(s)=y.
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Denote
Uls)={ylus (y) = 2},
V(s) ={y|lim sup y' Wi (s)y <co},
L(s)=®,r({(x, p)|Dx =0, p —Rx € Range D'}).
THEOREM 2. For all s €[ty, T),
(18) U(s)=V(s)=m.(L(s)).
For y € U(s), the optimal control uo(t) for the problem (1)—(4) is given by
uo(t) = Hm up(r) == lim M (O)B'(6) Wi (616 (1),
and the optimal value of the cost is given by

(19) min C{ (y, u)=C{ (y, uo) = lim y' Wi (s)y.
ueal () m—>00

Proof. First, we prove V(s)< Ul(s). From (9) we obtain by simple calculation for
any k, m, s fixed, y =x;(s) and p;(t) = Wi(t)x;(t), i =k, m,

J [ () = x5 ()" Q) (i () = %1 (1)) + (Wt (8) — 11 (£))' M (8) (U (8) — i (£))] dt

Td
:“J 5[(pm(t)—pk(t))’(xm(t)—xk(t))]dt

= —(pm(T) = p(T)) (e (T) — x5 (T))
20) = =X (T) = 21 (T)) (Wi (T)xn (T) — Wie(T)xie(T))
= (2, (T) = x6(T) (R + kD'D) i (T) — % (T))
= (xm(T) = x:(T)) (m =&)D" Dx (T
= —(xXn(T) =2 (T)) (R + kD'D) (xu(T) — x:(T))
—(m —k)x 1 (T)D'Dxp (T) + %1 TYW o (T) — Wi (T )x o (T).
Using the invariance of w, we have
X (TY W T) = Wi T)xn (T) = p (T2 (T) = p (T (T))
=P ($)x1(5) = pl(s)xm(s)
=y (Wa(s)— Wils)y.
Denote im(s) =y (Win(s) = Wils))y.

Sils) = lm 8 (s);

2n 0=k m(s)=8(s) <0, Ilim §:(8)=0 fork<m,yeV(s).
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From (20) it follows that

8em(s) = jT[(xma) =20 QU)o (1)~ (1)
s + (i () = wre () M (£) (s (£) — e (£))]
+@xm (T) =2 (T)) (R + kD' D)xm(T) — x4 (T))
+(m —k)x1(T)D'Dx,,(T).
Since all the right-hand side terms are nonnegative, we have

(m = kDx (T = (m — k)% 1 (T)D' Dy (T) = 81 m (5) = &1 s),

(22)

(23)

0=|Dxn(T)P= 5 (s),

m—k
and, by (21),
lim [[Dx,.(T)]=0.

Also, from (22) it follows that

sup J (U (1) = wse (1)) ML (0) (s () — i (1)) it = 8 (s).

Since M (¢) is continuous and positive definite on [s, T'], it is uniformly positive definite
on [s, T']. From this and (21) it follows that {u,,} is a Cauchy sequence in L,(s, T') and
therefore has a limit uo(¢) in L2(s, T'). From the representation of x,,(¢) by the variation
of constant formula it follows immediately that {x,,} converges uniformly to the
response xo(¢) of uo(t) satisfying xo(s) =y.
By (23), we have
Dx ()(T) = 0

This proves V(s)< U(s) and also the second equality of (19). To prove the first
equality (having as its consequence the optimality of o) we note that for each u € %} (y)
we have

CI(y,u)=Cin(y,u)Zmin Crp(y, u) =y Wpn(s)y.

This also proves U (s) = V(s). To complete the proof of the theorem it remains to prove
the second equality of (18).

If y € . (L(s)) then there exists a solution (x(¢), p(¢)) of (9) with Dx(T) =0 such
that x(s) = y. The function x(¢) is a response of the control u(t)=—-M _I(t)B'(t)p (1)
which means © € % (y). Consequently, %? (y) # & and y € U(s).

On the other hand, if y € U(s), then by [5], there exists an optimal control ug in
%X (y), the response xo(f) of which, together with a suitable function p(¢), satisfies
(9). In addition, p(T') satisfies the transversality condition (15). This proves y € 7, (L(s)).

Remark 1. Since u,, - uo in Ly(s, T') we have

(24) lim CJ(y, um) = C5 (3, uo).

On the other hand, we have

Cf(y,uo)=31i§go Y Won(8)y = lim Cin (3, )

(25) T 2
= lingo C; (y, tm)+m|Dxn, (T)|.
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From (24), (25) we obtain
lim m|[Dx, (T)[ =0,

or
IDxm(THF = 0(m ™).

This gives an estimate for the deviation of the endpoint of the optimal trajectory of
the approximate unconstrained problem from the terminal set.

Remark 2. From 7, (L(s)) = U (s) it follows that the dimension of 7. (L (s)) cannot
decrease with s decreasing. From [6] it follows that for A, B analytic it is constant
for s <T and equal to the dimension of the space Ker D + C, where C =span {5,(T),
(b )T, (A" b )Tli=1,- -, n}, where b; are the column vectors of B and
Af (1) =f(t) - Af(¢) for a differentiable function f on {¢o, T'].

Theorem 2 allows us to deal with the problem (1)—(3) with additional constraints
and costs at intermediate points of the interval. We shall restrict ourselves to the case
of one intermediate point, the extension to the case of a higher number of points
being straightforward.

Let Tye(to, T),q1=n and let R, =0, D, be n Xn symmetric and g, X n with full
rank, respectively. Consider the problem given by the system (1), the initial point (2),
the cost function

(26) Cl(y, w)=C{(y, u)+x' (TR x(TY),
the constraints (4) and
(27) D1x(Ty) =0.

Of course, for s € (T, T'] the problem coincides with the problem (1)-(4).

Let U(t), W,.(¢) be defined as in Theorem 2. It is obvious that the optimal control
for the problem (1), (2), (26), (4), (27) for s = T, will be a concatenation of the optimal
control on [s, 71] for the problem (1), (2), the cost function

Tl
J cltyx, u) dt +x'(T)Rx(T1) + A}rlngo x'(T) W (T1)x(T4)

and the linear constraint

x(T)eU(T)NKer Dy,

and the optimal control for the problem (1), (3), (4), with initial point x (f1) on [t1, T'].

S. The infinite interval. Consider the unconstrained problem (1), (3) with R =0
and denote W7 the corresponding solution of (5), which is the solution satisfying
w7 (T)=0.Forfixeds, y,denote u T x" the optimal control and trajectory respectively.
In [1], we have shown that limr.. W (s) exists and represents the optimal cost for
the infinite interval problem, provided for each s, y there exists a u such that C5 (y, u) =
lim7.e Cf(y, u)<co. Like Theorem 2, the following theorem deals with problems
not satisfying this condition.

By U™(s) we denote the set of those y € R" for which there is a control u on
[s, o) such that C7 (y, u) <co. Further, we denote

v°°(s)=[y lim y W (s)y <oo},
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By Li(s, ) we denote the space of functions u : [s, 00) > R" which are square integrable
with weight M (t), i.e., [; u'(t)M(t)u(t) dt <o0. L3(s, ) is a Banach space.
THEOREM 3. We have U™ (s) = V'*(s) for every s = t,. For y € U™(s) we have

min C2 (y, u) = lim y'W7(s)y.
u T->00

The optimal control u™(t) and trajectory x(t) are given by

(28) u @)= Jim ut(t)  (in Lis, o)),
(29) x%(t) = %im xT (@)

(uniformly on each finite interval).
Let us note that in (28), (29) we understand u”, x” to be extended to [s, ) by
having value O for ¢ >T.

Proof. Lety e V®(s), To=Ti=s. Denote Wi=W, xTi=x, uT =u,i=1,2.By
computations similar to those leading to (20) we obtain
T
y' (Wils) — Wals))y = J‘ [Gea(8) = x2(2)) Q) (x 1) — x2(1))
+ (w1 () —u2()) M (t) (u1(t) — ua(2))] dt
+ (x1(T1) = x2(T1)) Wi (T1)(x1(T1) — x2(T1))
(30) +x2T1)(WoT1) — W1(T1))xo(T4)

Tl
=j [(x1(6) = 220 Q) (a8 — %2(0)) + (w2 (0)
| ()Y MO a6 — ua0))] dit
T.

+ L " Lea (Y Q)+ uh (WM (ua(2)] dt

Tl
zj (a(t) — ()Y MO ur () — ual0) .

From the estimate (30) it follows that the family of functions {ur|T = s} is a Cauchy
family in L(s, ). Since L(s, o) is complete, it has a limit u € Li(s, ©). From the
variation of constants formula it follows immediately that the response x* of u~ is a
pointwise limit of the functions x”, the convergence being uniform on each finite
subinterval of [s, 00).

For every fixed To=s we have

Cclo (v u™) = im C3°(y,uT)=%ig§o CST(y,uT)=71~ig}0 y'WT(s)y,

from which it follows that C3 (y, u™) is finite and, thus, that V> (s) = U*(s). On the
other hand, we have for any control u«,

31) Cio(y, u)zy' WTo(s)y.
From (30), (31) it follows that
CT(y,u)=CY (y, u°°)=}irn yWT(s)y,

which implies that 1* is optimal.
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The inclusion U*(s) = V™ (s) follows immediately from (31).

Note added in proof. There is an overlap of our § 4 and the paper of G. Chen
and W. Mills, Finite elements and terminal penalization for quadratic cost optimal
control problems governed by ordinary differential equations, this Journal, 19 (1981),
pp. 744-764. In particular, the essential part of Theorem 3 or our paper is contained
in Theorem 2.2 of the quoted paper.
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ON CNE~PARAMETER FAMILIES OF DIFFEOMORPHISMS II: GENERIC
BRANCHING IN HIGHER DIMENSIONS

Pavol BRUNOVSKY, Bratislava

§1

In [1], we have studied the generic nature of the loci
of periodic points of a diffeomorphism of a finite dimen-
sional manifold M , depending on a parameter with values
in a one dimensional manifold P , in Px M . A part of the
results (those concerning the branching of periodic points),
we have proved for two dimensional M only. It is the pur-
pose of this paper to extend these results for M of ar-
bitrary finite dimension.

Since this paper is a direct continuation of [1], we
shall frequently refer to [1] for results of technical cha-
racter as well as techniques of proof. Nevertheless, for
the sake of the reader’s convenience, we re-introduce tho-
se concepts and results of [1] which are necessary for the
understanding of this paper, in the rest of this section.
The main results of this paper'and their proofs are given
in § 3. § 2 has an auxiliary character; it establishes cer-

tain generic properties of maps of an interval into the

- - - - - - — o > - - - - - - -

AMS: Primary 54H20 Ref. 2. 7.977.3
Secondary 57D50
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set of matrices.

Denote ¥ the space of (™ mappings(1 < n £ co) x)
£: PxM—> M , where P, M are C* second countab-
le manifolds of dimension 4 , m < co0 respectively, such
that for every np & P the map £,: M— M, given by

£, (m) =£(p,m) is a diffeomorphism, endowed with
“the C¥ Whitney topology.

Let us note that, although this topology is not metri-
zable, it has the property that a residual set in & (i.e.
a countable intersection of open dense sets) is dense in
& (Rhis can be proved similarly as the analogous state-
.ment for vector fields is proved in [2], using the openness
of & in the set of all C* wmappings Px M —> M).

Denote by Zﬂo = Zh(f) the set of % -periodic
points of £ ,i.e. Zg (£) = {(p,m )’f':"(m) =m ,
£,?;' (m)+ m for 0 < 4 < &}, In[1, Theorem 1] a
residual subset 5:" of § was defined and it was shown

that for every f e 5‘; s Z&‘\ are one dimensional submani-

folds of Px M (Z, being closed) and, if an eigenva-
lue of d.f:j’ (m) at some point (n,m) € Zy ie 1

(we denote the set of such points by Xo ), then it meets
the unit circle 8 in the complex plain transversally at
(nn,m) (in the sense of Remark 3) and the remaining ei-
genvalues of d.f:’ (m) do not lie on S , Also, it was
shown that the subset S'b of maps from & , having the

x) In [1] we have assumed 4 < & < oo , but Theorems 1 -

4 of [1) are trivially true for the (% case.

- 766 -
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above properties for 1 < fe = M , is open dense in ¥,

§ 2

Denote by ¢L the set of all m x m matrices with
the differential structure induced by its netural identi-
fication with R"“z . Further, denote by ¢L, the set of
matrices having an eigenvalue of multiplicity = 2 on
S, 4,, the set of matrices having an .£-th root of

[ ]
. + . _
unity different from X4 as eigenvalue, ‘az =Y ®,,

Let I be a closed interval on R . Denote by d the
space of all C* mappings I —> ©¥L endowed with the
C* uniform topology.

Proposition 1. Let J c I be a closed interval,
Jc int I . Then, for every £ = 3,4,... the set
¥, (J) of all Fed such thatF(J)n(‘(fL,,u%z)ar
= @ is open dense in § .

Corollary 1, Given J as in Proposiion 1, the set
Y(J) of all Fe O such that F(I) A (L N €)=
= is residual in & .

For the proof of Proposition 1 we shall need to prove
several lemmas.

Consider the sets ﬁ,’ ={(A, A, )€U =
=R B (A, 2,) = B, (A, ) = B (4,2, =
=B (A,,2,) = 0,23 +25 =13 and A (A, Ay) =
f='f(A,ﬂ.4,.&2)IE,(.ﬂ1,.hz)= PQ(JL,,,Z.?_):O ’

A=Ay, A=A, 3, where P(A,)) =F, (Re A, Im A)+
+ 4P2 (ReA, Im A ) is the characteristic polynomial of

- 767 -
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3P
d -
Being defined by polynomial equalities, ‘&I‘,
~
%z(ﬂm , J\.M) are real algebraic varieties and the

.A-)B{*"VP; =P =

and

sets ‘6{1, ‘(/622 are the projections of % and
Ve, (A,,

the union is taken over all A, , A

Ay ) into YL respectively, where
20 such that
, 2
(JL1°+1,.71M) = 1 and A,, #* ON.
By [3, splitting (b) of § 11)], %4 and ‘%2 can be
written as a finite disjoint union of submanifolds of

~ r ﬁ
strictly decreasing dimensions, ‘%1 =¢_{, My, L, (X Ayp) =

107
5 a0 h ) O is cl
-,’L-{' 4  ouch that 22 'M’a' » 356 M3 is closed

for all 0 < @ = i, Q< 6 & H .

Lemme 1. coolim, Ma-_ Z 4 for all F .

For the proof of this lemma we need some more lemmas.

Lemma 2. For any A € YL , the set of all matrices
similar to A is an immersed submanifold of €L of codi-
mension 2 m .

Proof. Consider the group GL (m ), whose action
on ¢ is givenby % (TA) = TJAT for Te GL(m) ,
A € ?L . The set of matrices similar to YL is the orbit

of A under this group action and, according to [4,2.2,
Proposition 2], is an immersed submanifold of ¥ of co-
dimentiop equal to the dimension of the closed Lie subgroup
H={TeGLm) v (T,A) = A} . It is easy to show
that H is identical with the subset of GL(m) of mat-
rices that commute with A ., It follows from [5,VIII, §2,

Theorem 2) that X has the dimension = m

—

s q.e.d.
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Corollary 2. Denote by . the map €L —> R™ as-
signing to every matrix from Y the m-tuple of coeffi-
cients of its characteristic polynomial and ff{ : U —
—> R™*2% a8 fi = p x 4d . Then, for any point
X € R"""‘z , ,p,""(x) is a finite disjoint union of
immersed submanifolds of @L’ of codimension = m .

Denote by V c R™*2  the set of points
(064 piey %y, ,Ay) such that A = L +4 1, € 5
and is a root of the polynomial P(A) = A™+ oc,, A7
t oo + T, of multiplicity 2 2 . Obviously,
) =V .

Lemma 3. The map fi l@i,, : %4 — v is open
(in the topologies on ‘g,' , ¥ induced by their imbedd-
ing into ﬁ ) R™+2 respectively).

Proof. Obviously, it suffices to prove that f ,’?JL,, :
: %1 — ¥ , where ¥ is the projection (R™ x R?* —
—» R™) of V into R™, is open. That is, we have to pro-
ve that given a neighbourhood U of A e ‘%1 , for any P e
€ ’G sufficiently close to y2(A), there is a B e U

such that o (B) = P .

This statement is obvious if A has the real canoni-
cal form; its extension for A not in canonical form fol-
lows from fp(A) = p(T*AT) for Te GL(m) .

Proof of Lemma 1. V is én algebraic variety in
R™*2 | defined by the polynomial identities F, (,,2,)=

s - D! — 2 2 _
=I’9_(.K4,JL£)=E‘(A1,.12)— 1?2(.11,.12) = .7L4 + .2,2 1=20,
where P, (A,,, Ap) = ReP(A, + {a.ﬂ-z) etc. Therefore,

it can be written as a finite disjoint union of submani-
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folds of R™*2  of decreasing dimenaion,Vs‘:

1Ce

Y, .

We prove dim 'V:' &m-~2-. To do this, we note that
coclim V1 = Wtb“ v for any X € V,, (cf.
[3)), where ramb, Y  is the dimension of the linear
space spanned by the differentials at X of the polyno-
mials of the ideal associated with V . Since 1(‘ is o-
pen in Y it suffices to prove that the set of those x
for which ramhk, V' = 4 ie dense in V .

For x € V, x = (ogg,ecy o, , Ay, A, ) we have

dB = C...,d,,4, 0, 0)

1 Vg0 ’

or) dE y

¥
(1) d.P1 = (cco, 4, 0, aa“ E] 912 9

3P, 8P}
. 2% °éX
df = ..y 0,0, o2, 'oa, '’

d(Aj+dy-4)al.., 0,0, 24, 24,)

and, since

A, 1, 0, 0
op; OP;] ’ ’
X B2 X R aPp, aF;
- dat 4 ’0’09‘1’8‘1: ’2[:113-3?_14 &M.Ia
AP, 9P
0 ? o 78&4 76‘1’.

D, 0,2a,,2n,

aF; 8Py (AP A .
\a-zca.z-;‘nx;\sa,”f- 2Re (AT P
Thus, it suffices to prove that for a dense subset of V ,

Re (A™1P" (AN % 0 .

It is obvious that the set of those X € V for which
P'"(A) $ (0 isdense in V . If A is real and A ¢ S,

- TC -
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P"(A) % 0 , then also A""P”"(A)=ReA"P"A) 4 0.

Assume that A is not real, A& S and P"(A)+ 0.
Then A-'P"(A) = APV (A) = A (A -A)2R(A)

where R(@,) is real for «* real. For € real denote
Pe) = (-2 (@-DPR(wI+el= g™+ @ hta, .
ZPe (@) is real for @ real and (oCyg 00 Cprgs Xy s Ay e V.
We have Re (AE’(A)) - Re(AP”"(A)) = eRe LA(A-3)2]=

=~4e .2.1 3.2 . Since both A, & 0 and A, # 0, there
is an & > 0 arbitrarily small such that Re LAP’(A)] &
# 0 . This proves the density in ¥V of the set of points
X for which Re (A~'P"(A)) + 0.

Let © be such that £ (M, >nV¢a.ﬂ, fu (M) n
4
351
- 41." (V;) = ﬁ"'( V ) is open in M,' and, by
Lemma 3, n (M,) 1is open in V; . From this and the

= fJ for 4 < 1'. . Since V; isopen, M =

Sard s theorem ([6, Theorem 15.11) it follows that there is
. o~ . ~ .
a point A € M, at which fi 1is regular. Thus, locally

4"{“(4’; (X is an imYedded submanifold of the dimen-
sion dim M, - dim V; = dim M, -m + 2 .On the

other hand, from Corollary 2 it follows dim .ﬁ"’(/ﬁ’ X<
émi-m. Consequently, dim Jt4 4 m?_2 , Qe.e.d.
Leuma 4. If A, =+ 0 , then codim N = 4 .

The proof of this lemma is similar to that of Lemma 1,
with ¥V replaced by the set W c R™+2 of points
(g yorey Ko g Ay, Ay, ) for which A, = A, +i A,

ias a root of PA) :h"’-«-o\:‘x‘" t oo 0, .

- 771 -



Vyber prac z dynamickych systémov a diferencidlnych rovnic 101

This is again an algebraic variety defined by the equations
Ay=Rgp = Ay =Ny =0, B (2,2, = By (A, 2y) = 0.

The differentials of the polynomials at the points of W

are
3P 23
dP = G, A 1, =<  —L) ,
1 00 s, o,
oP AP,
- o2z,
d:Pz - c:--, aza’o,g-ai’ ,aaz ) ’
A -2 )= Gy 0,0, 4,0 ),
A=Ay = (e 0,0, 0,4 ) .
Obviously, they are independent if .7L20 % 0 . The rest

of the proof is analogecus to the proof of Lemma 1.

Proof of Proposition 1. Openness follows from the fact

that both @'61 and ‘0!2 are closed.

For the proof of density we consider the sets
~

N »
a,, ‘%2(9\.‘0 y Mgp?  with A, + 0 and the space
of maps F: imt I x R* — % s defined by F =

. . n .
- E’I&m’t 1 X «d, Fe $ , endowed with the C uni-

~ ~ favd
form topology. Further, we denote by ¥; = {FIF(I) n
~

n O M, = F} for 1<4i £, y{“&"{?’l?’cx}n

é:ﬂ»-‘#‘l hd

.

n«’a"c1nf) N, =F3 for 14 i & » . Since ¥

3xh-t41
is the intersection of the projections of ‘i’u,“,,, taken
over all nonreal £ -th roots of unity, it suffices to pro-
ve that @"M,,, is dense in 5 . We prove this by in-
duction showing that every f" € ?I"-' can be approximated

arbitrarily closely by an e ‘!7".‘4_4 . Without loss

- 172 -
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of generality we assume 1 < 4 < & .

The map @ : $ —> E; given by @(P):f-‘ is
a (™ -representation (here and further in this proof we
use the terminology of [61) and the evaluation map meets
‘M'z-i traﬁéversally. Due to the dimension estimates of .
Lemma 1 and Lemma 4, the existence of the apprcximation
of F not intersecting M,_;  follows from the trans-

versality theorem [6, Theorem 19.1] and the openness of
~S

?' [ q‘e.d-
Denote ‘6{! the subset of ¥4 consisting of matri-
ces having an eigenvalue on S , Again, we associate with

‘013 the algebraic variety éz*s in €k , defined by
%aaf(A,$1,ﬁ2)lE, (A ,A,) = R,A) = A, + .7L2 ~-4=01%

n
whose projection is L ., Thus, %3 = .U X. , where

3 +xq
vc,; are mutually disjoint manifolds of decreasing dimen-
. 2 ~/
sion and U, X is closed in < for every 1 .
a= i r'g 3

Lemma 5. codim X, = 3 .
Proof. The proof of the inequality dim X, 2 3
is analogous to that of lemma 1. We only note that the dif-

2
ferentials of the defining polynomisls F,,F,, Jl: tA, -1
of 1 (ag) c R™+2 (4L defined as in Corollary 2)

are independent if Re (AP'(A)) £ 0 ; it can be shown

similarly as in the proof of Lemma 1 that this is true for

~ ~
a dense subset of £ (%3) .

To prove the opposite inequality assume [ = [ 0,2]
and consider the map F(t) = diag {t,0,...,03 . If
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codim. x1 < 3 then it would follow from the transversa-
lity argument used in the proof of Proposition 1 that the-
re should exist a small (" perturbation f' of *F no ve-
lue of which would have an eigenvalue on S . This, how-
ever, is obviously impoasible.

Proposition 2., Let J = I be a closed interval,
Jecimt T . Then, for every £ > 2 the subset

¥ (J) c ¥, (J) of all F auch that F meets e,
transversally (i.e. F uweeta transversally JC1 and does
not meet JC_& for 4+ > 4 at all) is open dense in

‘YL(J) , and, thus, in ¢ .

The proof is analogous to that of Prcposition 1.

Corollary 3. Given J as in Proposition 2, the set

¥°(J) of meps Fe & such that F(D) n(gl v & ) =

-0 and F meets ‘Elvs transversally over J is re-
sidual in § .

Lemma 6. Llet F e & and let A, be a simple eigen-
value of F(t,) , where t, € 1 . Then there is a neigh-
bourhood N of t, in I and a unique function A : N — C
such that A(t)) = ‘io and A(t) is an eigenvalue of

F(+) for t €« N . Further, there is a nonsingular (%
matrix C(t) on N such that C™ FC = B , where the
first column of B(t) is the transpose of
(AC¢t),0,...,0) .

g_x;gg__.\Without loss of gerterality we may assume that
F(t,) is in the Jordan canonical form with .7&0 in the
first column. Choose C(t,) = E  (the unity matrix) and
C(t) = (e, (t),..,e (£)), A(EL) as the solution of
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the set of equations _F(t)c,,(t) = A(t)ec, t) ,

e (E)=c;C(t),i>4,1c ()l =41 (l.] being the

Euc.idean norm). It is easy to check that the Jacobian of

this set of equations at to is not zero. The implicit

function theorem completes the proof.

Remar 1. Under the assumptions of Lemma 6, for A,

i .

not real, starting from the real canonical form of P(to),

one can similarly prove that there is a C% real matrix

C(t) in some neighbourhood of t, in I that brings

F(t) into the form

where B (t) -( Re A(t), Im JL(‘(:)) .

(3H(t),52(t) ,
-Im A(t), Re A(4)

0, B,(t)

Corollary 4. Let Fe &, t, € 1 and let A,,-..

be simple eigenvalues of F (t,) . Then, there
of t, in I and unique C* func-
and

.'.’ Aho
is a neighbourhood N
tions A; ¢+ N —> ( such that A; (t)) = A,

.%* C(t) are eigenvalues of P(t) for t e N . Further,

there is a (™ matrix CCt) on N euch that ¢*7 AC =

=B , where B has the form (B,, » By and B, is
0,3,

triangular with A_,..., Mg - on the diagonal. Also, the-

re is a real (™ matrix €¢t) on N that brings P(t)

into the form (34 t), ﬁz(t)) , Where i‘ (t) is block
o , 8,

diagonal with blocks as in Remark 1.

Proposition 3. Let F e ¥g (J)

Then, the eigenvalues of F meet S tranaversally.

for sop=2 £ > 2 ,
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By this proposition we mean that the functions A ,
defined in Lemma 6 for A & S (note that such A, are
simple) meet S transversally.

Proof. Let A(t,) e S be an eigenvalue of F(t ).
By Lemma 6, there is a nonsingular ("™ matrix C(t) such
that C™"Ct)FP(t)C(t) = B(t) , where B(t) has the
form specified in Lemma 6. Demote B (t, (u,) the matrix
obtained from B (t) by replacing in the first column
ACt) by “ - Denote by @ (t) the orthogonal projec-
tion of A(t) on S5, @ the Euclidean distance. Since

C(t)B(t, w(t) c(t) e o, and X, is open in

~ ’
Y, (CCOBCE, @tNCICE), @ (8), w,(t)) e K, , for t
sufficiently close to t, , where ¢ = &y * 1’,(«,2 . We have

1A (£ =1 = 124 - @ (£)] = @ (B(#),B(t, @ (EMZ [CI,
ICC) M0 (Fet), CIBE, @ N Ct) = do, o (Fre), ),

where *,4 > 0 is a suitable constant. If 'f-‘J meets 3'(.‘1

transversally, then obviously p(g(t), 3(:1) Zh,lt -t

for aome "”z > 0. Consequently, g:'!:‘—fi)‘_lut,* 0 ,q.e.d.
Corollary 5. The number of such t € J for which an
eigenvalue of F(+) is on S ,is finite for every F e
e ¥, ()
Theorem 1. Let J c int 1 be a closed interval.
Then, the set & , (J) of those Fe § , satisfying
(i) ¥ (+) has no double eigenvalue on S ,

(ii) P (t) has no non-real .2 -th root of unity as ei-
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genvalue,

(iii) the eigenvalues of F(t) meet S transversally,
(iv) if an eigenvalue of P(t) 1lies on S , then no ot-
her eigenvalue of F(t) 1lies on &  except,of its comp-
lex conjugete,

for every t € J , is open dense in & .

Corollary 6. The set &, (J) of those Fe o  sa-
tisfying (i),(iii),(iv) of Theorem 1 and such that for eve-
ry te J, F(¢t) has no non-real root of unity as eigen-
value, is residual in & .

Proof. Openness is.obvious. From Propositions 1 - 3 it
follows that the set of maps from & , satisfying (i) -
(iii) (i.e. the set ‘!f; (J) ), is open dense in $ . The-
refore, it St;ffices to prove that every T ¢ Y;(J) can be
arbitrarily closely approximated by an f’ e ‘I; (J) satis-
fying (iv). In virtue of Corollary 4 it suffices to show that
if for some t, & (iv) is not satisfied it is possible to per-
turb F  in an arbitrary small neighbourhood N of t, by
an arbitrary small perturbation, without changing it outside
N , in such a way that (i) - (iv) will be true for the per-
turbation of P for every t ¢ N .

Assume that for some té e J, & pairs of conjugate
eigenvalues a; , .{g , #=1,0.., R lie on S
(the modification of the proof for the case of some eigenva-
lue being real is straightforwafd). Let o« be so small
that the functions A; , defined by ﬁ.; s t, @s in Lemma
6 exist and do not meet S except at t, and no other

eigenvalue of P(t) 1lieson S on X n J, where
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K=(t,-x, t,+ 1, and that there is a C™ watrix C
such that C'(t)F(t)C(t) = B(t) has the form

. A« v Mg Apa + Mg
B -d‘.“- 9 e o ’ B,‘
- 3-21 ’ Aﬁi - a’gg ’ ‘nkfl

where ha-. = ‘2‘1'4 + 4 Aéz (cf. Remark 1). Choose an

«
$<-'i,

such that Itél< € and a bump function %y : N —> R such
that g (t)= 0 outside K, g (t) =4 for teX, =

Ae real mutually distinct numbers Tgs F=- 4yeeey A

oC ~
-Lt,= 7, to+ 32-‘-3, Aty = X (ke g(E))

. By (£) A, (1) Ry (8), A (1)
B(t)s-di.a.g.{(’\ ),...,( ,B,wb,

-~ ~ ~
Ay I Ay (1) Mo (), Ay (1)

PCt)s{?(t) for t € K ,
cIBCr)CT(t) for teXK .

It is obvious that F e ¥, and, in XA D, ﬁ,— meets
S exclusively at the point t, - ©; . If =; are cho-
sen small enough, F will be arbitrarily close to F ,

q.e-d-

§ 3
In [1, 5 21 it was shown that for f e &, , each point
of Z \ Z, (such points have been called branching

points) is contained in some set Z, with £ being a di-
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visor of & and that some eigenvalue of di':‘ at such

point has to be a root of unity different from 4 .
Theorem 2. There is a subset 9; of $; s

§ such that for every f € %, ,the following is true

residual in

"

for every (p,,m,) & 2, (£), b Z 1

(i) df, "‘(mo) has no double eigenvalue on S ,

(ii) d'f‘f"o “(ma) has no non-real root of 4 as an ei-

genvalue .

(iii) The eigenvalues of d.fﬂ kim) meet S transver-

sally at (n,, m,) .

(iv) If an eigenvalue of d'£4"'a J"’(‘-m‘_,,) lies on S , then
there is no other eigenvalue of d'f'f"a ”(m,,) on § ex-

cept of its complex conjugate.

Corollary 7. For £ e & , C(n,m ) & By, (£) can be a
branching point only if one of the eigenvalues of d..f,,, (m)

is -4 , the other being outside S .

Remark 2. Denote 3"“" the subset of 9‘.'"“ of tho-
se mappings, satiefying (i),(iii),(iv) for 1 4% fe &« S and
(ii) with "roots" replaced by " £ -th roots" for 1 & f¢ & .
Then, fnnz is open dense in ¥F .

Remark 3. (iii) should be understood as follows: If an

eigenvalue A, of d'f‘f*o ""(mo) is on S , then in some
neighbourhood N of (p,, m,) in &, , there is a unique

C* function A : N—C such that A (p,m) is
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an eigenvalue of df *tm ) for (n,m)e N and

Aln,,m) = A, . This A meets S transversally.

Proof. It suffices to prove Remark 2, from which Theo-
rem 2 follows. We carry out the proof for # = 1 , 1.0, we
prove that ful is open dense for any £ ; the exten-
sion for M > 4 is similer as in the proof of (1, Theorem
11.

The openness of fu is obvious. To prove density,
assume f € fﬂ . Then, by [1, Theorem 1], there is an o-
pen set Ul containing X1 (£) such that for every
Cppy,my) e W, (i) - (iv) is trivially satisfied.

21 \NUu can be covered locally finitely by a countable
family (W, , @, * Xo) , W, = U, = ¥V,  of coordinate
neighbourhoods in such a way that for any K ¢ Px M com-
pact, W n X # g for a finite number of o ‘8 only and
(W, @ * X ) satisfy (iv) of [1, Theorem 1] (i.e.
Ve Z, is the graph of a C" function P U=V
We show how for any open W., W, c W, = U, = ¥ , £ can
be approximated by f such that 2 coincides with £ out-
side W, and satisfies (i) - (iv) of Theorem 2 for every
(p,, m)e 7_.1 ) W" . The construction of an approxima-
tion of £ eatisfying (i) - (iv) for any (p,,m,) € Z,
is then standard. In the rest of the proof we drop the sub-
script e .

In the coordinates (f, m) > (w,4), g=x-X, P(pn), £
can be represented by
n‘.' = Aluwly + Y(«.,y-)

where the primed coordinates are those of the image,
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Y(,0) =0, dY(u,0) = 0.

By Theorem 1, we can approximate A: w (U)—> k7 A
by a map A @) — ¢t such that A satisfies (i) -
(iv) of Theorem 1 on U .

Let 4 : (w x xX)XW)—> R bea C™ bump function
such that y =4 on (@ x x) (W) and y =0
outside (@w x x)(W) . Denote by £ the wap which
coincides with £ outside W and is given in W by the

coordinate representation

W LA +y (@, ) (Al@)-AleNly + Y, 4) .

A
If we choose A sufficiently close to A, £ will be arbi-
trarily close to £ and will satisfy (i) - (iv) for every
(h,,m,)e W’ .

Denote by Y, the set of points (pn,m) e Zg for
which one eigenvalue of dfﬁ“'(m) is -1 ., For (p,m)e

€ Z, denote S (p,m) the number of eigenvalues of

d.f,n_""(m) with modulus less than 1 .
Theorem 3. Assume » > 2 . Then, there is a subset 3;
of %, , residual in ¥ , such that every f e ¥  has the
following properties:

(1) Y, coincides with the set of e -periodic branching
)

points,
(ii) for every (p,, m,) e Y, , there is a coordinate

neighbourhood (W, w x x), W= U xV of (fn,,m,) such

that w(n,)=0, x(m,)=0, ZhnW-un{O! and

(a) sz AW consists of two components, separa-
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ted by (no,ma ); all points (p,m) sz.%nw satisfy
@h) >0 eand B, nWuiln,,m,)t isa ¢’ (but
not C2 ) submanifold of W .

(b) No eigenvalue of [(Zg v Z, )AWIN 1 in,,m,)}

is on 8 jeither hip,m)= nlp md=nlp,m"+1 or
hin,m)=hip,m’) = L(p”, m”) -1 for
any (n,m)e ZpynW, winl< 0, (p,m’)eZy W,
(p",m") e By AW, @win™ >0,

(e) WN(Zg v Zzn) contains no invariant set.

Proof. Again, we carry out the proof for 4¢ = 4 , the
proof of its extension for S > 4 being as in [1, Theorem
11

Let £ e %,

214
(p,,m,) € Y, , one eigenvalue of d,f‘% (m,) is -1

. Then, Y4 (£) is discrete and, if

end the remaining ones can be divided into two groups ac-
cording to whether their moduli are <4 or > 1 , the

number of the former ones being M (ﬂo,mo) . Thus,

using [6, Appendix 3] as in [1, Lemma 4], it follows that
we can choose the coordinates ( d) x) in such a way that

Xz (X, %,x), dmx, =1, dim ooy = v (p,,m,) and the

coordinate representation of £ in these coordinates is as

follows:
. 2 3
X, =~ x1+oc(u«xq+ﬂoc.4 +PR + @ (@ %y, 9,%) ,

(3) LT QA,,’-’-Y((L,‘X‘,,@,Z) ’
2 = Cx +ECu,x,4,2),

where o), Y, 2 are C* and
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,Y,Z are C* and Y(g_,.xq,o,x)s0,2(@.,0:4,@,0)- 0,
(@, %, ,4,2) = 00Ix31+ l@wx,l+lgl+elzl),
dw(0,0,0,0) = 0,
ayo0,0,0,0) = 0,d42(0,0,0,0) = o .
We denote by 3;1 the subset of 5;1 of those maps
in the coordinate representation (3) of which [.',Q'+ 7+ 0
for every (f,,m,) € Y1 (£) . The definition of .‘?3’1 does

not depend on the choice of particular coordinates and the

set %1 is open dense in %. The proof of this as well as
the proof that the maps of %, satisfy (i),(ii) for de =1

31
does not differ from the corresponding part of the proof of

[1, Theorem 3], except of the proof of (ii)(c), where, be-
cause of the possible presence of the eigenvalues of moduli
both < 4 and > 1 one has to use the argumentstion of the
proof of [1, Lemma 4].
As @ corollary of [1, Theorem 1] and Theoren } we obtain
Theorem 4. Assume s, > 2 . Then, for every £ € 3‘; :
(i) for & odd, Z, is a closed submanifold of P x M ,

(ii) for Me even, either Zg is closed and Yh is empty,

/2
or Zb is a (7 (but not C%2 ) submanifold of Px M and

Zk\ Zﬂv is discrete and coincides with Yh/a o

Remark 4. This theorem corrects the erronecus formula-
tion of its two dimensional version [1, Theorem 4], in which

the possibility of Z, being closed was omitted.
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INTRODUCTION
CONSIDER the one-dimensional reaction—diffusion equation
U, =y +flx,u),t>0,0<x<1 0.1)
with the Dirichlet boundary conditions
u(t,0) =u(t,1) =0, 0.2)

where f: [0, 1] X R— R is BC' N C*, k> 1. The equations (0.1), (0.2) can be viewed as a
particular case of the abstract equation

du/dt + Au = f(u) 0.3)

in a Banach space X, the basic theory of which is developed in [5]. For (0.1), (0.2), X =
L7[0, 1], A is the closure of the operator defined by Av = —v" for v € C¥0, 1], v(0) = v(1) =
0, F: L0, 1]— L0, 1] is given by F(v) (x) = f(x, v(x)). We frequently work in the Hilbert
space X! = 3(A) = H}([0, 1]) N H*([0, 1]) with F: X' — X! also being C,. Let || denote the
norm on X'

Applying the results of [5] one obtains that (0.1), (0.2) generates a local semiflow S on X1,
The semiflow S is a continuous map of an open neighbourhood U of {0} X X' in R* x X! into
X! defined by

S,(v)(x) = u(t,x) for (t,v)€EU,
where u is the solution of (0.1), (0.2), satisfying
u(,x)=v(x) for 0<x<1. (0.4)

It has the properties So(v) = v, S,,,(v) = S,0 S,(v) as long as (s, v) and (¢, S;(v)) are in U [5].
In order not to obscure the formulations by technicalities we shall assume that S is a global
semiflow, i.e. U= R* X X!. This is by no means an essential restriction; sufficient conditions
can be found in [5, Chapter 3].
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The critical points of S are the stationary solutions of (0.1), (0.2), i.e. the solutions of the
equation

v" + f(x,v) =0, v(0) = v(1) =0. (0.5)

The qualitative properties of S near a critical point v are determined by the linearization of
(0.1), (0.2) at v which is the equation

V= Yax +fu(x’ v(x))y (06)

y(,0)=y(t,1) = 0. 0.7)

The solution v is called hyperbolic if 0 is not an eigenvalue of the operator L = A — F'(v), i.e.
(0.6), (0.7) do not admit a nontrivial stationary solution y.

An important information about the global structure of the semiflow of (0.1), (0.2) is given
by the orbit connections of different stationary solutions [2, 3, 5]. By a connecting orbit of the
stationary solutions v;, v, we understand a solution u of (0.1), (0.2) which exists for all
t € (— =, ©) and satisfies

lim u(t, x) = v,(x), lim u(t, x) = v,(x)
t—>— t—>00

in H*0, 1]. In the terminology of [5], u(t, -) has to be in the stable manifold of v, and the
unstable manifold of vy, provided v,, v, are hyperbolic.

In this paper we obtain estimates on the number of zeros (or, more precisely, the zero
number defined below) of u(t, - )-v; and u(t, +)-v,. This information can be used to conclude
existence and nonexistence of connections. Our approach provides an alternative to the

connection problem for f of the Chafee-Infante type (see e.g. [5, Section 5.3]).

For any continuous function ¢: [0, 1]— R we define the zero number z(¢) as follows. Let
n = 0 be the maximal element of Ny U {} such that there is a strictly increasing sequence 0 =
xo<x1<...<x,=1 with ¢(x)) of alternating signs:

o(x) d(x;+1) <0 for0=j<n.

If n is finite let z(¢) := n, and z(¢) := » otherwise. Note that we put z(0) := 0.
As a first example consider the linearized equation (0.6), (0.7). The operator L = A — F'(v)

has eigenvalues Aq<A;<... with eigenfunctions ¢, ¢;,.... By Sturm-Liouville theory -
z(¢y) = k and indeed it is a classical result (see [0, p. 549]) that for 0= i<j<

i=2(9) =], (0.8)
whenever ¢ is a (nontrivial) linear combination of ¢, . . ., ¢;. As a trivial illustration of our

approach we prove estimate (0.8) in corollary 1.2, using the dynamic equation (0.6), (0.7).
All our results depend on a basic observation, lemma 1.1, going back to Redheffer, Walter
[8] and, more recently, Matano [6]. According to lemma 1.1,

z(u(t, +)) is nonincreasing

as a function of time ¢ along solutions of equation (0.1), (0.2) provided that f satisfies the
condition.

f(x,00=0 for0<x<1. (0.9)
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The proof is elementary and relies on the maximum principle for parabolic equations. For the
convenience of the reader we present it in detail below.

In the nonlinear case, let v be a hyperbolic stationary solution of (0.1), (0.2). Then
the eigenvalues A; of the linearized equation with corresponding eigenfunctions ¢; satisfy
A<...<A,.1<0<A,<... for some n=0. Further by [5, theorems 5.2.1, 6.1.9] there
exist immersed invariant CX-manifolds W* and W* C X* of the flow. S through v = 0 with the
properties:

(i) for w € W* (resp. W®) the solution u(t,-) = S(f)w exists for all real ¢ and satisfies
limu(z,-) = v as t— — », (resp. t— + ®);

(ii) the tangent space of W* (resp. W*) at v is spanned by the ¢, with k <n (resp. k = n).

W is called the unstable manifold and W* the stable manifold of v.
Our main result, given in Sections 2 and 3, states that

z(w—v)<dimW* for we W" (0.10)
(theorem 2.1) and

z(w—v)=dim W* for w € W\{v} (0.11)

(theorem 3.2). Note that these estimates are suggested by the respective tangent spaces of W*
and W*, together with the Sturm-Liouville estimate (0.8).
The crucial observation of our proof is that for v = 0:
. u(t)
Iim—==¢ 0.12
] ~ ™ 012
—for t— — « on W* and some k<n v
—for t— + © on W* and some k = n, provided that z(u(z, -)) is eventually finite.

Actually it is quite simple to prove (0.12) on W*, as we will indicate at the end of Section 2.
However, analysis on the infinite dimensional stable manifold W* is quite delicate and we need
detailed information on the fine structure of W* before we can prove (0.12). For illustration

we pursue an analogous approach to W* in Section 1, as a preparation to the stable manifold
case.

1. COUNTING ZEROS

In the introduction we defined the zero number z(¢) of a continuous real function ¢ as the
maximal number of sign changes of ¢. In this section we show that z decreases along solutions
u(t, -) of the parabolic equation (0.1) with Dirichlet boundary conditions, assuming that

f(x,0)=0 forall x€I, 1.1)

I:=[0,1]. This result is essentially in [8, corollary 3] who consider f = f{(t, x, u,, u,,) inde-
pendent of u. Similarly, Matano [6] investigates the lap number of ¢, which is the zero number
of ¢, and was called “maximum order of a saw in ¢” by Redheffer and Walter [8].

Note that by definition the function

z: C/(I) > N U {=}

is lower semicontinuous. Further, z is constant in a Cl-neighbourhood of any C!-function ¢
with only simple zeros. These trivial facts will become important later on.



Vyber prac z dynamickych systémov a diferencidlnych rovnic 119

182 P. BRUNOVSKY and B. FIEDLER

The parabolic equation (0.1), (0.2) generates a semiflow S(f)uy = u(f) = u(t,-) on X* C
H} C C°(I), thus z(u(?)) is well defined along solutions.

LEMMA 1.1.[6, 8]. Let f(x, 0) = O for all x € I. Then the zero number z(u(t, - )) is nonincreasing
as a function of ¢ along solutions u(t, -) of (0.1), (0.2).

Proof. With a(t, x) := (f(x, u(t, x)))/(u(t, x)) we write (0.1) as
Uy = Uy + au, (1.2)
where a is C°. We apply the maximum principle to (1.2) to prove: if x{, x5 € I are such that
u(t,x1) <0< u(t, x5) then there exist continuous paths y; in I X [0, #] connecting (¢,x;) to a
point (0, x;), such that u <0 (resp. u > 0) along y; (resp. y,). To see that assume 0 <x <

xj <1, the case x] > x5 is analogous. Let D; be the path connected component of (¢, x}) in
the relatively open set

K;:={(z, & €[0, 4 x 1| (~1)'u(z, §) > 0}.

We claim that we can find elements (0, x;) € D;. Otherwise, e.g. D, is contained in the strip
(0, 7] x I. Replacing u by ue* does not change d, and allows us to assume a < 0, hence Au :=

u,—u,=0on D, Let M:= max u >0 and choose a point (, ¥) € D, with minimal 7 such
2

that u(#, ) = M. From M > 0 we conclude (7, ) € D,, hence > 0. This implies a contradiction

to the strong maximum principle: let E := D, and apply [7, III.2, lemma 3] to conclude u < M

on d, N ({} x I, contradicting (¢, ¥) € D, N ({} X I). Therefore there are points (0, x;) € D;.
Invoking the Jordan curve theorem comletes the proof. W

As a trivial but illustrative application, we prove estimate (0.8) for finite linear combinations
j
9" = 2 a9 (1.3)
=i

of Sturm-Liouville eigenfunctions ¢, for the potential a(x) := f,(x, v(x)). We use the flow
(1.2), defining a solution ¢(t, -) with initial condition ¢(0, -) = ¢° and Dirichlet conditions.

COROLLARY 1.2. If the Sturm-Liouville potential a is continuous, 0 =i <j < and ¢° =0,
then

i=2(¢%) =]
Proof. We use the explicit representation
i
9@, 0) = Z‘t a,ett ¢, (1.4)

of the solution ¢(z, -), t € R of (1.2) through ¢°. From (1.4), ¢° = 0 it is immediate that there
exist integers k* € {i, i + 1, . . ., j} such that

lim ¢(0)/|6()| = sign(a=)dy=

in the C!-topology (normalizing |¢;| = 1), because the A, are pairwise disjoint. The ¢, have



120  Vyber prac z dynamickych systémov a diferencialnych rovnic

Numbers of zeros on invariant manifolds in reaction—diffusion equations 183

only simple zeros, hence z is constant in a Cl-neighbourhood of ¢,. By monotonicity of z
along solutions of (1.2) (lemma 1.1) we conclude for T > 0 sufficiently large

i=k* = Z(¢(T’ )/|¢(T’ )|) = z(¢(T’ )) = Z(¢0) = Z(¢(—T, )) =k~ =j

and the proof is complete. W

Note that the corollary holds even if j = «.

2. ZEROS ON THE UNSTABLE MANIFOLD

In this section we prove that for any element w of an n-dimensional unstable manifold of v
there are less than z zeros of w—v. On our way we investigate the fine structure of the unstable
manifold. Finally we relate z(w — v) to the number of zeros of v,.

Let v be a hyperbolic stationary solution of (0.1), (0.2) with eigenvalues
M<...<A,-1<0<A,<... of the linearization (0.6), (0.7) and eigenfunctions ¢,. By
Es, E*, E°® E* = I we denote the complementary projections of X onto the stable and unstable
spaces of the linearization L=A-F'(v) at v, and by E;, k=0,...,n—1,
E®E,+...DE,_; = E* the projections onto the subspaces spanned by ¢;.

THEOREM 2.1. Let v be a hyperbolic stationary solution as above. Then there exists an
increasing sequence Wy C...C W,_; = W* of invariant C*-submanifolds of the unstable
manifold W* through v such that

(i) dim W, = k + 1, and the tangent space to W, at v is spanned by ¢y, . . ., ¢x;
(ii) for any w € W\ W, _,

Tim_ (5,0) = 0)/1S, (%) — 0] = = @ 2.1)

where the flow S, for ¢ < 0 is defined by S_(S,(w)) = w on W¥
(iii) for w € W,\W,._; and ¢ near — « the zero number z satisfies

z(S,(w) —v) =k;

and S/(x) — v has precisely k simple zeros in (0,1);
(iv) for w € W)W, _,, we obtain

z(w —v) =k,
and consequently for all w € W*
z(w — v) < dim W~

Note that by [5, Section 7.3], S, is well defined for t <0 on W*,

At the end of this section we outline a simple idea for the proof of theorem 2.1 which uses
finite dimensionality of W*. Another idea which also works for the infinite dimensional stable
manifold (see Section 3) can be illustrated in the case dim W* = 2. The linearization of the
flow on W* near v looks like Fig. 1, where ¢, ¢, are represented by the coordinate vectors.
All integral curves y(f) = ay(f)¢o + a;(f)¢; which are not identically zero have the property
(! (1) — 0 for t— — = except of two which have a;(f) = 0. Qualitatively, this picture is
not destroyed by nonlinearities. The exceptional trajectories become W in the notation of the
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y(t)

Fig. 1. The strongly unstable manifold W° and a general trajectory y outside W°.

theorem. A trajectory y on W* satisfies
Y(O) = v+ ag()po + a1 (D91 + O(|lao ()] + [, (7)]) forz— — o,

The exceptional ones satisfy in addition a;(f) = o(a(?)), all the others ay(f) = o(a;(¥)) for
t— — . Consequently, a5!(f) (7(f) — v) mimicks @, in the first case while a;*(¢) (y(?) — v)
mimicks ¢; in the second case for ¢ near — «. In particular, it will have the same zero number
as ¢, ¢; respectively. We employ lemma 1.1 to conclude that (y(f) — v) does not increase
with ¢, hence

2(7(0)) = max(z(¢o), 2(¢1)) = 1.

To carry out the idea in detail we need the following.

LemMA 2.2. Consider a differential equation on a neighbourhood U of the origin in R" =
RP x R? defined by

x = Ax + f(x,y) (2.2)

y =By + g(x,y) (2.3)

(x €RP, y € R?). Assume that all eigenvalues of A (B) have negative real parts =a, (b,
respectively), where a, < by <0, f, g are C¥, k> 0 and satisfy

lim f(x,y)|(x,y)|™" =0, lim g(x,y)|(x,y)|™" =0.
(x,y)—0 (x,y)—0

Then, there exists a positively invariant neighbourhood Q of 0 and a p-dimensional C*
submanifold W of Q through (0, 0) tangent to the subspace y = 0 at (0, 0) such that each
solution (x(¢), y(2)) of (2.2), (2.3) with (x(0), y(0)) € Q\W satisfies

lim |y(9)|~* x() = 0. 2.4)
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Proof. For the finite dimensional case considered here, it is easy to prove (2.4) directly
from (2.2), (2.3), choosing suitable scalar products on R?, R? and deriving a differential
inequality for n(?) := [x(?)|*/|y(?)|>. However, we give a different proof which carries over
without change to an infinite dimensional situation occurring in the stable manifold (see lemma
3.1 and its proof in the appendix).

The existence of Q and an invariant manifold W tangent to the subspace y = 0 at (0, 0)
follows from [4, lemma 4.1 and corollary 5.1, chapter IX]. If Q is chosen sufficiently small, W
can be represented as the graph of a C* function h from some neighbourhood of 0 in the x-
space into R? with h’(0) = 0. It follows from [4] that if one introduces in Q new coordinates
u =x, v=y — h(x) then the (u, v)-representation ®: (u, v) = (u,, v;) of the time one map of
(2.2), (2.3) satisfies

u; = Au+ U(u, v) (2.5)
v; =Bv + V(u,v) (2.6)

with U, V having similar properties as f, g in (2.2), (2.3) and, in addition, V(u, 0) = 0. The
time one map of a differential equation maps initial values of its solutions into their values at
time one.

By choosing suitable norms |-| in the u-, v-spaces we can assume

|Au| < (a + 0) |u]
[Bv] > (b = 6) |v|

where a := exp ag, b := exp byand 0 < 6 < (b — a)/2, 6 < b. Also, there is a positive function
k(p) on some right neighbourhood of zero such that x(p) — 0 for p— 0 and

[Uu, )| < x(p) (lu| + [v]), [V(u, V)| < x(p)]¥|
if Ju] + |v| < p.
Let now (u,v) € Q and let Q be so small that |u;| < [u|, |v{| <|v|. Then, we have

il _ @@+ 0)ul + <()(ul + 1) _a+0+x(@)ul . x()

IS G-OM-xM b-0-xoM b-6-xp
Let . »
a+ L k(p
we(b‘9’1> AR e

We have lirr}) B(p) = 0 and there exists a p > 0 such that a + 6 + k(p) < a(b — 6 — k(p)) for
p—>
any p < p,. From (2.7) we have for e € (0,1 - a)

lll—1|< (o + e)M assoonasM>M.
Ivi| Iv] v~ e

Choose any (ug, vo) € Q with vy # 0 and any y > 0. We prove that there exists an N >0
such that |u,] < y|v,| for all k> N where (uy, v;) = ®*(u,, vo). Indeed, assume the contrary.
Since (ug, vi) —> 0, there exists an N, such that |uy| + |vi| < p; = p, for all k= N,, where
B(py1)/e < y. From (2.8) it follows that

2.8)

s <VVesr| assoomas ue|+ vl <p; and fu] < ylv] (2.9)
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If Jug| > y|v;| for k = N, then by (2.8) also

u
y<M< (a+ g)k~No L@—l for k= N,
\f IVN0|
which is impossible. Thus, there exists an N = N, for which |uy| < y|vy|. By (2.9), we have
Jug| < y]vi| for all k> N. Since y was arbitrary, ,lim |Vl "tu, = 0.

For the differential equation (2.2), (2.3) this means that if (x(¢), y()) is its solution with
(x(0), y(0)) € QW (or, equivalently, y(0) # h(x(0))), then
o bl
£ y(8) — h(xR)]

kintege:

0. (2.10)

We have
x(k)| _ |x(k)]  1y(k) — h(x(x))|
ly(®)| ~ [y(k) = h(k)| |y
|x(k)] Ih(x(k))|
|ﬂ@—h@@»&l+1ﬂM|>

x(k)| Ih(x(k))| |x(k)|
|ﬂ@—MﬂmN@+ M@Ibwﬂ’

A

2.11)

lIA

Q
=t

[x(k)| (1 __ Ix(®)] |h(x(k))|> - Ix(®)]
ly(k)| ly(k) = h(x(K)| [x()| / ~ ly(k) — h(x(k))[

Since h(x) = o(|x|), from (2.10), (2.11) we obtain

o X

ke [y(R)

kinteger

0. (2.12)

Let now k=t <k + 1. By standard Gronwall estimates and the variation of constants
formula we obtain:

[(x(8), y(©)| = C|(x(k), y(k))|=:p  forallkandt€ [k, k +1)

with some C = 1. Again by Gronwall and variation of constants we obtain
()| = Ci(Ix(k)| + &(p) - (Ix(K)] + |y(k)]))

ly®) = C:(Iy(k)| = &(p) - (Ix(K)| + ly(K)]))
for all k EN, ¢t € [k, k + 1), suitable constants C;, C, > 0 and a function &(p) satisfying
lim R(p) =0
p—0
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Thus we have (for all k EN, t € [k, k + 1))

[x@| _ Ci [x(k)| - [y(®)| " - (1 + (p)) + R(p)
Y@~ C 1=xk(p)(1 + [x(K)] - [y(k)|™)

and (2.12) readily implies (2.4), completing the proof of the lemma. B

Proof of theorem 2.1. A neighbourhood V of v in W* can be considered as an open subset €
of R", the coordinates z = (2, . . ., z,-;) chosen in such a way that z,(w) = Ex(w — v) for
w € W* near v. Then, locally at v, the restriction of (0.1), (0.2) to W* has the form

z=Cz+ q(2), (2.13)

where C = diag {—A, ..., —4,_1}, ¢ is C* and q'(0) = 0.
Consider the associated system

dz/dt = —Cz — q(2)

which is obtained from (2.13) by time reversal 7= —¢. This system satisfies the assumptions
of lemma 2.2 with x = (z¢, ..., 2,-2), ¥ = z,_;. We denote by W, _, the submanifold W the
existence of which is asserted in lemma 2.2. It is given by an equation

Zn-1 =hn—2(20’- . -,Z,,_z), Z2EQ

where h,_, is C* and satisfies

h,—,(0) = 0. (2.14)
By lemma 2.2, if z(¢) is a solution of (2.13) with
z(0)E Q,z,1(0) #h, (2, . - ., 2,-2), (2.15)
then
Jim [z @17 (200, - - -5 202 (1) = 0. (2.16)
From (2.14) it follows that
Jim [z, 1 @] 1z0(®s - - -, 242 ()] =0 ' 2.17)

if (2.15) does not hold. Since W* is tangent to the unstable space of L, from (2.16), (2.17) it
follows respectively

Jim |Ep-1(S:(W) = )| [T = E-1) (S, (W) = v)| == 0 (2.18)
for w € VAW, _, and
Jim |(Ep-1 + E*) (S:(w) = 0)[|(I = E,—y — E*)(S,(W) — )| 1 =0 (2.19)

for w € W,_,. We define W,_, = {S(W,_,)|¢t = 0}. By [5, theorem 6.1.9], W, _, is an invariant
submanifold of W*. The properties (2.18), (2.19) obviously extend to w € W\W,_,, W, _,,
respectively.
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On W, _,, the differential equation is again of form (2.13) with C = diag {—A,, . . ., —4,_2}.
Applying lemma 2.2 to the equation on W, _, we obtain an (n — 2)-dimensional submanifold
W,_3 of W, _, represented by

Zp—2 = hp_3(z0,. . ., 2,-3)
with
h, 3(0)=0 (2.20)
such that
Jim [z, @) (2@, - - -, 203 (D) =0 (2.21)

for all solutions z(#) with z,_5(0) # h,_»(zo, - - -, 2,3). Again, we extend W,,_3 to an invariant
submanifold of W,_, by W,_3 = {S(W,_3), t = 0}. From (2.19) and (2.21) it follows that

Tim |E, 2(S,) = o))+ (I = E,2)(S.w) = 0)| =0
for w € W,_,\W,,_; while for w € W,_; it follows from (2.19) and (2.20) that

n—-3
lim | X Ei(S,(w) - v)
=== L k=0

-1 n-3

(I— > Ex(S.(w) - v)| =0.
k=0

In this way we may proceed further and after n—1 steps obtains all the (k + 1)-dimensional
manifolds W, such that for w € W, \W,_; we have

Jim [(Z = E) (S:(w) = 0)/|Ex(S.(w) = v)| = 0.
This in turn implies for w € W)\W,_, that
lim (S,0%) = 0)/S,(w) = o] = = ¢ @.1)
Recall that the above limit is considered in X! C C(I), and ¢, has only simple zeros with

z(¢;) = k. By our remark preceding lemma 1.1 this implies

z(S,(w) —v) =k
for ¢ near — .
Now we invoke lemma 1.1 for z(u(?)), u(f): = S{(w) — v. Note that u satisfies an equation

U = Uy, + flx, u),
u(t,0) =u(t,1) =0,
where f(x, u): = f(x, u + v(x)) — f(x, v(x)). Hence f(x,0) = 0 and lemma 1.1 implies for near —o
z(w = v) = z(u(0)) = z(u(®)) = z(S, (W) —v) = k.
This completes the proof of theorem 2.1. B
From our theorem we deduce a relation between the number of changes of monotonicity

of a hyperbolic stationary solution v (some “lap-number®, cf. [6]) and the zero number
z(w — v) on the unstable manifold of v.
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COROLLARY 2.3. Let v be a stationary hyperbolic solution of (0.1), (0.2), v, %0, and let
w € W* be in its unstable manifold. Then '

z(w — v) < z(v,).

Proof. Due to theorem 2.1 it suffices to prove that n:=dim W* = z(v,).
The function y:= v, solves the linearized equation

Yxx +fu(x: U(x))y =0.

On the other hand, the eigenfunction ¢,_, has n + 1 zeros on the closed interval [0, 1]. By
the comparison theorem, between any two consecutive zeros of ¢,_; there has to be a zero of
v,. By v, % 0, all zeros of v, are simple. This implies z(v,) = n and the proof is complete. M

We outline an alternate proof of theorem 2.1, (iv) which works only for W, as far as we
know. Consider any trajectory u(f) on W*\{v} and let y(¢) : = u(¢)/|u(¢)| be its projection onto
the unit sphere. Then obviously

lim E*y(f) = 0.
t—> —o0
Since W* is finite dimensional, we may thus pick a sequence #, — — « such that
¢:= lim y(ty) (2.22)
tg—>—®

exists in X! C C1(I). But ¢ is in the unstable eigenspace of v, hence Section 1 implies for #,
near —®

2(w = v) = 2(u(0)) < 2(u(ty)) = 2(3()) = 2(¢) <n = dim W,

without any intermediate construction of W,.

3. ZEROS ON THE STABLE MANIFOLD

We turn to investigate the zero number z(w — v) on the stable manifold W* of the hyperbolic
stationary solution v of (0.1), (0.2), keeping the assumptions and notations of Section 2 in
effect.

Similarly to the unstable case we need the following lemma on the fine structure of W*.

LemMA 3.1. Assuming hyperbolicity of v above and f€ C*, x = 2, there exists a decreasing
sequence W*=W,DW,,;D... of invariant C*-submanifolds of the stable manifold W*
through v such that

(i) the tangent space to W, at v is spanned by ¢y, ¢iiq, - . .

(ii) for any w € W)W,

}Ln; (S:(w) - v)/lS,(w) —v| =% ¢y ‘(3-1)

We defer the proof of this lemma to the appendix.
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As an immediate consequence of lemma 3.1 we can conclude for w € W \W,,,, k = n, that
u(t):= S(w) — v satisfies

20 = v) 2 lim 2(u(0) = lim 2(u(/Ju()]) = 2 (tim u(/1u(0) ) (3.2)
=z(x¢i) =k,

by lower semicontinuity of z and monotonicity of z (lemma 1.1). However, this does not imply
z=n on all of W°, if for example

ﬂ W, #{v}.

k=n

To remedy this point we use the following alternative which is proved in [1]:

(i) either z(u(¢)) stays infinite for all ¢ =0;

(i) or z(u(ty)) <  for some ¢, = 0, and u(¢) has only simple zeros for an open dense set of
t € [ty, ®).
Using this fact, we will conclude below that

M W, C{w|z(w — v) = o} U {v}.

k=n
THEOREM 3.2. Let v be a hyperbolic stationary solution of (0.1), (0.2) as above. Then for
weE W, C W°, w+# v we obtain
zw—-v)z=k
and in particular for all w € W*\{v}
z(w — v) = dim W*,
Proof. With the preceding remarks it is sufficient to prove for w # v
zw—v)zk  forallwe W,,,, k=n.

Obviously we may assume that z(w — v) <. Then, by [1, theorem], there exists a t= 0
such that u(t, -) = S,(w) — v has only simple zeros. Because W, has codimension 1 in Wy we
may then choose i € W) \W, ., such that

(@) = z(u(®))
(just choosing [u — u(?)||c1) small enough). But by the remarks above
z(7) = k,
thus monotonicity of z (lemma 1.1) yields
z(w —v) = z(u(0)) = z(u(t)) = z(@) = k

and we are done. H

4. APPENDIX

We give a proof of the fine structure of the stable manifold claimed in lemma 3.1. To this end we first construct an
invariant manifold corresponding to a line, splitting the spectrum of the linearization. We use a general analytic
semigroup setting
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du
5+ Au=fl) 4.1)

in a Banach space X with norm |-|, where A is sectorial linear X — X; f: U— X is C*, where U is a neighborhood of
0Oin X, k=1,0=a<1;f(0)=0.

Let L:=A — f(0) have spectrum o(L). By u(t; u) we denote the solution of (4.1) with initial data u(0; u,) =
uy € X,

The following lemma is well known in the finite dimensional case. It replaces [4, lemma 5.1 and corollary 5.1,
chapter IX] in the proof of the infinite dimensional version of lemma 2.2. Its proof is modelled in close analogy to
[5, theorem 5.2.1]. Nevertheless, for the convenience of the reader we give a detailed proof.

LEMMA 4.1. Assume y > 0 is such that o(L) = 0, U 05, 0, = o(L) N{Re A < 7}, 0, = o(L) N {Re A > y}is a
decomposition of o(L) into spectral sets. Let X = X; @ X, be the decomposition of X corresponding to the
decomposition of o(L) and let E; and E, be the spectral projections onto X; and X, respectively, E, @ E, = I.

Then there exist p >0, M > 0 and a local invariant C* submanifold S of the ball {|u|, < p/2M} such that:

(i) S is C* diffeomorphic under E,|s to an open neighborhood of 0 in X§ := X, N X*;

(if) S is tangent to X§ at 0;

(iti) if | E,u(0)|, < p/2M and |u(t)|,e” < p for all ¢t = 0 then u(0) € S;

(iv) if u(0) € S then

sup |u(t)|, e <.
20

Proof. Without loss of generality assume o(A4) C {Re A >0}. By L;, L, denote the restrictions of L to X;, X,
respectively, let T(f) := exp(—L;t) be the semigroup on X; generated by L; and u;:= Eu the X-component of u. Note
that dim X; < «, L, is bounded and there exist 0 < # < y <  such that

|Ti(8)] = Me™%,|A°T ()| S Me™®  fort=0,
|A“T,()E,A~%| = Me~, |A®T,()| = Mr*e~*  fort=0. 42)

Write g(u):=f(u) — f'(0)u with components g;:= E;g. Then there exists a positive function & on (0, p,), po > 0 such
that k(p) — 0 for p— 0 and

lg(@") — g(u?)| = k(p) |u' — u?|,

as soon as ||, < p, j =1, 2. By [5, lemma 3.3.2], u(#) solves (4.1) iff u(z) solves the variation of constants version of
4.1)

0 = T,0m(© + [ T,- )8 (uls)) &
0

4.1y
t
() = T () + [ Tyt = 9)ga(uts)) 0.
0
Assuming that the solution u(f) satisfies
|u()| € is bounded as t — =, (4.3)
we conclude that for t—
[Ty(=Ous(2)| o« = MeP |y ()] .~ 0
which implies
(@ = - [ Tu-s)ga(u(s)) ds,
0 .
and, again by (4.1)’, we obtain
u() = To(0a + [ To(t = g @) & - [ T = s)ga (us)) ds (4.4
0 t

where a:= Eu(0) € X,.
We show that for p > 0 sufficiently small integral equation (4.4) has a unique solution u,(¢) satisfying |u,(f)|.6" < p
provided |a|, < p/2M.
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Let R, be the set of continuous functions u: [0, ©) — X* such that
()l := sup |u()|, e” = p
20

is finite. The set R, endowed with the metric generated by ||| is a complete metric space. We claim that for p small
enough and ||a|, < p/2M, a € X§ the map F, defined by

Fo()) 0= To0a + [ To(t = 5)g20u6)) ds = [ 166 = 5181 (uts)) s

is a contraction R,— R,. Indeed

IFa(u(-))ll = sup e Ty(alq + sup , e"|AT,(t - 5)| |82 (u(s))| ds
= = 0

+sup | e"[ATy(t - 5)|-|g1 (u(s))| ds

20 7,

t
=Mlalo + |Ex|sup | e™M(t = 5)~* e % k(p)|u(s)|a ds
z0 Jg

+|Ei|sup | e"Me B k(p)|u(s)], ds @5)

0 J,

= Mlal, + |Eo[M-k(p) [ 1 et ar-Ju)|
0

+E,MK(p) [ e dr-Ju(-)]
0
= M:|alq + Mk(p)- Cllu(-)l,
with some constant C independent of p. Thus, if |a|, < p/2M and p > 0 is small enough that k(p) - C < p/2M, then
F, maps R, into R,. Also, repeating the same steps as in (4.5) we find
IFa (! (+)) = Fa(u ()l = $lu’(+) — u?(-)l

assoon as ||u/(+ )| = p, j = 1,2, so F, is a contraction in R,. Consequently, F, has a unique fixed point u(-) € R, which
solves (4.4).

The map (u(-), a) = F,(u(-)) is C*on R, X ({|al, < p/2M} N X%). Indeed, the map is linear in a and estimating as
in (4.5) one obtains

sup e”|e7 (Fa(u(-) + ev(+)) () — Fa(u(-)) (1)

~ [ T2 = 98 )00) s + [ Tule= 981 s)o5) dsla 0 for e=>0.
Therefore
(o), )= To0b + [ Tale = g2 us))o6) d5 = [ 7106 = g4 (u(s))o(s) s “6)
0 t

is the Gateaux differential of the map (u(-),a)— F,(u(-)). Since the map (4.6) is continuous in (v(-), b), the
differential is Fréchet and (u(+), a) — F,(u(-)) is C'. To obtain C* we iterate the argumients above.

By [5, 1.2.6] the fixed point u,(-) of F, is a C*-function of a in {|a|, < p/2M} N X§. Consequently the map
h:{lal, < p/2M} N X§ — X, defined by

W@ = = a = [ T(-9g1(ue(6)) 05

is C* and, since E,h(a) = Eja = a, has a C* inverse on its image S. Thus,
h:{lal. < p/2M} N X3 > X,

is a C*-diffeomorphism. This proves (i) and, using g;(0) =0, as a direct consequence (ii). By definition of R,, (iv)
holds. .
By construction and (4.4), S 1s 1nvariant with respect to the semitiow (4.1). 1t |E,u(0)|, < p/2M and |u(f)|, e < p
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|
|
for all ¢ = 0, then we have shown that u(-) satisfies (4.4). Since u(-) € R, and u(t) = u,(f) witha := EZ(Q‘
u(0) € S. Thus (iii) holds and the proof is complete. B .

Proof of lemma 3.1. Existence of the manifolds W, as claimed in lemma 3.1 follows from lemma 4.1, ¢
with A,_; <y <A
Using existence of the manifolds W, we apply the proof of lemma 2.2 successively for each k on a neighborhood
U of v:=0 (w.l.o.g.) in W,, with coordinates y = E,u and x = > E;u as in the notation of Section 2. Note that the
>k
proof of lemma 2.2 carries over to analytic semigroups without the assumption that x is finite dimensional. Now
lemma 2.2, together with u(f) = S{(w)— 0 and lemma 4.1, (ii) imply

]Z‘; Eju(?) ,=2k E;u(f) €t
* ¢y =lim Bl =}im =}imm
t—>% k (— —x
Eu(t ’
|3, But)

and the proof is complete. M
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The Attractor of the Scalar Reaction Diffusion
Equation Is a Smooth Graph

Pavol Brunovsky'

For the scalar reaction diffusion equation with Dirichlet boundary conditions,
it is proved that its maxiral compact attractor is the graph of a C' function
from a subset with nonempty interior of a subspace of the state space the
dimension of which is equal to the maximal Morse index of the equilibria of the
equation.

KEY WORDS: Attractor; inertial manifold; zero number; reaction diffusion

equation.
AMS (MOS) SUBJECT CLASSIFICATIONS: primary 35B40, secondary
34C30.

1. INTRODUCTION

Consider the scalar reaction diffusion equation
u,=u,, + f(u) (1.1}
with Dirichlet boundary conditions
u(t,0)=u(r, 1)=0. (1.2)

We assume that f is C? and satisfies

lim sup s 7' f(s5) < 2

|s] = o

and that all stationary solutions of (1.1) are hyperbolic. The [generic
(Brunovsky and Chow, 1984)] set of such f°s we denote by 4.

! Institute of Applied Mathematics, Comenius University, Mlynska dolina, 842 15 Bratislava,
Czechoslovakia.
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For fe¥%, (1.1), (1.2) can be considered as an abstract differential
equation on the Hilbert space X = L,(0, 1) which generates a C? semiflow
S, on any of its dense subspaces X* 0 <a<1 (Henry, 1981; Miklavcic,
1985), where X is the fractional space associated with the operator A
given by Au(x)= —u"(x) if defined and if u(0)=u(1)=0. We note that
X'2=H} and X'=D(4)=H,~ H? The semiflow S, is dissipative (ie.,
there is a bounded set B < X“ such that each trajectory eventually enters B)
and every trajectory has a compact closure (Hale er al., 1984; Hale, 1987).
The set E of equilibria is finite and contained in B.

By Hale et al. (1984) and (1987), S, admits a maximal compact
invariant set .o/ which is given by

o =) W) (1.3)

ve E

where W*(v) is the unstable manifold of v (Henry, 1981).

Brunovsky and Fielder (1988, 1989) present a complete description of
the connections between stationary solutions. The purpose of this paper is
to prove additional properties of ./ announced by Brunovsky (1989). In
order to be able to formulate them, we introduce some notation.

Let veE. By Ay(v) <A (v) <A (v)< --- and @y(v), ¢,(v), @,(v), we
denote, respectively, the eigenvalues and normalized (in X} eigenvectors of
the linearization of (1.1), (1.2) at v which is the Sturm-Liouville problem

V'L )+ 41y=0,  p(0)=y(1)=0. (1.4)

Further, for 0 <m<n we denote X7 (v)=span{g,,(v),... ,_.1(v)}, X, (v)=
span{g@,,..}, Xi(v) := X, (v)n X* The (Morse) instability index i(v) of v is
given by 4,,, ;<0< 4, (note that since, by assumption, v is hyperbolic,
2, #0 for any n=0).

The main result of this paper is the following

1.1. Theorem

Let f€% and let N:=max{i(w): we E}. Then, given ve E, there exists
an open subset U of X (v) and a C' function h: U— X, (v) such that
N = graph h contains o and is positively and locally negatively invariant.

This theorem extends a result due to Jolly (1989) by which, for special
f [of the Chafee—Infante type (Henry, 1981)], o/ is the graph of a
Lipschitz continuous map. Also, for v € E with i(v) = N it answers positively
the conjecture of Fusco [proved for finite dimensional approximations of
S, by Fusco (1987)] according to which W*(v) is a graph over a subset of
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X! (v). In fact [cf. Remark 3.4(1)], the same proof can be used to
establish the correctness of Fusco’s conjecture also for ve E with i(v) <N.

Theorem 1.1 is proved in Section 3. In Section 2 an invariant manifold
theorem is established which is needed in the proof of Theorem 1.1. Some
technical parts of the proofs of the results of Section2 are presented
separately in the Appendix.

2. LOCAL INVARIANT MANIFOLDS CONTAINING GIVEN
TRAJECTORIES

In this section we consider an abstract differential equation,
dy/dt = Ay + F(y) (2.1)
on Y=R" where Fis C! on some neighborhood of 0 and satisfies
F0)=0, DF(©0)=0.

Equation (2.1) generates a local C' flow we denote by @,; by modifying &
outside some neighborhood of 0 we can make ¢ global.

We assume that the spectrum of A, g{A4), is disjoint from the
imaginary axis and the line Re A= —pf. Then we have

g(A)=A, 04,04,
where
Ay ={iea(4):Rei>0},

A,={2ea(d):0>Reil> —f},

As={iec(4):Re i< —f}.
By P,and Y,, i=1, 2, 3, we denote the spectral projection corresponding
to 4, and its image, respectively, and we write 4,:=A|,,. For yeY we

write y,=P, v, Fi(y)=P,F(y), i=1, 2, 3. Adopting these notations we can
write {2.1) equivalently as

yi+Aiyi=Fi(y1ay25 ¥3), i=1,2,3 (2.2)

It is well known that a scalar product (-, -> can be chosen in Y in such
a way that the projections P; are orthogonal and that for suitable 6 >0,
0<y<f—4, we have

<,V1,A1,V1>>V|J/1|2 (2.3)
—(B~9) |}’2|2<<J’2aA2J’2>< —VU’2!2 (2.4)
(¥, A3y30 < —(B+8)|y,)° (2.5)
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where the norm [-| is generated by this scalar product. This follows, e.g.,
from Palis and de Melo (1980, Corollary to Theorem 2.5, Chap. 2).

The formulation of the main proposition of this section as well as
some of the arguments become more transparent after a coordinate change
which places certain local invariant manifolds through 0 into coordinate
planes. Those are

(i) the unstable manifold #W*(0) which is C' and tangent to Y,
at 0,

(ii) the stable manifold #¢(0) which is C' and tangent to Y, + Y,
at 0,

(iii) a locally invariant C' manifold ¥ which is tangent to Y, + Y,
at 0, and

(iv) the invariant manifold W which is tangent to Y; at Q.

While the existence of the unstable and stable manifolds is standard
(Hartman, 1964; Palis and de Melo, 1980) and the existence of W is
established, e.g., by Hartman (1964) (cf. also Brunovsky and Fiedler,
1986), the existence of V" does not seem to appear in this immediate form
in the literature. After truncating the nonlinearity (in a way which is well
known from the proofs of the center-unstable manifold theorems), it
follows immediately from Chow and Lu, (1988). Alternatively, ¥ can be
obtained from general theorems establishing invariant manifolds for flows
which admit splitting of the state variable into two components such that
one component of the difference of two trajectories has a strictly larger
exponential decay rate than the other one (Kurzweil, 1970).

We note that while W*(0), W*(0), and W are uniquely defined, ¥V is
not. Neverthless, it does have to contain W*(0). Unlike #*(0), W*(0), and
W, in general, it may not be smoother than C! no matter what the order
of smoothness of F is.

Since the manifolds W*(0), W*0), V, W are tangent to Y,, Y, + Y3,
Y, +Y,, Y,, respectively, and since W< W*(0), W*(0)<V, there exists a
local C! coordinate transformation x=&(y) with &(0)=0, DH(0)=id,
which places W*(0), W*(0), V, Winto Y, Y,+Y;, Y, + Y,, Y;, respec-
tively. We work in this new coordinate system. Because of the lack of
higher smoothness of &, some care is needed, however. Although @
conjugates @, with a C' flow ¢, in the x-space (by ¢,=®@op,- D), the
vector field x+— Ax + F(x), F(x)=D®(d'(x)) F(P!(x)) that generates
®, may not be smoother than C°® any more (Palis and de Melo, 1980). For
this reason we have to avoid the differential equation in some of our
arguments and work directly with the flow instead. This complication turns
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out to be minor and outweighed by better transparence of the statement
and arguments in the new coordinates.
Since D®(0) is the identity we have

Do (0)=D@(0)=e*  forallt.

Hence, we have

@ (x)=e"x + R(t, x) ' (2.6)
where R is C!,

R(1,0)=0  and  [D.R(s, x}{ < L(x]) (2.7)
for 0< <1 and |x| sufficiently small, L: R* - R* satisfying

lim Z(n)=0. (2.8)

;1-»0

In addition, since ¢, leaves Y, Y, +7Y,, ¥,+Y;, and Y, invariant, we
have

Rl(t> xlao’ 0):0’ RS(I’ xl>x250)=0a (29)
Rl(ts 05 x29x3)=05 Rz(ts 0’ 09 X3)=0, (2'10)

in some neighborhood of 0, where R;:=P,Rfor j=1,2,3.
Of course, when addressing the differential equation

X=Ax+ F(x) (2.11)
generating ¢,, we cannot assume F is C' any more but we still have
[ F(x)| < L(Ix]) |x], (2.12)

with L possibly larger but still satisfying (2.8).
Denote

I(n) = {x:|x;l =n, |x,| <n},
Pp) = {xeI(n): x5 <n},
Iipn) = (Py+ P,) I'n),
Q)= {x: |x1] <n, |x3| <n}.
For a given subset X of Y denote
B(L):={o,(x): 1>0,xe X},
D,(L):={o(x):xeZ, t>0,0,(x)eQ(n)for0<s< t}.
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Below we frequently deal with manifolds which are positively invariant
and locally negatively invariant. We call them briefly PLN-invariant.

2.1. Proposition
Let # be a PLN-invariant manifold for ¢, of dimension dim(Y,+ Y,).
Assume the following for some n > 0 sufficiently small:

(i) U=(P,+P,)RBNIT(n) is arn open subset of I,(n),
UnY,#J.

(ii) There is an open neighborhood B of Uin Y, + Y, and a C* func-
tion 0: B— Y, such that 2 :=%#n1'(n)=graph |, and

lo(xy, x,)| <7, (2.13)
[o(x1, x5) — o (x7, x5)| < %y = Xi| + X2 — X3, (2.14)
for (x,, x,), (x}, x3)€ B.
(iii) RN Q)= (L)
(iv) DI (n)NR)=DUL ()R for 0<n,<n.
(v) AW 0)=g.
Then, R extends to a C' PLN-invariant manifold # = R U ®(D) con-

taining W*(0), where D is a locally invariant open disk of dimension
dim(Y,+ Y,) such that 0e D.

The proof requires several preparatory lemmas. Observe that because
of Lemma A.1 (ii) we have |P,x|<2n provided xe ®,(Z2) and #>0 is
sufficiently small.

2.2. Lemma

For n>0 sufficiently small let U< '5(n) and let B be an open
neighborhood of U in Y+ Y,. Let 6: B— X; be C' and satisfy (2.13),
(2.14) for each (x;,x;), (x},x3)eB. Then, (P,+P,)®,(2), where
X :=0(U), is an open subset of Y+ Y, and there exists a C' function
st (Py+ P,y) @,(X) > X5 such that

(i) @,(%)=graphs;
(ii) for each ¢ >0 there exists a 6 >0 such that

|s(x1,x2)|<8 |51, (2-15)
[s'(xy, x2)| <é&, (2.16)
ls(xy, Xo) —s(x7, x5)| <e(lx]— x| + [xs—x5]), (2.17)

provided |x,|, |x}] <6;
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(iii) s extends to a C' function in a neighborhood of each point
(x1, X3) E(Py+ Py) @ (INY.

Proof
By (2.13), (2.14), and (2.11), for xe X we have

(xyy AaXa+ Fy(x) > < — 7 [xa 7+ o] [Fo(x)| < (—y +Lm)n*<0  (2.18)

provided # is so small that L(n)<y. The inequality (2.18) means that the
tangent vector to the trajectory of xe X at x is not contained in 7,2
Therefore, @(2) and @,(2) [as an open subset of &(2)] are C' sub-
manifolds of ¥ and

dim ®,(Z) = dim &() = dim(Y, + Y5). (2.19)

We prove that for # > 0 sufficiently small, @,(2) is a graph over its
(P, + P,)-projection, ie., that for any (x;, x,)€(P,+P,)®,(2), there
exists a unique x; € Y such that (x,, x,, x;} € @,(X).

The proof is indirect. Assume that for some (x,, x,) there exist x;, x5
such that both x:=(x,, x;, x3)e®@, (L) and x":=(x;, x,, x3) €D, ().
Then there are £ # & e X and ¢, t =0 such that x=¢,, ,(¢) and x' = ¢,(&').
By Lemma A.5, for sufficiently small >0,

1P3(9: 4 5(2) = 0N 1P+ Pl (2) — o (z)
is bounded for s >0 by some constant ¢ >0. For s=17 we obtain
0 |x3 — x5} <ce(lxy —x3f + |x; — x3]) =0, (2.20)

with x; :=x}, x, :=x}, a contradiction.

For (x;,x;)e(P;+ P,)®,(2) we can now define s(x,, x,) as the
unique x; such that (x,, x,, x;) € @,(X). By the implicit function theorem,
s is C' if and only if (P, + P,)| sz 18 @ local diffeomorphism at each
xe®,(X). Because of (2.19) this is equivalent to

(Py+ Py)y#0 forany O0#yeT @, (2)

This, however, follows immediately from (2.20) if we let x| — x;, x5 — x,.

To prove (ii) we first show that there exists a function T'RT™ - R*
such that 7(6) » oo for 6 -0 and ¢ T(8) as soon as x& P,(X), [x,| <,
xeq@ ().
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Indeed, assume that this is not the case. Then there exists a sequence
of points x*e®,(2) such that x5—>0 and x*=g¢, (&), 1, > 1*< o0,
EF— E* e X, By continuity we have P,{¢,.(x*)=0, which contradicts
Corollary A.2.

Define k(z) and 4(r) by (A.6) and (A.35), respectively. From
Lemma A.1 (iv), and Lemma A.5 it follows, respectively, that there exists a
T >0 such that

k(t) <e, A(t)<e for =T (2.21)

Let 6 >0 be so small that 7(d)> 7. Then (2.21) means that (2.15) and
(2.17) are satisfied for |x,|, |x5| <d; (2.16) follows immediately from (2.17)
for |x;—~ x| =0 for j=1, 2. This completes the proof of (ii).

To prove (ii1) we first show

& (ENY, S, (5). , (2.22)

Indeed, let {x"} > x, x"=¢, (£"), {"e X, and x¢ ¥, ie, x, #0. Then {1, }
is bounded by Lemma A.1 (iii) and, therefore, we may assume &" — ¢e X,
t,—t<oo. By continuity of ¢, we have ¢,({)=x, |(P;+ P,) o (&) <2y
for 0 <s<t, hence x € &, ().

Because of (2.20), to obtain an extension of s to a neighborhood of
(P,+P,)x, we repeat its construction with U replaced by some
neighborhood of U in the sphere |x,/=# and £(n) replaced by

{x:)x <20, |x;l <n}. 1
Let now U, 5, o, and s be as in Lemma22 Extend s to

(P, +P,) ?,(X)n Y, by defining s(x,, 0)=0 for (x;, 0) e (P, + P,) ,(2).
By Lemma 2.2 (iii), at each point (x,, x,)e (P, + P,) @ (L)Y, s is a
restriction of a C' function defined in some neighborhood of (x,, x,).
Therefore, s satisfies the hypotheses of the Whitney C' extension theorem
(Abraham and Robbin, 1967) at each such (x;, x,). The estimates
(2.15)—(2.17) of Lemma 2.2 mean that these hypotheses are satisfied at
points of (P, + P,) @,(2) " Y, as well with 0 as the candidate for s'(x, 0).

Applying the Whitney extension theorem we obtain the following.

2.3. Corollary

Let the assumptions of Lemma 2.2 be satisfied. Then s extends to a C"
function § on Y+ Y, such thar §(x{,0)=0, §(x,,0)=0 if (x;,0)e
(P, +P,) P (2)NnY,.

Combining Lemma 2.2 and Corollary 2.3 we obtain the following.
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2.4. Lemma

Let X, n, 0, U, B, and § be as in Lemma 2.2 and Corollary 2.3. Assume
(Y, +Y)NU#. Then there exists a 0<n,<n such that 61 :=35| 4,
extends to a C* function s,: Y, + Y, — Us such that

graph s, " Q(n,) =@, (graph o,) U (Y, N Q(n,)

is a locally invariant manifold of ¢, containing (®,(2) 0 Y,;)nQ(n,).

Proof
Since locally Y,+ ¥Y,=W?*0), for xeUn(Y,+Y;)#0 we have

lim, , , ¢,(x)=0, which implies 0e®,(X). By Corollary 2.3 we have
5(0, 0)=0, §'(0, 0) = 0. Thus, for 1, < # sufficiently small the function ¢, :=
51 (p, + Py riny admits a C! extension to a neighborhood of (P, + P,) I'(n,)
satisfying (2.13), (2.14) with # replaced by #, and U:=(P, + P,) I{(n,).
Also, by its definition, ¢, admits a C' extension to a neighborhood of U.
Applying Lemma22 (i) to o, instead of ¢ allows us to define s;:
(P,+P,)®,(2,)~Y; by graph s5,:=9®,(2,), where X, :=graphog,.
Extend s, to Y, nQ,(n,) by defining s(x,,0):=0. Near any point of
(P+P,) @, (Z)\Y,, 5, is a restriction of a C* function by Lemma 2.2
(iii) (applied to o,), while at any point of ¥, Q(n,), s, satisfies the
assumptions of the Whitney C' extension theorem because of Lemma 2.2
(ii) (applied to ;). Therefore, s, extends to a C* function on Y, + Y.

Trivially, both @, (Z,) and Y, n£(n,) are locally invariant and their
union contains (®@,(X)n @, (2,)) v (Y, ~2(n,)). Thus, all that remains to
be proved is

(Py+P) @,(Z1) = (P, + Py) QI N\ Y. (2.23)

Since the restriction of P, + P, to &, (X} is a local isomorphism,
(Py+P,) @, (2,)is open in (P, + P;) 2(n )\ Y. To prove (2.23) we show:
that it is also closed in (P, + P,} 2(#%,).

Let (xy,x,)e(P;+P,)8(n,) and x,7#0. Assume that there are
sequences &,ely, £— &€y, 1,20 such that ¢, ()ed®, (L) and
(Pr+ P2) 0,(8k) = (x1, X))

Since x,#0, from Lemma A.1 (iii) it follows that {z,} is bounded.
Therefore, we may assume that ¢, —*>0. By continuity we have
(X1, %2) = (P + Py) ¢() € B,(Z,), hence ¢.(£) € B,(5,) by
Lemma A.1 (ii). This completes the proof. |
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Proof of Proposition 2.1

All the hypotheses of Lemmas 2.2 and 2.4 and Corollary 2.3 being met,
define s, as in Lemma 2.4. Denote

M =R D(graph s, N Q(n,)). (2.24)

The PLN-invariance of .# follows immediately from its definition and the
PLN-invariance of #Z. By Lemma 2.4 we have

@(graph s, N Q(1,)) 2P(Y, N 2(y,)) = W*(0).

It remains to be proved that .# is a manifold.
Since graph o, < I'(n,), applying consequently Lemma 2.4, hypotheses
(v), (iv), (iii), and Lemma 2.4 again we obtain

A n d(graph s; N (1))
=R O(P, (X)) =R P(I'(n,)) N DP(L))
=D(ANT ()N DLZ)=D(RNLMM)T(n)) "DP(Z))

=B(P,(2)NT(1n,)) " P(2)=D(P,(Z) I (1)),

By (2.18), the trajectories of ¢, cross I(y,) transversally, hence
D(D, (XY T(n))=RnD(graph s; " Q2(n,)) is a submanifold of Y of
dimension dim Y, +dim Y,. Since both # and @(graph s, n 2(#,)) are sub-
manifolds of Y of the same dimension, so is 4 = @(graph s; " 2(n,))v . |

2.5. Remark

When introducing the invariant manifold V which is tangent to
Y, + Y, at 0, we have mentioned that it is not unique. Proposition 2.1 gives
a method to construct additional manifolds tangent to Y, + Y, at 0
provided one of such manifolds is known (in our case the latter is represen-
ted by the manifold which we have placed to the Y, + Y,-plane by our
coordinate transform). If one takes n >0 sufficiently small, defines U :=
Inyn(Y;+Y,) in Proposition 2.1 (and Lemma 24), and chooses a
function o: U — Y, satisfying the estimates (2.13) and (2.14), then there is
a unique invariant manifold tangent to Y, + ¥, and containing graph o.
Note that the right-hand sides of (2.13) and (2.14) can be replaced by py
and g, respectively, p >0 and ¢ >0 arbitrary.
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3. PROOF OF THEOREM 1.1

Recall that we denote
N =max i(w); (3.1)

we E

by |-| we denote the norm of X. Also, recall the notation introduced before
Theorem 1.1. We start our proof by preparatory lemmas. Their proofs are
heavily dependent on the papers (Brunovsky and Fiedler, 1986, 1988,
1989). Therefore, we have to introduce some notation used there.

By the zero number of a continuous function v # 0 on [0, 17, denoted
by z(v), we understand the number of its strict sign changes (Brunovsky et
al., 1986, 1988, 1589). We denote

Z,={veE:z(v)=norv=0}
if /(0)=0, niseven and i(0)=norn+1 and
Z,={veE: z(v)=n}

otherwise (Brunovsky and Fiedler, 1989, pp. 6, 11). Further, for an
interval /< R, we denote

ElI={veE:v'(0)el}.

As Brunovsky and Fiedler, (1989), we order the elements of E by their
initial slope v'(0) and we use freely the terminology above, below, maximal,
neighbor, etc., relatively to this ordering.

3.1. Lemma

For all v, #v,€ E one has z(v, —v,) < N.

Proof

Without loss of generality assume
v31(0)>0,  |v3(0)] <v1(0), (3.2)

[if 21(0)<0 and [v5(0)| <vj(0), replace f(x) by —f(—wu)]. Then by
Brunovsky and Fiedler (1989, Lemma 4.2) we have

z(vy ~ vy} =z(vy). (3.3)
Further, we have
N—1<max z(w) < N. (3.4)

weE
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This follows from Brunovsky and Fiedler (1988, Lemma 5.1) or Brunovsky
and Fiedler (1989, Lemma 2.1), according to which for 0 # we E we have

i(w)e {z(w), z(w) + 1} (3.5)
Suppose now z(v, —v,) = N. Then, from (3.3) and (3.4) it follows that
z(vy)=z(vy—v,)=N. ’ (3.6)

From (3.1) and (3.5) it follows that
i(v,)=N. (3.7)

We complete the proof by showing that the existence of vy, v, such that
(3.2), (3.6), and (3.7) hold simultaneously is contradictory.
We start the proof by showing

E(0, v1(0)) = &. (3.8)
First, we prove
E(0,vi(0)nZy=. (3.9)

Suppose that this is not true and denote w the maximal element of
E(0, v{(0))n Z,. Then, w is the neighbor of v, in Z and v3(0) w'(0) > 0.
Thus, i(w)+#i(v,) by Brunovsky and Fiedler (1988, Lemma 2.2). Since
iw)e {z(w), zw)+1}={N, N+1}, by (3.4) we have i(w)> N, which
contradicts (3.1).

Knowing (3.9), from Brunovsky and Fiedler [1989, Lemma 2.2(i)],
we conclude Z, n E(0, v1(0))= & also for k < N. Since Z, n E(0, v1(0)= &
for k> N by (3.4), this proves (3.8).

From (3.8) it follows v, e E[ —v1(0), 0]. In order to show that this is
impossible we distinguish two cases:

(a) N odd, (b) Neven.

In case (a) it follows from (3.2) that v,(x) :=v,(1 — x) is the maximal
element of FE(—00,0)nZy. Indeed, since ¢1(0)= —v(0), if
we E(—v1{(0),0)n Z,, then we E(0, v7(0)), which contradicts (3.8) (cf.
also Brunovsky and Fiedler (1989, Lemma 2.5).

From Brunovsky and Fiedler (1989, Lemma 2.4) it follows that
E(i(0), vi(0)# . Since i(v,)=i(v,)=1z(v,)=1z(v;) by symmetry, we
have [E(—v1(0),0)u(0,2,(0))]1nZ, = for k<N by Brunovsky and
Fiedler [1989, Lemma 2.6(i, )]. Therefore, v5(0)=0. By Brunovsky and
Fiedler (1989, Lemma 2.3), this is possible only if f(0)=0 and v, =0 and
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can be excluded by the perturbation argument used at the end of the proof
of Brunovsky and Fiedler (1986, Theorem 1.5). In case (b), —v}(0)<
05,(0)<0 and E(0,v)(0))=¢ implies that the maximal element w of
E(— o0, v1(0)) satisfies —v7(0)<w’(0)<0. If w'(0) <0, by Brunovsky and
Fiedler (1989, Lemma 2.4) and (3.7) we have z(w)=N—1. Since N—1 is
odd, w(x):=w(l—-x)eE, 0<w'(0)<vi(0), a contradiction to (3.8). There-
fore, w(0) =0 which can again be excluded by the perturbation argument
mentioned in case (a). [

3.2, Lemma

For every u, #u, e of one has z(u, —u,) < N.

Proof

From (1.3) it follows that u, € W*(v,), u, € W*(v,) for some v,, v, E.
We distinguish two cases:

(a) vy #0,, (b) v,=0,.
Case (a)

Since S(u;)—>v,, j=1,2 and 1— —o0, in H,nH} and since (by
Brunovsky and Fiedler, 1989, Lemma 3.2) v, — v, has simple zeros, for ¢
near —aoo we have z(S,(u,)— S, (u,))=z(v, —v,). Since by Lemma 3.1
z(vy —v,)< N and since z(S,(u;)—S,(u;)) does not increase with time
(Brunovsky and Fiedler, 1989), z(u; —u,) < N.

Case (b)
Denote v:=v;=wv, and y(t, x) := S,(u,)(x) — S,(u,)(x). The function
¥(¢, x) solves the linear equation :
Vo= ytalt,x) ) (3.10)
with the boundary conditions
y(t,0)=y(1,1)=0,
where
1
alt, x)= | 1((1=8) S,(u2)(x) + 95 (1)) d.
We have
lim p(t)=0 and lim a(z, x) = f'(v{x)) (3.11)

{— —oo 1= —

uniformly in x.
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Since y(z) # 0, by Henry (1985), it follows from (3.11) that
lim y() ()7 = £4;(0)

[#,(v) defined in Section 1] for some 0<j<AN. This implies z(y(¢))=
z(¢;)=j<N for t near —oo and, since z(y(r)) does not increase with ¢,
also z(y(0))=z(u; —u,) < N. |

3.3. Proposition
For any ve E, of is the graph of a function h: Py (v)d — Xy (v).

Proof

The statement of the lemma is equivalent to: u =u’ whenever u, v’ € &
and u—u'eX (v). Since by Atkinson (1964, Exercise 2, p. 549), z(u—u') =N
if 0#u—u € Xy(v), we have u=u' by Lemma 3.2. |

3.4. Remarks

(1) The argument used to prove Proposition 3.3 remains valid if X,
X, are replaced by any two subspaces ¥, Z such that dim Y= N,
Y®Z=X, YnZ={0} and

zZ(u)= N forall ueZ. (3.12)

In particular, by Atkinson (1964, Exercise 2, p. 549), (3.12) holds if Z
Is the subspace spanned by all the eigenfunctions except of the first N ones
of any Sturm-Liouvilie problem and Y is any complement of Z,

(2) By a straightforward modification of the proofs of Lemma 3.2
and Proposition 3.3, one can prove that for any ve E, i(v)=n, W*(v) is a
graph of a function A: Py(v) W*(v) - X, (v). This property of W*(v) has
been conjectured and proved for finite dimensional approximations of
(1.1), (1.2) by Fusco (1987).

3.5. Lemma

For each veE there exists a q>0 such that for any two points
Wy, Wy € &/, one has

|Py(0)(wy —wy)| < q |PY(v)(w; —w»)l. (3.13)
In other words, the function h of Lemma 3.3 is globally Lipschitz.

Proof

It follows from Chow and Lu (1988) and Foias es al. (1986) that for
a given veE, there exists an M >N and a C' M-dimensional PLN-
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invariant submanifold .# of X (called inertial manifold) such that &7 « .#.
For any chosen v e E, the manifold .# is a graph of a globally Lipschitz C'
function g: U — X,,(v), where U is an open subset of X}/(v).

Assume that ¢ does not exist. Then, since .o/ and the unit sphere in
X{'(v) are compact, there exist sequences {w{}, {w}} such that w} — w},
wresl for j=1,2, P(wi—wh)|PY(wi—wh) "=y, |y/=1 and
|Py(x%—wh)| |PY(ws—w5)| "' >k (here and below in this proof we drop
the argument v at the projection operators and their images).

Note that

Py(wi—w3)= Py (wi—w3)+ Py (wi—w3)

= PY(wi—wh)+ g(P{'wi) — g(P{wh),
hence

P (Wi = wi) <IPY(wi—wi)l + 1P (wi —wi)l,
where 1 is the Lipschitz constant of g. Thus,

PYOE—wh)| _ [Py(wh—wh)l | P&(wE —wh)
YW —wh) 7 [PY(wh—wh) — [PY(wE—wh)]

[P (w7 —w3)l

2k—1-1 ,
[Py (w] — w3
or
[Py (W] — w3 1
2 k—1)— for k- 0.
Py —wh) T Tr1 ¢
Consequently,

IPYy| = lim | P (W] — wh)i < im |P5 (Wi —w5)l
0 - ~
koo |[PYWT =W koo |PH(wE—wk)]

=0

which means ye X ).
We have

|P3! (W —w5) ~H(wf —wh)

= 1P (wi = wi)l TP (w — wh) + g(PY(wh)) — g(P(w5)]

1
-| 1+ [ e — 0w+ 0u8) do) | 1Pk ) P

— [Hf: g (PH((1—0)wk + 0w¥) d@)} v+

where lim, _ ¢, =0.



Vyber prac z dynamickych systémov a diferencidlnych rovnic =~ 147

308 Brunovsky
We have ye X/ (v), [5 &' (PY(1 —0)wi + 6w¥) dfy e X,,(v), hence
Py [1+ fol g/ (PY((1—0)w} + Ows) dHJ y=0,
and therefore,

z ([[-1— Ll g (PH((1 = 0)w¥ + 6w¥) d()] y) >N

by Atkinson (1964, Exercise 2, p. 549).
The zero number is lower semicontinuous on X, hence for sufficiently
large & we have

z(wf—wh)= N

This contradicts Lemma 3.2. ||

2.6. Corollary

For each ve E there exists a g> 0 such that

[Py(v) yI<q|PF(v) ¥l
Jor any ye T, W*(w), ue W*(w), we k.

Indeed, since W*(w)c< .o/, we have for any C' curve y: [0, ¢,) —
W w), y(0)=u, y'(0)=ye T, W*(w)

[Pn(y)=Lm 1/e [Py (y(e) —7(0)]

< g lim 1/e[PG(3(e) = (0)] = ¢ |1 P (v) yl.

Proof of Theorem 1.1

By Proposition 3.3, for any chosen ve E the set o/ is a graph of a
function h: P)(v).of - Xy. Also, from Corollary 3.6 it follows that 4 is C*
“on each P[(W*(w)), weE. It remains to be proved that there exists a
PLN-invariant C' manifold .#" of dimension N containing .o¢. Since . is
a compact attractor, it is obvious that 4" can be restricted in such a way
that it will preserve its invariance properties, contain .2/, and be a graph of
a C! extension of A.

The manifold 4" will be constructed by induction. Let us order the
equilibria into a sequenbce w,..., w, in such a way that i(w;) > i(w,) if j <k.
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We construct a sequence {4} of C' locally invariant manifolds of dimen-
sion N such that .47, extends an open submanifold of .#; and

o=\ ) Ww,)= A
v g
Then, 4, will be a locally invariant manifold of dimension N containing 4.
Denote

Joi=max{j i(w,)=n}.

We define

H= U w4 w).

N
1sji<jin

For a given j> j, denote n:=i(w;) and assume that .4;_, has been
constructed to contain {J; <, <;.; W*(w,). To complete the induction step
we extend an open submanifold of 47 | containing «/_, to a PLN-
invariant manifold .#; containing W*“(w,).

To this end we employ Proposition 2.1. First we note that the inertial
manifold theorem of Chow and Lu (1988) and Foias et al. (1986) allows
us to reduce the extension step to one for finite dimensional systems. As
mentioned in the proof of Lemma 3.5, [8, 9, 20] provide for an M < N-
dimensional PLN-invariant manifold .# which can be expressed by .# :=
graph g, where g: Q — X, (w;) is C' and Q is an open subset of X (w))
containing P}'(w;)(#). The semiflow induces a local flow ¢, on Q by

@ u)=P{(w;)S,(u+ g(u)).

To simplify the formulations we extend o, to a global flow on X(w,) by
modifying it outside some neighborhood of P;/(w;).«/ if necessary.

Since of < ., in particular, we have W*(w,) = .# for all v. Therefore,
we may add A4;_,<.# to our induction hypotheses. In addition, we
assume that

K= oD,) (3.14)

v J

where D, is a locally invariant open disk of dimension N containing a
neighborhood of w, in W*w,). From the construction of A it is seen
immediately that it also lies in .4 and satisfies (3.14) with j—1 replaced
by J.

We now introduce some notation to match that of Proposition 2.1.
First, we note that the spectrum A of the operator L of the linearized

865/2/3-5
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problem (1.4) for v:=w; [defined by (Ly)(x)=y"(x)+ f'(v(x)) y(x) for
ye Hyn H*] admits a partition 4w Ay, A=A, 0 A, A,;, where
Ay i={ =AW —du_1(W) ), Ayi={—4,W)s —Ay_ (W)}, A3:=
{—=AN(W))oy —Apr_1(w))}, and A, := {A,,,...}. The corresponding splitting
of Yi=Xp(w;) is Y=Y, @Y,®Y,, where Y, :=X((w;), ¥,:=X(w)),
and Y; := X (w,). Then for 4,:=L]|,, (2.3)-(2.5) are satisfied with

y <min{ |4, (w;)l, [4.(w;)] },
p= 1_/2(/12\7— 1(w;) + An(w))),
0<d<1/2(Ax(w;) — Ay _y(W;)).

As in Section 2 we introduce coordinates x= (x,, x,, x3) in such a
way that x(w;) =0 and the manifolds W*(w;), W*(w,), V, and W (the latter
two introduced in Section 2) locally at 0 coincide with Y,, Y,+ Y5,
Y, +7Y,, and Y5, by P, we denote the orthogonal projection ¥ — 7Y,
Jj=1,2,3. We do not distinguish between .#;_,, &/ _,, @,, etc, and their
representations in the x-coordinates. Then, ¢, is generated by the differen-
tial equation (2.11) and satisfies (2.6), with R satisfying (2.7)-(2.10). It is
then sufficient to construct .#; as a submanifold of the x-space.

As the manifold # of Proposition 2.1 we take a suitable restriction of
A;_, of the form (3.14) (with D, possibly replaced by their open subdisks)
which contains =/ _,. Below, we prove that .# can be chosen to satisfy the
hypotheses of Proposition 2.1. The PLN-invariant manifold R which is
provided by Proposition 2.1 is of the form (3.14) and contains both # and
W*(0). Trivially, # < .#. Therefore, we can take it for .4]. This completes
the induction step and, thus, also the proof of the theorem.

It remains to be verified that the requirements of Proposition 2.1 can
be met by a suitable choice of £.

By Lemma 3.5 we have .« = graph h, where h: (P, + P,).o/ = Y, is C'
and satisfies

(1, x2) — A(xT, x2)l < gl X — x|+ |x; — X3

for some ¢> 0 and any (x,, x;), (x|, x3) € (P, + P,)<; by rescaling ¥, we
can achieve ¢<1/4. Since & is compact it follows that there is a
neighborhood C of &/ such that

x5 = x3] < (1/2)(]x — xi] + [x; — x3]) (3.15)
for any x, x'e (N, _,u )N C.

The set .7, being the maximal compact attractor, is Lyapunov stable,
i.e., for any neighborhood Q of 7 there is a neighborhood R of .« such
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that @(R)< Q. In particular, by possibly restricting the disks D, we can
make @:=U‘,<j &(D,) to satisfy ¢l Z2< C. Then (3.15) holds for all
x,x'eBouoA.

By Henry [1985, Properties (5) and (1), p. 191], Oecl W*(w,) for
some v implies W*(w,) n W*(0)#0, the intersection being transversal by
Henry (1985, Theorem 7). Since W*(0) coincides with Y, locally at 0, for
sufficiently small # >0 we have

Wew) TN Y, %  if Oecl WHw,), (3.16)
Wi w )0 =g  if 0¢cl W w,). (3.17)

Since i(w,) 2 i(0) for v<j, from (1, Theorem 7) and (3.16), it follows that

Q)L — ) # D (3.18)
for >0 small
By Henry (1985, Property (5, p. 191), w, ¢ W*(w;) for v < j. Therefore,
by possibly restricting D, we can achieve

U D, (@) u WH(w) =& (3.19)

v j

for n> 0 sufficiently small.
Let #>0 be so small that (3.17) and (3.19) hold. To complete the
proof we distinguish two cases:

(a) Oecls 4, (b) O¢cl.e_,.

Case (a)

By (3.17) we have I'(n)n % n Y, ; because of (3.16), (3.17), by
possibly restricting D, further, we can achieve that

&(D,) el Qn)=F i O0dcl W w,) (3.20)

provided >0 is sufficiently small. Then since (3.15) holds for all
x, x' € # U o, and since O e o/, we have

x5 = 1x5 =0l < (1/2)(Ix,] + |x3])  for xec Q) nZ.  (3.21)

Take open subdisks G, of D, containing w, such that G, D, v<j,
and denote Z:=\),.; P(G,), U:=(P;+P,)RI(n). Then there is a
neighborhood B of U in Y, + Y, such that B< (P, + P)Z# and, therefore,
we can define o :=#h|z. By (3.15) and (3.21), #, U, B, and o satisfy
hypotheses (i) and (ii) of Proposition2.1; by (3.19), hypothesis (v) is
satisfied as well.
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To verify hypothesis (iv) we first note that from &(#)= 2 it follows
DL )NR)= DI ()N AR (3.22)

The opposite inclusion follows from the fact that S, and, consequently, also
@, 1s gradient-like, i.e., there is a scalar function ¥ on Y which decreases
strictly along nonconstant trajectories (Henry, 1981).

Indeed, let xe #, x=¢,(&), £€I'(n,), t = 0. By definition of # we have
x=@ (') for some t' 20, £’eD,, v<j; by (3.17) we have

WH(w,)n W*(0) # 0. (3.23)

Since V' decreases along nonconstant trajectories, from (3.22) it follows
V)< ¥V(w,). If >0, D, are chosen sufficiently small it follows that
V(x")< V(x") for all x"el(n), x"eD,, hence V(&)< V(&'), from which it
follows that ¢ —¢>0. This means (e P(R)nIT(n,)=RnT(y,) and
x=@,(&)e D(# N I(n,)). This completes the verification of hypothesis (iv).

It remains to verify hypothesis (iii). From (3.22) and the definition of
2 it follows that

ROR()=D,(2)u D, (% A7), (3.24)

where A(n):={x:|x,| =1, x| <n, |x3]<n}. For xed(n), x(t):=¢,(x)
we have

(1/2)d/de x|, o= <A x; x>+ {Fi(x), x>
> [yn* — L(n)1n >0,

provided #>0 is sufficiently small. This proves @,(4(y))= ¢ and, by
(3.17), verifies hypothesis (iii).

Case (b)

By assumption it follows from (3.17) and (3.18) that we can restrict
the disks D, in such a way that, for sufficiently small >0, we have
O %= . For such n>0 we can chose U:=1(n), s:(n)— Y,
arbitrarily satisfying (2.13), (2.14) and # := 740 ®(_e,«)(graph o) for some
&> 0 sufficiently small. This choice of # obviously satisfies the hypotheses
of Proposition 2.1 || '

APPENDIX

In this Appendix we prove several technical lemmas which are needed
in Section 2.
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We consider the differential equation
X;=A;x;+ Fi(x,), i:=1273 (A.1)

on Y=Y,+ Y, + Y, from Section 2 in the transformed coordinates. That
is, we assume that A, satisfy {2.3)-(2.5), F, are continuous and satisfy (2.6},
and (A.1) generates a unique flow ¢, which can be represented by

0,(x)=e"x+ R(t, x)

with x :=(x,, x,, x3) and R:=(R,, R,, R;) being C' and satisfying (2.9)
and (2.10). As in Section 2, by P, and R; we denote the orthogonal projec-
tion ¥ — Y, and P,R, respectively, j=1, 2, 3.

Note that (2.3)—(2.5) imply

le= M <e ™, (A2)
et e, e M Lelf Y (A.3)
e L e B+ (A4)

for =0, respectively.
Recall the definitions of I'(n), @(n), and I'(n) from Section2 and
denote

Q) := {xeQn): 1xs] <n}.
For given n> 0 define

p(t)=sup{|(P,+ P3) ¢ ,(x)| xe Q(n) L I(n), ,(x) e Q(n) for 0 < s< 1},

(A.5)
k(t)=sup {% xel(n), ;'(ps(x) eQ(niforb<s< t}. (A.6)
A.l. Lemma
For n >0 sufficiently small we have the following.
(i) If xe[(n)n2(n) and ¢ (x)eQ(n) for 0<s<1, then
| P3x(1)] < 2. (A.7)

(ii) If xecl I'(n), ¢(x)e(n) for O<s<t and |PLo(x)| =7y, then
|Pyx(t+ )| >n for >0 sufficiently small.

(iii) lim,_ ., p(t)=0.
(iv) |k(t)| <2 for t=0 and

lim k(r)=0. (A.8)

t— oo
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To simplify the formulations in the proofs in this Appendix, once we
consider ¢,(x) for some >0 we automatically will assume that
px)ecl Q(y) for 0 <s< ¢ without explicitly saying so. In other words, we
restrict ¢, to the (local) flow in cl 2(x). Once we prove Lemma A.1(i) it
allows us, in addition, to restrict ¢, to £()u I'(5). This does not concern
the formulations of the results, which are given in full.

Proof

(i) For xel(n)uB(n), n sufficiently small and 0<¢<1 it follows
from (2.9) and (2.10) that

|R2(ta xl:x29x3)| SL(T])(|X2|+|X3|), (Ag)
|R1(ta xlsx2=x3)|<L(n)|xl|a (AIO)
|R3(2, X1, x5, x3)] < L(n)x3]. (A.11)

Denote x(r):=¢,(x). If |x3(¢)] =9, from (2.5) and (2.12), it follows
that

(1/2)d |x5(1)*/dt = (x5(2), Azxs(1) + Fa(x(2)))
< —(B+0)n*+ L(mn* <0 (A12)

provided # is so small that L() < f+ 6. This proves (A.7).
(ii) If n is so small that (i) holds, by (2.3) and (2.11) we have

12 d |x,()/dt = {x,(¢), Ax,(t) + Fy(x(2)) > = ym° —n*L(n) >0,

provided n >0 is so small that L(n) <y. This proves (ii).

(ili) Let #>0 be so small that (i) holds. Then |x,(r)|<2#n for
j=1,2,3, and by (A.9) we have

[xa(2+ D < (e77+ Lin)) [x2(0)] + L(n) Ix5(0)1,
xs(t+ DI < (e P+ L(n)) |x5(2)],

hence
|x2(2 + )| + [x3(2+ 1} < (e 77 + 2L )1 x2(2)] + |x5(2)}). (A.13)

Let #>0 be so small that a:=e~7+2L(n)<1. Applying (A.13) to
t=0,1,..,rn—1, we obtain

1%2(n)] + |x3(n)]| <247



154  Vyber prac z dynamickych systémov a diferencialnych rovnic

Attractor of Scalar Reaction Diffusion Equation 315

If n:=[t], the integer part of 7, we have

1Xa(0)] + |x3(0)] e |xy(n)] + L(n)(1x2(n)] + |x3(n)])
+e” PO 1xy(m)] + L(n) | x3(n)]
< (1+2L(2n))(xa(n)] + 1x3(n) ) < 2(1 + 2L(x))a"y
Since the left-hand side of the inequality depends only on #, this proves
iit).
() (iv) Let #>0 be so small that (i) holds. If x,(¢) #0, denote x(¢)=
1x3()] |%,(2)] 7% If ¥(£) < 1, we have from (A.9) and (A.11)

ESED) [e=* 2+ L(n)] Ix5(0)]
Pea(t+ 1))~ e xa(0)] = L Clxa(0)] + [xa(0)] 1
e 10))
Se T L1+ 2(0))

Let #>0 be so small that b:=[e D4+ L(n)][e ¥ P -2L(>x)] 1< 1.
Then, from x(0)<1 we obtain by induction y(n)<1 for t=n>0 integer
and, in turn, also y(n)<b"

Let now n=[t]. We have

()] = 1x3(0)] 1o )] 7' < Le P20 + L(n) ] Hxs(n)]
x Le™ P00 xy(m)] — Lm)(1xa(n)] + |x5(m)))]
<L+ L) —2L(7)) ™ x(m) < (1 + Lm)H1 —2L(n)) 6"

(it +1)

x(t).

Since b and the right-hand side of the inequality depend on # only, this
proves (iv). |

From the local invariance of Y, Q(x;) and Lemma A.1 (iv) we
obtain the following.

A.2. Corollary

For sufficiently small >0, one has |P,¢(x)| # 0 provided x € I '(n) and
@dx)eQ(n) for 0<s<t.

In most of the arguments below there is no need to consider the com-
ponents x; and x, separately. Therefore, in order to shorten the formulas
we frequently aggregate them into one component x,,:=x, + x,. Corre-
spondingly we write Y, ;== Y, 4+ Y,, Ay, :=A;+ 4,, P, :=P,+ P,, elc.

For fixed x, x" denote y(¢) :==¢,(x')— ¢,(x). From (2.6) it follows that

yi(s+1)= emiyi(s) +b; (1, 5) yios) + b:3(7, 5) y3(s) (A.14)
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for 0<s<t, 0<t<min{l, r—s}, and =12, 3, where
1
biy(t5)=| D Ri(r, (1—8) ,(x)+ 9,(x)) 49,
0

In the lemma below we consider y(t) satisfying (A.14) with b, ;(t, 1)
such that

b (tOl<L for i,j=12,3, 120, andsomeL>0, (A.15)

1b3,12(1, 1) < p(1), (A.16)
where p satisfies
lim p(z)=0. (A.17)

A.3. Lemma

Let g>0 be given. Let y(t)=(y2(t), y5(1)) satisfy (A.14) with b, ;
satisfying (A.15) and (A.16), p satisfying (A.17). Then for sufficiently
small L>0 there exists a positive function r: [0, c0) — [0, o) depending on
p only and satisfying

lim r(¢)=0 (A.18)
such that if
1y3(0) < g |y12(0)] (A.19)
then
|y <r(e) |yea()]- (A4.20)
Proof

Let y(0) satisfy (A.19) and y,,(0) # 0. Denote

At) == ys(0) | yi2(2)] -

If A(n)<gq, we have

(le®| + L) | ys(n)| + min{p(n), L} | y;5(n)|
(le="2 ' = L(1+q)) | y1a(n)l

< yxAMn)+o,,

Mrn+1)<

E
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where
e BTy e X+ Lef~°
I (11 q)L 1—(1+q) LeP—*
min{p,, L
. = P, L}

”_e_(ﬁ“‘”—L(l-Fq)‘
Let L >0 be so small that
<1 (A21)
and
g +06,<qg. (A.22)

From (A.22) it follows A(n) < ¢ by induction, and from (A.21) we obtain

1 n—1

An)<y'q+ Y y* ' o=y"q+K Y x* ' ‘min{p, L}
1 =0

j=0 j=

where K=[e Y=~ L(1+¢)] .
Let ¢ > 0. Choose N = N(g) so large that

(1—x) 'p,<eB3K for n=N, yg<e/3, 3V <(NLK) 'g3.

Then, we have for n 22N

N—-1 "
My g+ VK Y, yNTUIL+K )Y T T p<e/3+¢3+¢/3<e
= .

i= j=N
(A.23)
Let now n<i<n+ 1. We have
As(t—n) L
M) < (le — (ll:; “1) |ys(n) + p, [ y1a2(n)] ,
Cle™ == = (L + q)L] | yi(n)]
S MyA(n) + M p(n), (A.24)

where M, :=[e ¥~ L(g+1)] 'and M,:=(1+L)M,.
Let {¢,} be any sequence of positive reals satisfying ¢, — 0 for n — .
Define

H(1):=M,e,+ M,p([t]) for 2N(e,)<t<2N(e,. ).

Then r depends on p only and satisfies (A.18); from (A.23) and (A.24) we
obtain (A.20). §
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A.4. Lemma

There exisis a q >0, such that if y is sufficiently small, x, x' € I'(n), and
|33 — x5 < xyp — X0, then

[P3(@dx) = x)<ql(Py+ P )(o,(x) — x')| (A4.25)

whenever t 20 and @,(x)e Q(n) for 0 <s<t.

Proof

As usual we write x(¢) := ¢ ,(x) and assume that # >0 is so small that
Lemma A.1(i1) holds true. We split the proof into three cases:
(a) ZST: lxlz‘"x/12|<X1’7:
(b) <7, |xp— X0 > xum,
{c) t>1,
y1 and t to be determined later. In each of the three cases we prove
separately that for sufficiently small #>0, a ¢>0 satisfying the
requirements of the lemma can be found.
Case (a)
We have
|x%3(1) — x5/ 2[1xs(0) = x3]* + x5 — x51%]
1 2(1) — x7517  x02(0) = X1 + [ X105 — X757 = 2{05(1) = X 13, Xp5 — X5 )

We find ¥, >0 and 0 <t <1, for which there exists a constant A <1 such
that
Cxa(8) = X 13, X12 = X120 S A x12(8) — X 5] [ X2 — X1 (A.26)

provided <1, |x;, — x,| < y,# and # >0 is sufficiently small.
Suppose for a moment that (A.26) holds. Since

|212(2) — x 0] 115 = X1a| S L/2[0%x,0(2) = X157 + |21, — X152,

we then have
|x5(2) — x5/ 20 |x3(t) — x50 + x5 — x5]*]
1x12(1) = x15% ~ (L= A)[[x12(8) = X 1212 + | %15 — x1]*]
2 [|x3(t — X, N |x3—x’3l2:|

)

|x2(2) _xlzlz [X12 _x’12|2
(
(

< 2 |:1+ 2x4(1) — x4 :|
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For t<t we have by (2.6)

xs(n) =l < e = x| < [ x4 Fx(o)) ds <Ky, (A27)

where K, :=2(|A4|+ L(n)). Further, using the variation of constants for-
mula we obtain

|X12(2) = X 12| 2 [x5(2) — x| 2 |x,] — |x5(2)]
=1 —e 'n—2te" L{n)n > Kt
with K,=1—e¢77—2e"!L(n). Hence, if 1< 1 and if # >0 is so small that
e 7—=2e" L(n)< 1, for 0<t< 1 we have

=X 2 [ K]

g1+
[x2(0) —x1n* T 1—4 K,

ie., (A.25) is satisfied with g=(1— 1) (1 + K¥/K3).

To complete Case (a) it remains to find 1>t >0 and ¥, > 0 such that
(A.26) is satisfied for 0<r<1t and |x;, — x| <y, for >0 sufficiently
small.

Let m, be the orthogonal projection of the neighborhood of the point
X In P, I(n) into T P, I'(n). Denote

X12
Sri=r,(x,—x1) [x; — x| -

Then there exists a function w: R* - R™* (independent of #) such that
@(t) =0 for t -0 and

X102 = X = f1x12 — %] S0 " x5 —x5]) [x, — x4
We have
(xpa(8) = X195 X5 — X120 = X5 = X0 xa(1) — Xy, [
T xp(t) = xpp, Xy~ X — f 1% — X1a] ),
hence
Xialt) = X125 X1 = X12D — [X 15— Xio) {X1a(1) — X1, £
S0~ x = X)X — xis | xa(t) = x ). (A.28)

We now estimate {x;5(1) —x;,, f). Since {x,, f>=0, {x,x,>=0, we
have

Cxalt) = X125 [ = 1x12(0) = x 12 |* — (X3 = x15(2), |%,5] ', 02

= xp5(t) = x5 7 — 5 2 xal1) — x5, X502 (A.29)
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Further, for 0 <t <1, by (2.4), (2.6), and (A.27) we have
t
) =02 = ([ TAyals) = Fa(als) ], 2 ) s

> 1Ay 32> = || [l4allxale) sl + 2L ()] ds

>ty — |4,| 1K — L(n)1n>,
Hence, for 1> (1/4)|4,| "' K[ 'y and L(n) <y/4 we have

{xy(8) = x,, X, 0 = 1(y/2)n°. (A.30)
Substituting (A.30) into (A.29) we obtain
(xaft) = X2, [ 2 < Uxpalt) — x 0] — 139%/4.
On the other hand, from (A.27) we obtain for 0< <1
12 (Kym) 7 |x(0) — x| 2 (Kin) ™ x () = x4,

which implies
xya(2) = Xx10, [P KAy |x5(0) — x| (A.31)
with 4; :=1—(1/4) K[ *y*< 1. From (A.28) and (A.31) it follows that

(X a(8) = X2, X0 — X120 SAx = X| [%10(8) — X35 |

where A=A, +w(n'|x;; —x]). If ¥, is chosen so small that w(y,)<
1—4,, we have A<1.

Case (b)
If t<7 and |x,, —x\,| =y n we have
xO-x _ m
|x12(8) — x12|  x1m = [X12(8) — X1
Further, by (A.27) we have
|x52(2) — x| <Kt

If t<(1/2) ;K ', then
lea(1) — x51 <4y x0(1) — X,

ie., (A.25) holds with g :=4y".
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Case (c¢)

Let 1< 1 be given. For 120, 0<s<1t we obtain from (A.3) and the
variation of constants formula

lx (2 +5) =

e125x,(t) + r e Fo(x(t+0)) do
0

< e | x,(1)] 4 2se2 L(n)7. (A.32)
In particular, for t =1 we have

[x2()] < ¥2m (A.33)

where ¥, :=e 7" + e L(n) < 1 for n >0 sufficiently small.

Assume that (A.33) holds for r=k1. We prove that for n>0
sufficiently small (A.33) extends to all ze [kr, (k+ 1)7].

From (A.32) and (A.33) applied to ¢ := kt we obtain for 0<s<1

.Xz(kl"i-S) ge*“)ﬁ”l +S€[A2'L(11)'1 < X2t

provided e "y, +se*L(n) <y, for 0<s<7, e, if (1—e ")y,—
se*L(n)>0. Since 1—e~" is convex, this is true if #>>0 is chosen so
small that 1 — e~ > te!2L(y).

By induction we obtain |x,(¢)}| < y,# for ¢ > 1. Hence, for ¢ > 1 we have

[xa(r) —x3]_ |xs(@)] + |x3]
| x02() = Xia| 5] — |x2(1)]

Hence, (A.25) holds with ¢ :=2(1 — x,).

<21 —y2)7 %

A.5. Lemma

For > 0 sufficiently small we have

lim A(f)=0, (A.34)

where
|P3(S, , {x)— S,(x"})]

A1) = sup {l(Pl F P ) =Sy 2 e,

ox)eQ(n) for O<s<r+r, o (x")el(n) for O<o<y,

%3 — x5 < lxu—xizl}- (A.35)

865/2/3-6



Vyber prac z dynamickych systémov a diferencialnych rovnic

161

322 Brunovsky

Proof

First, we note that by Lemma A4, for sufficiently small >0 there
exists a g >0 such that

123(@(x) = x")| <GP, + P )((x) —x')]

provided x, x € I'(y), and |x, — x| < [x1, — x5
The assumptions of Lemma A.3 are satisfied for

(&) =@, (x) =@ ('),
with L := L(n) and

p(t)=sup{[D,,Rs(s, (1 = 8) @, (x) + @ (x')}: £ 20, 0<s5<],
0<3<l, x,x'ecl@(n)}.

To check that p(t) satisfies (A.17), note that from (2.9) it follows that
D. Ri(s,x;,,0)=0 and, since R is C', D, Rs(s,x)—=0 for x;—-0

x12 X2

uniformly for 0<s<1 and xe(n). Hence, (A.17) follows from
Lemma A 1(iii). Now (A.34) is an immediate consequence of Lem-
maA.3. |
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It HAS BEEN known for some time (see [8, 10, 14]) that scalar one-dimensional autonomous
parabolic equations under separated boundary conditions have all bounded trajectories
convergent. Recently, generalizations of this result to periodically timed-dependent equations
have been established. Chen and Matano [5] have considered the equation

u, = uy, + f(t, u), t>0, 0O0<x<l, @

where f is of class C?, f(t + 7, u) = f(t, p) for some 7 > 0, under various types of boundary
conditions (Dirichlet, Neumann, periodic). They have proved that any bounded solution of this
boundary value problem converges to a t-periodic solution of (1) and (2). In his thesis,
Sandstede [13] extended this result by allowing f to depend on ¢, x, 4 and u,. He proved the
result for Dirichlet and, under some restrictions, for Neumann boundary conditions.

In this paper, we present a general convergence theorem with a simpler proof than the one
in [13].

We consider a quasilinear parabolic equation

u, = d(t, x, u, uu., + f(t, x, u, u,), t>0, 0<x<l1, 2

where d, f € C*(R X [0, 1] X R?, R), d > 0, are periodic in # with a common period 7 > 0. We
consider either of the boundary conditions

u(t,i) = h(t), t>0, i=0,1, (3a)
ult, i) = g(t,ut,i)), t>0, i=0,1. (3b)

Here, g;(t, u) and h;(), i = 0, 1, are C2-functions, 7-periodic in ¢.

In the sequel the boundary conditions will be referred to as (3), assuming that only one of
(3a), (3b) is chosen. -

The problem (2), (3) is well posed on the Sobolev space H? := H%(0, 1) (see [1, 2]). For any
uy(+) € H* satisfying the compatibility conditions

ugi) = h(0), t>0, i=0,1 (4a)

209
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or
uo (i) = g0, uo(?)), >0, i=0,1 (4b)

[depending on whether we consider (3a) or (3b)], there exists a solution u(z, ) of (2), (3) with
u(0, -) = uy(+). This solution is unique (up to the extension of the interval of existence) and
depends continuously on #,. Denoting the maximal interval of existence of u(¢, *) by [0, 5,), we
have s, = + oo if ||u(¢, +)| g2 stays bounded as ¢ = s,. In the latter case, the set {u(¢, +): ¢ > 0}
is relatively compact in H?. By the regularity results of [1, 2], (¢, x) is a classical solution
(i.e. u;, u,, u,, are continuous on (0, sp) X [0, 1]). Moreover, u, has continuous derivative u,,,
hence (2) and the regularity of d > 0 and f imply that u,,, is continuous.
The theorem we prove in this paper reads as follows.

THEOREM 1. Let u(¢, +) be a bounded (in H?) solution of (3), (4). Then there exists a t-periodic
solution p(z, x) of (3), (4) such that

lim lu(z, ©) = p(t, )2 = 0.

It will be useful to reformulate the conclusion of the theorem in terms of the Poincaré map
T of the periodic problem (2), (3). By definition,

T(ue) := u(z, *)

if the solution u(¢, ) with u(0, ) = u(-) exists up to the time 7. The domain of definition of
T is an open subset of the manifold

X := {uy € H*: u, satisfies (4)}.

Clearly, u(t, -) is 7-periodic if and only if u, is a fixed point of 7.

An obvious consequence of the conclusion of theorem 1 is that the sequence 7"y, = u(nz, *),
n=0,1,2,..., converges to p, € X. By the continuous dependence of the solutions of (2),
(3) on initial conditions, the opposite is also true: if T"u, = py(+) [in which case py(-) is a fixed
point of T'], then the solution p(z, x) of (2), (3) with p(0, x) = p,(x) satisfies the conclusion.

The proof of the theorem is (of course) based on the properties of the zero number of
solutions of a linearization of (2), (3). In fact, the quasilinearity of the equation is of no
relevance. The arguments apply to any equation

u, = F(t,x, u, Uy, Uy), t>0, 0<x<l, 5)

with F(¢, x, u, p, q) € c?, F,e C%L F periodic in ¢, and F, = f > 0 everywhere, provided the
basic theory (existence, uniqueness, continuous dependence) and sufficient regularity (in
general, continuity of u,,, is needed) is available. The reader interested in fully nonlinear
equations is referred to [6, 7] and the references therein, where the basic properties are studied.
Note that in the fully nonlinear case, compactness of the closure of a trajectory is not assured
by its boundedness (so in formulations of convergence results, compactness must be assumed).

In order to prepare the proof of theorem 1, we now state a lemma which appears to be
crucial.

Consider the linear equation

v, = a(t, X)v,, + b, x)v, + c(t, x)v, t>0, 0<x<l1, 6)
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with the boundary conditions

u(t, i) =0, i=0,1, t>0, (7a)
or

vlt, i) = (e, i), i=0,1, ¢>0. (70)

LemMa 1. Assume that a,, a,, a,,, b,, b, and c are continuous on [0, ©) X [0, 1], a > O every-
where, and that o;, i = 0, 1, are bounded C! functions on [0, ). Let v(¢, x) # 0 be a classical
solution of (6), (7). Then there exists a ¢* such that for any ¢ > ¢#* we have

v,(¢, 0) # 0, in the case of (8a) and
u(¢, 0) # 0, in the case of (8b).
In the case of Dirichlet boundary conditions this lemma follows directly from the results of
[3]. Indeed, by [3, theorem C], for ¢ > 0, the ‘‘zero number”’
z(v(2, *)) := sup{k € Z: there exist 0 < x; < X, < --- < X < 1,
such that v(¢, x)v(t, x;,,) < 0, forj=1,2, ...,k = 1}

is finite and nonincreasing in ¢. Moreover, z(v(Z, -)) drops at any ¢ such that v(¢, -) has a
multiple zero in [0, 1]. Since the integer value z(v(¢, +)) = 0 can drop only a finite number of
times, there exists a #* such that for ¢ > #*, v(¢, -) has only simple zeros. In particular, (7a)
implies that u,(¢, 0) # 0 for ¢ > #*.

In the case of the boundary condition (7b), lemma 1 is not so immediate. For the reader’s
convenience, its proof is included at the end of the paper.

The application of lemma 1 in the proof of theorem 1 is based upon the following
observation: if u,, u, are two solutions of (2), (3) then the difference v := u; — u, is a classical
solution of (6), (7) with @, b and c defined by

a(t, x) = d(t, x, uy, uy),
b(t,x) = {f(t, x, uy, uy,) — f(t, x, uy, uy,)

+(d(t, X, uy, ugy) = At X,y Up)p Uy, = U2) 7
ct,x) = {f(t,x, uy, uy) — f(t, x, uy, uy,)

+ (d(t, x, g, tye) = d(t, X, ty, Uy ittty — 1)),

for u; # u, , Uy, #U,,, and extended continuously to the set where u; = u, or u,, = u,,. [For
brevity we have omitted the argument (¢, x).] In the case of Neumann boundary conditions [(3b)
for u,, u, and (7b) for v] we have

(1) = (&i(t, uy(t, 1)) — gi(t, up(t, D)8, i) — up(t, )"

By hypotheses and by the regularity properties of the solutions of (2), (3), the functions a, b,
¢ and o; satisfy the regularity assumptions of lemma 1. Moreover, o;, «, are bounded if u,, u,
are.

We now prove theorem 1.
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Let u(¢, x) be a bounded solution of (2), (3). As mentioned above, it suffices to prove that the
sequence T"u(0, ) = u(nt, *),n = 0, 1, ..., is convergent. We first prove that the real sequence

M 2= (1 = O)u(nz, 0) + du,(nt, 0) ®

is convergent. Here ¢ = 1 in the case of (3a) and J = 0 in the case of (3b).
Consider the function

v(t, x) :=u(t + 7,x) — u(t, x).
Due to periodicity, u(z + 7, x) satisfies (2), (3) [as does u(z, x)], hence v(Z, x) is a classical

solution of some linear problem (6), (7). By lemma 1, unless v = 0 (in which case u is t-periodic
and the assertion is trivial), there exists a #* such that the function

t = (1 = o)u(t, 0) + duz, 0)

is of constant nonzero sign in (¢*, ).
Observe that

Nue1 — Np = (1 = d)v(nt, 0) + ov(nt, 0).

Thus for n > #*t7%, 5, is a monotone sequence. Since 7, is bounded [because u(z, -) is bounded

in H? and, thus, in C], it is convergent.
Denote

N = lim 7,. &)

n—oo

We now prove that the w-limit set w(u), defined as the set of all accumulation points of
u(nt, +) as n — oo, consists of a single point, i.e. u(nt, -) is convergent (recall that this sequence
is relatively compact in the submanifold X C H?). In the proof we use the obvious fact that

1 = )w(0) + ow,(0) = 7 (10)

for any w(-) € w(u) [see (8), (9)].

Let po(*), go(*) € w(u), and let p(z, x), q(t, x) be the solutions of (2), (3) with p(0, x) = py(x),
q(0, x) = gy(x). In order to prove that p, = q,, we apply lemma 1 again, this time with the
function . ’

u(t, x) = p(t, x) — q(t, x).

By continuity of the Poincaré map 7, we have p(nt, -) = T"p, € w(u) and, similarly,

g(nt, ™) € w(u) for all n. Therefore, by (10),

(1 = o)p(nt, 0) + dp,(n7, 0) = 7,

(1 — d)g(nr, 0) + dq.(nz, 0).
Hence,
ov(nt, 0) + (1 — O)v(nt,0) =0 forn=1,2,....

By lemma 1, this is possible only if v = 0. This shows that p = ¢ and completes the proof of
the theorem. )

We now prove lemma 1 for the boundary condition (7b). To this end we employ the following
lemma which can be proved by adapting standard maximum principle arguments [4, 9, 11] in
a straightforward way.



168  Vyber prac z dynamickych systémov a diferencialnych rovnic

Convergence in general periodic parabolic equations . 213

LEMMA 2. Let the functions a, b and ¢ be defined on D := [t;, £,] X [x;, X,] with a,, a,, a,,, b,
continuous and a > 0. Let v(¢, x) be a classical solution of (7) on D and for both/ = Oandi = 1
let one of the following conditions be satisfied:

@) ult,x)=0f"foralltelt,t],

(b) u(t,x;) # 0 for any ¢ € [t,, t,].
Then, z;, ,(u(t, -)) is a nonincreasing function of 7.

Here z;, ,, stands for the ‘‘zero number”’ on the interval [x;, x,] which is defined similarly
to the zero number on [0, 1].

Proof of lemma 1 for (8b). Let v# 0 be a classical solution of (6), (7b) on
Q := (0, «) x [0, 1]. First we show that z(v(¢, *)) < « for some #, > 0. This, in conjunction
with the nonincrease of z(v(z, -)) will imply that z(v(z, -)) is constant at some interval (#*, co).
. We then conclude the proof by showing that v(¢, 0) # 0 for ¢ > ¢*.

To see that z(v(z, +)) is finite for # > 0, we use the following simple observation: arbitrarily
near 0 there exists an open interval U € (0, «) such that one of the following three alternatives
holds: .

@) vt,i)y=0foranyte U,i=0,1;
(i) v, i)#0foranyte U,i=0,1;

(iii) v(¢,0) = 0 and v(¢, 1) # O for any ¢ € U;

@iv) v(¢,0) # 0 and v(¢, 1) = 0 for any ¢t € U.

In the case of alternatives (i) and (ii), theorems C and D of [3] apply respectively to the
solution v(¢, x) on U X [0, 1]. By these theorems, z(v(¢, -)) < o for ¢ € U. In the case of alter-
natives (iii) and (iv), the proofs of the above theorems have to be combined (cf. [3, pp. 81, 82])
to conclude the result.

In order to be able to apply lemma 2 in our next argument we ‘‘transform’’ the boundary
conditions. To this end, consider the function

ot (1 + E@et)?  forxel0,1/2],1> 0,
u(t, )1 + E)o(E)! forx e [1/2,1],t> O,

where &(x) is a smooth function on [0, 1] satisfying the following conditions:
inf{E@y (1): x € [0,1], 1> 0, i € {0, 1}} > — 1,
¢ = 0 in a neighbourhood of x = 1/2,
i) =0,¢60G)=1fori:=0,1.

w(t,x) = { (11)

It is easy to see that such a function £ exists and that wis a classical solution of a linear equation
W, = aw,, + bw, + éw,

where d, b and ¢ have the same regularity as a, b and c. Moreover, w satisfies
wi(t,0) = w(t, 1) = 0.

Thus, the transformation (11) leads to a boundary value problem (6), (7b) with ‘
ay(t) =0, i:=0,1. (12)
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Since v and w have the same zeros, this transformation shows that without loss of generality we
may proceed in the proof for v(¢, x), assuming (12).

By lemma 2, z(v(¢, -)) is nonincreasing. Since z(v(z, *)) is finite for ¢ > 0, there is a #* such
that for ¢ > #* we have

z(v(t, +)) = const.

We prove that v(¢, 0) # 0 for ¢ > ¢*. Suppose the opposite holds, i.e. v(#;,0) = 0 for some
t; > t*. We show that this leads to a contradiction.

Since z(v(t;, *)) < « and v(¢, ) # 0 on [0, 1] (otherwise v(¢,x) = 0 by the maximum
principle), there exists an x, € (0, 1) such that

u(ty, X)) #0 and v(ty, X)u(t, %) = 0 for x € [0, xp]. (13)

Assume, e.g. v(f;,Xo) > 0 [the case v(f;,xo) < 0 is analogous]. Choose f,, f; satisfying
t* < t, < t; < t3 such that
' u(t, %) >0  fortelt,t).
By lemma 2, the functions
Zpo,x1(V(Z, ), Zpx, (0, )

are both nonincreasing. Since we obviously have

Z(v(t, *)) = zpo,x, (2, *)) + Zxe, (0, *)) for t € (t,, 13)

and z(v(¢, +)) is constant for ¢ > 1, > #*, zy ,(v(Z, +)) must be constant as well. Hence, by
(13),
z[O,xo](v(ts )) =0 forte (t23 t3)*
Consequently, /
ut,x) =20 on Q= [t, 1] X [0, X].

We see that 0 is the minimum of v in Q, and it is achieved at the boundary point (#;, x;). Now,
the Neumann condition u,(¢,, x,) = 0 contradicts the Hopf boundary principle [12].
This contradiction shows that v(¢, 0) # 0 for ¢ > #* and lemma 1 is proved.
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1. INTRODUCTION
IN [1], THE author investigates the differential equation
ou ou
2 Fe@) - =f(x,w), (6, x) €D =[0, =) X A, A=[0,1]. 1)

This equation describes the dynamics of growth of certain types of cell populations most
prominent of which is the red blood cell population. It is shown in [1] that under certain
natural conditions on ¢ and f the equation (1) generates a semiflow S,, =0 on C.(A) (the
space of nonnegative continuous functions on A) with an invariant set V,, on which the
behaviour of the trajectories of S; is chaotic in the sense of [2]. This means that S, has a dense
trajectory in V,, and each point of V,, is unstable (i.e. for each v € V,, there exists a neigh-
bourhood U of S(,«)v in C(D) and a sequence v, — v such that the trajectory of v, leaves U
for some ¢ = 0). .

The main purpose of this paper is to show that S, exhibits also other features of chaos in
V.. Namely, there are periodic points of S, of any basic period in V,, and the set of all periodic
points of S, is dense in V,, (Section 2).

For the proof a representation of S, is employed which allows to prove the results on chaos
of [1] in a more simple and transparent way. These proofs are presented in Section 3. Also,
this technique helped to discover a small error in [1]. For the results on chaos of [1] to be true
an additional (albeit also natural) assumption has to be added. We make this assumption in
Sections 2 and 3. In Section 4 we discuss the modifications to be made if this additional
assumption is dropped.

We keep all the notation of [1] in order to make it easier for the reader to relate the two
papers. However, in order not to force the reader to look into [1] for every single concept
or result we conclude this section by a list of assumptions and results of [1] used in the present

paper.

Assumptions .

Al. The functions c, f are continuously differentiable.

A2. ¢(0) = 0, c(x) > 0 for x > 0.

A3. There exists a uy € (0, 1] such that £,(0, ug) <0, (0, u)(u — up) <0 for u >0, u # uy.
Ad. f(x, u) < kyu + k, for some k;, k;=0and all x € A, u=0.

AS. f(x, 0) =0 for all x € A.

167
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Note that the assumptions A1-AS5 coincide with assumptions (16)—-(18) in [1] with one
difference:
AS is somewhat sharper than the assumption
A5, f(x,0)=0for x € A and (0, 0) =0
made in [1]. Also note that AS is satisfied if f(x, u) = (p(x, u) — c(x)) u as is the case if (1)
models a reproductive, constantly differentiating cell population with proliferation rate p.

Results
Under the assumptions A1-A4, A5’ the following results are proven in [1]:
R1. For G C R", n> 0, denote by C.+(G), C}(G) the set of all nonnegative continuous and
nonnegative continuously differentiable functions on G, respectively. For every v €
CL(A), (1) has a unique solution u in C% (D) satisfying

u(x,0) =v(x) for x€A. 2)

A function u € C,(D) is called generalized solution of (1) if it is a limit (uniform on
compact subset of D) of solutions of (1). For each v € C.(A) there exists a unique
generalized solution of (1) satisfying (2); henceforth we shall drop the adjective ‘gener-
alized’. The map S:[0, ©) X C.(A)— C.(A) defined by S,v(x) = u(t, x), where u satisfies
(1), (2) is a continuous semiflow, i.e. S,: C.(A)— C.(A) is continuous for each ¢ = 0 and
one has Sy =id., S, S; = S;+, for each ¢, s = 0.

R2. Along the characteristics of (1) which are the curves x = @(t; o, xo) satisfying the ordinary
differential equation

g = c(x) ?3)

ar ™ (3)

and the initial condition x(#y) = xo, the solution u(t, x) of (1) satisfies the ordinary differ-

ential equation

% = f(@(t; to, X0), y) 4

with initial condition
¥(0) = v(@(0; to, x0)) 5 (5)
the solution of (4), (5) is denoted by y(z, (p(O; to, x0), v(@(0; ty, X0)). This means that the
solution u of (1) and (2) can be expressed by the formula
u(t, x) = y(t; 9(0; 1, %), v(@0;1, %))). ©6)

For ¢(t; 0, x), write also @,(¢). It follows from A2 that @(f) = 0, ¢,(?) is strictly increasing
both in ¢ and in x for x >0, ¢;!(1) is well defined continuous and decreasing for 0 <
x<1.

R3. There exists a unique solution wy(x) of the stationary equation

c(x)%—-—f(x, u), XEA @)

satisfying wo(0) = uo. For each v € C.(A) such that v(0) > 0 one has S,v(x) — wy(x) for
t— o uniformly in x.



174  Vyber prac z dynamickych systémov a diferencidlnych rovnic

Chaos in a cell population 169

R4. Let Vo ={v € C+(A):v(0) =0}, V,, = {v € Vj:v(x) < wo(x) for x € A}. The sets Vy, V,,
are invariant for S, and for each v € V there exists a Ty = 0 such that S, € V,, for t > T,
We add two simple observations that will be used in the paper. Since @y(f) = 0 for all t = 0,
it follows from (6) that a solution u(t, x) of (1), (2) is well defined on D° = [0, ©) X A° as
soon as v € C.(AY), where A® = (0, 1]. In other words, the semiflow S, can be extended to
C.+(A%); we denote this extended semiflow by S7.
Further, since u(t, x) is the solution of a first order ordinary differential equation along each
characteristic, it follows from (6) that the semiflow S, preserves ordering, i.e.

Sv1<8wv, for t=0 €))

as long as v; < v,, where v; < v, means v;(x) < v,(x) for all x € A. This is true also for S9.

2. EXISTENCE AND DENSITY OF PERIODIC POINTS
Throughout this and the following section assume A1-AS.

THEOREM 1. (a) For each 7= 0 there is a continuum of periodic points of S, in V,, of basic
period 7. (b) The set of all periodic points of S, is dense in V.

The basic tool of the proof of this theorem consists in the representation of S, by the shift
semigroup in C.[0, ). This representation is induced by the map ®:C.(A)— C.[0, )
defined by

D(v)(1) = (S:0) (D).
Using (6) we can express @ also by
@(0) (1) = (& @(0; 1, 1), v(@(0;1, 1))). ©)
The family of shifts T;, ¢ =0 defined by
(Trg)(s) = gt +)

for g € C.[0, ) is a semigroup and one has

T, = S, (10)
i.e. the diagram
S
—
@ l 1 @
T;
—
commutes.
Indeed,

(T2(v))(s) = P()(s + ) = (S:+50)(1) = (S,Sw)(1)
= ®(S,0)(s).
We can extend ® to the map @, on C.(A°) by defining
Do(v)(2) = (STv)(D).
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Obviously, (10) holds with S, ® replaced by S 9 @, respectively.
Let g € C.[0, »). From (6) one immediately obtains ®y(v) = g if and only if

o(x) = ¥( - ¢:'(1);1,8(¢5'(1))) for x EA" (11)
Using the argument leading to (8) one obtains from A9 and (11)
v(x) = y(— @7 (1);1,0) =0.

Thus we have

LEMMA 2.1. The map ®y: C.(A% — C.[0, =) has an inverse which can be expressed by the
formula (11).

Note that ®;'(g) is not necessarily in C,(A) for an arbitrary g € C.[0, =) since ®;'(g) may
not have a limit for x— 0.

As a consequence of R3 one obtains immediately

LEMMA 2.2. Let v € C,(A) satisfy v(0) > 0. Then, ®(v)(t) = we(1) for t— 0.

LEMMA 2.3. Let g € C.[0, ) and let
g(t) < wo(1) =7 ' (12)
for some 7> 0 and each t = 0. Then g € ®(V,,).

Proof. Obviously, it suffices to prove
lim @57 (g)(x) =0 (13)

since then g = ®(v), where
®l(g)(x) forx € A°
v(x) =

0 forx=0
is from V,,. N
To prove (13) we first introduce the following notation which will be used throughout the
paper:

For any ¢=0 we denote by ¢ the constant function on A with value ¢ and h/f) =

D(c)().

Let now £ > 0. Since by lemma 2.2. lim A.(f) =wy(1), there exists a # > 0 such that for
t >ty one hés o
he(2) > wo(1) = n=g().
Let xo = ¢(0; to, 1). For x < x; one has ¢; (1) >, and, consequently, by (11).
®5'(8)x) = (- ¢:'(1); 1, 8(9x ' (1)) < @5 (he(9x'(1))) = ¢

Since £ > 0 was arbitrary this proves (13).
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Since for g € C.[0, ) periodic with values in [0, wo(1)) there is always an &£ > 0 such that
(12) holds we have

COROLLARY 2.1. The function g € C,[0, ) with values in [0, wy(1)) is periodic with prime
period =0 if and only if ® !(g) is a periodic point of S, in V,, with basic period 7. In
particular, all the solutions of the stationary equation (7) in V,, are obtained as pre-images
of constant functions < wy(1) under ®.

LEMMA 2.4. For each 0 <e< inf wy(x) there exists a 7,> 0 such that h(s + r) < h.(s) for

O=sx=<l

eachs =0, t=r,.

Proof. By R3, there exists a 7, > 0 such that S,e > € for all t = 7.. Hence, for t = 7, we have
he(s + 1) = (Tihe)(s) = D(S:€)(s) = P(e)(s) = he(s). M

Proof of theorem 2.1. Part (a) is an immediate consequence of corollary 2.1.
To prove (b) take any function v in V,, and choose an £> 0. Denote g = ®(v). Let §>0
be such that v(x) < € for x < 6, so

g(t) <h.(t) for t=1t =3 (1). (14)
Let t, > max{t;, 7.} be such that

he(f) = max g(z), (15)

O<tsn

for t = t,, 7. being as in lemma 2.4.
From (14), (15) it follows that there exists a continuous function § € C. [0, £,] such that

g =g for O0stsuy, (16)
g8 <h(t) for fysts<1n, (17)
8(x) = g(0).

Define k € C.[0, ©) by
k(t) = g(t — nty) for t € [nty, (n + 1)t].

Then, k is periodic with period #, and, by lemma 2.3., there is a z € V,, such that k = ®(z).
From (14) and (15) we obtain

z(x) = v(x) for dsx=<1, (18)
[z(x)| <& for @(0;t,1)<x<3. (19)
Let n= 1. For nt, + t; <t < (n + 1)t, we obtain by lemma 2.4 and (14)

k(t) = g(t — nty) < he(t — nty) < h.(2); (20)
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for nt, <t < (n + 1)t, (20) follows immediately from (15). Consequently, (19) extends to all
0=<x =< § and we have

|2(x) = v®)| < [z(x)] + [v(x)| < 2¢
for 0 <x < 4. This, together with (18), proves (b). W

3. EXISTENCE OF A DENSE TRAJECTORY AND INSTABILITY

Using the representation of S; by 7T, developed in Section 2 we now present an alternative
proof of theorem 3 of [1]. That is, we prove

(a) every point v € V,, is unstable;

(b) there exists a v € V,, such that the orbit of v is dense in V.

Proof of (a). Let v € V,,, g = ®(v), 0 < a < wy(1). Choose an £<0.
Let 6> 0 be such that v(x) < e for x < 8. Let t, =¢5'(1) be such that

he(t) > a 1)

for t=1. .
We now construct a function k € C.[0, ©) as follows: We define

k() =g for 0<st=<np

a if g(t1+j)<g
k(t1+j)=l ,i=1,2,3,...
o otherwise

and we extend k to the interior of the intervals between the points # + j in such a way that
k will be nonnegative continuous and its graph will lie below the graph of A, for
tist<t; + 1 and below a for t > t; + 1. Then, we have

k() < h(r) for t=1¢ (22)
and
ke, + ) — g(tr + )| >§ for j=1,2,... (23)
By lemma 2.3., there exists a z € V,, such that k = ®(v). Now, (23) can be rewritten as
[Su+0)(D) = (S22 = 2. 24)
Also, we have from (18), (19)
z(x) = v(x) for @(0;1,1) <=x<1 (25)

while
[z(x) — v(x)| < |z(x)| + [v(x)| < e+ &= 2¢

for 0=x < @ (0; t1, 1). Since € > 0 was arbitrary, (24)-(26) proves (a). W
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Proof of (b). Let {v,},-1 be a dense subset in V,, and let &, \\ 0 for n— . Denote g, =
®(v,). By lemma 3.2., there exists a sequence {t,} such that

h=0,t,41=t, + 1. (26)

he(tas1 = 1) = g41( = he,,(0)) for 0<j=<n (27)
gn(t) S hg(t +t,— 1) forall + andall 1<j<n (28)
&) < hg(t +1t,) foral ¢=0. (29)

First we note that a sequence of continuous functions g, € C.[0, #,+1 — t,] can be found
such that g,(t) = g.(¢t) for 0<t<t,+1—t, — 1, gu(ty+1 — t.) = 84+1(0) and the inequalities
(27)-(29) remain valid with g, replaced by g, and ¢ restricted to #,.; — t, (we shall refer to
them as (27)—(29), respectively). We define

k(t) = g.(t — t,) for t,<t<t,41
Obviously, k € C.[0, ©) and k(¢) < wy(1) for 0 <t < . Further, we have by (29)
k() < h,(t) fort, <t <ty
and, by (11),
Oyl(k)(x) s & for @0, ty+1, 1) s x < @0, t,, 1).
Consequently, lim ®@;'(k) (x) = 0 and k € ®(z) for some z € V,,.
Now, we ha\fg '
(T,k)() = gu(t) for O0<t<ty41—1t,— 1 (30)
The inequalities (27) and (28) can be transcribed into
(T, k)(#) < he,(t) for t=t,s1—1t,—1 (31)

((27) yields (31) for ty+1 — t, — 1 < t < t,+1 — t, while (28) yields (31) for t = 1,,). From (30)
and (31) we have

(S,2)(x) = va(x) for (052441 —t,—1,1) <Sx<1) (32)
(S,2)(x) < ¢ for 0=<x=<@@;t,+1—t,— 1,1). (33)
Also, from (27) we have
vi(x) <g for O0s<xs< @0;t,s1—t,—1,1). (34)
From (32)-(34) it follows
[(S,2)(x) — vu(x)| <26, forall x € A

which completes the proof. W

Remark. 1t is easy to see that the function z giving the initial point of the dense trajectory
in V,, can be constructed to be C! hence yielding a continuously differentiable solution of (1).
This is true also for the functions z, in part (a) and the periodic points of part (b) of theorem
2.1.
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4. THE CASE f(x, 0) # 0

Throughout this section we assume A1-A4, AS’. First we show that if AS is not satisfied
there cannot be chaos in all of V,,.

PROPOSITION 4.1. Let f(xq, 0) > 0 for some xo € A. Then V,, does not admit a dense trajectory.

LEMMA 4.1. For each 0 <t; <1, one has
0=<3S5,0=S5,0. ‘ (39)
Proof. From (6) it follows
(5:0)(x) =0 for (¢, x) €D. (36)
From (8), (36) and the semigroup property of S; it follows
(8,0)(x) = (5,5,-,0)(x) = (S,0)(x). W

COROLLARY 4.1. Under the condition of proposition 4.1 there is a neighbourhood U of x,
in A such that

(S:0)(x) >0 foreach x €U and ¢>0. 37

Proof of proposition 4.1. Choose any 7> 0 and denote z = 5,0. By corollary 4.1 we have
z # 0. Assume v € V,, has a dense trajectory in V,,. Since v =0, by (8) and lemma 4.1 we
have

Sv =2z foral t=r1 (38)

Let Z ={w € C+(A): w(x) < z(x) for x € A}. Since z # 0, Z # J. By (38), we have for all
teZandt=r1

sup [(Sw) (x) — &x)| = sup [2z(x) — z(x)| > 0.

Thus, in order that Sj,«)v be dense in V,,, Sjo,qv must be dense in Z. This, however, is easily
seen to be impossible since S 4v is compact in C(A) and does not contain all of Z. The
compactness of S qv follows e.g. from the expression (6) from which one immediately
concludes that the family of functions {S,v: 0<¢=< 1} is closed, uniformly bounded and
equicontinuous.

Proposition 4.1 decides the question whether AS is necessary for the results on chaos to
hold in their original form. Still, the results of [1] and Section 2 on chaos remain valid under
A5’ with V,, replaced by its invariant subset which we denote by W. To define W we need.

PROPOSITION 4.2. There exists a pointwise limit
wi(x) = lim (S,0) (x).
—

The function w; is a solution of the stationary equation (7) on A° satisfying
0 < wi(x) < wo(x) for x € A" (39)

Proof. The existence of a pointwise limit w; of S0 for — o satisfying (39) is an immediate
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consequence of lemma 5. It remains to prove that w; is a solution of (7) on A’. For the idea
of this proof the author is indebted to J. Kacur.
Denote u(t, x) = (S5:0) (x). For this proof we write (1), (7) in the form
ou

2+ 2 (ctw) = g(x, w), (40)

= (elxu) = gl w), @)

respectively, with g(x, u) = f(x, u) + ¢’ (x)u.
Let t € [0, ), x € (0, 1]. By integrating (40) we obtain
t+
t

J;x [ut + 1, 8 — u(z, §] d&§ + f 1 [e(x)u(o, x) — c(Du(o, 1)] do

- [T [ ot uto, 9)ag ao “2)

Since 0 < u(¢, x) < wo(x) for all (¢, x) € D, by Lebesgue’s convergence theorem we can pass
to the limit for t— o in (42) to obtain

[ e = comitar = [ [ a(& wi(@)az co
and, consequently,

() = ewil) = [ a(& wi(®)az 3
1

From (43) it follows that w; is absolutely continuous on A’. Thus, we can differentiate (43)
to obtain

d
i (ctrywi(x)) = q(x, wi(x)) (44)
which completes the proof. W
Now, denote
W={v €V, v(x) =wi(x) for x € A} (45)

One sees immediately that W is invariant. It is also attractive in V| but, unlike V,,, only in a
‘pointwise’ sense: the graphs of the upper and lower pointwise limits of S,v for t— o lie
between the graphs of w; and wy, for each v € V. This follows immediately from R4 and

lim inf (S;v)(x) = lim inf (5,0)(x) = wi(x) for x € A.
t—> t—> ©
The map ® maps w; into the constant wy(1). If one replaces C.[0, ) by its subset of functions

with values =w;(1), lemma 2.1 obviously holds true and one can repeat the arguments of
Sections 2 and 3 almost literally to obtain.

THEOREM 4.1. The set W defined by (45) is invariant and pointwise attractive in V. Also, S,
is chaotic in W in the sense of theorem 3 of [1] and theorem 2.1.
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It should be noted that the chaotic set W may very well be empty. Obviously, W is non-
empty if and only if (7) has a non-negative solution w, on A satisfying w,(0) = 0. Indeed,
every non-negative solution of (7) on A” majorized by wy and different from wj vanishes at
0 (lemma 2.3.); if w, exists one has wi(x) < wy(x) < wy(x) for x € A. It follows that the
question, whether W is empty or not, is decided by the local behaviour of f and c at (0, 0).

For example, W is non-empty if f(x, 0) vanishes in some right neighbourhood of 0. On the
other hand, take f(x, u) = x* + u?, c(x) = x* for x =0, u = 0 small. All integral curves of the
equation

» du

x dx=uz+x2 (46)

v passing through points (x, u) with x >0, u = 0 are given in parametric form by
x(s) = d exp[2.37? arctan(3"¥*(2s — 1))]
u(s) = sx(s) (—o <s< )
with d > 0. It can be readily seen that none of these curves approaches the point (0, 0), so

(46) has no solution with u(0) = 0. Consequently, W is empty for any extensions of f, c
satisfying A1-A4, AS'.
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Abstract—The optimal activity distribution in catalyst pellets for reacting systems which undergo deactiva-
tion is analysed. A general optimality criterion is developed, which allows one to conclude that, under quite
general conditions, the optimal activity distribution is of the Dirac-delta type.

INTRODUCTION

As an important component of catalyst design, opti-
mal active catalyst distribution in the porous struc-
ture of the inert support has received considerable
attention in the literature. The main results have been
recently reviewed by Dougherty and Verykios (1987).
Most previous works have been devoted to the prob-
lem of increasing the effectiveness factor or selectivity
in some specific reacting systems. Only a few papers
dealt with catalytic systems undergoing deactivation,
again considering specific cases (De Lancey, 1973;
Corbett and Luss, 1974; Becker and Wei, 1977a, b).
For example, De Lancey (1973) estimated the optimal
activity distribution for an isothermal first-order reac-
tion and homogeneous poisoning using Pontrjagin’s
maximum principle.

In this paper the problem of catalyst design for
systems which undergo deactivation is analysed. In
particular, we refer to noble-metal catalysts dispersed
within a particle of inert support. These systems are
widely used in industry for hydrogenation and oxida-
tion reactions, which constitute intermediate steps in
the production of a variety of chemical products. In
most cases the catalyst undergoes deactivation. Its

o
price of the product — cost of the catalyst IL

aim, a general optimality condition is derived which
allows to solve the optimization problem under quite
general conditions including any rate expression for
both the main reaction and the poisoning process
under non-isothermal conditions.

THE OPTIMIZATION PROBLEM
The catalyst which is progressively poisoned with

operating time has to be periodically replaced or
regenerated, depending upon whether the poisoning is
irreversible or reversible. The duration of the operat-
ing time and the values of the effectiveness factor as
a function of time depend upon the active-catalyst
distribution within the support. In general, by locat-
ing the active catalyst inside the pellet it is possible to
increase the resistance against deactivation, i.e. to
increase the duration of the operating time. On the
other hand, at least for positive-order reactions, the
maximum value of the effectiveness factor is obtained
when the active catalyst is located at the external
surface (Morbidelli et al., 1985; Chemburkar et al.,
1987). Thus, an economic criterion is needed to define
the optimal active catalyst distribution. A reasonable
one is profit per time:

%

ndt —a,

profit per time =

replacement or, when possible, its regeneration, con-
stitutes a significant part of the production cost.
The aim of the present paper is to optimize the
catalyst pellet performance by suitably locating the
active element within the particle support. To this

tAuthor to whom correspondence should be addressed.

M

operating time T*

where a, and o, are weighting coefficients propor-
tional to the price of the product and to the cost of the
catalyst, respectively, t* is the operating time, and 7 is
the effectiveness factor.

The aim of this work is to determine the initial
pellet activity distribution a(¢, 0) and the operating
time t* for which the maximum value of the following
objective function, proportional to the profit per time,

917
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defined above:

yj ndr—1
Jo

T*

Flal,0),t*] = @
(y = a, /) is obtained. We optimize over the class of
all possible distributions of the same amount of active
catalyst. Note that we admit also distributions con-
centrating the. active catalyst into isolated points
which are represented by Dirac-delta functions.

THE BASIC EQUATIONS

Let us consider a catalyst pellet in which an irre-
versible reaction is taking place together with irrevers-
ible adsorption of catalyst poison. Since the rate of the
poison adsorption is usually considerably lower than
that of the catalytic reaction (the form of which may
otherwise be arbitrary) the quasi-steady-state approx-
imation can be safely adopted. In addition, we assume
negligible external resistances to mass and heat trans-
port. The catalyst activity distribution is a function of
location and time, and is defined as the ratio between
the local concentration of available catalytically ac-
tive sites and its volume-averaged initial value:

a(p, 1) = o(p, 1)/ ©)]

where

1
o=(n+ I)J.0 a(p, 0)o"do. (C)]

Under these conditions, the model equations in di-
mensionless form are as foliows:

Mass balance of the reactant

V2Y =®?R 5)
Mass balance of the poison
VY, = ®R, (6)
Energy balance
V2v = — pO2R (W)

with boundary conditions
¢ =0:0Y/0¢ = 0Y,/0¢p = dv/0p =0
p=1Y=Y,=v=1 8)
The deactivation reaction is accounted for by a bal-

ance of the active sites, which in terms of the activity
distribution function reduces to

da
—=_—R 9
o » ®
with initial condition
(10

where the initial activity distribution has to satisfy the
following constraint arising from its definition (3) and
eq. (4):

a=a(p,0) att1=0

1
(n+ I)J a(, 0)¢"de = 1. (11
[\]

Note that no restrictions are imposed on the expres-
sions of the rates of the reaction and the poisoning
processes, for which the following general form is
assumed:

R=R(Y,Y,a;R,=R,(Y,Y,av). (12)

The effectiveness factor # is normalized with respect to
the initial value of the reaction rate computed at
surface conditions and to tle initial activity distribu-

tion:
1 1
B O

0 0

1
=n+ I)J~ ¢"Rdp =R (13)
0
thus representing the mean reaction rate as a function
of time.

GENERAL CONDITION FOR OPTIMAL ACTIVITY
DISTRIBUTION
Consider the general deactivation process de-
scribed above [eqs (5)—(7) and (9)] in a symmetric
domain with boundary conditions (8) and initial con-
dition (10). The goal is to find the initial distribution
4 (¢, 0) subject to the constraints

1
(n+ I)J ¢"a(¢,0)dp =1and 4(p,0)>0 (14)
0

and the time % >0, such that for 7* =% and
a(p, 0) = 4 (e, 0) the objective function (2) is maxi-
mized. In the Appendix the following necessary condi-
tion for optimality is developed:

If 4(p,0) is optimal, then, for any given initial
distribution a(p, 0), one has
1

1
J o"¥(9,0)d (¢, 0) de >J o"¥ (9, 0)a(p, 0)do
(] (]

15

where W(¢, 7) is obtained as a solution of the system
of adjoint equations given in the Appendix with coeffi-
cients depending on d (¢, 0), whose detailed form is in
fact irrelevant at this stage.

In order to satisfy condition (15), 4 (¢, 0) can be
“substantially” non-zero solely at points ¢, at which
¥(o, 0) attains its maximum over [0, 1]. By “substan-
tially non-zero” we mean

0o+t
.[ a(p,0)¢"dep #0 (16)

@, — &

for arbitrarily small ¢ > 0.
Indeed, suppose this is not true, ie. that eq. (16)
holds while

¥ (@2, 0) > ¥(0,, 0)

for some ¢, # ¢,. We show that in such a case it is
possible to construct another distribution a(g, 0) sat-
isfying the constraints (11) which violates the optimal-
ity criterion (15).

an
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From eq. (17) and the continuity of ¥ it follows
that, for sufficiently small &> 0, all the values of
Y(p,0) in the interval ¢, —e< @ < ¢, + ¢ are
smaller than any of its value in the interval
¢, —e< @' < ¢, + & Define

(@, 0)+ (0 — @5 + 0,)" 4 (¢ — @5 + ¢,,0)/0"

a(p,0)=(0
(e, 0)

Then, we have a(p, 0) > 0 and

1 0, + ¢
f ¢"a(p, 0)de =f ¢"[4(9.0)

0 Q=&
(@ — 0o + ,)"

+E a6 — 0yt 0, 01de

+ j ¢"d(p,0)de
€0, ID\N(K@, — & @, + &) UL, — & @, + &)

= j ¢"a (¢, 0)de
€0, ID\{@, — & ¢, + &)

0, + ¢
+J (@ — @0 + @,)"a (¢ — @, + ¢,)do

= J ©"d(p,0)de
€0, D\Kp, — &, 9, + &)

P, + & 1
+ J o"d(p,0)de = J ¢"a(p,0)do = 1.
0

0, —¢

S,

19

Hence a(g, 0) satisfies constraints (11).

Since from eq. (17) it follows that ¥(¢ — ¢,
+ ¢, 0)>%¥(p,0) for all ¢,—e<e@<o,+e¢,
through similar manipulations we obtain

1
j o"¥ (9, 0)a(p, 0)do
0

= I 0" (9, 0)d (¢, 0)de
<0, D\<@, — &, @, + &)

9, +¢
+_[ ¥(p — ¢, + 9, 0)d (9, 0)dop

9. —¢

>j @"¥(p,0)d (¢, 0)de
<0, 1\C@, = & @, + &

@, +¢
+J ¢"¥(p, 0)d (¢, 0)do

P, — &

1
= '[ ¢"¥(9,0)d(p,0)de (20)

0
which contradicts the necessary condition for opti-
mality (15).

As a conclusion, it can be observed that the opti-
mality criterion (15) practically excludes any initial
distribution a(p, 0) which is not of the Dirac-delta
type. Indeed, it is highly unlikely that ¥ (¢, 0) would
attain its maximum simultaneously at more than one
point at which a(g, 0) is substantially non-zero and

919

therefore it is not meaningful to consider this possibil-
ity any further. Consequently, having found the opti-
mal distribution in the class of all one-peak Dirac-
delta ones we do not expect any other distribution to
improve the objective functional any further.

for o, —e<p <o, +¢
for o, —e<op <o, +e (18)
otherwise.

In fact, for any given distribution, we have shown
through eq. (15) that it is possible to construct a suit-
able Dirac delta distribution which improves the ob-
jective functional (2). Of course, the mathematical
proof presented above is not completely rigorous and
we are not very optimistic about the change for it to
be found since ¥(¢,0) is obtained as a result of
solving a system of partial differential equations, the
coefficients of which depend on 4 (¢, 0) itself. How-
ever, since (¢, 0) is the result of an integration pro-
cess, it certainly has some continuity and well-
behaving properties. For this reason, condition (15)
can be regarded as a fully satisfactory mathematical
justification to consider one-peak Dirac-delta func-
tion initial distributions as the only candidates for
optimal ones.

In addition, as we will see below, criterion (15) may
exclude some delta distributions as well and indicate
in which direction to move the activity location point
to find the optimal one.

APPLICATION TO THE CASE OF INDEPENDENT
POISONING WITH FIRST-ORDER ISOTHERMAL
REACTIONS

Once it has been established that the optimal activ-
ity distribution is of the Dirac-delta type, the optimiz-
ation problem reduces to the selection, among all
possible Dirac-delta distributions, of the optimal one
depending upon the particular reacting system and
operating conditions under consideration. For illus-
trative purposes, let us consider the case of an isother-
mal first-order reaction with dimensionless rate
equation

R=aY @1)

which occurs together with independent chemisorp-
tion of catalyst poison, leading to the following rate
expression for the deactivation process:

R,=ay,. (22)
First, we consider a Dirac-delta activity distribution
located at the point ¢,. The initial condition, in co-
incidence with eq. (11), is

o(p — y)

att=0.
(n+ Dot

a(e, 0) = 23)
For © > 0 it is convenient to express the activity as
a product of the initial activity distribution and
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a time-dependent variable u(z), i.e.

a(@, 7) = a(e, 0) u(x) (24)

where p(0) = 1.

The solution of the model egs (5), (6) with the rate
expressions (21) and (22) and with boundary condi-
tions (8) can be written in the following closed form:

0€0,0,): Y=Y, Y, =Y, (25)
o= Y=Y =n+1)/n+1+xp (26)
Y,=Y,=0+1)/n+1+oaxy 27
9e(py, 1)1 Y =1—(1—Y){,(0)/l(01) (28)
Y,=1—(1 - Yu)l(@)n(01) (29)

where (,(o)=1—¢ forn=0
=In(1/9) forn=1 30)

=(1—-9¢)p forn=2

and x = ®2{,(¢p,), and « = ®2/®2. Substituting eqs
(23), (24), (27) and the deactivation rate expression (22)
reduces eq. (9) to

da _ (e —9,) n+1

ot (n+1)qo’{#n+1+atxu
3(¢ — ¢,)du

=" 31
(n+ 1)et dt 31
which leads to

du n+1
E‘E__#n+1+ax/[ (32)

Integrating from 7 = 0'to 7 and p = 1 to u we obtain

ax

7=
n+1

1=y —Inp. (33)

When using the Dirac-delta activity distribution
(23), the objective functional (2) becomes a function of
two parameters: the active point location ¢, and the
operating time t*. Equation (33) relating t and
u allows us to express the objective function (2) in
a closed form as a function of the active point location
¢, and the relative activity u* at time t*:

n+la—1
In
o

n+ 1+ xu*
n+1+x

ya(n + 1)(

F @y, u*)

+1—u*)—(n+1)

ALENA BRUNOVSKA et al.

Note that if for some p* the value of ¢ is riegative
for x = 0 then it remains negative for all x > 0. Such
values of y* are uninteresting since for them the cata-
lytic process cannot be profitable no matter where the
active catalyst is placed.

To find the optimal value of u* we have to maxi-
mize the function z(u*) = |- in the subinterval of
<0, 1), in which z is non-negative.

Using de I’'Hospital’s rule we obtain a formula for
z which is independent of a:

z(p*) = [(u* — D)y + 1]/Inp*.

In order to have z(u*) > 0 for some 0 < u* < 1 one
needs y > 1/(1 — u*): for such y, z(u*) > 0 for 0 < u*
< 1 — 1/y. Note that from the expression for the right
boundary of this interval y can be expressed as

y=1/1 - p*).

To maximize z(u*) we first find its local extrema.
Those are the solutions of the equation z'(u*)=0
which is

yInp* 4+ y(1 — p*)/p* — 1/p* = 0. (37
From this equation we can express y as a function of
s

(35

(36)

y=1/(g*Inp* + 1 — p¥). (38)

Since Inp* <0 and p*Inp* +1—pu*>0 for all
0 < u* < 1 from eq. (37) it follows that

y =11 — p*) (39

Comparing eqs (36) and (39) we see that for all y > 1/
(1 — p*) there is a unique root of eq. (37) in the
interval <0, 1 — 1/y): this root is the optimal value
of p*.

We can summarize our analysis as follows. For
each 0 < a < 1 there is a positive threshold value of
y below which the process cannot be profitable for any
choice of t* and ¢,. For y above this threshold value
the optimal location of the active catalyst is always at
the boundary of the pellet and the optimal operating
time moves monotonically from infinity to zero for

ax(l — p*) —(n+ 1)Inp*

For 0 < « < 1 it readily appears that for x > 0 the
denominator of eq. (34) is increasing while the numer-
ator is decreasing. It follows that, for fixed p*, in those
intervals of x on which ¢ is positive, it decreases with
x. Consequently, for those values of u* for which # is
positive for x = 0 it attains its maximum with respect
to x >0 at this point. Since x = 0 corresponds to
¢, = 1 this means that all the active catalyst should
be located at the external pellet surface. This is be-
cause in this case ® > @, i.e. the intraparticle trans-
port resistance is larger for the main reactant than for
the poison.

(34)

the parameter y moving from the threshold value to
infinity.

Since for a > 1 both the numerator and the denom-
inator of eq. (34) increase with x the optimal location
of the active catalyst can be somewhere inside the
pellet. Its precise location depends upon the para-
meter y, the reaction kinetic parameters and the pellet
geometry. In this case the maximum of function (34)
with respect to x (ie. ¢,) and p* have to be found
numerically, using any of the standard optimization
techniques available in the literature. As an example,
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Fig. 1. (¢,)® vs a for various values of y (n = 1).
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Fig. 2. (¢,)*" vs y for various values of o (n = 1).

the effect of the parameters y and « on the optimal
active catalyst location for a cylindrical pellet (n = 1)
is shown in Figs 1 and 2, respectively. The corre-
sponding values of the optimal operating time, opti-
mal residual activity and optimal objective function
are shown in Figs 3—5. From the results shown in Figs
1 and 3 it appears that, for fixed y and increasing

10
-
T
5 «=1000 100 10 1
0 1 T
n 10 20 Y 30

Fig. 3. Optimal operation time, t* vs y, for various values of
a(n=1).

0 10 20 ¥ 30

Fig. 4. Optimal residual activity, u* vs y, for various values
ofa (n=1).

50

0 10 20 Y 30

Fig. 5. Objective function, # vs 7, for various values of
a(n=1).

values of the ratio a« = ®2/®?, the optimal location
first moves towards the pellet interior but then comes
back towards the pellet external surface, while the
optimal operation time increases monotonically. On
the other hand, from Figs 2 and 3 it appears that, for
fixed o, decreasing values of the catalyst replacement
cost (i.e. increasing values of y) lead to optimal cata-
lyst locations closer to the pellet external surface and
to lower optimal operating times, t*. However, as
expected, from the results shown in Fig. 5 it appears
that better performance is achieved when the in-
traparticle diffusion resistance of the poison is larger
than that of the main reactant.

In order to further support the results of the theor-
etical analysis reported above, and to investigate the
possibility of their transfer into practical applications,
let us consider the following step distribution function

(PE(O, (pl) and fpe(q’z, 1) a(‘l” T) =0
ey, @20 al@, 0) = /(@5 — 91™)

which is such as to satisfy constraint (11). By recalling
that the reaction does not take place outside the
interval {¢,, »,> the pellet mass balances can be

(40)
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recasted in the following form:

0e0,0,) Y=Y,Y,=Y, (41)
=0, Y=Y,Y,=Y,

dY/0p = 8Y,/0p = 0 @2)
PelQy, @, V2Y=(I)2R,V2Y‘,=<D§RP 43)
0=0,Y=Y,,Y, =Y,

0Y/0p = — (1 — Y,)(dL,/d@), - ,/L,(@,)

0Y,/0¢0 = — (1 — Y,5)(d0,/d@)y = »,/Lalp,)  (44)
9e(@y, 1)1 Y =1—(1-= 1), (9)/lu(¢,)
Y,=1—(1 = Y,2)0(0)/l(e,) (45)

The system of eqs (41)—(45) has been solved numer-
ically, by discretizing the space coordinate ¢ by
a standard finite-difference scheme. The activity value
at each position inside the pellet has been computed
as a function of time by integrating eq. (9) by
a marching technique. The values of the objective
function (2) and of the effectiveness factor (13) have
been computed through suitable quadrature for-
mulae.

In the case of step activity distribution, the objec-
tive function (2) is a function of three parameters, ¢,,
¢, and 7*. In all the performed optimization runs the
optimal initial activity distribution has been given by
the narrowest possible step distribution of the
adopted discretization procedure (ie. ¢, — ¢, = step
size in the finite-difference scheme) centered at the
optimal location predicted by the ideal Dirac-delta
distribution. A typical example is shown in Fig. 6,
where the curves represent step distributions (i.e.
values of ¢, and ¢, with optimized operating time,
7*) which exhibit the same value of the objective
function # (2). It clearly appears that the best per-
formance corresponds to a Dirac-delta activity distri-
bution, ie. ¢, = ¢, = 0.67. It is also worth noting
that the performance of such a Dirac-delta distribu-
tion is actually quite closely approached by step dis-
tribution of relatively small width and centered at the

1.0

2
265
‘92
2.7,
Pt =2.846
8
0.5
2.6
25
2.4
23
0 1
0 05 ¢, 1.0

Fig. 6. Level lines of the objective function # for various
step activity distributions (parameter values: a« = 10, y = 5,
®r=1,n=1).

same point. This result is of great importance with
respect to the actual preparation of such optimally
distributed catalyst pellets, as it has been previously
discussed in the context of non-deactivating reacting
systems (Morbidelli et al., 1982).

Finally, in order to further illustrate the general
condition for optimality (15) the adjoint variable pro-
files W(¢, 0) for the reacting systems under examin-
ation, are shown in Fig. 7(a) and (b) for step and
Dirac-delta activity distributions, respectively. These
have been obtained by solving numerically the system
of the adjoint equations which in the case under
examination reduces to

V2p +a(l — p®?) =0 (46)
Viq—q®la—Ya=0 (47)
d¥/ot + Y(1 — p®?) — qD2Y, — ¥Y,=0  (48)
with boundary and terminal conditions
t=% ¥, 1)=0 (49)
7€0,%); @ = 0: dp/dp = 0q/0¢p = d¥/dp =0 (50)
¢=1lp=q=0. (51)
a) 1.0
v (9,0 R28:07 _—"" 4
0.8 <0.2,08> /
@y, 9= <04,0.6>
0.6
1
0 0.5 ¢ 10
b) 1.0
Y AN
0.5 1
V(v,0)
0.5
0 1
0 0.5 ¢ 10

Fig. 7. Adjoint variable ¥ (¢, 0) profiles. The vertical solid

line indicates location of the optimal Dirac-delta distribution

(parameter values: & = 10, y =5, ®2 =1, n=1). (a) Step

function activity distributions. (b) Dirac-delta activity distri-
butions.
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Since the system parameters adopted in Figs 6 and
7 are the same, it can be noted that also in the latter
case is the optimal Dirac-delta distribution located at
¢, = 0.67 [as indicated by the solid vertical line in
Fig. 7(a) and (b)]. It is rather surprising that for all
step-size distributions considered, even the widest one
<0.05,0.95), the maximum of the ¥(¢, 0) curves is
very close to the location of the optimal Dirac-delta
distribution. This provides a useful initial information
for the optimum search. In Fig. 7(b) the adjoint pro-
files W (¢, 0) are shown relative to Dirac-delta distri-
butions centered at various locations ¢,. It appears
that using criterion (15) it is possible to exclude the
locations ¢, = 0.1, 0.3 and 0.5, since the correspond-
ing adjoint functions exhibit their maximum values at
other locations. In addition, the function ¥ (¢, 0) indi-
cates in all cases that the optimal location should be
to the right (i.e. larger values of ¢,) since the value of
the integral in the right-hand side of condition (15)
increases when moving the Dirac-delta location in
this direction. On the other hand, criterion (15) is not
fine enough-to exclude the location points to the right
of the optimal one (i.e. 0.8 and 0.9). The only way to
exclude such points is in fact by comparing the corre-
sponding values of the objective function, as has been
done in the numerical optimization procedure de-
scribed above.

CONCLUDING REMARKS

A method for determining the optimal activity dis-
tribution in catalyst pellets for reacting systems
undergoing deactivation has been developed. As the
objective function, profit per time taking into account
the price of the product and the cost of catalyst
replacement or regeneration has been considered.
A general condition for optimality has been developed
which allows one to conclude that Dirac-delta activity
distributions are the only candidates for optimal ones.
It is remarkable that such a conclusion is of quite
general validity, since it applies to any kind of kinetic
expression for the main reaction as well as for the
poisoning process and any pellet geometry. Even
though not reported here in detail for brevity reasons,
it is worth mentioning that the same conclusion can
be reached when accounting for external mass and
heat transfer resistances as well as for other types of
objective functions. In such cases the derivation fol-
lows closely the arguments reported in the recent
paper by Wu et al. (1990) referring to the case of
non-isothermal reacting systems of a fully general
nature in the absence of deactivation. Also in this case
it has been found that the optimal activity distribution
is of the Dirac delta type.

As an illustrative example the case of an isothermal
first-order reaction with independent poisoning has
been investigated. The effect of the kinetic parameters
and operating conditions on the optimal location of
the Dirac-delta distribution, as well as on the optimal
operating time, has been discussed in detail. In par-
ticular, it has been found that for values of the ratio
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between the poison and the main-reactant Thiele

moduli smaller than one the optimal location of the

active catalyst is at the external pellet surface. For

values of this parameter larger than one the optimal

location moves towards the pellet interior to an extent

which depends upon the specific operating conditions
under examination. Finally, in order to establish the

possibility of transferring the results of this work to
practical applications, the performance of step activity
distributions has been investigated. Such distributions

have in fact been investigated experimentally in the

context of optimal catalyst design for non-deactivat-

ing systems [cf. Wu et al. (1990)].

NOTATION
activity
characteristic dimension of catalyst pellet
equilibrium poison adsorbed amount
concentration
diffusion coefficient
— AH) heat of reaction
objective function
reaction rate constant
integer characteristic of pellet geometry
(n = 0, slab; n = 1, cylinder; n = 2, sphere)
adjoint variable
adjoint variable
reaction rate
dimensionless main reaction rate
P dimensionless poisoning rate
adjoint variable
time
temperature
characteristic deactivation time
= ®2{,(p,), dimensionless parameter
= C,/C,,, dimensionless reactant concen-
tration
Y, = C,/C,,, dimensionless poison concentra-
tion

N

Greek letters

a = @2/®?, ratio of Thiele moduli
oy price of product
o, cost of catalyst

=(— AH)D,C4,/(AT,), dimensionless reac-
tion heat

= a, /a,, dimensionless parameter
effectiveness factor

thermal conductivity

relative activity defined by eq. (24)
concentration of available catalytically ac-
tive sites

= t/t°, dimensionless time

= T/T,, dimensionless temperature
dimensionless space coordinate
=a[r,/(D,C4,)]'? reaction Thiele modu-
lus

= a[a,/(D,C,t°)]*?, poison Thiele modu-
lus A
adjoint variable
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Subscrlpts ©=0: éa(p, 0) = a(, 0) — 4 (9, 0). (A9)
terminal conditions Thus using eqs (A4)—(A6), eq. (A1) reduces to
0 surface conditions oR
p poison 61—(n+l)f j ( 5Y+6Y 8y,
1,2 activity location
R oR
+ —6v + —da |dedr
REFERENCES dv da
Becker, E. and Wei, J., 1977a, Nonuniform distribution of ) n 25V B2 QI}_
catalysts on supports. I. Bimolecular Langmuir reactions. +int 1) L J:) e pl:V or-¢ <6 Y6Y
J. Catal. 46, 365-371.
Becker, E. and Wei, J., 1977b, Nonuniform distribution of oR dR oR
catalysts on supports. II. First order reactions with poi- + 5_Y‘s Y, R‘SD + Eéa dpdr
soning. J. Catal. 46, 372-381. L4
Chemburkar, R. M., Morbidelli, M. and Varma, A., 1987, A ) ,(OR,
Optimal catalyst activity profiles in pellets—VIL The case +(n+ 1) ‘/’ q| V?éY, - @3 W&Y
of arbitrary reaction kinetics with finite external heat and
t: t ist 3 3 i - R dR 6R
rzrgs;. ransport resistances. Chem. Engng Sci. 42, 2621 Z 5 25y, + Ko . Ry 50+ 2Re - )] dpdr
Corbett, W. E. and Luss, D., 1974, The influence of nonuni- i 5
form catalytic activity on the performance of a single i 2 2
spherical pellet. Chem. Engng Sci. 29, 1473-1483. +n+ 1) (p s| V¥ov + po ‘W
De Lancey, G. B., 1973, An optimal catalyst activation policy
for poisoning problems. Chem. Engng Sci. 28, 105-118. OR 5, 5 R oR sa) ldod
Dougherty, R. C. and Verykios, X. E., 1987, Nonuniformly + a_y Y EN + da a)(eect
activated catalysts. Catal. Rev. Sci. Engng 29, 101-150. ',
Morbidelli, M., Servida, A. and Varma, A., 1982, Optimal ? 0O
catalyst activity profiles in pellets—I. The case of negli- ++1) o Jo ¢ ot (¥oa)dg de
gible external mass transfer resistance. Ind. Engng Chem. .
Fundam. 21, 278-284. n
Morbidelli, M., Servida, A., Carra, S. and Varma, A., 1985, +tn+ I)J @"¥(0,0)da(p, 0)do (A10)

Optimal activity profiles in pellets—III. Ind. Engng Chem.
Fundam. 24, 116-118.

Wu, H., Brunovska, A., Morbidelli, M. and Varma, A., 1990,
Optimal catalyst activity profiles in pellets—IX. General
nonisothermal reacting systems with arbitrary kinetics.
Chem. Engng Sci. (in press).

APPENDIX: DEVELOPMENT OF THE OPTIMALITY
CONDITION (15)

Let % be the optimal time and let 4 (¢, 0) be the optimal
initial activity distribution. Then, it follows that

¢ 6 Pl
1(d) = J~ ndr=(n+ I)J J‘ ¢"Rdedr (A1)
o oJo

is maximum over all ds subject to the constraints (14). In
particular, if we take any a(p, 0) satisfying eq. (14), then

a,(¢, 0) = a(p,0) + e[a(p, 0) — 4 (¢, 0)] (A2)
will satisfy eq. (14) for all 0 < & < 1. Thus, in order to satisfy
eq. (A1) we must have
2 fa)lmo 0. a3
de
Let us denote 6 X = dX/de. By differentiating eqs (5)—(7), (9),

the boundary condition (8) and eq. (A2) with respect to ¢ at
¢ = 0 we obtain

JR JR dR dR
V26Y=<1>2( oY + — 6Y+—6u+a-aa>

A
Y Y, 0v (A%

O0R oR 6R o0R
2 = 2 14 iy 4 P6
V35Y,=® (ayéY 3, oY, + — 6v+ 7 a) (AS)
O0R oR OR OR
260 = — pO? — — A6
VZ2v po (aya“ay oY, + 6u50+ aaéa) (A6)
déa OR, OR, oR, oR
-— éY, L A
o 0Y6Y+6Y + 7 —L26v+—L % éa (A7)
@ =1:0Y(1,7) =68Y,(1,7) = ov(l,7) = (A8)

where p(@, 7), 4(o, 1), s(¢, 7) and ¥ (g, 7) are adjoint variables
(corresponding to Lagrangian multipliers) and the following
relationships have been used:

¥(p, 1) = (All)
Tl da)de d
n+1)j ¢"—(¥Yoa)dpdr
¢ oJo ot
t (1 o dda
= " —da + ¥Y— |dod
("“)J;L“’[az‘s“ 6r:| ear
i1 Tow oR, 0R,
- — 8y,
-(n+1)J.oJ.o [a da ( 6Y+6Y
a: 6u+aaR o )jld(pdt (A12)

By selecting p, g and s so as to satisfy the boundary condi-
tions
o=1:p01,7)=901,17=s0171= (A13)

and integrating by parts twice one obtains

1 1
j (o"pVZBYd(p:J' @"8Y V?pde (A14)
1) o
1 1
I (p"qVZ(SY,,d(p=J~ ¢"3Y, Viqde (A15)
) o

1 1
J. @"sV2évde =J‘ @"6v V2sdo. (A16)
0 o

Substituting egs (A12) and (A14)-(A16) into eq. (A10) and
grouping terms multiplied by 8Y, 8Y,, év and da into separ-
ate integrals one obtains

* 1 oR OR
= n 2 2
_(n+1)LL<p5Y<6y+V — p® Fs

0R, | 1020 _ R,
- = dod
@5y * PGy 6Y) e
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¢ M R OoR JR dR
n — — pP2— 2 V2 + —(1 — p®? + sp®?) — —L(qgd2 + ¥) =0 A19
+(n+ I)LL ¢ 5Y"(5Y, p® aY,,+V q q aY,( p spd?) a),p(q ;+Y) (A19)
aR R R R oR
g2 ——F D2 — — Y—")dod Vs + —(1 — p®? + sp®?) — —L(q®2 + ¥) =0 A20)
@Gy, Ty, ay,,> o EN v (A20)
1 R R R ¥ OR OR
n 2 _ gp2_r —+—(1 — p®? D) — —L(qb2 +¥)=0 A21
+(n+l)LL(pév(au T 1= p0 4 50%) — Z(0] + ) (a21)
OR OR eq. (A17) reduces to
+ V25 4+ sp0?— — ¥ —L)dedr
v ) 1 dl
i (1 aR aR AR ol = (n+ l)f ¢"¥(@,0)dalp, 0)do = - (A22)
+((m+1) @"da| — — p®? — — q®2 L 0 &
0Jo da da da

dR OR, 0¥
+sp02— —¥—L +—|dedt
da da Ot

1
+(n+ l)j ©"¥ (0, 0)éa(p, 0)do. (A17)
0

By selecting p, g, s and ¥ so as to satisfy the following system
of adjoint equations:

oR dR
2p 4 (1 — p®? + spO?) — —2(qP> +¥)=0  (Al8
VP+6Y(1 p sp@?) 6},(41 H ) (A18)

Finally, using eq. (A9), eq. (A22) leads to

1

ol =(n+ I)J ¢"¥(0,0)[a(e,0) — (e, 0)]dp (A23)

o

which substituted into eq. (A3) leads to the general condition
for optimality

1

1
J o"¥(9,0)a(p, 0)de >I "V (9, 0)a(e, 0)de.
V]

0o

(A24)
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1. Introduction. A surprising feature of the flow of polymers is associated with a
sudden increase in the volumetric flow rate when the pressure gradient is gradually
increased beyond a critical value. This striking phenomenon, called “spurt”, was ap-
parently first observed by Vinogradov et al. [15] in rheological experiments involving
the flow through thin capillaries of highly elastic and very viscous non-Newtonian flu-
1ds like some synthesized polybutadienes and polyisoprenes. The interested reader is
referred to [15, Table 1] for more detailed information about microstructure charac-
teristics of samples. The spurt phenomenon is a kind of a flow instability in pressure-
driven shear flows of viscoelastic fluids.

Much effort is being spent to explain spurt and related phenomena mathematically.
Several authors have considered mathematical models based on differential constitu-
tive equations due to Johnson, Sagelman, and Oldroyd exhibiting local extrema of
the steady shear stress as a function of steady strain rate (see [6—8, 10-13]). These
papers show that the spurt phenomenon is dynamic and, hence, cannot be explained
in a satisfactory manner by only studying the steady-state equations. Dynamical the-
ory can explain phenomena observed in experiments and in numerical simulations,
and it can also predict phenomena like latency, shape memory, and hysteresis which
should be observable in future experiments.

In this paper we modify the models of [6] and [13] by adding a diffusion term to
the constitutive equation. The resulting system of equations (in dimensionless units)
governing planar shear flow has the form

av,=v,  +0,.+f, (1)

2
o,=-0+g(v)+voa,

where v(¢, x) is the velocity of the planar flow, &(¢, x) is the polymer contribution
to the shear stress, g: ® — R is a given smooth function, and f > 0 is the pressure
gradient driving the flow.

Unlike the models investigated in [13] and [6] and the other models in [10-12],
system (1.1) contains the spatial diffusion term uzan. Spatial diffusion is usually
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neglected in non-Newtonian models because of the spatial homogeneity of the struc-
ture. In the model of [4] (also see [3]), Brownian motion prevents polymer molecules
(treated as dumb-bells) from being completely independent of each other, giving rise
to a diffusion term in constitutive equations. Typical values of v will be described
in Sec. 6. The structure of steady states of system (1.1) is determined by treating
v > 0 as a small parameter and by applying the singular perturbation theory of
[9]). This theory enables us to select steady states that appear to be appropriate for
capturing the spurt phenomenon.

System (1.1) with v? = 0 exhibits the same behavior in steady shear as the more
realistic models studied in [10-12], where the differential constitutive equations also
involve normal stresses (in particular, the first normal stress difference), giving rise
to a governing system of three -quasi-linear parabolic-hyperbolic PDEs in place of
the two in system (1.1). The dimensionless parameter « representing the ratio of
Reynolds number to Deborah number is very small. The analytical study in [11-13]
is based on treating the respective governing equations as singular perturbation prob-
lems with « as a singular parameter. Their approach is to determine the complete
dynamics when o« = 0 and then to show that the dynamics of the full system is
similar for a > 0 sufficiently small. By contrast, our quasi-linear system (1.1) with
v: >0 is parabolic, and the theory of parabolic systems can be exploited to deter-
mine the global dynamics for a > 0 sufficiently small. In particular, the existence of
a global compact attractor and an inertial manifold can be established. It should be
noted that the feature of mathematical models studied in [11-13] that makes their
qualitative analysis (asymptotic behavior as ¢ — oo, stability properties, etc.) par-
ticularly difficult is that the governing equations possess uncountably many isolated
steady states. From this fact one can deduce that these governing systems can admit
neither a compact global attractor nor a finite-dimensional inertial manifold.

The paper is organized as follows. In Sec. 2, we use general ideas from [6] to
derive a non-Newtonian model of shearing motions incorporating spatial diffusion.
Basic properties of the model (existence and long-time behavior of solutions, qual-
itative properties of steady states) are established in Sec. 3. It is shown that in the
case of a generic g, the asymptotic behavior of solutions is very simple—each so-
lution tends to some steady state and the number of steady states is finite. We also
prove exponential stability of two particular steady states playing a crucial role in
the explanation of spurt. In Secs. 4 and 5, spurt and hysteresis phenomena in our
mathematical model are established. The phenomenon of spurt is associated with
extinction of a stable steady state when the pressure gradient increases beyond a
critical (bifurcation) value. The results of numerical simulations for small values of
a, v > 0 are presented in Sec. 6. We have performed numerical simulations of spurt
and hysteresis phenomena for sample PI-3 (see [15]). Numerical results match the
data observed experimentally by Vinogradov et al.

2. Non-Newtonian model of shearing motions including diffusion. In this section,
we derive a mathematical model for shearing motion of a fluid leading to a system
of governing equations including a diffusion term in the constitutive equation.
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We consider the planar shear flow of a viscoelastic fluid in an infinite narrow
strip: x € [~h, h] and y € (—oo0, o0), with the flow directed along the y-axis. We
suppose the fluid to be non-Newtonian, incompressible, and the motion to take place
under isothermal conditions. We restrict ourselves to motions that are symmetric
with respect to the centerline. Under our assumptions the flow variables will depend
only on the transversal variable x. Hence, the velocity vector ¥ has the form
7= (0, v(¢, x)) with v(z, x) =v(t, —x). It is easy to verify that the mass balance
is then automatically satisfied. The equation governing the motion of the fluid is the
balance of linear momentum

0 (%—?ﬂﬁ,v)ﬁ) =VvS (2.1)
where p is the constant fluid density and S is the total stress which can be decom-
posed as

§=p-Md+e-D+% (2.2)

Here p is the isotropic pressure of the form p = p,(¢, x) + f-y where f is the
pressure gradient driving the flow, & is the Newtonian viscosity, and D is the rate
of deformation tensor, i.e., D = (V¥ + (V{J')T)/JZ. According to [6, Sec. 2] the extra

stress
f 3 (o,xx ’ a_xy )
=\, o
satisfies . . -
g . = ay = "?6’=0[A‘(s)] >
0™ =" = AN, (2.3)
o +0” =0

where &, ] are generally nonlinear operators acting on the relative shearing his-
tory

t
A(s) = —f v, (7, x)dr. (2.49)
i—3
Since we assume the flow to be planar, Eq. (2.1) reduces to
ov,=ev, +0, +f (2.5)

where o := ™.

We specify the operator % in such a way that it takes into account long-range
molecular forces. According to [4], the latter provide the constitutive equations by a
diffusion term uza” . The first normal stress difference determined by the operator
& plays no role in our model.

Let 4 denote the selfadjoint closure in L,(0, h) of the operator defined on
CE(0, h) by Au = —u,_ forany u € Ci(0, h) := {u € C*(0, h); u(0) = u,(h) =
0} ; its domain D(A) is the Sobolev space W3'%(0, k) = {u € W>*(0, h); u(0) =
u_(h) =0}. Let 1, v > 0 be fixed. Then the operator —(4 + uzA) generates an
analytic semigroup exp(—(A + v*A4)t), t > 0; (see [5, Chapter 1]).
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Assume that g: R — R is an odd Lipschitz continuous function. As usual,
we identify g with the Nemitsky operator g: W''%(0, h) — L,(0, h) defined by
g(u)(x) = g(u(x)) for a.e. x € [0, h]. Due to the assumptions on g the nonlinear
operator g is well defined and Lipschitz continuous.

Let f e L,(0, h) be defined as

f:xw f-x forany x € [0, Al (2.6)
We define
20 d
S (A,) = ~ 428 g —=A A-]a’s—
18 = [ exp(-a+ 7)) (g (- 7oA ) +2-F| a5 7 .
forany v € C(R: WI‘Z(O, h)), sug lv(@)llg12 <oo, and >0
1€
where A (s) is defined by Eq. (2.4), i.e., A (s) = — [ v (r, x)dr.
Clearly,
Fh) = [ exp(-G+ AN e, (5, N+ ATV~ F. (28

In case v = 0, the definition of the functional &4 coincides with that of [6,
formula (5)]. However, since the operator 4 + v A , v > 0, is a diffusion operator
generating an analytic semigroup, the operator exp(—(4 + va)s) , §> 0, smooths
out solutions, i.e., exp(—(A+v>A4)s)w € D(A4) forany w € L,(0, k) and 5> 0 (sce
[5, Chapter 1]).

Differentiating Eq. (2.8) with respect to ¢ and substituting u := o+ = (A )+f,
we obtain the following constitutive equation of rate type:

u + A+ VAu=gv)+Af (2.9a)
with boundary conditions
ut,0) =u/t,h)=0 (2.9b)
or, equivalently,
g,+ Ao - Vzcrxx =g(v,) (2.10a)
with boundary conditions
o(t,0)=0, a(t,h)=-f, (2.10b)

respectively.

We note that o (¢, k) = —f implies v (¢, h) = 0 which is the boundary con-
dition appearing in the theory of multipolar fluids (see, [2, Sec. 3]). The boundary
condition u(t,0) =0 (o(t,0)=0) implies that the function u(z,-) (o(f,-)) can
be extended as an odd function to the interval [—A, k] for all . It ensures the
symmetry of the flow about the centerline.

Summarizing, our model leads to the initial-boundary value problem

ov,=¢ev,  +0,+f;
g, = uzan +8(v,) —4o;
v(0, x) = vy(x) and (0, x) = gy(x) fora.e. x € [0, A];
v (t,0)=v(t,h)=0, o(t,0)=0, and o (¢, h) =—f fort > 0.

(2.11)
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To facilitate the discussion, we scale the space variable x by h, times ¢ by ! ;
v by hd, o by €A, f by €i/h, and v? by h’A, and replace g(&) by g(lf)/ef.
The resulting system is

av, =vn+6x+f,

o, =v'o,, +g(v,)-0c (2.12)
for (¢, x) € [0, 00] % [0, 1]

with boundary conditions
DLt G @13

and initial data
v(0, x) = vy(x) and (0, x) = g,(x) fora.e. x €[0, 1]. (2.14)
There are two dimensionless parameters:

2
.f::=M and » > 0.

According to [15] and [4], the typical values of « and » are
a=0(10"") and »*=0(107%.
Hence, we may treat o« and v as small parameters.

3. Existence of solutions, asymptotic behavior, steady-state solutions and their sta-
bility. In this section, we study the problem of existence of solutions, their long-time
behavior, and some qualitative properties of steady states of the system (2.12). Using
the abstract theory developed in [5] we establish local and global solvability. For g
real analytic we furthermore prove that the asymptotic behavior of the solutions is
simple—each trajectory approaches some steady state and the number of steady state
solutions is finite. To single out the appropriate stationary solutions, we apply the
results of the theory of singularly perturbed boundary value problems of [9].

3.1. Existence of solutions. In terms of the variables v and u the initial bound-
ary value problem (2.12) takes the form

av, =v, ., + u,,

3.1
uf:vzun—u+g(vx)+fx, (3-1)

v (6,0 =v(t,1)=0and u(¢,0)=u(t,1)=0 fort>0,
v(0, x) = vy(x) and u(0, x) = uy(x) forx €[00, 1].
To facilitate the discussion, let
S=v +u=v +0+7f. (3.2)

Obviously,
aS, =S, +ou,. (3.3)
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In terms of S and u, the system (3.1) takes the form
aS, =S, +av’u_ +a(g(S—u)+ fx—u),
u, = uzuxx —u+g(§—u)+ fx
with boundary conditions
u(t,0)=u(t,1)=0, S(t,0=8(,1)=0

and initial data

S(0, x) = Sy(x) = vy, (x) + #y(x), and u(0, x) = uy(x) forxe[0,1]. (3.5)

Throughout this paper we will assume that @ and » are small parameters. The
pressure gradient f is assumed to be positive. The function A(u) := u + g(u) is
assumed to be C? with a single loop as shown in Fig. 1.

More precisely, we make the following hypotheses:

(i) g:R — M isanodd C? function with bounded first and second derivatives
satisfying g(u)u > 0 for any u e R;
(i) there exist constants 0 < ¢, < ¢, such that

Ku)y=14+¢u)>0,h"<0 onl0,c,),
W =1+gu)<0 on (¢, ¢,), (W)
KHw)=1+gw)>0,h">0 on(c,,x).

Under assumptions (W), there exists a y, > 0 such that

max k™" ()
[ (h(u) — yo)du = 0.

min k™" (3)

Maxwell's line
Yo tf======rbmemmmmmm e fee

FiG. 1. van der Walls type curve
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The last integral condition is commonly known as Maxwell’s equal area rule (the
area A equals B). In Fig. 1 the line u = y, is called Maxwell’s line. We also note
that the function A(u) = u+ g(u) satisfying (W) is sometimes called van der Walls
lype curve.

In what follows, we let X denote the real Hilbert space L,(0, 1) with norm |- ||
and inner product (-, -). Recall that the operator 4 defined in the previous section
is sectorial and positive in X with domain D(4) = {w € WZ'Z(O, 1); w(0) =
w, (1) = 0} . Hence, fractional powers of 4 can be defined. Let X", y>0, be the
Hilbert space consisting of the domain D(A4”) endowed with the graph norm

||w||}, = ||4’w|| for any w € X" = D(4”). (3.6)
The operator 4 has a compact resolvent A X=X,

Now one can treat the governing equations (3.4), (3.5) as abstract differential
equations in the Hilbert space

ZF=XxX. (3.7)
To do so, we let ® = [J]. The system (3.4) then becomes
d T —a 15
TOHLO=F(®), O0)=d = l“o] (3.8)
where the linear operator L is defined by
1 2 1 2
I [S] — [A(uSz+v u)] _ (ﬂA pzA) [S} (3.9)
u v Au 0 v'4 u
on its domain D(L) = D(A) x D(A). The nonlinearity F is given by
S\ _[&S—u)—u+fx
r([a]) - [fs=n =i sl 310

It is routine to verify that L: D(L) C & — £ is a sectorial operator generating
an analytic semigroup exp(—Lt), ¢t > 0. Since A~' is compact, it is easy to show
that L has a compact resolvent L™': 2% — 2. The fractional power L'/ is then

easily computed as -
1 4172 > 1/2
7;A |+i-'|lir aA
0 vA'?

and D(L'?) = D(4"?) x D(4'"*). Hence there is an equivalent norm in 2°'/* such
that
'y Pex'?, (3.11)

and it can easily be verified that
X' = (wew"?0, 1); w(0)=0). (3.12)

Since we have assumed that the first and second derivative of g are bounded, the
nonlinearity F isa C' mapping from 2°'/? into 2.
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Now we can apply the general theory of abstract parabolic equations [5]. According
to [5, Theorems 3.3.3, 3.3.4, 3.4.1, and 3.5.2], for any initial condition ®, € 2/
the abstract equation (3.8) has a unique solution ®(¢) defined on [0, oo) by the
property

® € G (10, ), Z*)n CL.((0, ), 2,

®(7) € D(L) fort >0 and ®(0) = D,.
Hence, Eq. (3.8) defines a C'-semidynamical system (T(¢), ¢ > 0) in Z'?* defined
by
T(t)®, =P(t,®,) foranys>0
where ®(t, @) is the solution of Eq. (3.8) with ®(0) = &, € 2'/*.
3.2. Asymptotic behavior of solutions. We now turn our attention to the asymp-

totic behavior of solutions of Eq. (3.8). First, we will study the set of steady states,
i.e., stationary solutions of Eq. (3.8) which we denote by & . Clearly,

&= {[g] ; U € D(A) is a solution of v AT = -E+g(—ﬁ)+fx}. (3.13)

In fact, [2] € & iff
zec*0,1), vu +ua+g@~-fx, W0)=a,l)=0. (3.14)

Here we have used the assumption that g is an odd C 2 function.
The system (3.8) admits a global Lyapunov function V: 2 2 _, % defined by

v ([3]) = 3 {2isit v =l + 15 - wi? + 205 - )
where

1 pw(x)
J(w)=2fof0 (8(s) + fx)ds d. (3.15)

Indeed, a simple calculation shows that for any solution [‘:g;] the following formula

holds:

d S(1) 1 2 l+ar? 2
EV([u(r)])+EllS(t)"m+ SISO =0 foranyr>0. (316

Due to the assumption g(u)u > 0 for any u € R it follows that the functional
V' is bounded from below. From Eqgs. (3.14), (3.16) it follows that the real-valued
function ¢ — V({fgfn, t > 0, is strictly decreasing unless [ﬁg)n =[21e& isa
steady-state solution of Eq. (3.8). Then a standard argument (see, e.g., [16, Theorem
4.1]) enables us to conclude that the omega-limit set

Q(®,) = {® e 2'?, there exists t, — oo such that T(z,)®, — P}

satisfies

QP,)C &, (3.17)
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for any @, € Z'? . Since the operator L has a compact resolvent L', it follows
from [5, Theorems 3.3.6 and 4.3.3] and Eq. (3.17) that

lim dist(T(£)®, , &) = 0, (3.18)

where dist(®, &) = inf(||® - ¥|[,.12, ® € &). In the following simple proposition,
we obtain bounds on steady states, and we show for g real analytic that the number
of possible steady states is finite.

ProrosITION 3.1. Let u, > ¢, be such that A(u,) > /. Then 0 < u(x) < u, for any
solution u(x) of Eq. (3.14). Moreover, there exists a constant M =M(g, f) >0
such that

v sup |u,(x)[+ sup |u(x)| <M.
xe[0,1] x€[0, 1]
If g is real analytic, then the number of solutions of Eq. (3.14) is finite.

Proof. Let u be an arbitrary solution of Eq. (3.14). Since h(u) := u + g(u)
is nondecreasing on [u,, o) and h(u,) > f, it follows that u(x) > u, implies
vzun(x) = h(u(x))— fx > h(uy) = fx > f(1=x). Thus the function u(x) is strictly
convex whenever u(x) > u,. Since u(0) =0, if u(x,) > u, for some x, € (0, 1],
then there exists x;, € (0, 1) such that u(x,) = u,, u(x) > u,, and u (x) > 0
on (x,, 1). This means that u cannot satisfy u (1) = 0. Hence, u(x) < u, for
every x € [0, 1] and v > 0. The inequality 0 < #(x) can be obtained in a similar
way. The estimates for u(x) and vu (x) follow from the well-known interpolation
inequality

v sup iux(x)lsz( sup |u(x)|+ " sup Iu,,,,(x)l)
x€[0,1) ’ x€[0,1] x€[0,1]

foranyu e Cz([O, 1]) and v > 0.

Now we assume that g is real analyticc. We fix a v > 0 and define the map
L o(u) as ¢u) = ui(l) where u“(x) is the solution of the initial-value problem
viu_ = u+g() - fx, ¥'(0) =0, u4(0) = u. Since g is Lipschitz continuous
and analytic, the function ¢(u) is well defined and analytic on R. Furthermore,
#(u) = 0 if and only if u”(x) is a solution of the BVP (3.14). Suppose to the
contrary, the existence of infinitely many solutions of the BVP (3.14). Then the
set {u €[-M/v, M/v]; ¢(u) = 0} must have an accumulation point. Because of
analyticity of ¢, we have ¢ = 0 on ®. Hence, there is a solution #”(x) of the
BVP (3.14) for u > M /v which is inconsistent with ui(O) =u. O

The omega-limit set Q(®,) is connected [5, Theorem 4.3.3]. Thus, by Eq. (3.17),
Q(®D,) is a singleton whenever & is finite. We have thus established the following.

THEOREM 3.2. Assume the hypotheses (W). Then, for any initial condition @, €

i , the evolution problem (3.8) has the unique solution ® = ®(¢, D), t 2 0,

its omega-limit set Q(®,) being contained in the set of steady-state solutions & . If,

in addition, g is real analytic, then each trajectory tends to a single steady state.
3.3. Steady-state solutions. We now examine steady-state solutions of Eq. (3.8).

Recall that [g] is a steady state if and only if S=0 and @ e C‘(O, 1) is a solution
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of the BVP .
viu, =u+g(u)-fx,
u(0) =u (1) =0.
The steady-state velocity profile ¥ is then calculated as T(x) = |, ; u(&)d§ . Since v

is assumed to be small, the problem (3.19) can be viewed as a singular perturbation
of the reduced problem

(3.19)

O0=u+g(u)— fx. (3.20)
From now on, we assume

Fe s Lol
where 0 < f . <7, and y,, < f . <oo. From Fig. 1 it is clear that the problem
(3.20) has a unique C' solution u = ¢,(x), x € [0, 1], whenever f € [/ ;., 7,) -
When f € [y,,, f,.,] there exist C' functions ¢,(x) defined on two overlapping
intervals I, contained in [0, 1], where 0 € I;, 1 € L,, i =1, 2, and such that
h(¢,(x))—fx=0, x €I, and ¢,(x) > ¢,(x) on I, NI,. Hence, there also exist
discontinuous solutions of (3.20). Indeed, any function u = u(x) where u = ¢,(x)
on [0, 1)\,, u(x) € {¢,(x), $,(x)} on I, NI, and u = ¢,(x) on [0, I]\], is
the solution of (3.20); the number of discontinuities of u is unlimited. Inevitably,
each solution of (3.20) is discontinuous whenever f € (7,,, f,.]- In the case f €
(¥9» fa) and v small we expect the existence of a solution of (3.19) having an
abrupt transition at some interior point x, € (0, 1). When ¢, is defined on the
whole interval [0, 1] we also expect that (3.19) has a solution that is close to ¢, on
[0, 1] for v small.

To make the above discussion precise, we employ general results of singularly per-
turbed equations due to Lin [9]. To this end, let us consider (3.19) as the equivalent
2 x 2 system

v, =w,
vw, =u+gu) - fx, (3.21)
u(0)=w(l)=0.
In case f €[f,.,7,) the piecewise continuous function
(0, 0), x€e[o, v'?,
U, ={ (¢,(x),0), xep'? 1-v", (3.22)

v
(¢,(1),0, xe(-»"1
is a formal approximation of the system (3.21) in the sense of [9, Theorem 2.1].
When f € (7, foa] (¥, is determined by Maxwell’s equal area rule), there is
another formal approximation of system (3.21) given by

(0, 0), x €[0, v'?);
(¢,(x),0), xew'"?, xy-v'";
U, =1{ (2(8), Z/(32A)), xe(x-v'"? x+v'); (3.23)
(¢,(x), 0), x€xp+v'?, 1-0"2);
L (#,(1),0), xeft=+", 1.
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Here x, € (0, 1) is determined by fx, = y, and z = z(r) is the heteroclinic
solution of the second-order autonomous ODE

Z'=z+g(2)-¥, (3.24)

such that lim_____ z(7) = ¢,(x,), lim__, __ z(1) = ¢(x,), z>0, and z' > 0. The
existence of such a solution follows (by phase-plane analysis) from the fact that (due
to the hypothesis (W)) é,(x,) and #,(x,) lie on the same level curve of an integral
for the system (3.21). We note that ¢,(x,) = min h'l(}ru), ?,(xy) = maxh_’(yo)
for any f € [¥,, f,a.), and hence the solution z does not depend on f.

It is now easy to verify that the formal approximations ﬁil) and U(f) satisfy
the hypotheses (H1)-(H3) of [9]. We omit this detail. Then the main result of [9]
adapted to the BVP (3.19) reads

THEOREM 3.3 [9, Theorem 2.2]. Let U, be a formal approximation of (3.19) given
by (3.22) or (3.23). Then there exists v, > 0 and J, > 0 such that for 0 <
v < v, there exists a unique true solution # = u,(x) of system (3.19) with r :=
SUD, 0, 1) |U, (x) = U(x)| < 8,, where U, (x) = (u(x), vu,(x)). The remainder r is
of order O(v'/*) when v — 0.

REMARK 3.4. Theorem 2.2 of [9], however, does not specify the explicit depen-
dence of the remainder r on the coefficients of Eq. (3.19). The decay of the remain-
der r may depend on the parameter f. Nevertheless, for any fixed # > 0 small
enough, using the implicit function theorem and following the lines of the proof
of [9, Theorems 2.2, 4.3, and 4.4], one can show that the remainder r = r(v, f)
for the formal approximation 'E’"f,n (7.79}) is O(u” 2) uniformly with respect to
S €Uins 74 — 1l and f € [y,+ 1, [, ], respectively, when v — 0.

For f € [fin» ¥ar) » Theorem 3.3 asserts the existence of a true solution ui” of
Eq. (3.19) approximating the given formal approximation 'U: . We have

. . 1
uf,”(x) Uit #,(x) and vl(,”(x) ﬂ»/ $,(&)d¢ forany xe[0,1]asv — 0".
* (3.25)

Again, by Theorem 3.3, for any f € (3,, f,.,], there exists a solution u(vz) of Eq.
(3.19) such that

lir:;+ uf,z)(x) =¢,(x) forany x € [0, x,),
IJ'—-

lirf]i+ uf,z)(x) = ¢,(x) forany x € (x,, 1]. (3.26)

Hence, for small v > 0 the solution uiz) has a graph as in Fig. 2 (see p. 412).
By the Lebesgue dominated convergence theorem we have the uniform convergence

p@ _uif @) _ { J; $,(8)dE, x € [xy, 11;
’ ° TR dE+ [} 6y0)dE,  xel0,x)
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when v — 0. Hence, the family (vf,z))”o converges uniformly to the velocity
profile U{‘f} with a kink located at x,, as shown in Fig. 3.

It is now clear that given a pressure gradient f € (7, 7,,), for any v sufficiently
small there exist at least two solutions uf,l) ” uf,z) of Eq. (3.19) satisfying Egs. (3.25)
and (3.26), respectively.

Integrating the velocity ¥ with respect to x yields the steady-state flow rate per
cross section

1
0=2 f (x)dx. (3.27)
0

Denote by Qi the volumetric flow rate corresponding to the velocity Uf,” given by
Eqgs. (3.25) and (3.26), respectively. Clearly, for any n > 0 thereis d =d(g, n) >0

such that

Qf,z) — QL” >d forany f €[y,+n,7,,) and v > 0 sufficiently small.  (3.28)
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We conclude this section by discussing the stability of steady states. We first show
that linearized stability of a solution % of system (3.19) extends to that of the steady-
state solution [2] of Eq. (3.8).

LEMMA 3.5. Let 0 < & < 1/sup,.x |&'(1)|. A steady-state solution [2] of Eq. (3.8)
is exponentially asymptotically stable with respect to small perturbations of initial
data in the phase space 2°'/? = x'/? x X'% | provided the principal eigenvalue x,
of the linearized Sturm-Liouville problem B,[u] = v'u_ —u — g'(=7(x))u = uu,
u(0) = u (1) = 0 is negative.

Using Lemma 3.5 we are able to prove the theorem below establishing stability of
the solutions [ 3 1, i=1, 2, as well as their uniqueness for certain parameter values.

The details of the proofs of Lemma 3.5 and Theorem 3.6 are given in the appendix.

T‘I;EDREM 3.6. Assumethat 0 <a < 1/sup, g |g'(1)| and g satisfies the hypotheses
( ()a) If f€[f,,,?y) and v > 0 is sufficiently small, then the principal eigen-
value u, of the linearized Sturm-Liouville problem B,[u] = pu at uf_n is negative.
Consequently, the steady-state solution [uﬁ:l,] of Eq. (3.8) is exponentially asymp-
totically stable with respect to small perturbations of initial data in the phase space
212 _ x112  y1i2

(b) If f € (¥y, fax) @and v > 0 is sufficiently small, then the principal eigen-
value p, of the linearized Sturm-Liouville problem B, [u] = pu at ui” is negative.
Consequently, the steady-state solution [ugz}] of Eq. (3.8) is exponentially asymp-
totically stable with respect to small perturbations of initial data in the phase space
go1/2 _ yl/2  yl/2

(c) There exists a unique steady-state solution of Eq. (3.8) whenever f e [f . .7,.)
or [ € (¥, fna) @and v > 0 is sufficiently small.

4. Spurt. Having developed the mathematical background we are in position to
explain the occurrence of spurt for a fluid governed by the system of equations (3.8).

Suppose that we are loading the pressure gradient quasi-statically from f . to
Jax allowing the system to settle down to its equilibrium state at each step.

Since vf}'} = 'vf,”( f) depends continuously on f, the volumetric flow rate Qi” =

Qf,”( f) of the steady-state velocity vf,” = vﬁ”{ f) for f <y, forms a continuous
curve. At each step of the “loading-stabilization” procedure, the volumetric flow
rate corresponding to the velocity v(T) is close to QE,” = Qf,”( f) when T is large
enough.

The situation changes dramatically when the pressure gradient f passes 7 - For
f > »,, the solution has no other possibility than to settle down to the unique steady-

state solution

[uff)((-), f)}
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of system (3.8) which is globally asymptotically stable by Theorem 3.6. Hence, by
Eq. (3.28), this small change of the pressure gradient causes a jump of size d > 0 in
the volumetric flow rate as shown in Fig. 4. This jump is equal to the area between
the two equilibrium solutions v{" and v{? (see Fig. 4).

For f varying in the interval (y,,, f,], the “loading-stabilization” can be re-
peated. The corresponding volumetric flow rates are close to the continuous curve
[ Qf,n( f) of the steady-state volumetric flow rates in Fig. 5.

Let us note that earlier models that did not include the diffusion terms in their
constitutive relations also captured the spurt phenomenon [10-12]. For f > y,, the
principal difference between our explanation of spurt and that of papers mentioned
is: the change in volumetric flow rate as f passes through the critical value y, on
loading is much more drastic in our model than the earlier ones; here the “kink”
develops at the point 0 < y,/7,, < 1 very suddenly and then moves slowly with a
definite speed toward the centerline. In [10, 11], the kink develops at the wall; for
f > 7,,, the layer position is x* = ¥a/f - The phenomenon of latency that occurs
on loading described in [10, 11] is not discussed here.

v}

Xg 1 x
FiG. 4
o E
a
= E
Ed
2
=
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E .
L '
E = -
= I
_o i
S ] z
Pressure gradient  Yar f

FiG. 5. Spurt
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5. Hysteresis. We now consider the loading-unloading cyclic process. The be-
havior of the volumetric flow rate during the loading period has been described in
the previous section. Recall that the volumetric flow rate increased rapidly when the
pressure gradient passed the value y,, . Now let us unload the pressure gradient start-
ing from f = f , . By convention, as long as f stays larger than y,, the solution
still settles down on

[”ﬁ”t-, 1)
B, NE

On the other hand, for any f < 7,, there exists the unique solution

[v,‘,”(-, 1)
u, N1

Therefore, the solution

A

ceases to exist at some critical value near y,. Figure 6 shows two branches of the
bifurcation diagram corresponding to the stable steady states

[ )] amn2

By Eq. (3.28), 0(f) - @{"(f) 2 d(n) > 0 for any f C [y, +1,7,) where
n > 0 is fixed. Hence, there is a hysteresis loop as shown in Fig. 7 (see p. 416).

i
u
uf(j}
ul(h
[
fii | -
Ym Yo w f



Vyber prac z aplikacii matematiky 209

416 P. BRUNOVSKY anp D. SEVCOVIC

Volumetric flow rate Q

Ym Yo v f
Pressure gradient
Fic. 7. Hysteresis
6. Numerical simulations. In this section we present some numerical results ex-

hibiting spurt and hysteresis. Recall that our model leads to the system of governing

equations
QU, = 81”1:1' + ax +f;

0, = V70, +8(v,) ~ Ao (6.1)
for (¢, x) € [0, o] x [0, rﬂp]
with boundary conditions
v,(t,0)=v(t,r,)=0, a(t,0)=0, 0.t 1) =—f

and initial data

v(0, x) = vy(x) and ¢(0, x) = gy(x) forae x€[0, r,]. (6.2)
We will consider an analytic function g of a particular form
u
gu)=mp (6.3)

14 (1 - a*)?/a?
where u > 0 is the elastic modulus, a is the dimensionless slip parameter, and A is
the relaxation time of the polymer. The particular choice of the function g is taken
from [11, Sec. 3].

First, we determine the magnitude of the coefficient v > 0 in Egs. (6.1). Following

[4]
Skl
2¢ :
where @ is the absolute temperature, k is the Boltzmann constant, and ¢ is the
hydrodynamic resistance of one dumb-bell bead (assumed to be constant). If we take
typical values of 8 =~ i{)zl(, &= lO‘qu s~! and recall that k ~ 1072y K~! , we

(6.4)
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; 2 =3 3 =1 ? ; i
obtain »“ =~ 10" “m” s . In our numerical simulations we have chosen the fixed
value

v =4x10""m? s, (6.5)

We next turn to the Vinogradov et al. rheological data. In all experiments, the
radius of the capillary was

ep = 048 x 10™°m.

The elastic modulus g and the density ¢ have been taken constant for all samples
and equal to

p=6x10Pa, p=10kgm >, (6.6)

respectively.

Numerical experiments were performed for the polyisoprene PI-3 which was the
first sample for which spurt was observed [15, Fig. 3b]. According to [15] and [8,
p. 323] we have

1=01s", e= 0.01434‘;—‘ —89x10°Pas™' a=0.98. (6.7)
We see that the constants o = gr5, A/e = 2.58 x 10~ and v’/r_ 1 =10"* intro-
duced in Sec. 2 can be treated as small parameters. It is easy to verify that the real
analytic function

= &, ¥
) = A T = &)

is of van der Walls type (see the hypothesis (W)).
As our first numerical experiment, we simulated spurt. In S. I. units, we choose

Spin = 9-3 % 10'kg m~> s_z, fo =91 2% lO?kg

Af=18x10"kgm ™ s7%
The startup initial condition (for [ = Jmin) Was chosen to be (v,, ¥y) = (0, 0). At
each loading step, the solutions were followed for a sufficiently long time 7_ =
150 sec to allow them to settle down. Since a > 0 was very small, we could use
the Crank-Nicholson implicit time-space discretization scheme. The spatial mesh
contained a total of 40 nodes. The time step was chosen as At = 0.005 sec.

Figure 8 (see p. 418) shows the results obtained (Fig. 8(a)) and compares them with
Vinogradov et al.’s experimental data (Fig. 8(b), the flow curve for PI-3 is labeled
by 3). Following [15] c-g-s units are employed and axes are in the logarithmic scale.
The nominal shear stress 7 is defined by v =r, f (see [8, Eq. (48)]). Since we have
considered a planar flow instead of a capillary flow the corresponding definition of a
volumetric flow rate is

3 [Taw
Q= a[ﬂ v(x)dx

(see [8, Eq. (47)]).
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1.50 3

1.00 -
0.50 5
: Spurt

0.00

-0.50 3

Volumetric flow rate 0

L
3

-
6.00 6.10 6.20 6.30
Normal shear stress i

FiG. 8(a). The spurt phenomenon for the sample PI-3.

log 1 [dyne/cm?)

FiG. 8(b).
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Finally, we have performed numerical simulations of a loading-unloading cycle.
The hysteresis loop under the cyclic load is displayed in Fig. 9.
Figure 10 shows the steady, kinked velocity profile for the spurt value of the nom-
inal shear stress 7= 1.61 x loﬁdyne cm™? (logT = 6.21).

1.50
1.00

0.50

=)
8

Volumetric flow rate 0
S
U
(=]

L
3

5.60 5.80 6.00 6.20 6.40
Nominal shear stress

Fi1G. 9. The hysteresis loop under cyclic load

Velocity

—-6.00 400 -200 0.00 2.00 4.00 6.00
x=0.0001 m

FiG. 10. The velocity profile at the critical value of pressure
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7. Discussion. We have proposed a modification of the mathematical model of
shearing motions leading to a system of governing equations including a diffusion
term vzcrxx in the constitutive equation. In addition, we have described the asymp-
totic behavior of solutions which is simple in typical situations—each solution tends
to some steady state and the number of steady states is finite.

The diffusion term makes the system of governing equations parabolic. As a con-
sequence of the resulting parabolic smoothing effect the system will admit a finite-
dimensional inertial manifold as well as a compact global attractor. In a subsequent

paper we will study singular limits when a = rZ, A/ tends to zero.

Acknowledgments. The authors are thankful to J. A. Nohel and A. Tzavaras for
introducing them to the subject and helpful discussions.

Appendix.
Proof of Lemma 3.5. Let [g] be an arbitrary steady state solution of Eq. (3.8).
The linearization of Eq. (3.8) at [g] has the form

d|[S S
[ =2 3]
where the linear operator B is given by

Sl _ ¢lexx + I"rzl"[.lr.\r il S g’(—ﬁ(x))(S —u)
B [u] - [ vzun —u+g'(-u(x))(S - u) ] ' (1)

its domain being D(B) = {[5], S,ue W>%(0, 1); S(0)=S,(1) = u(0) = u, (1) =
0} € L,(0, 1) x L,(0, 1). Denote by B, the Sturm-Liouville operator

B[ul =v’u,, —u~g'(-a(x))u (A.2)

on its domain D(B,) ={w € WZ‘Z(O, 1); w(0) =w,(1)=0} C L,(0, 1).
Assume that the principal eigenvalue y, of the linear problem B [u] = pu, u €
D(B,) is negative. Since B, is a selfadjoint Sturm-Liouville operator, we have

(B[], ¥)

<y <0 (A.3)
] 2

for any u € D(B,), u # 0. Moreover, B, is invertible and B': L, — L, is
compact. Hence, the operator B is also invertible and
gt m _ [ o edy—9)
v B (v —ag (—u(-))A (v —¢))
where the linear operator 4 was defined in Sec. 2. Since, by Eq. (3.6), A L,— L,

is compact, B~': 2 — £ is compact as well. Therefore, the spectrum o(B) consists
of eigenvalues.
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We will show that Red < 0 for any 4 € o(B) = 0,(B). Suppose to the contrary
that there exists an eigenvalue A € o(B) such that Rel > 0. Let [®] denote the
eigenvector of the linear problem

3[5]=4[5). s

u

Subtracting the equations for §' and u we obtain ﬁSH = A(S — u). Thus,
1
S,(x) = —ak [ (S - u)(@)de. (AS)
X

Taking the inner product of (A.5) with — fx' (S —u)(&)dE we obtain
2

1
IS = ull? — (u, § —u) = ok [X(S—uw:)dcr

Since Rei >0, we have ||S — u||> < —Re(u, S — u) < ||ul|||S - u|| and hence,
IS - ull < (A.6)
From (A.5) we have S(x) = —ad [y frl (S—u)(&)d&dr. Thus S = ad J(S—u) where
J: L, - L, is a linear bounded operator with ||J|| < 1 Therefore, u satisfies the
equation
B, [u] + adg (= u(-))J (S — u) = Au. (A7)
Take the inner product of (A.7) with u to obtain
(B[l w) = Alull” - a(g'(~@()J (S — u), w)).
Since B, is selfadjoint, we have Im(4 — aA(g' (=u(-))J(S - u), u)/ljunz) =0 and
g BlLE (1 _ o CENIS —u), u)) _
llll flaell
According to (A.6) we have
| ECTDIS -0, v)
2
Il
because ||J|| < 1. Therefore,
e (1 _ & TS~ 1), u)) 510,
[l
a contradiction. Hence, Red < 0 for any 1 € a(B). By [5, Theorem 5.1.1], the
steady-state solution [g} of Eq. (3.8) is exponentially asymptotically stable with re-

J(S —uw)| ||
SER flaell

<asup|g'(s) < 1
SER

spect to small perturbations of initial data in the phase space & Ve ¥y o
Proof of Theorem 3.6. (a) For any u € D(B,), u# 0, we have
1 1
(Bl L (-u“f u? (x) dx -[ 1 " ()i (x) dx)
™ 0 0 i

__L
fluef)?

f R () (x) dix.
0
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We have h'(¢,(x)) > 0 for x € [0, 1]. Therefore, h'(u"(x)) > 0 forany x € [0, 1]
and v small. Hence, the principal eigenvalue u, of B, satisfies

(B, ) _,

(A.9)
ueD(B,), u0  [juf?

Hy =

(b) Let us now consider the solution uf’ of Eq. (3.19) having an abrupt transition
at the point x, = y,/f € (0, 1).

First we prove that uff) is increasing on [0, 1). The curve A(u)— fx =0 splits
the first quadrant into two parts (Fig. A.1).

The function uf’ is convex or concave at x depending on whether the point

(x, uff} (x)) belongs to the left-hand or to the right-hand component labeled by +, —,
respectively. According to Theorem 3.3 we have

sup{[u@(x) - ¢,(x)], x €[0, x, — v} = O('?),
sup{[ul? (x) — ¢,(x)|, x € [xo+v'*, 11} = 0@'?)

as v — 0" . Since #® is a solution of Eq. (3.19) and 0 < uf) (by Proposition 3.1),

v

we have £u?(0) > 0. Indeed, £4?(0) <0 would imply

3
L0 = & (K0 1420 - £) <.

Since uf,z)(O) = f}uff)(()) = 0, we have uff](x) < 0 for some x > 0, a con-~
tradiction. By an obvious indirect argument, one can show that %uf)(x) cannot

A h(u) - fx=0

Fic. A.l.
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A

Fic. A.2.

(2

v

l”2]'U[.xﬂ+:.rl"2, 1]. To prove that £u? is positive in

become negative in [0, x,—v =

(xo — p'2 v %o+ !/ 2) suppose the contrary. Since ;"  is convex in + and concave
in —, this is possible only if there exists an X € (x; - v'2, Xy + v'/?) such that
£u2(%) < 0 and P (%) = ¢5(X), ¢, being the middle branch solution of h(u) -
fx =0 is shown in Fig. A.2.

Let us introduce the “fast-time™ variable 7 = (x —x,)/v for x € (x,—v"'", x;+
v/ 2) and put u(7) = uff'](xo +v1). Then f;u(r) = u‘-f;uf,z)(xo + v1). According to
Theorem 3.3 we have

1/2

sup g—(u(r) - z(0)|=0@w"?) asv—0",
t€(-v~ 2, p= 1) T

z being the heteroclinic solution of the problem (3.24). Since X — x, = 0(1»'” 2) , we
have |¢,(X)—¢;(x,)| = O(v'/?) as v — 0* . Therefore, $£u'?(%) = v Lu((X-x,)/v)
must have the same sign as ‘-f;z((f—xo)/v) for any v small. Hence f;uf}(_?) >0,

a contradiction.
Knowing that for any f € (¥, f,,], %, 1is increasing in [0, 1) for v small
we return to the linearized eigenvalue problem B, [u] = pu where B [u] = u"'unf -

R (? (x))u, u(0) = u, (1) = 0. First we prove the following useful lemma.

(2)

v

LEMMA A. Assume [ € [f .., fi..x] - L€t ¥ be any nondecreasing solution of (3.19)
such that |A(@(1)) - f] < (1 —a)f and K'(@(x)) > 0 on [a, 1] for some a € (0, 1).
Then the principal eigenvalue u, of the linear operator B,[w] = vzwu—h'[ﬁ(x))w .
w € D(B,), is negative.

Proof. Denote ¢(x) = £u(x). Then ¢ satisfies

Vo, —hH@x)e=-f, ¢.(0=¢1)=0, (A.10)
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and ¢ >0 on [0, 1). Let w be a solution of
B [w] = v’w,, — K @x)w = pgw,  w(0)=w,(1)=0 (A1)

corresponding to the principal eigenvalue p, of B,. Since (A.11) is a Sturm-
Liouville problem, there exists w satisfying (A.11) such that w >0 on (0, 1) and

ful w(x)dx = 1. If we multiply (A.11) by ¢ and integrate over [0, 1], we obtain

1 1
bo || wee)sex)de = v (w g - wh, ) f [ wix)ds [oecause w,(0)4(0) 2 0]
< —w()(h@(1) - 1) - £ < w()h@E1) ~ /] - 1.
(A.12)

Now suppose to the contrary that g, > 0. Since w >0 on (0, 1), w (1)=0, we
have v’w = h'(@(x))w + pyw > 0 on [a, 1]. Hence, w(x) > w(1) on [a, 1]
and, consequently,

1 1
1 =f0 w(x)dx 2]; w(x)dx > (1 —a)w(l).
From (A.12) we obtain
1
o /0 w(x)p(x) dx < 0.

Since w >0, ¢ > 0, we have y, <0, a contradiction. O

Now it is easy to complete the proof of part (b). We fix an a > x;,. Then, by
Theorem 3.3, sup{|u?(x) — ¢,(x)|, x € [a, 1]} = O(v"*) as v — 0" . Therefore,
|h(uP(1)) - fl < (1 -a)f and K'(uP(x)) >0 on [a, 1] for any v > 0 sufficiently
small. Lemma A completes the proof.

Note that, for certain singularly perturbed problems, an asymptotic estimate of
the form py(v) = O(v) as v — 0" is proved in [1].

(c) Our next goal is to prove uniqueness of solutions of (3.19) for f € [f ., 7,)U
(Yar» Smay) and v small. Let us consider the case f € (y,,, f,,,]- First, we show
linearized stability of an arbitrary nondecreasing solution # of (3.19). By Lemma A
it is sufficient to prove that |h(%(1)) - f| < (1-a)f and A'(#(x)) >0 on [a, 1] for
some a € (0, 1). To this end, we recall first that according to Proposition 3.1 there
exists an M > 0 such that

v sup |u (x)|+ sup [@(x)|<M (A:13)
x€[0,1) x€[0,1]
for any solution % of (3.19) and v > 0.
Let # be a nondecreasing solution for (3.19). Let 1 > a > y,,/f. Then for any

x €[a, 1] we have fx >y,,;so @ is concave on [a, 1]. Thus, by (A.13)

Osﬁx(x)sf:ﬁx(f)df- S

x—-a 1—-a

(A.14)

for any x € [a, 1] where a = (@ + 1)/2. Therefore, there exists a constant M, > 0
such that

0< fx — h(u(x)) < f& - h(@(E)) + M, (& - X) (A.15)
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forany &, x € [a, 1], x <&. Thus, by (A.14) and (A.15)
0 < v'(fx - h(@(x)))

12

< [T (e - e + My - 1) s

2 ./X+tz|‘Irz
=—v
X

Hence |fx — h(u(x))| < szuz for any x € [a, 1], v > 0, and any nondecreasing

solution % of (3.19).
For v < ((fa— yM)/Mz)z we have

h(@(x)) > fx —|fx —h(u(x))| > fa—|fa-7y,| =7, foranyxE€la,l].

Since h(u) < y,, for u < ¢, (see Fig. 1), we have %(x) > ¢, on [a, 1], hence
h'(#(x)) > 0 for x € [a, 1]. By Lemma A, the principal eigenvalue u, of the
problem B [w]= uz'wxx - h'(i’f(x)_)w = pw, w € D(B,), is negative.

Now, consider the parabolic equation

T+ 0 < (2M + ) =i M.

U= uzu” —h(u)+ fx,

T
u(t,0)=u,(r,1)=0, 120, 0, x)=uy(x), x€[0, 1]
This equation generates a gradient-like semidynamical system .%(7), 7 > 0, in the
Hilbert space X'/2 = {u € w"%(0, 1), u(0) = 0} defined by F#(1)u, = u(t, -),
where u(0, -) = uy(-) (see [5, Chapter 4]). The set Z = {u € Xl u(x)>0,ae.
on [0, 1]} is a closed convex cone in X iz, Moreover, # is invariant under %,
ie.,
u(r,:) € ¥ whenever u(0, ) € ¥ for any 7 > 0.

Indeed, the function
-u. (1, X), x€[0,1], 720;

w(t,Xx) =
( ) {—ux(f,—X), xe[_l’o]i 120:
is the solution of the scalar parabolic equation

w, = v w,, —h'ux)w-f,
w(t, -1)=w(r, 1)=0.

Therefore, w(r, x) < 0 whenever w(0, x) < 0 by the Maximum Principle (see
[14]). Hence, .%’ is a semidynamical system on the complete metric space Z with
the topology induced by X W2,

To complete the proof we argue similarly as in [1, Theorem 4]. Since % is invari-
ant, it is the union of (disjoint) attraction domains of the nondecreasing stationary
solutions of (A.14). Because those solutions are asymptotically stable, these attrac-
tion domains are open in % . Since the set ¥ is connected, it cannot be a union
of two nonempty disjoint open sets; hence, uf,z) is the unique stationary solution in
4
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Now, let & be an arbitrary solution of (3.19) (not necessarily nondecreasing). By
Proposition 3.1, % is bounded and % > 0. Then there exist @, @' € #ND(A) such
that @~ (x) <u(x) <@ (x), x € [0, 1]. With regard to the Maximum Principle [14,
Chapter 3, Theorem 3] we obtain (7)u (x) < F(1)i(x) < F(7)@ (x) for any
1> 0 and x € [0, 1]. Since Z(1)a* € %, for any 1 > 0, we have . (1)u* — uf,z)
@
Hence, the solution uf’
proof of uniqueness of solutions of (3.19) for f € [/, 7,

m

as T —o0o. Thus, u=u

is unique, provided v is small and f € (y,,, f,,,]- The
) is similar. O
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A delay differential equation is presented which models how the behavior
of traders influences the short time price movements of an asset. Sensitivity
to price changes is measured by a parameter a. There is a single equilib-
rium solution, which is non-hyperbolic for all a >0. We prove that for a <1
the equilibrium is asymptotically stable, and that for ¢ >1 a 2-dimensional
global center-unstable manifold connects the equilibrium to a periodic orbit.
Its birth at a=1 is not of Hopf type and seems part of a Takens—Bogdanov
scenario.

KEY WORDS: Delay differential equation; periodic solution; center manifold
reduction; Takens-Bogdanov singularity.

1. INTRODUCTION

In this paper we study the equation

x()=a(x(@)—x(@—1)) —[x@)|x() (1.1)
with a >0 which is obtained from the equation
x(r)=a(x@) —x(—1)) = blx(®)|x() (1.2)
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with a > 0,b > 0 by the normalization x — bx . By Eq. (1.2) we model
short-time fluctuations of an asset the price of which is freely determined
by supply and demand and reacts quickly to their movement. For definite-
ness we will speak about the exchange rate (i.e., price of a foreign cur-
rency in a domestic reference one) under a floating rate policy, although
the model applies equally well to other kinds of assets (like e.g., share or
commodity prices).

Economic theory provides several models for the dependence of
exchange rate on macroeconomic parameters, like e.g., the purchasing
power parity (PPP) index. Those parameters change slowly and, therefore,
cannot be accountable for fluctuations of time constant of days one can
observe. The purpose of the model is to single out possible source of those
fluctuations — the psychology of agents trading the foreign currency.

To this end we suppose that there is a “natural” macroeconomically
justified equilibrium exchange rate which we assume to be constant within
our time range. We assume that agents have a certain perception but not
precise knowledge of this rate and denote by x the deviation from it.

In order to make profit from their trading, agents attempt to fore-
cast the movement of the exchange rate in the future. As a source for
their forecast they employ its movement in the immediate past and a feel-
ing about its position with respect to the equilibrium rate. On one hand,
they expect the rate to raise if it did so in the past. So, a raise of the
exchange rate leads to increasing demand and thus an increase of the
price. This mechanism is expressed by the first term on the left-hand side
of Eq. (1.2). On the other hand, once the rate moves (for definiteness,
raises) farther from its equilibrium more and more agents expect that this
trend will eventually turn back. This leads to increasing supply and hence
a decrease of the rate. We model this mechanism by the second, quadratic
term, assuming that both the number of agents and the amount supplied
by an individual representative agent increase.

For a more thorough discussion of the model the reader is referred to
[2]. Let us note that in [4] the discrete time version of the same equation
is developed, although by different reasoning.

The following asymptotic behavior of solutions is indicated by numer-
ical experiments: For a <1 the equilibrium is globally asymptotically stable
whereas for a > 1 it is unstable. Solutions tend to 0 eventually monotoni-
cally for a <1, for a=1 they oscillate around 0 with the distance of their
zeros tending to oo eventually monotonically. For a > 1 there is a globally
stable periodic orbit the period of which tends to oo for a — 1.

The economic implications of these dynamics are discussed in detail
in [2]. Here we just briefly mention its principal message: In case the sen-
sitivity (in economic terms, elasticity) of the agents to the increase/decrease
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of the exchange rate exceeds the threshold value a =1, the equilibrium
loses its stability and permanent fluctuations occur. In other words, under
a certain configuration of parameters no other reason except of the psy-
chology of agents is needed for permanent fluctuations of the exchange
rate.

The principal goal of this paper was to establish, at least partially, the
numerically observed dynamics rigorously. However, the equation turned
out to be interesting mathematically in itself. Its only equilibrium x(r)=0
1s non-hyperbolic for all values of the parameters, and for the critical value
a=1 it has a double zero eigenvalue linearization of Bogdanov—Takens
type [13]. When « is increased and passes the critical value 1 the dimen-
sion of the center unstable manifold (which is the center manifold for a <
1) jumps from 1 to 2.

Mathematical intuition is somewhat in conflict with the economic one,
the latter turning out to be more adequate: Whereas linearization sug-
gests monotone solutions, by economic intuition the conflicting mecha-
nisms should lead to fluctuations. As another surprise, the (decisive) action
of the seemingly stabilizing nonlinear term of the equation turns out to be
repelling in the center manifold for a > 1.

The paper succeeds in two ways: To a considerable extent we can
establish the observed local dynamics at zero, and we prove the existence
of a periodic orbit for a > 1. Whereas the former employs advanced but
well known methods (center manifold reduction in particular), the proof
of existence of a periodic orbit contains new ingredients, compared to ear-
lier work [16, 17, 19]. Among others, it shows how planar curves associ-
ated with solutions as in the Poincaré-Bendixson type results [3, 10, 11,
14, 15] are precisely related to the solution curves in the infinite-dimen-
sional state space. Details on this are given in the final Section 8.

We end this section by introducing some notation and other prelim-
inaries. Section 2 provides simple facts about boundedness, compactness,
and injectivity of solution operators. Section 3 contains elementary results
on oscillatory behavior of solutions. Section 4 is devoted to the lineariza-
tion at 0 and prepares the local and global studies in the sequel. The local
center manifold reduction stability analysis follows in Section 5. Section
6 deals with a global center-unstable manifold in case a > 1. In Section 7
it is shown that the boundary of the global center-unstable manifold is a
periodic orbit. In the concluding Section 8 we explain what is new in the
proof of existence of a periodic solution, exhibit the relation to Poincaré—
Bendixson type results, and discuss open problems of mathematical as well
as economic interest.

Notation, preliminaries. Let B be a Banach space. For any real num-
ber r >0, the open ball of radius r centered at 0 € B is denoted by B..
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For a subset M C B, the closure, boundary, and interior are denoted by

M,dM, ]\C/)I , respectively. A compact map from a subset of a Banach space
into a Banach space maps bounded sets into sets with compact closure.
Spectra of linear operators from a subspace of a Banach space B over R
into B are defined via complexifications.

C denotes the Banach space of all continuous real functions on
the interval [—1,0], with the norm given by [[¢| =max_i1<;<o @) C!
denotes the Banach space of all continuously differentiable real functions
on [—1,0], with the norm given by ||¢|1 =|l¢||+ |#]l. The embedding J :
C!'> ¢+ ¢ e C is compact. For any continuous function f : R— R the
substitution operator f : C3¢+> fog¢eC is continuous.

For a two-dimensional Banach space L the Jordan curve theorem
asserts that the complement of the trace |c| of a simple closed curve c :
[0, 1] — L consists of two connected components, a bounded one, int (¢),
which is called the interior of ¢, and an unbounded one, ext(c), called the
exterior of ¢. We have

|c| =0 int(c) =3 ext(c).

If in addition ¢ is continuously differentiable and if for some ¢ the tan-
gent vector ¢/(r)=Dc(t)1 and a vector ve L are linearly independent then
there exists € >0 so that the line segments c(¢) + (0, €)v and c(t) + (—e¢, 0)v
belong to different connected components of L\|c|.

Solutions of a delay differential equation

X(@)=g(t, x(), x(r—1))

with € R and g : [, 00) x R*> — R given, are continuous functions x :
[to — 1, 0c0) = R which are differentiable for 7 > 1y and satisty the differential
equation for 7> 7. In case g : R*— R one also considers solutions which
are defined and differentiable on the whole real line and satisfy the differ-
ential equation everywhere. For a given map x : I > R, ICR, and reR
with [t —1,7]C I the segment x : [—1,0]— R is defined by x(s) =x(t +s).

For a solution x : R— R of an autonomous delay differential equa-
tion

X(@)=g(x@),x(—1))

with g : R>— R locally Lipschitz continuous the a-limit set «(x) is defined
to consist of all accumulation points of all sequences (x,,){° with 7 — —o0
as n— 00. In case the semi-orbit {x : # <0} has a compact closure the a-
limit set is nonempty, compact, connected, and invariant in the sense that
for every ¢ € a(x) there is a solution y : R— R with yp=¢ and y € a(x)
for all r e R.
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The Landau symbol o(z) is used as an abbreviation for the values of
a function on a neighborhood V of 0 in R™ or R™ x R* which in the first
case satisfies

0(0)=0 and %—m as 0#£z—0
Z

and in the second case 0(0,¢)=0 for all ¢ € RX with (0, £)eV and
0(z,¢)

(K]

— 0 as z— 0 uniformly with respect to ¢.

The general reference for results on delay differential equations which are
used in the sequel is [5]. See also [7.9].

2. SOLUTIONS, COMPACTNESS, INJECTIVITY, FORWARD
INVARIANCE

Proposition 2.1. Let t) >1. Let g : [t,1] x R— R be continuous and
locally Lipschitz continuous with respect to the second variable. Suppose
there exists ng >0 with

ng(t,n) <0 for |n|=no.

Then for every yw € R the maximal solution of the initial value problem
(IVP)

y=g,y),  y0)=xw
is defined on [tg, t1].

Proof. Suppose the assertion is false. Then there exists yg€ R so that
the associated maximal solution is defined on an interval [z, z,) with 7y <
t, <t and

lim sup |y(?)| =o0.
t/te

On the other hand,

dy2 .
W(t) =2y@)y(t)=2y(1)g(t, y(1)) <0

for all ¢ €[tg, t,) with |y(t)| > ng, which implies that y is bounded, in con-
tradiction to the previous statement. U
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For a > 0 consider the nonlinearity f : Ro3&+— (a —|&|)é € R. Then Eq.
(1.1) can be written as

x(t)=f(x@)—ax@—1).

Corollary 2.1. For every ¢ € C there exists a uniquely determined solu-
tion x? :[—1,00) = R of Eq. (1.1) with xg)zqﬁ.

Proof. Define g; : [0, 1] x R— R by g1(¢,&) = f(&) —ap(t —1). As
limg_, o0 (§) =—00 and limg_, _ f(§) =00 we can apply Proposition 2.1 to
g=g1. This yields the restriction of x? to [0, 1]. Then proceed by induc-
tion, setting

gnr1(t,6)=f(&) —ax®(t —1)
forn<t<n+1,neN,&eR. O
The equation
F(t,¢)=x{

define a continuous semiflow F : [0,00) x C — C . We have continuous
dependence on initial conditions in the sense that given ¢ € C, 1) >0 and
€ >0 there exists § >0 with

XV () —=x?(t)|<e on [—1, 1]

for all ¥ €+ Cs. Each map F(¢,-) : C— C,t >0, is continuously differ-
entiable, with

DyF(t,¢)x =vP*

given by the solution v?X : [—1, c0) — R of the variational equation along
¢ .
x?, ie.,

o) = (x?)v(t) —av(t —1)

with initial condition vy = x. Moreover, the restriction of F to (1,00) x C
is continuously differentiable, with

DiF(t,$)1 =57

Corollary 2.2. The map F; : Cep— F(1,¢) e C! is continuous, and
all maps F(t,-),t>1, are compact.
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Proof. By Eq. (1.1), )'cf’:foF(l,¢)) —a¢ for all ¢ € C. It follows
that F; is continuous. Let t > 1. Then F(t,)=F@¢ —1,)oF(1,)=F(t —
1,-)oJoF; is compact. O

Proposition 2.2. All maps F(t,-),t >0, and all derivatives D, F (t, ¢),
t>0 and ¢ € C, are injective.

Proof. 1. Let >0 be given.

2. Consider the map F(t,-). Let ¢ #¢ in C be given. For all s €
(—1,0) with ¢(s)# ¥ (s) and x?(s+1)=x¥(s+1) we have

e+ D=f006+D)—aps) £ FEV s +1D) —ayp(s) =iV (s +1).

This implies xip ;éxi//. Uniqueness for the IVPs associated with
Eq. (1.1) yields xf ;éx}/’ for all s € (0,1). Using induction one
finds xf ;éxsw for all s >0. In particular, F(z,¢)# F(t, V).

3. Let ¢ € C be given. Consider the derivative DrF(t,¢). Let x €
C\{0}. It remains to show Dy F(t,¢)x #0. Recall DrF(t,p)x =
v?% . Set v=v?X. For all s (—1,0) with x(s)%0 and v(s+1)=0
we have

O+ 1) =f'(x?s+D)v(s+ 1) —ay(s) =—ax(s) #0.

This implies v; #0. Uniqueness for the IVPs associated with the
variational equation along x? yields vy #0 for all s € (0, 1). Using
induction one finds vy #0 for all s >0. In particular, D> F (¢, ¢)x =
vy #0. U

Proposition 2.3. For all t >0, F(t,Cy,) C Cay and F(t,Cry) C Cay.

Proof. Let ¢ € Ca,, x =x?. Assume |x(¢)| >2a for some 7> 0. Then
there exists 7y >0 with |x(7y)| =2a > |x(¢)| for —1 <r <1ty. In case x(¢ty) =2a,

0<x(ty) = f(2a) —ax(ty— 1) < f(2a) +2a> =0,

which is a contradiction. The argument in case x(f)) = —2a is analogous.
We infer |x(¢)| <2a for all r >0. Consequently, F (¢, Ca,) C Cy, for all 1 >0.
The remaining part of the assertion follows by continuity. U

We also have the following result, which will not be used in the sequel
but seems of interest in itself.

Proposition 2.4. For every ¢ €C,

—2a <liminf x?(t) <lim supx? (1) < 2a.
—0o0

t—00
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Proof. 1. Assume there exists ¢ € C wiith F(z, ) &Co, for all t >0.
Set x =x?. There is a sequence (tj)g° with t; /o0 as j— oo and
|x(¢;)| > 2a for all integers j>0.

Claim: For every ¢ >0 with x(¢) > 2a (x(t) < —2a) there exists s >
t with x(#) =2a (x(t) =—2a).
Proof. Let x(¢) >2a. If x(s) >2a on [t,00) then

x(8)< fQRa)—a2a= —4a* <0

on [t+1, 00), which yields a contradiction.

2. We may assume x(t;) > 2a for all integers j >0, or x(¢;) <—2a for
all integers j >0. Consider the first case.

3. It follows that there is a sequence of local maxima m;j, j € Ny,
of x with m; — oo and 2a <x(m;) — limsup,_, o, x(¢) <oo. From

Eq. (1.1),
0=x(mj;)=f(x(mj)) —ax(m; —1).

That i1s for £ =x(m;) and n=x(m; — 1) we have & > 2a and
0>an= f(¢§)=at —&2. Notice that a& — &2 < —af since 2a <E&.
Hence

x(mj—D=n<—-&=—x(m;j).

For sj=m; —1, we have x(s;) <—2a, and s; — oo as j — oo. There
is a sequence (sjx)g° With sj. >s; and x(sjx) = —2a for all integers
j=0. It follows that there is a sequence (M;)g° of local minima
of x with x(M;) < —2a for all integers j >0, and M; — oo and
x(M;) — liminf; o x () > —00 as j — oo.

4. Proof that x is bounded. Otherwise there exists a local extremum
m >0 of x so that |x()| <|x(m)| for —1 <t <m and 2a < |x(m)|.
Arguing as in part 3 we find |[x(m —1)| > |x(m)|, a contradiction.

5. It follows that c=Ilimsup,_, , x(¢) >2a and d =liminf, . x(f) <
—2a are finite. As x(m; —1) <—x(m;) (see part 3) we infer d < —c.
Using the sequence (M;)g° of local minima of x and analogous
arguments we obtain —c <d. Together, —c=d. Hence

—c = liminf x(t) <liminf x(M; — 1)
— 00 j—)OO

M 2
= liminf (x (M) — (M) )(see part3)
j—o00
2
= c—c—, or ¢<2a.
a

6. The proof in the other case in part 2 is analogous. U
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3. SLOWLY OSCILLATING SOLUTIONS

We call a function x : I - R, I CR, slowly oscillating if for any pair
of zeros z, >z we have z, >z+1. Soon we shall see that slowly oscillating
solutions of Eq. (1.1) are abundant. It is convenient to begin with solu-
tions of the more general, nonautonomous equation

y(O)=h(t, y@®)—ay—1) (3.1)

with a >0 and a continous function 4 : [0, 00) x R— R which is locally
Lipschitz continous with respect to the second variable and satisfies

h(t,0)=0 for allt >0
and
h(t,n) — oco(— —0o0) as n— —oo(— o0)

uniformly with respect to 7 in compact sets.

Example. For a given solution x :[—1,00)— R of Eq.(1.1)set h(t,n)=
fm+x@)— fx@).

Notice that for /4 as above, for 7 >0, and for every continuous func-
tion ¢ : [tg, to+ 1]— R the map g : [fo, 1o+ 1] x R— R defined by g(¢,n) =
h(t,n) —c(t) satisfies the hypotheses of Proposition 2.1.

Segment of slowly oscillating functions belong to the set Z C C of
data with at most one zero. The closure S; = Z is the set of all ¢ € C which
are nonnegative, or nonpositive, or have a zero z € (—1, 0) so that for some
J€{0, 1},

(—=1)7¢(t) =00n[-1,2], (=1)/¢p() <O on][z,0].

That is, Sy is the set of data with at most one sign change. One can
show that $7\{0} is homotopy equivalent to the unit circle S', but we shall
not make use of this.

Proposition 3.1. Let y :[—1,00)— R be a solution of Eq. (3.1).

(i) If 0%yoe Sy then 0£y, €8y for 0<t<3,0¢y([t—1,¢]) for some
t€[0,3], and y; € Z for t >3.
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If y(z)=0 for some z>0 and 0 y([z—1, 7)) then

sign(y(t)) =—sign(y(z—1))#0 forz<t<z+1.

Proof. 1. Proof of 0#y, €8 for 0<r<1 and 0&y([t — 1,¢]) for
some 7 €[0,2] in case (A) that there exists z € (—1,0] with 0< y(¢) in
[—1,z],0 < y(t4) for some 7+ €(—1,z), and y(r) <0 in [z, O].

1.1

1.2

1.3

1.4

Proof of y(#) <0 in [0, z+1]. We compare y to the solution w :
[0,z+ 1]— R of the IVP

w=h{t,w)—ay(t—1), w(0)=0.

As solutions can not cross, we get y(r) <w(¢) on [0, z+1], and it
remains to show w(t) <0 on [0, z+1]. We have

w(t) =lim we(r) on [0, z+ 1]
e\0

with the solutions w; : [0, z+1]— R to the IVPs
w=h, w)y—ay(@t—1)—e, w(0)=0.
For all e >0 and ¢ €0, z+1],
we (1) <0

since otherwise we obtain from we(0)=0>—€>0—ay(—1)—e=
we(0) some r€(0,z+1) with we(¢) =0 and w.(r) >0, in contra-
diction to

we(®)=0—ay(t—1)—e<—€ <.

Proof of y(t) <0 for some ¢ € (0, z+ 1]. Otherwise, y(t) =0 on [0,
z+1], and consequently y(zy +1)=0—ay(¢;) <0, which yields a
contradiction.

Claim: If y(f;) <0 and 0<#; <z+1 then y(¢t) <0 on [t1,z+1].
Proof. On [t1,z+1], y(t) <w(¢) for the solution w : [t;,z+1]— R
of the IVP

w=h{t,w)—ay(t—1), w(0)=0.

As in part 1.1 one finds w(¢) <0 in [71, z+1].

It follows that either (Al) y(z) <0 on [0, 1], or (A2) there exists
7+ €[0,z+1) with y(r)=0 in [0, z,] and y(t) <0 in (z4,z+1]. In
case (Al) the assertion 0#Y; € S; for 0<r <1 is obvious. Also,
for € > 0 sufficiently small the restriction of y to [¢, 1 +¢€] has no
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zero. In case (A2), we find for r €[z + 1, z, + 1] that y(r) <w(z),
with the solution w : [z+ 1, z, +1]— R of the IVP

w=h(t,w)—ay(t— ) =h(t,w), wE+1)=0,

ie, w()=0 on [z+1,z,+1]. Hence y(r) <0 in (24,74« + 1]. As
in case (Al) we see that for r €[0,1],0# y, € S;, and for € >0
sufficiently small, 0 & y([z« + €, z4+ +€ + 1]).

2. In case that —yy has the properties stated in (A) arguments as
above yield 0#y, € S; for 0<7r<1 and 0&y([r —1,¢]) for some
1 €]0,2].

3. Incase 0<y() in [-1,0] and 0 < y(0), either 0 < y(¢) on [0, 1],
or there is a smallest zero z € (0, 1] of y. Then y, has property
(A). Now it becomes obvious how to complete the proof that
0#£ype S implies 0#£y, €8y for 0<r<1 and 0& y([t, — 1, 1))
for some ¢, €[0, 3]. Using induction on derives 0 # y, € S for
0<r<3.

4. Proof of (i1). Suppose 0<z,0<y(¢) in [z—1,z), and y(z) =0.
Then y(z) <0. Hence y(t) <0 on (z, z+¢€] for some € € (0, 1], and
y(t) <w(t) in [z+4 (€/2), z+ 1] for the solution w : [z+ (¢/2),z+
1]— R of the IVP

b=ht, w)—ayt—1), wz+ g) —0.

As in part 1.1 we have w(r) <0 on [z+4 (¢/2),z+ 1]. It follows

that y(#) <0 in (z, z+ 1]. The proof in case y(r) <0=y(z) in [z —
1,z) is analogous.

5. Using (i1) and the result of part 3 one shows that for any zero

z>ty of y, 0€y([z—1,2)U(z,z+1]). This yields y, € Z for ¢ > 3.

U

In other words, nonzero initial data in S; =Z yield solutions (of Eq.
(1.1)) which become slowly oscillating after finite time. Notice that we did
not show that solutions actually have zeros in (0, co). In particular, we do
not yet know whether there are slowly oscillating solutions of Eq. (1.1)
with infinitely many zeros. The proof that this is indeed the case for a > 1
will be given in Section 6. It is not as elementary as the arguments in Sec-
tion 3. We shall employ the following preliminary result.

Proposition 3.2. Suppose ¢ € Co, and the solution x=x% of Eq. (1.1)
has no zero. Then

x(t)—0 as t—o0.
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Proof. 1. Let ¢(0)>0. Proposition 2.3 shows that c=lim sup,_, ., x(¢)
and d=lim inf,_, o x(¢) satisfy

0<d<c<2a.

2. Proof of d=c. Assume d <c.
2.1 In case 0<d choose € >0 with

2a€ — (d—e)2 <0.

There exists t >0 with d —e < x(s) for all s >¢. The inequality
d < c implies that there is a local minimum #,, >+ 1 of x with
x(ty) <d+e€. Hence

0="i(tm) = a(x(tm) — Xt — 1)) — (X (tm))?
<ald+e—(d—e))—(d—e€)?=2ae—(d—e)* <0,

which is a contradiction.

2.2 In case d =0 choose m € (0,c) with m <¢(¢t) for —1 <r<0. As
d=0 we find r >0 with x(#)=m and x(s) >m for 0<s <t. Then
x(t)<0. Using m <c we find a smallest zero t,, >t of x. Either
tmw=t, or t <t, and x(s) <0 on [t,t,). In both cases,

x(ty — 1) >x(t,) >=0.
Hence
0= (tm) = a(x (ty) — X (tw — 1)) — (x(tm))* < —(x(12))* <0,

which is a contradiction.
3. We have shown x(t) - ¢ >0 as t — oo. Consequently,

Iim x(t)=a(c—c) —?==C
— o0

In case ¢ >0 we obtain a contradiction.
4. The proof in cas ¢(0) <0 is analogous. ]

Remark 3.1. With regard to the hypothesis in Proposition 3.2, notice
that in case ¢ € C», has no zero and x =x? does not change sign there is
no zero of x at all since a first zero would be simple, due to Eq. (1.1).
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4. LINEARIZATION
The solution operators T, = D, F(¢,0),t >0, of the variational equa-
tion
b(t)=a((t) —v(t — 1)) (4.1)

along the zero solution of Eq. (1.1) form a strongly continuous semi-group
whose generator G : D — C is given by

D={peC': p0)=a(p(0)—p(~1))}
and
Gp=¢

The spectrum of G consists of eigenvalues which are isolated points. They
are given by the characteristic equation

r—a(l—e ) =0. (4.2)

The order of a solution A of Eq. (2) coincides with the dimension of the
generalized eigenspace of A considered as a point in the spectrum of the
complexification of G.

Proposition 4.1.  For every a>0, =0 is a soltion of Eq. (4.2), simple
for a#1 and double for a=1 . For a1 there exists a unique real solution
u#0 of Eq. (4.2); u is simple, and u <0 for 0<a<1, 0<u for 1 <a. For
a <1 all other solutions of Eq. (4.2) satisfy Re()) <u. For 1<a all other
solutions of Eq. (4.2) satisfy Re()) <O.

Proof. A number X e€C is a solution of Eq. (4.2) if and only if ¢ =
A—a 1s a solution of the equation

{+ae =0 4.3)
with o« =ae™%. Notice that the function
g:(0,00)3ar>ae R

has a strict global maximum at a =1, with g(1) =1/e. Use the results
about Eq. (4.3) for 0<a <1/e in, e.g. [20]. U

For every a >0 let Co C C denote the center space, i.e., realified gener-
alized eigenspace of G given by the zero eigenvalue, and let L denote the
realified generalized eigenspace of G given by the two leading real eigen-
values. For a>1 let C; denote the unstable space, i.e., the realified gener-
alized eigenspace of G given by the positive eigenvalue.
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Corollary 4.1. For all a>0, dim L=2 and CoC L. For 0 <a#1, dim
Co=1, while for a=1, dim Cp=2 and Co=L. For a>1, dimC; =1 and
L=Cy®C,.

For O0<a#1, Co=Rng where no(t)=1. For a=1, L=Cyp=Rno® Ro,
with o(t) =t. For a>1, C; =Rn, where n,(t)=e"". For 0<a#1, L=
Rno @ Ry

Proof. Verity Gnyg=0, Go =ng in case a=1 and Gno=0, Gn, =un,
for 0<a#1. U

Corollary 4.2. For a>1 the zero solution of the lineraized Eq. (1) is
unstable whereas for 0 <a <1 it is stable but not asymptotically.

For 0 <a#1 the space L consists of the segments of the solutions
Rot+>a+Be" €R, (a, B) € R?

of Eq. (4.1). These solutions are constant or strictly monotone, with at
most one zero in case («, 8) #(0,0). In particular,

L CZU{o}.

The last inclusion holds for a=1 as well.

Both for the local and the global behavior of solutions the projections
of the dynamics of the equation to the subspaces L and Cj is crucial. To
this end we employ two kinds of projections.

To study the local behavior we work with the spectral projection IT :
C — C onto Cy. According to [7] it can be computed using the bilinear
form on the product

C(0,1],C) x C([-1, 0], O),

which is given by

0
(V. )= (¥ (0), ¢(0)>—a/11ﬁ(€+1)¢($)d§- (4.4)

Let C5 C C([0, 1], R) denote the realified generalized eigenspace of the zero
eigenvalue of the characteristic equation of the formally adjoint equation

w®)=aw(t+1)—w()) 4.5)

(see [7]). We have dim Cy=1 for 0 <a#1 and dim Cj=2 for a=1. The
projection IT is given by

() =<W¥, x>, (4.6)
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where & is the basis (19) of Cy in case 0 <a#1 and &= (ngo) for a=1,
and W is a basis of the space C; which is normalized so that <W, ® > is
the unit matrix. That is, in case 0 <a#1, ¥ = (¥() and

(Yo, mo) =1 4.7)
while for a=1, ¥ = (¥, Y1) and
(Yo, moy=1, (Y1,0)=1, (Yo,0)=(¥1,n0)=0. (4.8)

The normalized basis ¥ can be obtained from any basis ¥ of Cy by
v = (0, &)1, (4.9)

see [7].

To study the global dynamics we choose a closed complementary
space N for L in C in such a way that the associated projection P onto
L makes it easy to describe the spiraling motion of projected flowlines
t— Py, €L, for slowly oscillating solutions x to Eq. (1.1). Define N to be
the intersection of the closed hyperplanes

H ={¢peC:¢p(—1)=0} and Hy={peC :¢(0)=0}.
We have codim N =2 and
ZNN=0.
Proposition 4.2. C=L® N.

Proof. As each x € L\{0} has at most one zero we have L NN ={0}.
Then the result follows from dim L=2=codim N. ]

There exists ¢g € (HyNL)\H_ with ¢o(—1)=1 and ¢_e (H_-NL)\ Hy
with ¢_(0)=1. ¢ and ¢_ are linearly independent. Let P : C — C denote
the projection along N onto L.

Proposition 4.3. For every ¢ €C, Pp=¢d(—1)po+ ¢ (0)p—.

Proof. Let ¢ € C. Then ¢ = Pp +  with ¢y € N. Hence ¢(0) =
(P$)(O0) + ¥ (0) = (P$)(0) and ¢(—1) = (PP)(—1) + ¢¥(—1) = (PP)(—1).
From P¢ =cypy+c_¢p_ with reals cg, c_,

(P$)(0) =cp-0+c_-1=c_,
(Pp)(—1) =co-1+c_-0=cp.
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Slowly oscilatting solution behavior is now reflected in the projected
flowlines as follows: For differntial functions x : R— R with a simple zero
z, no zero in[z—1,z)U(z,z+1], and a consecutive zero ¢ >z+ 1 we have
in case x(z) >0 that the projected segmentPx,is on the half-axis(—oo, 0)¢y-
For z <t <z+ 1,Px; belongs to the open sector(—oo, 0)¢py + (0, 00)p_-
Next,Px,1 €(0,00)¢_,and for z+1 <t <¢, Px; € (0, 00)pg + (0, 0c0)p—-

Proposition 4.4. P Hy=R¢o, P~ (PHy)=Hy, PH_-=R¢_, P~ Y (PH_)=
H_.

Proof. From ¢ye (HyNL)\H- C Hy\N we infer Hy=R¢py® N; it fol-
lows that P Hy= Rdy.

Suppose P~ (PHy) ¢ Hy. Then P¢p € PH, for some ¢ € C\ Hy.Conse-
quently ,P~1(PHy)=C, which implies L =PC C PHy, in contradiction to
dim L=2 and PHy=R¢y. - It follow that P~ (P Hy) = Hy.

The assertion for H_ proved analogously. Ol

5. CENTER MANIFOLDS AND STABILITY OF EQUILIBRIUM

As general reference for invariant manifold theory in case of delay
differential equations (see[5, 7, 8]).

By proposition 4.1, zero is a root of the characteristic equation of Eq.
(4.1) for all a > 0. Therefore, stability of the eauilibrium 0 of the nonlinear
Eq. (1.1) is not decided by its linearization (4.1) for any a € (0, 1]. In order
to resolve the stability question we employ that standard tool for the study
of stability in such a case — the center manifold reduction.

Recall that the center manifold W, of the equilibrium 0eC is a C'—
submanifold of C of dimension m = dim Cy which contains 0, is tangent
to the center space Cy at 0, and is locally positively invariant under the
semiflow. The latter means that there is a neighbourhood U of 0 in C so
that for every ¢ € W, and ¢t >0 with F([0, ] x {¢}) CU we have F(z,0)e W,.

Remark 5.1. In fact, the center manifold is not uniquely defined in
general. Still, we can speak about a single, arbitrarily picked manifold
since the semiflows on all the center manifolds are conjugate. That is, any
two center manifolds admit a homeomorphism mapping trajectories onto
trajectories.

The nonlinear term in Eq. (1.1) being C!-smooth, by [5] Section
VIIL.6, Theorem 1X.5.3 and Corollary IX.7.8, a center manifold exists and
is tangent to Cy at 0.

By the center manifold reduction we understand the restriction of
the local semiflow of Eq. (1.1) to the center manifold. This restriction is
a local flow generated by a system of m =dim W, first order ordinary
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differential equations. In our case, m=1 for 0 <a#1 and m=2 for a=1.
We will freely use the term reduction for this system as well.
The center manifold is given by the formula

W.={peC :¢p=>z+h(z),zin a neighbourhood of zero in R"}

with ® from Section 4 each ha C!-map from R™ to the complementary
realified generalized eigenspace of Cy such that h(z) =0(z).

The center manifold reduction for the case a =1 is computed in [5],
Section IX.10. Although the construction can be extended to the even sim-
pler case 0 <a # 1, for the convenience of the reader we have chosen to
present an outline of an alternative construction for both cases. Employing
the formal adjoint, this computation follows [7, 8] and appears to require
less effort.

To this end we write Eq. (1.1) in the form

X=Ax;+q(x;),

where A : C— R and g : C — R are given by

Ap=agp(0)—ap(=1), and q(¢)=—1¢(0)|¢(0). (5.1)
The reduction of the semiflow to the center manifold is the equation
z=Bz+cq(Pz+h(2)), (5.2)
B given by
AD=DB (5.3)

and ¢=W¥(0),¥ introduced in Section 4.

We first deal with the case 0 <a # 1. Although for a > 1 the center
manifold reduction is not needed for stability (by Corollary 4.2, 0 is unsta-
ble by linearization in this case) it turns out to be important for the proof
of the existence of a periodic solution in Section 7.

For 0 <a#1, the dimension of the center manifold is 1. The subspace
Cy € ([0, 1], R) is spanned by the function Vo given by

Yo0)=1 for 0<O<I.
The formula for the center manifold reads
We.={peC :p=2zn9+h(z),z in a neighborhood of zero in R}.

By (4.9) the normalized vector ¥ in Cj satisfies

w® =[] 0@ =[] (5:4)
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1.€.,

~ 0 ~ _1
Yo(0) = 1//0(0)770(0)—61/1I/fo(S+1)no($)d%’}

— 0 -1 |
= l—a/ d§:| = . (5.5)
-1 l—a

for 0<6 < 1. Hence, in this case the center manifold reduction (5.2) reads

Z=—Lq(zno +h(z)=— Iz|z+0(z?). (5.6)

l1—a l1—a

Theorem 5.1. The equilibrium solution of Eq. (5.6) is locally asymp-
totically stable for a <1 and unstable for a > 1.

Proof. The conclusion follows immediately from the sign of the lead-
ing term of Eq. (5.6). U

Remark 5.2. The last statement in the theorem is somewhat surpris-
ing. By it, the seemingly stabilizing nonlinear term projects for a>1 to a
repelling force in the center manifold. This turns out to be important for
the global dynamics studied in the following chapters.

By [5], Section IX.8, we have the folowing.

Corollary 5.1. For 0 <a <1 the stationary point 0 C of Eq. (1.1) is
asymptotically stable.

We now turn to a discussion of the critical case a=1. In this case, the
dimension of the center manifold is 2. By Corollary 4.1, the eigenspaces
Cy is spanned by the functions ng and o, and the points of C¢y can be rep-
resented by z17n9+ z20 with z1,z2 € R Since 6 =ng and 79 =0, the restric-
tion of the linear Eq. (4.1) to Cy given by the system z= B, with

01
p=(30). -

Let W = (1, ¥») be the basis of Cy given by

U (0) =1, U(0)=6 for 0<O<1.
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By definition (4.4) of the scalar product we have
0

(F1. o) = 1—/ds=o,

-1

0

- 1

(Y2, no) =0—/($+1)d$=—§,
~1

0
- 1
(1,00 =0- [Eds =7,
s
; 1
(o.0) =0 [ €+ Dsde=—. (58)
|

Substituting (5.8) into (4.9) we obtain

o Sl 0 12\ [
q;_[(llf,(nu,a))] lI’—(_1/21/6) (@2)

The normalized basis W is therefore given by

\p(9)=<2é3 _()2).@):(2/32_29), (5.9)

As a conclusion we obtain
c:\IJ(O):<2é3). (5.10)

Let z=(z1, z2). Then we have
((mo,0)2)(O) =z11m0(0) + 220 () =z1 +0z2 for —1<0<0. (5.11)

Hence, the reduction to the center manifold is

) 2
4 =2n-3Jlaln+o(ul+ 1220)2),
22 = =2lz11z1 +o((z1] + 122)?). (5.12)

As we have mentioned in Section 1, numerical simulations indi-
cate that the equilibrium solution x =0 is globally asymptotically stable,
the nonzero solutions oscillating around zero with the distance of zeros
increasing. Below, we present an incomplete collection of results about the
local dynamics supporting partially these observations. Unlike in the case
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0<a#1, for a=1 we are currently not able to give a complete rigorous
local analysis.

Let z=(z1,22) be a solution of the system (5.12). Substituting polar
cocordinates

Z1=r Sin w, Zp=r COS

We find the system of equations
2
F =7 COSwSIn w— §r2| sin w | sin w (sin w + 3 cos w) +0(r)2, (5.13)
2
& = cos® w+ §r| sin w|sin (3 sin w —cos w) + o(r) (5.14)

for the real functions » and w.

Proposition 5.1. There exists ro >0 so that for any solution (r,w):
[0,00) = [0,00) x R of the system (5.13) and (5.14) with sup r <ry we
have w(t) — oo as t — oo. If in addition lim;_, o r(t) =0 then lim;_, o T(t) =
oo for any function t : [0, 00) — Rt satisfying

wot+t)=w)+2x  for all t>0.

Proof. Denote M = {y : |y — kn| < /4 for some integer k}, N =
cl (R\M). We have

|sinw|<l/x/§<|cosw| for re M, (5.15)
| cos w| < 1/\/§<|sin w| forteN. (5.16)

obviously, = (M)is a union of disjoint closed intervals separated by open
intervals of w~!(int N). More precisely, if [71, t2] and [73, 74],72 < T3 are
two consecutive disjoint intervals of w~! (M) then [r, 3] is an interval
of @ '(N). A similar statement holds with M and N interchanged. If
r(t)is bounded, the lengths of the intervals of @~ (M) are bounded from
below. To prove the first part of the proposition we show that if r(z) stays
sufficiently small and w(z;) € M(N), then there exists a #, > t; for which
w(t)) € M(N, respectively). By (5.15), for w(r) e M we have

w(t) =cos® w(t) +o(r(t)) > % +o(r(1)). (5.17)

Hence, for r(¢) sufficiently small and w(#;) € M the assumption w(t) e M
for t > 1 leads to a contradiction.
For w(t) e N we have

o) > gr(t)2_3/2 +o(r(t)) > Br(r) (5.18)
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for some B > 0 provided r; was chosen sufficiently small. Thus, w(z) is
increasing in N. Let w(#;) € N. should w(t) not leave N for some t,ety,
there would exist an w* € N such that w(t) /' w* for t - co. We com-
plete the first part of the proof by showing this to be impossible. Without
loss of generality we assume w* € (/4,37 /4]. The leading two terms on
the right-hand sides of (5.13) and (5.14) being periodic with period m, the
proof applies to the cases k#0 as well.

We first prove that w* < /2 leads to a contradiction. Indeed, since
w(t)>0in N, we can reparametrize ¢t by r. That is, there is a smooth func-
tion 7 : [w(f]), ™) — R such that 7 =r ot satisfies

di  drjdnE)

for 7 sufficiently small. Hence, 7(w) > F(w(t;)) for all w < w*, and, conse-
quently, also r(¢) >r(t;) for all  >¢t. By (5.19), w(t) > ¢ for some ¢ >0
and all r >1; which is impossible.

Since w* > /2, for sufficiently large + we have w(¢) € (w* —§, ®*) with
8 <w*—(7/2). From (5.14) it follows that:

a(t) = cos>(* — 8) +o(r (1)), (5.20)

which is impossible.
To prove the second part of the proposition observe that, if r(r) — 0
for t — oo, we have

a(t) <cos? w(t) =k (1)

with «(t) — 0 for t - oco. For we ((r/2)+«m —1, (w/2) + k7], k integer, we
have cos w < —(w— (w/2) — k), hence
d(w(-)—(7/2) —km)
dt

(1) = @) < (w(t) — (w/2) —km) + i (t)
< ((/2)+kmr —w(t))+k(t). (5.21)

Let k> 1, and # be such that w(tx) = (w/2) +kx — 1. Integrating (5.21) we
obtain

t
w(t)—(/2) —km < —e "7 4 / ek (s) ds (5.22)

Tk

while w () < (/2)+km. Let Ty be smallest positive such that w(t; + T) =
/2. From (5.22) we obtian

e Te(1+sup k(1)) <sup k(7).

12>ty 12>ty
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This proves T, — oo for k — co and completes the proof of the proposi-
tion. U

In order to turn the conclusion of this proposition into a statement
about zeros of solutions of Eq. (1.1) note that, if z is a solution of the
system (5.12), then the solution of Eq. (1.1) it represents satisfies

x(t) =z21(t)no(0) +22(t)o (0) + h(z(2))

with h(z) =o(|z]) and DAh(0) =0. Since 19(0) =1,0(0) =0, in the polar
coordinates z=(r cos w, r sin w) we have

x() =210 +h(z@)) =r@) sin o) +h(r @), 0 (1)), (5.23)

where thg function (r, w) [ne h(r,w)=h(r sin @, r cos w) is C'-smooth and
satisfies h(r, w) =o0(r), D,h(0, w) =0 and

Dyh(r, w) = r[D;, h(r sin w, r cos w) cos w

—D_,h(r sin w, r cos w) sin w]=o(r). (5.24)
We have

Corollary 5.2. For a =1 there is a neighbourhood V of 0 in C so
that for every solution x : [—1,00)— R of Eq. (1.1) with segments 0% x; €
W.NV for all t >0 the zeros in some ray [ty,00) form a strictly increas-
ing sequence (z;)g° which tends to oo. If in addition lim; o x(t) =0 then
Zj+1—2j—> 00 as j— oo,

Proof. One has
Isin y|>1—|2/m)(y — (7/2) — k)]

for k integer and |y — (;r/2) —km| < (;r/2). Therefore, for any ne (0,1),y €
R, and k€ Z with |y — (w/2) — k| < (w/2)(1 — n) one has [sin y| > n
and, consequently, |sin y — h(r,y)/r| >0 for r sufficiently small. There-
fore, for r(¢) sufficiently small all zeros of the function 7+ r(¢)sinw(t) +
h(r(t), w(r)) are located in the intervals given by |w(t) — k| <n(w/2) for
some integer k.

On the other hand, let X < tﬁ be such that w(ti) = kn+n(m/2).
Then, if r(z) is sufficiently small, the function ¢+ x(¢) = r(¢) sin w(t) +
h(r(t), (1)) changes sign on [tf , t_’ﬁ]. Furthermore, using (5.13),(5.14) and
(5.24) one obtains

x(t) =7(t)sin w(t)+r(t)cos w(t)w(r)
+D,h(r (1), w(®))i(t) + Doh(r (1), o () o(t)
= r(t)cos w(t) sin’ w (@) +r(t)cos w(t) cos’ w(t)+o(r(t))
=r(t)cos w(®)+o(r(t)). (5.25)
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Hence, for r(z) sufficiently small () has the sign of cos wt on [tX, tiﬁ] and,
therefore, is monotonic. Consequently, it has a single zero in [¢X, t_’ﬁ].

Let now r(t) - 0 for r — oco. Then, arguments as in the last part of
the proof of Proposition 1 imply 5+! —ti — oo for k— oo and complete

the proof. U

We have not been able to prove that r(¢) actually tends to 0 for t —
00. As some hint towards such a conclusion we show that this is the case
for the truncated system of equations containing only the leading terms.

Proposition 5.2. The zero equilibrium of the truncated system

21 =22 3lz1lz1,
22 = —2|z1lz1 (5.26)

is asymptotically stable.

Proof. We consider the (positive definite) C~!-function V : R> - R
given by

V(z1,22) = lz1lz} + 323. (5.27)
By differentiating with respect to ¢ along the solutions of (5.26) we obtain
V(z1,22) =3lz1lz121 + %2222 =3|z11z122 = 2lz1 %21 = 322121 |21 = =227 <O.

Thus V is a positive definite Lyapunov function for the system (5.26). We
also have

E={(z1,22) € R, |V (21, 22) =0} = {(z1, 22) € R?, |21 =0}.

It is obvious that the origin is the only invariant subset of E with respect
to (5.26)

By [1, Theorem 5.5], the zero solution of (5.26) is asymptotically sta-
ble. U

Remark 5.3. In local bifurcation analysis one augments the vector
of state variables by the parameter, in our case @« =a — 1. The resulting
restriction to the (three-dimensional) center manifold at z1 =z =a =0
can be obtained in a similar way as (5.12) with ¢ from (5.3) replaced by

q(@, ) =—[¢(0)|¢(0) +a(¢(0) —¢(1)). One obtains

. 2
& =2 - 3l +az) +o(lzl + 1z +la))?),

22 = =2(|z1lz1 + @z +o((z1] + |z2] + [P,
a=0. (5.28)
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Using a C!-transformation given by wu; =z, ur =22 — %(|z1|z1 +azp) +
o((Jz1] +|z2] + |@])?) we obtain the following system for uy, u :

Uy = un,
iy = —2luyluy — 2(aus — 3luyluy)
+o((Ju| + lual +la)?). (5.29)

We see that for @ =0 the restrictions of this sytem to the subsets Zi given
by 0<=4z1(u1, us) =Fuj +o((Ju| + |u2|)?) coincide with the correspond-
ing restrictions of the two versions of the generic Bogdanov-Takens form
[13] glued together along the curve given by z(u1, ur) =0. Unfortunately,
because in the ui, uy-coordinates the sets Z. are not halfspaces and the
conjugating homeomorphism may not preserve them, unlike in the true
Bogdanov-Takens case, this does not mean that the system as a whole is
topologically conjugate to the truncated one. The unfolding parameter «
keeps the perturbed systems on the curve of the versal unfolding on which
the systems have an equilibrium with a zero eigenvalue. It is a challenging
problem to study the complete unfolding of the particular system (5.29)
within the family of systems generated by delay equations.

6. CENTER-UNSTABLE MANIFOLDS

In this section we assume a > 1. A suitable modification of the proofs
in Chapter IX in [5] shows that there exists a two-dimensional local cen-
ter-unstable manifold W,, of the semiflow F of Eq. (1.1) at the station-
ary point 0€ C. That is, W,, is a C!-submanifold of C with 0 € W,, and
ToWe, = Co = L which is locally positively invariant under the semiflow.
We may assume that the projection P along N onto L maps W,., homeo-
morphically onto a open neighbourhood of 0 in L, and that the inverse
map I, : PW,, — C of the restriction P|W,, is continuously differentia-
ble with injective derivatives.

The manifold W,, contains a local center manifold W, as in Section
5 and a local unstable manifold. The latter is a one-dimensional C'-sub-
manifold W, of W, (or, of C) with 0e W, and ToW, = C+ =Rpn, which
is locally positively invariant under the semiflow and consists of segments
x;, 1 <0, of solutions x : R— R of Eq. (1.1) which tend to 0 as t > —o0
(see, e.g., Chapter VIII in [5]).

The fact that the stationary point 0 is repelling in W, means that
there is a neighbourhood N, of 0 in W, so that for every ¢ € N, there
is a solution x® : R— R of Eq. (1.1) with x,(d’) € W, for all + <0 and
x@ (1) >0 as r— —o0o. A consequence of this is that 0 is repelling also in
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Weu, in the sense that there exists a neighbourhood N, of 0 in W, NCy,
with the following properties.

For each ¢ € N, \ {0} there exists a solution x® : R— R of Eq. (1.1)

with x'? € W,,, for all 1 <0, x® (1) — 0 as t — —oo, and x?’ & N, for some

s>0.
In case 0£pe N, ,NW,,

dist(lx” 175 {na, =n) >0 as - —oo.
In case 0£¢ € N.,\W,,
dist(lx/? 175 {no, —mo)) = 0 as 1 — —oo.
Set
Sp={peL: I¢l=1).
If e Ny, ¥ € Ny, ¢ #, then
dist(llx? —x "7 @ =), sH =0 as 1 —c0.
We consider the forward extension
W =F(0, 00) X N¢y)
of N,, and its closure W.

Corollary 6.1. We have W C Ca,. The closure W is compact. For every
b W(peW) there exists a solution x® : R— R of Eq. (1.1) with x,(¢) €
W(xt(qb) e W) for all reals t.

Proof. 1. Recall N., C Cy,. Proposition 2.3 gives W C Cp,. It
follows that W C Ca,.

2 (Compactness). If ¢ € W then ¢ = F(t, x) for some t >0 and yx €
Neyw. As xX (1) — 0 for 1 — —oo0, there exist ¢ € C», and s >1 with

p=F(s,v)=F(,F(s—1,y)eF(l,F(s—1,Cy)) CF(, Cy).

It follows that W C F(1, Ca,). Corollary 2.2 yields that W is com-
pact.

3 (invariance of W). Consider ¢ €e W, p=F (¢, x) with t >0 and x €
N¢y. Then ¢=x,(X). Consider the solution x® =x (s +.) of Eq.
(1.1). Let s € R be given. There exists » <0 so that r+s+r <0
and xX). e W,, so small that x*) e N,,. Hence

t+s+r cu t+s+r cu-

0 09)
x® :x(tX_H) =F(—r, x5, ) €EW.
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4 (invariance of W). Let ¢ € W, ¢p=lim; o0 ¢, ¢; € W for all inte-
gers j>1. For every t >0 we have F(t,¢)=lim; .o F(t,¢;) € w
since W is positively invariant under the semiflow. The existence
of a solution x® : R— R of Eq. (1.1) with x(()¢> =¢ and x P eW
for all reals ¢ follows provided we can show that for every inte-
ger n <0 there exists ¢, € W with F(—n, ¢,) = ¢. Proof of the
last statement: Let an integer n <0 be given. Consider the points
Pnj —x%7 for jeN. Due to the compactness of W a subse-
quence of points ¢,;,, k€N, converges to some ¢, € W as k — oo.
By continuity,

F(=n,¢p)= lim F(=n,¢y;)= lim ¢; =¢.

O

Corollary 6.2. For every ¢ € W\ {0} there exists t =t(¢) € R so that
x@(s)£0 for all s<t.

Proof. We have ¢ = F(z, x) for some >0 and x € N,. Hence x(® =
x4+, By ¢#0, x #0. We have

“=min n, <1=min 7.

O<e™
Recall that for s — —o0,

dist(Jlx 1% {=ny, mu)) =0, or

dist([x )~ 1x %, {=no, 70}) = 0.

It follows that there exists 7, <0 so that for all s <t, and for all s’ €[—1, 0]
we have

<),

et
In particular,
0£x0()=xP (@t +s) for all s<t,.
U

_ Proposition 6.1. We have W — Vi/ C Z U {0}, the restricted projection
P|W is injective, and its inverse I : PW — C is continuous.
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Proof. 1. Proof of W—-WCZU{0}. Let ¢; €W, je{l, 2}, with ¢ #
¢> be given. Then ¢; = F(tj, x;) with t; >0 and x; € N¢, for je{l,2}.
Using x%) (1) - 0 as t — —oo and x,(Xj) e W,, for all +<0 we find 7 >0
and ;€ N¢y, j €{1,2}, so that ¢; = F(tp, ;) for je{l,2}. We have | #
Y. Since

8(s) = {0 —x WD —x ¥y 5] as s —o0

and since Si is compact we find a sequence (sx)g° in (—oo, —5] with s —
—o00 as k— oo and a point o €S} so that

8(sg)—~>o for k— oo.

We have o = any + n, with («, B) € [RRZ\{(O, 0)}, and the solution v :
[—1,00) = R of Eq. (4.1) with vp=0 1is given by

v(s)=a+ B for all s >—1.

We see that v is slowly oscillating and that there exists s €[0, 2] so that
Ts0 =v, has no zero. Choose ¢ >0 with

2e < IIllIl |vg(s )|.
—1<s!

\\

By the continuity of Dy F (s, ) there exists p >0 so that for all ¢ € Cp,
ID2F (s, ¢) — Ts || <e.
Choose ke N so that for all integers k > ko,
e, and xMec,
For such %,

IF (s, x) = F s, x{02) — T, (VD — x (02

= / DyF (s, x{Y? +0(xV
0

1
(l/fz)))[ W) _xs(llfz)]dg_/o Ts[xs(lﬁl) (wz)]dgu
<0m[gx] | D2 F (s, x(wz) _|_9(x(1//1) _x(llfz))) — T ”x(WI) (¢2) I
<ellxV = x|
Choose kj > ko so large that for all integers k >k,

175 (8(sk) — o)l <e.
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For every integer k > k| we obtain

P —x &2 N (F (s, x00) — F(s, x7)) = Tyo |
g = x N7 E (5,0 0) = Fs. )
—T8(s)ll + 1 58 (s) — Tyo |
<e+e=2e.

It follows that for such k the function:
F(s, xs(;”‘)) — F(s, xs(lsz))) =xs(_1flsi —xﬂii
has no zero. We apply Proposition 3.1 (i) to the solution
y=xY(s s+ ) —xP (s +s5 + )

of Eq. (3.1) with

ht, )= f+xP) (s +se+0) = f 6V (s + 5 +1)
and find

Z3 Yiy—(s+s) =P1 — P2

2. Proof of W —W C ZU{0}. Let RS W, je{l,2}, with ¢ # ¢, be
given. By Corollary 1,

vi=x%ew for jefl,2)

and ¥ # . Using part 1 of the proof we find

O£y —yYre W—WCZU{0}C S;U{0}=8;=S;.
Proposition 3.1(1) yields
dr—dr=FQG,y1)-FGB,yp)eZ.

3. The restriction P|W is injective since for all ¢1, ¢ in W with ¢
¢> we have

¢1—dre ZCC\N=C\ P~ 1(0)

or 0# P(¢1 —¢2) = Po1 — Pgy. )
4. The compactness of W yields that the inverse / : PW — C of the
continuous injective map P|W is continuous. U

Corollary 6.3. The set PW is open in L, and PW =PW.
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Proof. 1 (Openness). Let x € PW be given. Then y = P¢ with ¢ €
W, and ¢ = F(¢t,y) with t >0 and ¢ € N, C W,,. The composition P o
F(t,-)ol. has range in PW C L and has injective derivatives, due to Prop-
ositions 2.2 and 6.1. It follows that the set (P o F(¢,-) o I.,)(Ney) CPW
contains an open neighbourhood of x =PF (¢, I.,(Py)) in L.

2. The continuity of P yields PW c PW. The inclusion PW C PW
and the compactness of PW combined imply PW C PW. U

Corollary 6.4. For every ¢ € W\ {0} the solution x'?) of Eq. (1.1) is
slowly oscillating, and all of its zeros are simple.

Proof. The fact that x =x® is slowly oscillating is obvious from
0#£x,=x,—0e W —W cC ZU{0}.
Simplicity of any zero z of x follows from:
x(2)=0—ax(z—1)#0.
U

The preceding result does not imply that x® actually has zeros. The
proof that the latter is indeed the case employs the facts that the station-
ary point is repelling in local center and center-unstable manifolds and
that the projection P is injective on the forward extension W and on its
closure.

Corollary 6.5. Let ¢ € W\ {0} be given. Then every interval [t,o0),t €
R, contains a zero of xP. In case 0#¢p e W the Zeros of x99 form a strictly
increasing sequence (Z;j(¢))y” .In case 0#£¢ € WA\W the zeros of x® form
a strictly increasing sequence (Z;(¢))>,,. In both cases,

2@ +1<zj41(9).

Proof. 1. Let 0£¢pecW,x=xP reR. Suppose x has no Zero in
[t,00). Then x; — 0 for s — 0o, due to Proposition 3.2. Consider
N., CW. There exists so € R so that for all real s >sp the projected
segment P, 1s contained in the neighbourhood PN, of 0 in L.
Hence x; € N, for all s >sp,in contradiction to the fact that flow-
lines starting at points in N, \ {0} must leave N,.

2. In case 0#¢ €W we have from Corollary 6.2 in combination with
part 1 that there is a smallest zero zg=zo(¢)ofx =x@ . Proposi-
tion 3.1 (i) gives sign(x(r)) =—sign(x(zg—1))#0 for zo <t < Zp+
1. Define z; =z1(¢) to be the smallest zero of x in (z¢9+ 1, 00) .
Proceed by induction.
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3. Let pc W\ W be given. Set x=x@. By Corollary 6.1, x, e W\ W
for all reals ¢z. The assertion about the sequence of zeros follows
easily by means of Corollary 6.4 and the result of part 1 provided
the set of zeros of x is not bounded from below. Suppose the last
statement is false, i.e., there exists 7o € R with x(¢) #0 for all reals
t <tg. Consider the case 0 <x(r) for all r <1y. As x, e W\ W C
W\ N, for all € R we have that P,, avoids the neighbourhood
PN, of 0 in L. It follows that there exists ¢ >0 with ¢ <||x;| for
all r € R. Hence the o-limit set o(x) C W consists of nonnegative
functions ¢ € C with ||y|| > ¢. The solutions y : R— R of Eq.(1.1)
with segments in «(x) are slowly oscillating, nonnegative, and do
not converge to 0 as t — oo. This yields a condradiction to Prop-
osition 3.2.

The argument in case x(¢) <0 for r <t is analogous. ]

The oscillatory behavior of the solutions x® : R — R,0#£¢ € W,
implies that the projected flowlines R> 7+ Px(f) ) e L wind around the ori-
gin in L. In terms of the basis {¢g, »_} chosen in Section 4 this winding
motion is easily described as follows.

Corollary 6.6. Let 0£¢pe W, x=x@, 7j =2j(¢) for some integer j .
In case 0 <x(z;) we have

Px;; € (—00,0)¢o,
Px;e(—00,0)¢0+ (0, 0)p_  for z;<t<z;+]1,
Px;;41€(0,00), ¢,

Px; €(0,00)¢p9+(0,0)p_  for zj+1<t<z;+]1,

szj+1 € (0, 00), ¢p.
If 0£peW, j=0, and t <zo then
Px; € (—00,0)¢p+ (—00,0)¢p_.
Proof. Use Proposition 4.3. U

Of course, there is an analogue of Corollary 6.6 for the case x(z;) <0.
The corollaries 6.4 and 6.5 combined imply that for every ¢ € W\ {0}
in the hyperplane Hj the slowly oscillating solution x® : R — R has a
smallest zero ¢;(¢) in (0, 00), with ¢1(¢) > 1, and a smallest zero {>(¢) in

(C1(), 00); we have £r(¢) > 1 (¢) + 1.
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Proposition 6.2. The map
(W\{O}NHy> ¢ 0a(p) €R
s continuous.

Proof. Use continous dependence on initial data, simplicity of the
zeros 1(¢) and ¢>(¢), and the fact that on bounded subintervals of [1, co)
also derivatives of solutions x : [—1,00) - R depend continuously on ini-
tial data. U

7. A PERIODIC ORBIT
In this section we assume a > 1 and prove the following result.

Theorem 7.1. The set W\W is the orbit O ={p; : t € R} of a slowly
oscillating periodic solution p : R— R of Eq.(1.1),whose minimal period is
given by 3 consecutive zeros. We have

int(PO)=PW
and for every ¢ € W\ {0},
dist(F(1,$), 0) >0 as t— oo.

Proof. 1 (Construction of the periodic orbit).
1.1 Consider the semi-axes (0, c0)¢g in L. As PW is a bounded open
neighborhood of 0 in L we have that

p=inf{r >0:rpog PW}

is finite and positive. For 0 <r < p,r¢ge PW. Also ppoe PW =P W. From
the openness of PW in L one easily concludes that p¢po & PW. Let ¢ =
I(pgo) € W\ W and define p =x® Then p, € W\ W for all r € R. For
each integer j, set z; =z;(¢).We have pg=¢ € Hy(see Proposition 4.4),or
p(0) =0.So we may assume zo=0. From p¢g= P =¢(—1)¢pg we infer
¢(—1)>0. It follows that:

Pp; €(0,00)pg+ (—00,0)¢p_ forO0<z<1
and
Ppr=p1)¢- €(—00,0)¢-.
Notice that Pp, ¢ PW.Our next aim is to prove

(p(1),0)p_C PW.
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This requires a bit of preparation.

1.2 The line segment [0, p]¢g, the arc {P),, : 0 <t <1}, and the line
segment [p(1),0]¢p— form the trace of a simple closed curve c. All points
in the complement

L \ ([Ov OO)(bO + (—OO, O]¢—)

of the closed sector which contains the trace |c| can be connected by rays
in L\ |c| to points with arbitrarily large norm, and must therefore belong
to the set ext (c). By the same argument,

(p,00)pg Cext(c) and (—o0, p(1))p_ Cext(c).
Proof that for every r € (p(1),0) there exists € =€(r) >0 with
(0,€)po+ (r —e,r +€)p_ Cint(c).
Choose € >0 with
((—€,6)po+ (r—e,r+e)p_)Ncl=0 —€,r +€)p—_.
From the preceeding statements involving ext(c) we have
(—€,0)¢pp+ (r —€,r +€)p_ Cext(c).

The set (0,€)pp + (r —€,r + €)¢p— 1s open, connected, and disjoint with
|c|. Therefore, it is either contained in int(c¢) or contained in ext(c). In
the last case, r¢_ € |c| is not in the closure of int(c), which contradicts
|c| =9 int(c).

1.3 Proof of (p(1),0)¢p_ € PW. Suppose r¢— ¢ PW for some r €
(p(1),0). Set

px=sup{s <0:s¢p_& PW}.

Arguing as in part 1.1 we find r < px <0 and p,¢_ € PW\ PW. Set ¢, =
I(px¢p_), x*=x@) and x =x*(- — 1).From

psxp— = Pxy=x" (=1 +x"(0)p_ =x(0)po +x (1)
we infer x(0)=0 and x(1) <0. For 0 <t <1,
Px; €(0,00)pg~+ (—00,0)p_.

Let €. =€(py).Using Py, = Py = pitp— and continuity we obtain that for
t <1 sufficiently close to 1,

Px; € (—€y, €0)P0 + (05 — €4, ps T €5)P_.
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Using also the last statement about the position of Px; for all € (0, 1) we
get

Px; € (0, €x)p0 + (o5 — €4, s +€x)p— Cint(c)

for all r <1 sufficiently close to 1. Now consider

Pxo=x(=D¢o+x(0)¢— =x(—1)¢o.

As xoe W\ W we have Pxo¢& PW. The definition of p yields x(—1)>p. In
case x(—1)=p we get Pxo=ppo= Ppy, hence xo= pg, consequently x| =
p1, in contradiction to

Px;=Pxy=p«p—#p(1)¢p_=Pp1.

In case x(—1) > p we have Pxyecext(c). As Px; eint(c) for some 7€ (0, 1)
we conclude that there exists s € (0,1) with Px; € |c|. Since Pxg is con-
tained in (0, 00)¢y + (—o0, 0)¢p_ we have

Px; €0, plo U[p(l), 0]¢—.

Using Pxg € |c| we infer that for some s’ € (0,1) we have Px;= Ppy. In
case s =s we get x| = p;, which yields a contradiction as above. In case
s <s' we get

F(s',x0) = F(s, F(s' =5, po)) = F (s, py—s)-

As Pxge(0,00)py and Ppy_, € (0, 00)pg~+ (—00, 0)¢p_ we have xg# py_s,
and the last equation contradicts Proposition 2.2. In case s’ <s we obtain

a contradiction in the same way.
1.4 Consider

Pp;y = p(z1 — Do € (—00, 0)¢o, Ppzy+1=p(z1+ 1)p- €(0, 00)pp—
and Pp;, = p(za — D)¢p € (0, 00)¢9. Arguing as before we find
(p(z1=1),0¢oC PW, (0, p(z1 +1))p—-C PW, and (0, p(z2—1))po C PW.

The last inclusion, the relation Pp,, =p(z2—1)¢o ¢ PW, and the definition
of p combined yield p(zo — 1) =p, hence Pp;, = Ppy, and consequently
Pz, = po. It follows that p is periodic with minimal period zp =z0 — 0=
72 — 20-

Notice that the curve R>7+ p, € C is continuously differentiable. Set
O={pr :1eR}={p; : 0<r<22}.

2. Proof of PW Cint(P0). The set PW is open (Corollary 6.3) and

connected since it contains a neighbourhood of 0 and PW > th(qb) — 0 as
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t— —oo for all peW. Also, PWNPO= since @ C W\W. It follows that
PW Cint(PO) or PW Cext(P(). The simple closed curve

c:[0,z3]>t— PpseL

is continuously differentiable, with c¢(t) = p(t — 1)¢o + p(t)¢—. Hence
' (0)=p'(—=Dgo+ p'(0)p_. As all zeros of p are simple, p’(0)#40, and we
infer that ¢/(0) and ¢ are linearly independent. We have |PO|N (0, 0c0)¢pg =
{p(=D)¢p}. It follows that the unbounded ray (p(—1), c0)¢g is contained
in ext(P(). Using a remark in Section 1 for a suitable reparametrization
of PO we infer

(p(=1) —¢, p(=1))¢ Cint(P0)
for some € >0. As (0, p(—1))po C PW we find
PWcmt(P0O).

3. Proof of int(P(®) c PW. Suppose there exists x € int(PO)\PW.
There is a curve ¢ : [0, 1]— L in int(P ) with endpoints ¢(0)=0€ PW C
int(PO) and c(1)=x. As PW is open we have that

s=inf{s€[0,1] : c(s) & PW}
satisfies 0 <5 <1, ¢([0,5)) Cc PW, and
c(5) e PW\PW=PW\PW=P(W\W).

In particular, ¢(5) #0. Set ¥ =I(c(5)) € W\W and x =x¥). Then ¢ €0
(since Py =c(5) € int(P()). Hence x; ¢ O for all reals ¢. Consequently,
Px, & PO for all reals z. There is a zero z >0 of x so that Px, € (0, 00)dy.
Recall PON(0, 00)pg={p(—1)¢o} and (p(—1), 0c0)pg C ext(P ). It follows
that Px, € (0, p(—1))¢y or Px; € (p(—1),00)¢y. In the first case, Px, €
PW\PW yields a contradiction to (0, p(—=1))¢o C PW. In the second case
the restriction c|[0, 5] and the map [0,z]>7+ Px; € L define a curve in
L\(P0O) with endpoints 0 €int(P¢) and Px; € ext(P(), which is impossi-
ble.
4. Proof of W\W = (. Recall ® c W\W. We have

PW = PW =int(P0)
= int(PO) U (int(PO))
= int(PO)UPO=PWUPO=P(WUCO)C PW,
hence PW = P(W U (), and thereby W =W U (.

5. Let ¢ € W\{0} be given. It remains to show that dist(F (¢, ¢), O) — 0
as t — o0o. Set x=x? and z;=z;(¢) for all integers j >0. As x; — 0 for
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t — —oo the curve Rar+ x, € W\{0} is not periodic, hence injective. Prop-
osition 6.1 yields that the projected curve R>t+ Px;, € PW\{0} is injec-
tive. We have x(zg9) #0 (Corollary 6.4). Consider the case x(z9) > 0. Then
Px;y=x(z0 — Depo, r =x(z0 — 1) <0, and Pxz,; =x(z25 — 1)¢o for all inte-
gers j > 0.

5.1. Proof of x(zp — 1) <x(zo—1). The set {Py, : t <zo}U[r, 0]¢o is the
trace of a simple closed curve ¢ in the closed sector

(=00, 0] + (—00, 0]p— C L
with
Px;=x(t — Do+ x(1)¢— € (—00, 0)¢p + (—00, 0)¢p_for 1 <z
(see Corollary 6.6). We have
int(c) C (=00, 0)¢g + (—00, 0)p—

because each point in L\(|c|U ((—o0, 0)¢g+ (—00, 0)¢—)) can be connected
by a ray in L\|c| to points with arbitrarily large norm, and must therefore
belong to ext(c). As in part 1.2 above one sees that for each r € (r, 0) there
exists € =¢(#) >0 so that

roo+ (—€,€)po + (—€,0)p_ Cint(c). (7.1)

Set r=x(z2 — 1) <0. The case r =r is impossible since 7+ Px; is injective.
Assume r <7 <0. Set € =€(¥), so that (1) holds. We have

Px; +1=x(z1+ D¢_ € (—00,0)¢p_ Cext(c).

The curve [z1+1, z2]31+ Px; € L has endpoints Px;, 1 and Px;, and sat-
isfies

Px; € (—00,0)¢py+ (—00,0)¢p_  for z1+ 1<t <zs. (7.2)
The open neighbourhood
reo+(—€,€)po+ (—€, €)p—

of 7¢p= Px;, in L contains points Px; with z; +1 <t <z, due to conti-
nuity. Using (7.2) and (7.1) we infer

Px; ergo+ (—€,€)po+ (—€, 0)p_ Cint(c)

for some t € (z1 +1,z2). Using also Px; 41 €ext(c) we find s e (z1+1,1)
with

Pxs ele[N((—00,0)¢+ (=00, 0)¢p_) ={Px; : t <zo}
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in contradiction to the injectivity of ¢+ Px;. Therefore, ¥ <r, or x(z» —
) <x(zo—1).
5.2 Using similar arguments and induction one finds

x(z2j42— 1) <x(z2j—1)<0 for all integers j >0.

As x is bounded the decreasing sequence (x(z2; —1))§° converges to some
& <0. We have

Epo= lim x(z2;—)¢o= lim Px;,, e PW=PW.
Jj—>0o0 Jj—>0o0

Proposition 4.4 guarantees that
y=I1(Ed)eW
belongs to Hy, i.e., ¥(0)=0. By & <0,y #0. As [ is continuous,
Xzp; =1(Pxz,) > 1(E¢go) =y  for j— oo.
By Proposition 6.2,
22j+42—22j =02(xz5;) > 52(¥)  as j—o0.

Consequently,

v :jli)rgo X254 =jli>ngo F(z2j42—22j,X25,) = F(L2(¥), ¥).

It follows that y=x) is a periodic solution of Eq. (1.1), with y, € W\{0}
for all € R. As solutions with segments in W tend to 0 as t - —oo we
have y; € W\W for all r € R. In particular, v € W\W. It follows that

Py e P(W\W)=PW\PW=PW\PW = P0(see part 4).
Hence ¢ € 0. Consequently, y=p(s+-) for some s € R, and O={y, : t e R}.
5.3. Proof of dist(x;, ) > 0 as t — 0co. Let € >0 be given. Using Prop-

osition 6.2 and continuous dependence on initial data we find a neigh-
bourhood N, of ¢ in C such that for all x e N-NWN Hy we have

<o) +1

and

1F(t, x)—F@, )ll<e  for 0<r<oH(y)+1.
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There exists an integer j = j(e) >0 so that for all integers k > j, x;,, € Ne.
Let t>zp;. Then zop <t <zox42 for some integer k> j. It follows that:

dist(x;, O) < [lx; — F(t — 2o, Y| (since F(t — 2z, ¥) €0)
= [|[F(t = 22k, Xzp) = F(t =22k, ¥)[| <€

since

0<t — 20k <22k42 — 22k =02 (x7 ) <02 (Y) + 1.
]
8. CONCLUDING REMARKS

In Section 1 we summarized the messages the investigation of Eq.
(1.1) sends to economic theory as well as the mathematics of the study
itself. None of it is fully satisfactory and requires further development.

On the side of application: Although the model exhibits permanent
fluctuations, it falls short of explaining their erratic nature observed in
practice. Even worse, the analysis of the equation indicates that the essen-
tial long term dynamics takes place on a disk and, thus, is subject to the
Poincaré —Bendixson theory which says that all recurrent motions are peri-
odic. Therefore, new and more complex models are probably needed to
produce more complicated dynamics.

For a full justification of the numerical simulations and, thus, also of
the implications to economic theory a proof of global stability of the equi-
librium 0 as well as a proof of generic convergence of solutions to the
periodic orbit would be needed.

Mathematically, the dominant parts of the paper are the proof of exis-
tence of the periodic orbit and the auxiliary results. The idea to find the
periodic orbit as the boundary of a two-dimensional unstable manifold of
the equilibrium goes back to earlier work [16, 17, 19]. However, there are
new aspects which seem worth to be mentioned.

First of all, in [16, 17] — as well as in other work on periodic solu-
tions of delay differential equations (see [5] for reference) — the crucial fact
that slowly oscillating solutions are actually oscillating, i.e., have infinitely
many zeros on the positive semi-axis, is easily established by elementary
arguments, for the parameters and initial data in question. The situation
studied here is different and more difficult: In Section 3 elementary argu-
ments led us only to the conclusion that slowly oscillating solutions with a
bounded set of zeros are restricted by a necessary condition (Proposition
3.2; such solutions decay to 0 as t — co0). The proof in Section 6 that there
exist infinitely many positive zeros works only for solutions in the compact
global center-unstable manifold W. It replies on the somewhat unexpected
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fact (see Remark 5.1) that for a > 1 the equlibrium is repelling in the cen-
ter manifold, and on the graph representation of W.

A second major difference to former approaches lies in the choice of
the co-ordinate system for the graph representation of W. Whereas in [16,
17, 19] the decomposition of the state space C into the analogue of our
space L and into the complementary generalized eigenspace Q is used for
a graph representation of an unstable manifold, we choose here another
complementary space N. The advantage of this choice is that for trajec-
tories 7+ x; of slowly oscillating solutions x : t+— R the spiraling motion
of projections along N into the plane L is almost obvious, with the axes
of a co-ordinate system in L as global transversals for the projected tra-
jectories. In contrast to this, the description of the projected trajectories
in [16, 17], in particular close to the boundary, requires some effort and
uses, among others, a-priori estimates which express that slowly oscillat-
ing solutions do not decay to zero faster than exponentials. In the pres-
ent work we can avoid such a-priori estimates. Let us add, however, that
those a-priori estimates yield that the invariant manifold considered is a
Lipschitz graph.

The choice of the complementary space N in section 4 is inspired by
a choice of a co-ordinate system in [12].

The new co-ordinate system also sheds light on the Poincaré—
Bendixson type results for delay differential equations which were obtained
by Kaplan and Yorke [10, 11] and Mallet—Paret and Sell [14]. Their proofs
associate curves f+> (x(t),x(t — 1)) or t — (x(¢), x(¢)) in the plane R? to
certain solutions x, instead of flowlines 7 — x; in the space C of initial
data. It is now clear what is behind the nice behavior of such curves in
the plane, at least in case of our Eq. (1.1) and for similar equations: The
curves in the plane are obtained from the flowlines 7+ x; in the compact
invariant set W by the global chart on W which projects along N into L
and then assigns to the projected point its coefficients with respect to the
basis {¢_1, ¢o} of the space L.

Accordingly proofs of uniqueness of periodic orbits due to Nussbaum
[15], Cao [3], and others, which employ planar curves as above, can now
be reinterpreted in terms of behavior of flowlines in the state space C.

We mentioned problems of global stability. One may conjecture that
for a > 1 the attractor of all slowly oscillating solutions of Eq. (1.1) coin-
cides with the compact disk W. A proof should involve a uniqueness result
for slowly oscillating periodic solutions. A fact which is not very difficult
to obtain is that necessarily any slowly oscillating periodic solution with
x(0)=0 has the symmetry

x()=—x(+2)
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with z the smallest zero in (0, 00). This might help to establish unique-
ness. - Further one might expect that the disk W is a C'!'-submanifold with
boundary (as its analogue in [16, 17, 19]).

Another challenging problem is the analysis of the local bifurcation
at a=1: The particular unfolding of a piecewise smooth collage of two
Bogdanov-Takens Singularities seems to exhibit the birth of a periodic
orbit which is not of Hopf type, with period large and amplitude small
for the parameter close to criticality. Work on this is in progress.

In a forthcoming paper [18] it is shown that for a — co the periodic
solutions obtained in Theorem 7.1, after rescaling, converge to a square
wave.
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MATEMATICKE OBZORY 8/1975

0 MINIMACH A MAXIMACH A 0 ICH HUADANI

PAVOL BRUNOVSKY, Bratislava

I. O miniméch a maximach

Clovek sa dasto dostdva do situdcie, v ktorej sa musi rozhodovat. Pred-
metom takéhoto rozhodovania ¢asto byva volba nejakého naj. M6ze tu st
o drobné problémy (odtrhnit si najéervensie jabitko), zdvaznejéie (ndjst
najkratsie spojenie s Kecerovskych Peklian do Caracasu), az po velmi véZne
(vyber najvhodnejsieho partnera pre zivot). Ulene tomu hovorime, Ze
dlovek optimalizuje. Casto sa mu pritrafi, Ze musi optimalizovat aj pri
svojej praci. A tu musi riefit Glohy niekedy jednoduché (z 57 ¢asov dosiahnu-
tych na Velkej cene Slovenska vybrat najkratsi), zlozitejsie (vystrihnt
sako z najmensieho kusa latky) a tazké (urc¢it program letu rakety tak, aby
vyniesla druzicu na obezntu drdhu pri minimélnej spotrebe pahva)

Treba povedat, Ze ¢lovek je v te;to discipline ma]ster Myslim, zZe vo vée-
Sine ¢innosti, ktoré clovek dlhsi ¢as robi, jeho postup je velmi blizky opti-
mélnemu. Ako priklad mozno uviest ulohu dopravit elektricku z miesta A
do miesta B po rovnej trati za dany ¢as pri minimdalnej spotrebe energie.
Dnesny matematicky apardt umoznuje spoél'tat’, ze optimdlny rezim pri-
pusta iba 4 fazy: maximilny tah, udrzovanie konstantnej rychlosti, vybeh
a maximdlne brzdenie. A vSimli ste si, ako postupuje vodié¢ elektricky?
Tak isto si myslim, Ze keby sa spocitalo, ako optimélne strihat litku na
sako, sotva by sa vysledok velmi li§il od toho, ako to krajéiri robia desat-
ro¢ia. (Mimochodom, matematicky popis tejto Glohy by bol daleko od jedno-
duchého!) Na tom ni¢ nemeni ani Statistika rozvodovych stdov, ktord
hovori, Ze, zial, prave v jednom z najzdvaznejsich rozhodnuti, ktoré élovek
vo svojom Zivote musi urobit, nie velmi uspieva...

Napriek svojmu majstrovstvu sa ¢lovek ¢asto potrebuje obratit o pomoc
na matematiku, napriklad preto, Ze nema moznost rozhodnutie opakovat
dostatotne vela raz, aby sa k optimélnemu priblizil (raketa). Niekedy sa
problém dé4 formulovat matematicky pomerne lahko (raketa), inokedy
tazsie (strihanie latky) a niekedy to asi prakticky nejde (vyber partnera
pre zivot — nastastie, predstavte si t4 bitku o toho najvhodnejsieho!).

Ak si zalistujeme trocha v spomienkach, mozno si spomenieme, Ze jeden

z prvych prikladov toho, Ze diferenciélny podet ,,na nieto je'‘ sa tykal prave -

problému hiadania minima, resp. maxima redlnej funkcie redlnej premenne]
Konkrétne, pouzivali sme
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Tvrdenie 1. Nech f: (—o0, 00) > (—o0, o0) je diferencovatelnd. Aby
funkcia f nadobudala v bode Z (lokadlny) extrém (t.j. minimum alebo
maximum), musi platit f'(£) = 0. : ‘

Skolskym prikladom pre pouzitie tejto vety je tiloha odstrihnit zo §tvorca
so stranou a rohy tak, aby sa zo zvysku zlozila 8katula s maximdlnym
objemom (obr. 1). Ak si ozna&ime x dizku strany odstrihnutého $tvorda
a f(x) objem vzniknutej skatule, dostdvame

flx) = (@ — 22)2¢ = 423 — 4az? + a22.

x x
SO a B
| |
| {
> : l
S A
o
—+---4 r____J
- : |
! !
Obr. 1

Aby f nadobudala v bode £ maximum, musi platit f’ (£) = 0, z éoho do-
stdvame pre uréenie £ rovnicu

1242 — 8af + a2 =0
a jej rieSenim dostdvame dvoch ,,kandiddtov‘‘ na lokdlne extrémy
Z1 = 1/6a, o = 1/2a.

Lahko sa presvedéime — napriklad tym, Ze spocitame f(0) (preco?) — zZe
rieSenim tlohy je #; .

Takychto par prikladov sme si v knizke preéitali, pripadne na cviéeni
preratali a ostal v nds dobry pocit, Ze sme sa presvedcili o uzitoénosti
diferencidlneho poétu a Ze v pripade potreby hravo nidjdeme extrém funk-
cie — aspon jednej premennej. Ani sme si pritom nestacili uvedomit, ze
tento a dalsie priklady boli tak starostlivo vybraté, Ze sme mali z pekla
Stastie v tom, Ze:

1. extrém sa nachddzal vnatri uvazovanej oblasti (v naSom pripade
0 <2 = af2),
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2. lokédlny extrém bol sticasne globalnym extrémom
a najmaé, ze f

3. sme poznali analyticky vyraz pre f a rovnica f'(£) = 0 sa dala explicitne
riesit.

Nebolo by treba dlho hladat priklady, ktoré niektoru z tychto vlastnosti
nemaja (napriklad trividlna tloha odrezat z danej palice palicu maximalnej
dizky, pokial pripustime ,,prézdne rezanie, nemé prvi vlastnost). Pre
tlohy, o ktorych nevieme vopred, Ze maji prvé dve vlastnosti, mézeme
vSak Iahko na zdklade nasich znalosti sformulovat

Tvrdenie 2. Nech f je diferencovatelnd na intervale [a, b] (rozumieme
tym, Ze f mé v bodoch a, b derivéciu sprava, resp. zlava a v kazdom vnu-
tornom bode intervalu obojstranni derivéiciu) a f dosahuje v bode # lokdlne
minimum, potom bud £ =a a f'(a) = 0, alebo £ =10 a f'(b) < 0, alebo
£ e (a, b) a f'(£) = 01).- '

Tvrdenie 2 problém hladania globalneho (t. j. nie iba lokidlneho) minima,
samozrejme, Gplne neriesi, nemozno ho viak povazovat za zbytoéné. Jeho
zmysel spoéiva okrem iného v tom, Ze silne obmedzuje mnoZinu bodov,
v ktorych f moéze nadobtidat minimum. D4 sa dokonca celkom exaktne
dokdzat, Ze v istom zmysle pre ,,skoro vsetky‘* funkcie je pocet takychto
bodov koneény?2).

Uvazovanim ohraniéen{ stratila jednoduché formuldcia nutnej podmienky
minima tvrdenia 1 na krise. Matematik mé ovela radSej, ak moze alterna-
tivnu formuléciu so slovami bud, alebo nahradit jednotnou. Treba tu mat
pritom na mysli, Ze formuldcia analégie tvrdenia 1, resp. tvrdenia 2 pre
funkecie viac premennych sa uvazovanim ohraniéeni stane este ovela kom-
plikovanejsou, pretoZe tu uz zdaleka nevystacime s intervalmi ako mnozi-
nami, na ktorych sa minimalizuje.

Na pomoc si tu treba vziat jednoducht myslienku z praxe: Ak chceme,
aby niekto nevkro¢il do zakadzaného priestoru (v nasom pripade mimo
intervalu [a, b]), tak bud priestor oplotime, alebo budeme za porusenie
zdkazu vyberat pokutu. KedZe ndm velmi zdlezi na tom, aby nikto zikaz
neporusil, budeme vyberat pokutu poriadne vysokt; ako matematici mdme
v tomto smere vyhodu v tom, Ze si mbézeme dovolit vyberat pokutu ne-
koneénu.

1) Obdobnt vetu mozno, samozrejme, sformulovat pre maximum. PretoZe
viak max f = —min (—f), budeme v dalsom hovorit iba o miniméch.

2) Presnejsie, dé sa dokdzat, Ze pri vhodnej, prirodzenym spdsobom zvolenej
topolégii v priestore diferencovatelnych funkecii na koneénom uzavretom
intervale je mnozina funkeii, ktoré uvedenu vlastnost nemaji, I. Baireovej
kategoérie.
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Indé povedané, interpretujeme f ako ,,cenu‘ a namiesto toho, aby sme
sktmali funkeiu f na intervale [a, b], budeme sktimat funkeiu f: (— co, o0) -
- (— 00, o0], definovani takto:

() = [f(x) pre z €a,h]
-{oo pre z ¢ [a, b]

PretoZe sme rozsirili priestor obrazov na (— oo, co] musime povedat, ako
v tomto priestore budeme pocitat. Pre naSe ucely ndm staéi definovat

Z+ 0=0+xr=0, =0
pre kazdé x € (— o0, o0].

Je teraz zrejmé, %e ak f je funkeia s realnymi hodnotami na [a, b], f(£) =
= min f(z) vtedy a len vtedy, ak

& e (—o0, )

Z€la,blaf(£) = min f(x) (preco?).
€ [a, b]

S derivaciami, resp. diferencialmi na takato funkciu zrejme nemoézme
(aj v pripade, Ze f je diferencovatelnd na [a, b], bude mat } nespojitosti
v bodoch a, b). Pomo6ze ndm viak pojem subdiferencidlu, ktory sa definuje
podobne ako diferencidl, s tym rozdielom, Ze rovnost v definicii sa nahradi
nerovnostou. ’

Nech f: (—o0, ®©) = (—00, 0], z € (—00, 00) a f(x) < oo0). Linedrnu
funkciu dy = a dx (reprezentovant ¢islom a) budeme nazyvat subdiferen-
cialom funkecie f v bode z, ak pre kazdu postupnost &, -> 0 existuje postup-
nost {wy} takd, Ze f(x + hy) — f(®) = ahy + w0y pre kazdénalim h;low, =

" —>
= 0. '

Ekvivalentne mézeme subdiferencidl f v o definovat ako ¢islo a také, je’
plati _ :
lim inf 3|~ f(z + h) — f(&) — ah] Z 0.

h->0 i
(dokdzte!). Jedno-jednoznacéné priradenie ¢isel a linedrnych funkeii ndm
umoziiuje povazovat subdiferencidl bud za &slo, alebo za linedrnu funkeiu,
podla toho, ako ndm to vyhovuje (pozri [1]).

Pre geometrickt predstavu ndm poslazi dalsia ekvivalentnd definicia:
a je subdiferencidl f v £ vtedy a len vtedy, ak funkeia F(x) = min {f(z),
£ 4 a(x — £)} je diferencovatelnd v £ a plati F'(£) = a. (Nakreslite si graf
funkcie F, ak f(x) = x — a2sinz a £ = 0!).

Je zrejmé, %e subdiferencidl funkecie v niektorom bode nemusi existovat
a tak isto, Ze takychto subdiferencidlov méze byt viac. Oznadime {f'}(x)
mnozinu subdiferencidlov f v x. Pre dobré pochopenie definicie sa oplati
rozmysliet si, Ze
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- —pre f(z) = || je {f}Hz)={f(x)} =signwpre 2 #0 a {f}0)=
= [—1, 4+1] (obr. 2),
— pre f(r) = —|z| je {f }x) = —sign z pre x # 0, ale {f'}(0) =
— {f'Hxo) = {g'}#,), ak g(x) = f(x) + oz — x,)2, alebo, vSeobecnejie,
ak lim sup [h[~ |g(zo + h) — flzo + h)| =0, |

—ak flx) =a pre x <0, flx) = B pre x >0, kde o < f# < o0, potom .
H{F3(0) = [0, ) |

a dokdzat si to pomocou niektorej z ekvivalentnych definicif.

f

/ f()=1x]
\\ // )
NN {f}’(o)
/// AN X
/// ) \\‘\\
// \\
4 WV

Obr. 2

Podaktoré z vlastnosti, ktoré si pozorny Cditatel Vsunol na prikladoch,
platia vSeobecne a st zhrnuté v tvrdeni 3. »

Tvrdenie 3. Neehf: — o0, ) - (— 00, 00]. Potom

1 {f'}(x) je uzavrety (pripadne prézdny) interval.
2. Ak f ma derivéciu sprava a zlava v« (oznadéime ich f'+(x), resp. f'~(x)
potom {f'}x) = [f" (x), f+(x)] (rozumieme [a, b] = @, ak b < a).
3. Ak f(x) = 0 pre z € (xy, %+ ¢€), € >0 a f~(x) existuje, potom
(I Hew) = [~ (o), ).

Ako dbsledok 2. bodu tvrdenia 3 dostdvame, ze {f'}(x) = {f'(x)}, ak f je
diferencovatelnd v bode .

Aby sme dokdzali 1. bod tvrdenia 3, treba nam ukézaﬁ, ze {f'}(x) je
interval, t. j. Ze ak %, Be{f v)ay el A1, potom y e{f'}x) a ze {f'}=) je
zhora uzavreta mnozina, t. j. Ze ak an = o, ay < a, ap € {f'}(x), potom aj

« € {f'}(x) (uzavretost zdola sa totiz dokazuje uiplne obdobne).
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Nech teda o, f < {f'}(x). Nech h,—>0. Potom existuji postupnosti
{wile, také, Ze lim hilob = 0a

fl + hy) — f(@) = thy + @), t=a,f.

Polozme wy = wf, ak by 2 0, 0wy, = 0%, ak by < 0. Potom zrejme plati

n ?

" Rlog—>0aak ax <y < B, potom

n?

f(er‘kn)‘f(x)Eﬁhn+wn2ykn+wn: ak hy =0,
fle + ky) — f(x) = ohy + ©p = yhy + 0, ak hy <O,

z ¢oho vyplyva y € {f'}(x)

Pre dokaz uzavretosti zhora pouzijeme druht definiciu subdiferencidlu.
Nech oy~ «, an = o, an €{f'}(x) a predpokladajme o ¢ {f'}(x). Potom
plati ,

n = lim inf |A|71[f(x + h) — f(x) — ah] < O.
h->0
Z toho vyplyva, ze existuje lubovolne malé || také, ze -
(1 b fe + h) — fl@) — ah] < 1/29).

Pre dost velké n je 0 < oo — oy < 1/4n, takZe pre kazdé takéto h >0
dostavame z (1) pre n dost velké

[fle + &) — flx) — oh] 4n |- 1/4n £ Y4y — b . B (o — ap)
A7 fle + B) f(x) — anh] < 1/47
(pre b << 0 vyplyva posledns nerovnost z (1) trividlne).
Z toho dostdvame pre dost velké n

lim inf |B-1[f(& + k) — f(z) — uh] < O

h=>0

a to je v spore s predpokladom.

Vzhladom na to, Ze uz vieme, ze { f’}(x) je interval na to, aby sme dokazali
ze plati tvrdenie 3.2, stadi nam dokazat, ze a,k ) = f*(x) potom ffx) e
e{f'Hz) a ze ak >f’+ , potom o ¢ {f'}(x) (d6kazy pre f'~ su opét obdob-
né). Z definicie derivécie sprava, resp. zlava vyplyva

(2) lim A1 f(2z + k) — flz) — f*(@)h] =0, ’
. h~>0+
(3) /hn(l)_lhi @+ h) — f=(x) — f'~(x)h] = 0.
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Ak si uvedomime, Ze pre b << 0 je —f'~(x)h < —f'*(x)h, dostaneme z (3)
lim inf |A|71[f(z + k) — fx) — f*(@)h] 2 Lim A [f(x + h) — flz) —
h—=0- h->0—

— fm@h] =

Z toho a z (2) dostdvame

lim inf |A|~1[f(x 4+ b) — f(x) — f*(x)h] = O,
h—0

a teda f(x) & {f'}(@)
Ak o > f'*+(x), potom pre b > 0 dost malé dostaneme z (2)
WS + B) — fl@) — ' @h] < 12(x — fHa) = bhla — f*+(@)) —
— 1)2(x — f*(a)), | |
K@ + B — fle) — ah] < —1)2(x — [*+()),
z ¢oho vyplyva
li;n iglf o flx + B) — flx) — ah] < O.

Kedze k dokazu 3. bodu tvrdenia 3 netreba nijaku zvldst nova myslienku
a dé sa vykonat tou istou technikou ako dokazy prvych dvoch casti vety,
prenechava sa Citatelovi ako cviCenie.

Co ndm déva pojem subdiferencidlu pre formuldciu nutnej podmienky

Liwiil U

minima, vidno z tvrdenia 4.

Tvrdenie 4. Ak fr (—o0, @) > (—o0, 0] a £ je lokilne minimum f,
potom 0 € {f"}(x) :
Dokaz je velmi jednoduchy: ak 0 € {f'}(£), potom

lim inf |h| 1[fw + b) — f(£)] <O,
h>0 .

b0 je moiné iba tak, ¥e v kaidom okoli bodu 0 existuje h také, ¥e
lhl—l[fvﬁ—i— ) — f(£)] <0, t.j. f(& + k) <f(£), a teda £ nie je lokédlne
minimum f

Je zrejmé, ze tvrdenie 4 obsahu]e tvrdenle 2 v tom zmysle, Ze tvrdenie 2
je dosledkom tvrdenia 4 v pripade, Ze funkeia f z tvrdenia 4 vznikne vinov-
kovou operdciou z funkcie diferencovatelnej na danom intervale. Vyplyva
to ihned pouzitim 2. a 3. bodu tvrdenia 3 a dokazy opa,t prenechdvame ako
cvicenia Citatelovi.

Na ziver tejto ¢asti urobme si bilanciu toho, ¢o sme zavedenim pojmu
subdiferencial ziskali. Z hladiska ,,cisto‘‘ matematického sme ziskali ne-
sporne dost: podarilo sa ndm sformulovat nutni podmienku minima, ktors
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okrem toho, Ze je elegantnejSia nez tvrdenie 2, je platnd pre funkcie, na -
ktoré nie st kladené nijaké podmienky regularity (to je v matematickej
analyze pripad velmi neobvykly). Prakticista by zasa povedal, Ze sme sa
dostali z dazda pod odkvap, Ze ndm totiZ pojem subdiferencidlu pre samotné
hladanie minima ni¢ neddva: jednoducho mozno subdiferencidl zistit iba
pre diferencovatelné funkcie a pre tie je tvrdenie 4 ekvivalentné tvrdeniu 2.

Nepochybne kus pravdy v tom je. Mozno v8ak tiplne povazovat eleganciu,
vieobecnost a jednoduchost matematickych tvrdeni a tedrif za samoucelnii ?
Myslim si, Ze nie. Iste by bolo mozné zaobist sa bez znamienok + a —
a opisovat tieto opericie slovne, ale myslim, Ze dnes sotva niekto pochybuje
o tom, aky prevratny vyznam pre matematiku malo ich zavedenie. Samo-
zrejme, nechcem tym povedat, Ze zavedenie pojmu subdiferencidl moéze
znamenat prinos, porovnatelny so zavedenim + a —; dokonca by-som
pripustil, Ze Gzitok, ktory z neho ziskame, nestoji za ndmahu — keby sme
sa mohli obmedzif na funkcie jednej premennej. Vieme vSak, Ze s tym
nevystacime, a Ze matematika i ostatné vedy kladd pred nds optimalizaéné
ulohy, ktoré vedu na hladanie extrémov funkeif viac premennych, dokonca
funkeii na vSeobecnejsich priestoroch (raketa!). Tu uZ sa uzZitok z pojmu
subdiferencidl prejavuje ovela vypuklejsie. Naviac mé pojem subdiferen-
cidlu hlboky vyznam, ktory zatial nemézme vysvetlit, dostaneme sa vSak
k nemu v tretej dasti élanku o kovexifikacii a dualite.

Pre funkeie n premennych f: E» - (— 0, c0) analégiu tvrdenia 2 predstavuji
tzv. Kuhnove — Tuckerove podm1enky Nech f, gi : E» > (— 0, ©), ¢ =
.= 1, ..., m st diferencovatelné a nech z € K je taky bod, Ze f(Z) = min f(%),

re K

= {x|gix) £0,¢=1,..., m} Oznadme I(z) = {¢|gi(x) = 0}. Predpokla-
dajme, e vektory dg;(Z)?), ¢ € I(Z) st linedrne nezdvislé (tdto podmienku mozno
oslabit, nie vSak Uplne vypustit). Potom existuju &éisla p; = 0, ¢ € I(Z) (tzv.
Kuhnove — Tuckerove multiplikdtory) také, Ze

df@) = X wuidg (z).
ieI(7)

Ak prijmeme konvenciu f(z) = o pre x ¢ K, je tdto pomerne zloZito formulo-
vand veta obsiahnutd vo vete, ktord znie rovna.ko ako tvrdenie 4, pri¢om
subd1ferencla1 sa definuje doslovne rovnako ako pre funkeiu jednej premennej.

To je vSetko pekné, moézete povedat, uznidvame, ze subdiferencidl je
uzitoény, ale ako teda méme to minimum hladat? O tom nabudtce.

Literatara

[1] Brunovsky P.: Derivdcie a linearizdcia. Matematické obzory 2/1972.
Bratislava, ALFA 1972.

3) Rozumieme dg(z)-ako vektor so zlozkami (dg/0x;) (), j = 1, ..., n.
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MATEMATICKE OBZORY 9/1976

O MINIMACH A MAXIMACH A O ICH HCADANI

PAVOL BRUNOVSKY, Bratislava

II. Ako sa mnozia kraliky

Tak teda, ako hfadat minimd? A €o to vibec znamend ?

Hadam netreba nikoho velmi presvedCovat, Ze tlohy, v ktorych minimum
mozZno presne vyrataf, budid skér vynimkou neZ pravidlom. 1 ked sa podari
hodnotu, v ktorej sa minimum dosahuje, vyjadrit formulkou, nemusi to eSte
znamenat, Ze skutone moZno minimum presne vypoc1ta.f — ¢o ak formulka
napriklad obsahuje odmocniny ?

Je teda hadam zrejmé, Ze ni¢ nestratime, ak ndjdeme spOsob, ako minimum
poc1taf iterativne, s fTubovoInou zadanou presnostou’.

-Co viak znamena ,,zadana presnost*“? Najst minimum funkme f na intervale
[a, b] (ktory v tejto Casti budeme vidy predpokladat koneény, €o je v praxi vidy
splnené) s presnostou € méZeme chédpat vo viacerych zmysloch:

(x) najst interval [x7, x*] taky, Ze |xt —x7| <& a £ €[x7, x?] (kde, podobne ako
v Casti I, znaci £ bod, v ktorom f nadobiida minimum na [a, b]);

(xﬂ na“t e E[Q, b] tak, Ze lv _x! <€ a V}'pUbltal .’\"‘e);

(f) ndjst x, tak, Ze f(x,)— f(f)<e a vypocitat f(x,).

VSetky z nich — a eSte moZno dalSie — maji zmysel a zavisi od konkrétnej
situdcie, ktora z nich je adekvatna.

Pre rieSenie vSetkych tychto tloh méme ihned naporidzi jednoduchu ,,pasivnu‘
metodu:

AK rie§ime tdlohu (x), zvolime k prirodzene tak, Ze A=k '(b—a)<e/2,
vypotitame hodnoty f,=f(x,) v bodoch x,=a+ih, 1=Si=k—1 a poloZime
XI=x,, Xt=1x,,, kde { je také, 7e f, = 1n:lsl’? f; ; ak rieSime idlohu (xf), zvolime &
tak, Ze k“(b —a)<e€ a poloZime x, = x;. A konecne, ak riedime Glohu (f), volime
postupne k=27, p=1, 2, ... ndjdeme f; pre / ={(p) a pokratujeme az dovtedy,
kym fi,,— fioen) <€/2 (obr. 1).

! Nech sa na miia nehnevaji ,,computer scientisti a Statistici, Ze tu abstrahujem od
skutotnosti, Ze jednak zaokrihlovacie chyby po¢itaca a jednak nepresnost vychodiskovych
dat davaji na tato presnost medze.
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Obr. 2

Pravda, hibavejsi duch sa nad touto metédou zamysli a bez vd&Sej ndmahy najde
priklad funkcie, pre ktori metdda zlyha, ako napr. na obr. 2. Skutocne, nemoZe-
me dokazat, Ze nam pasivna metdda vo vSeobecnosti ddva rieSenia dloh (x) az (f).
Napriek tomu vsak ,,zdravy rozum‘‘ hovori, Ze priroda nie je aZ taka zlomyselna,
Ze by pri dostato¢ne jemnom kroku bolo mozZné ocCakavat situdciu ako na obr. 2
prili§ ¢asto. V numerike sa napriek vyspelosti matematiky treba na zdravy rozum
spoliehat dost ¢asto — a napodiv Gispesne ... A vobec, komu sa nepaci, nech najde
lepSiu metddu, ktord by bola tak vSeobecna ako tato jednoduchd. Zaruujem mu,
Ze ak bude uUspesny, sldva ho neminie, lebo takej dosial niet.

Nestalo by za to pisat ¢lanok, ktory by skon€il takymto tristnym konstatovanim.
Neboli by sme matematici, keby sme sa nesnazili dat zdravému rozumu nejaki
exaktnd oporu, napriklad tym, Ze by sme dokazali opravnenost takejto jednodu-
chej metody pre funkcie, spliiujice nejaké dodato¢né predpoklady, ktoré, aj ked
ich v praxi nie vZdy méZme overit, moZno z réznych pri¢in ofakavat za splnené.
Takymi mo6Zu byt napriklad ohranifenia na derivaciu f a pod. O to nam tu viak
nejde a ponechdvame Citatelovi ako uzitocné cvi€enie zamysliet sa nad tym. My sa
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skor zamyslime nad tym, €i nie je moZné z vypoctov, ktoré musime pri tejto
jednoduchej metéde urobit, volaco usetrit.

Ako sme uz spominali, vo v§eobecnosti to nejde. Casto sa viak stdva, Ze funkciu
f, ktorej minimum na [a, ] hladdme, m6Zeme na [a, b] povaZovat za unimodal-
nu, pod ¢im myslime, Z¢ f nadobida na [a, ] svoje minimum v jedinom bode,
nalavo od tohto bodu je klesajica a napravo od neho rastiica. Tak napr. funkcia z
obr. 1 je unimodalna, funkcia z obr. 2 nie.

Hoci trieda unimodélnych funkcii je dost tzka, moZno casto unimodalitu
predpokladat z fyzikdlnych d6évodov, alebo je moZné jednoduchou metdédou s
hrub$im krokom z p6vodne uvazovaného intervalu vymedzit interval, v ktorom je
funkcia unimodalna.

Predpoklad unimodality umozZiiuje podstatne obmedzit pocet bodov, v ktorych
treba f pocitat. Je totiz zrejmé, Zze ak x,<x, a f(x,)<f(x,), potom f nemoéze
nadobiidat minimum napravo od x, (pre¢o?) a je teda zbytotné napriklad
pokrac¢ovat v pasivnej metdde a pocitat hodnoty v bodoch napravo od x,. Tdto
tvaha naznaluje, Ze ak si nezvolime vopred pevné body, v ktorych budeme f
pocitat, ale budeme kazdy dalsi bod volit uz s vyuzitim informdcie, ziskanej z
predchadzajicich vypoctov, mdézeme volaco ziskat.

_ A tu sa ukazuje matematicky problém: K danému poctu n vypoctov funkcie f a
danému intervalu [a, b] ndjst optimidlnu metédu postupnej volby bodov &,
1=k =n s vyuZitim informdcie o § a f(§) 1 =i=k — 1. Ako vidno, optimalizovat
moZno nielen program letu rakety alebo strihanie Skatule, ale aj samotny
optimaliza¢ny algoritmus.

Mohlo by sa zdat, Ze v dobe superrychlych samocinnych pocitacov je smieSne
bavit sa o tom, ¢i vykonat 10 alebo 100 000 vypoctov funkcie f, ved CoZe je to pre
taky pocita¢? Napriek tomu, dovody tu sii. Tu, hla, hned tri:

1. &as potrebny na vypocet f moze byt skutoéne dlhy,

2. nie vZdy ide o pocitanie — hodnoty f m6Zu byt vysledkom drahych merani,

3. metddy hladania extrémov funkcii viac premennych Casto obsahuji ako
svoju ¢ast hladanie extrému funkcie jednej premennej, ktoré v procese vypoctu
treba vela raz opakovat.

Na podopretie prvych dvoch dévodov uvedieme dva priklady z ,,tvrdej* praxe. Za prvy
vdadim svojej manzelke, za druhy Ing. Broke$ovi z Vyskumného istavu liehovarov a
konzervarni. 5

Niektoré pevné latky maji vlastnost, Ze adsorbuji (pohlcuji) niektoré plyny. To sa
vyuziva napriklad pri filtracii exhalatov. Adsorpcia plynu v gulovej Castici sa riadi tzv. 11.
Fickovym zdkonom

2 13,3

atr rror\%5r
oc '
3 (50)=0; c(t,r))=co; ¢(0,r)=0

kde c(¢, r) znadi koncentraciu adsorbatu (plynu) v mieste s polomerom r a v ¢ase ¢ a ¢, je >
koncentracia na povrchu gule ; podmienka c(0, ) =0 znadi, Ze na pociatku procesu je vSade
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v guli koncentracii plynu nulovd. Tzv. difiiznu konstantu @ vSak treba urcit experimentalne.
Za tym ucelom sa naplni koléna gulovymi Casticami, do kolony sa vhana plyn, ktory
obsahuje ako svoju zlozku adsorbat v koncentrécii ¢, a presnym pristrojom — gravimatom
— sa meria celkové naadsorbované mnoZstvo do Casu ¢, M(¢), ktoré sa rovna mnoZstvu
naadsorbovanému v jednej Castici m(¢) ndsobenému poctom castic v koléne g, t.j.

M()y=qm(t)=q f 4z cridr. KonStanta a sa teraz hlada tak, aby sa vypocitané naadsorbo-

vané mnozZstvo M,zt) ¢o najlepsie zhodovalo s nameranym, pri¢om za kritérium zhody sa voli
T T r .
f(a)= j [M(£) - M,(6)] de = f [M(5) - 4qn f ° crdr]? dt
(4] o 0

Uloha teda vedie na hladanie minima funkcie f na intervale [0, ®). K vypoétu kaZdej
hodnoty f v8ak treba numericky vyrieSit parcidluu diferencidlnu rovnicu, ¢o nie je ani pre
pocita¢ celkom Spas®.

V druhom prlklade ide o odlievanie membran pre reverzni osmoézu, jednym z ukazovate-
Tov kvality ktore] je permeabilita (priepustnost). T4 zdvisi od rychlosti odlievania, av§ak nik
dnes nevie pre tito zavislost udat kvantitativny vztah. Cize ostava jedind moZnost, ak chceme
permeabilitu maximalizovat : volit rozli¢né odlievacie ¢asy a merat vysledni permeabxhtu

Aby sme mohli tlohu optimalizicie optimaliza¢nej met6dy presne formulovat,
musime sa rozhodnif pre niektorid z dloh (x), (xf) a (f). Zvolime si dlohu (xf),
pretoZe pre iiu je rie§enie najkrajSie. Skiste si rozmysliet, ako je to's ilohami (x)
(f). Vysledky vasich tvah si moZete skonfrontoval s [2].

Oznaéme %(a, b) mnoZinu unimodalnych funkcii na intervale [a, #]. Metédou
n-krokovej postupnej minimalizicie &, je dana postupnostou funkcii &7 =
&Ea,b,&,....,&_,, 1, ..., M. s hodnotami v [a, b], pomocou ktorych sa
hodnoty &7 urcuji rekurentnym predpisom

Er=E1a, b, &, ..., &1, f(8Y), -, (EL))
k=1,...,n

Ulohou je néjst taki metédu &, (optimélnu), aby pre kazdy interval [a, b] a
kazdd ind metédu @, platilo

n << " ___
sl A= e
kde &7, & sii po rade uréené metédami @,, B, (aj v daliom budeme bez dalsieho
dohovoru oznalovat body, vypocitané niektorou metddou rovnakymi znakmi, ako
samotni metédu — napr. @%, af). '

Pren=1 je zrejmé, ze optnmalna metéda &, musi bodom a, b prlradovaf stred
intervalu [a, b], t. j. £&' = (a + b). Pri Iubovolnej inej volbe bodu &! je totiz vidy
mozné najst funkciu f takd, Ze |El — £| >1(b —a) (ak 51 l(a+b),jetof(x)=x,v
opanom prlpade f(x)=—x).

2 Uloha je tu trocha ZJednoduscna a na riefenie uvedene] rovnice je k dlspozxcn slusne
konvergentny rad. V skutonosti @ zavisi od ¢ a vtedy sa rovinica stdva nelinedrnou, ¢im sa jej
rieSenie skomplikuje. v
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Aj pre n =2 je rieSenie tGlohy lahké : znalost funkcie v jednom bode ndm ni¢im
neprispieva pre lokalizovanie jej minima (dokdZte!), preto je zrejmé, Ze volba &2
bude nezdvisla od hodnoty. f(£2). Obdobnou tGvahou ako pre n=1 zistime, Ze
musime volit &2, £? tak, aby delili interval [a, b] na tretiny (t.j. musi byt
£=a+i(b—a), §,=a+3(b—a), kde £, =min {&, &2}, y, =max {£, £2}).

Mylil by sa vsak, kto by si myslel, Ze pre n =3 je najvyhodnejsie delit [a, b] na
Stvrtiny ; ak totiZ pozname hodnoty f v dvoch bodoch, vneme uZ zuzit interval, na
ktorom f méZe minimum dosahovat.

Skiiste teraz uh4dnut, ako riesit dlohu pre n=3! Ak ste hadali, Ze treba prvé
dva ,body E £ volit tak aby mensSi z mch bol bodom y1 metody d) pre mterval
[mm {é éz} b] ~hadali ste spravne (nakreslite si to a urcite, v akom pomere
musia body &2, £ delif interval [a, b], aby mali uvedené vlastnosti).

Dokazovat to zatial nebudeme, pretoZze ukaZeme, Ze toto pravidlo je Castou
‘vieobecného pravidla, podla ktorého sa bude riadit volba bodov & a ktoré
pomenujeme pravidlo 7.

Aby sme ho mohli formulovat pre vieobecné n, £, vS§imneme si najprv, Ze ak
poznidme hodnoty &%, ..., &7 €[a, b] a f(&2), f(&2), ..., f(&}), pre lokalizovanie
minima funkcie f z toho méZeme vytaZit ni€ viac a ni¢ menej nez to, Ze f nadobida
minimum na intervale [4,, b.], kde 4, b, si najbliZsi zIava, resp. sprava z bodov

a, b, &, ..., & k bodu & takemu Ze f(!;‘ik) m1nf(§")3 To znamena, Ze

‘pokracovanie kazdého procesu postupnej n-krokovej minimalizicie <D,, na [a, b]
spoiva v n — k + 1-krokovej postupnej minimalizicii na [a,, b,] so zadanym
prvg’lmv bodom £ ktorY oznadime nt: Z toho ihned vyplyva, Ze n,., je }edn}’rm

Axx \_,' 9 DLy SRSIASS 222082 L5 "‘+1 v

-z bodov 1%, Er+1. Z toho dalej dostavame

(a0 ) ak fOR)>f(5)
(9 ”“‘]'{[xk,bk]} ak f(y)<f(x.) 1y

kde x, = =min {m, Ek+1} Y, =max {ﬂx, &l
Pravidlo s teraz moZno formulovat nasledovne:

Ak [a,, b ] je interval, lokalizujici minimum po k-tom kroku metoédy @,,
potom body 7,, &2,, st totoZné (nie nutne po rade) s prvymi dvoma bodmi metody
@,_.: pre interval [a,, b,].

Specialne pripady pre n =1, 2, ako aj celkov4 symetria Glohy vzhladom na stred
intervalu [a, b] nds tieZ opraviiuji ocakdvat, Ze pre TubovoIné n a Iubovolny
interval [a, b] si £ a &2 symetrické podla bodu i(a + b). Z (1), pravidia & a tejto
symetrie méZeme uZ zratat dizky intervalov [4,, b,]. Ak totiZ oznaéime =1}, — d,
£, =min {7, fi,,}, § =max {#,, f,,,}, potom z pravidla & najprv vyplyva

b,—d, =21 2)

3 Tu i v dalSom nechdvame bokom v praxi sa nevyskytujici pripad, Ze by hodnota f vysla
rovnaka v rozliénych bodoch a prenechdvame (itatelovi rozmyslief si tiito moZnost.
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= “a, yrm  3* =5, %.-b_ b *b
S S ;4"7”11; 34.%:%5 Fz,b: 1

2

=a, =by
tas

Obr. 3

Z (1) a symetrie vyplyva
5k+l—ﬁk+1=yk —a, =5k - %,
£ — a4, = 51: m
z Coho. dalej dostdvame
5k—1 — &= 51:—1 &t E o —d, =
‘—;51: — 4, +Ek+1—_dk+l 3)

‘(nakreslite si obrazok!), pretoze [d,.,, b..,] musi byt jednym z intervalov
[&., £] [$., b.], alebo im symetrickych podla (4, + y,), resp. (£, + b,). Teda, ak
~oznacime F,=1, F,=1 a ' .

Ek —4,=F,_,,,T 4)
dostdvame z (2) a (3)
F,., =F +F,_, pre k=1, (5

o znamen4, Ze dfzky intervalov [d,, 6,] brané v opaénom poradi a merané dizkou
polovice posledného z nich, =1, —d4, tvoria stari znimu Fibonacciho postup-
nost, ktora je obvykle jednym z prvych troch prikladov postupnosti, s ktorymi sa
¢lovek na hodinidch matematiky stretne a ktorou Leonardo z Pisy, zvany Fibonac-
ci, uz v 13. storo€i popisoval proces mnozenia kralikov. :

Pretoze pre n-krokovi metédu @, je b —a=b,— &, =F,,,t, dostdvame z toho
|En — #|=t=F,!,(b—a). Teda, ak mdme zaruiit, aby sme na konci procesu
poznali hodnotu f v bode, ktory je od bodu £ vzdialeny o nie viac ako &, musime
volit n tak, aby F,},(b—a)<e, t.j. aby F,,,>¢&'(b—a). i

Ako bude vlastne vyzerat postupné hladanie podla Fibonacciho metédy &,,
vyvodime teraz z (1) a (4), z ktorych vyplyva
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b—a=51—d,=F,,+lr ,
y,—a=b—%=5b—d,=F1
z ¢oho .
| (b—£)/(b—a)=(,—a)/(b—a)=F,/F,,,
(h—a)(b—a)=(b-F)(b—a)=1—(9,~a)/(b—a)=
=1-F,/F,,,=(F,,,— F,)/F,.,=F,_/F,,,

Teda body %,, —y, treba volit tak, aby usecky [a, £,], [a, b] boli v pomere
F,_:F,,, a bod y, s nim symetricky; ak f(£,)>f(¥,), zvolime [d,, b,]=[a, ¥,],
#i,= %,, v opaénom pripade [d,, b,] =[%,, )], fi,= ¥,. V kazdom pripade teda bude
platit bud (#,—4,)/(b,—&,)=F,_,/F,, alebo (b,—4,)/(b,—d,)=F,_,/F,. Vo
vieobecnosti v k-tom kroku (k=n-—1) budeme mat interval [[ak, 5] a bod
. €[4, b,] taky, 2Ze bud (#,—4)/(b,—4)=F, ,.,/F, .., alebo
(b, ~ n)/(5 -4) = F,_,.,/F,_,.,. Doplnime tento bod symetrickym na dvojicu
%, J, a polozime [d,., b,,.]=[d,, 9], fies1 = £, ak fRI<f() a [dery, Buni] =
[£., B.], ey =Y. v opatnom pripade. Pre k=n bude pre bod 7, platit"
(4, —a,)/(b, —d,) = F,/F,=1/2, a teda #, bude stredom usecky [d,, b,]. Ovela
jednoduchsie a prehladnejSie neZ tymto slovnym popisom mozZno metodu b,
popisat pomocou blokovej schémy, obvyklej v programovani (obr. 4).

Tymto sme vlastne uZ ukazali, Ze je mozné skonStruovat metédu, vyhovujicu
pravidlu 7. Zostdva nam este dokdzat, ze¢ metéda &, je skutoéne optimélna
n-krokova metéda postupného hladania minima ; si¢asne dokdZeme, e je jedina.

Dgkaz urobime indukciou. Pre #=1 je tvrdenie zrejn\, pravdivé ; predpokla-
dajme, Ze je pravdivé aj pre 1=k <n.

Metéda &, dava pre Tubovolnd funkciu |7, — £| = (b — a)/l';;,,,1 Vsimnime si, Ze
rovnost sa dosahuje okrem iného pre monoténne funkcie f — ak totiZ napriklad f
je rastica, zrejme 4, =a pre vietky 1=Sk=n, £=a, a preto fj,—£=4#,—a=
=1t — . =(b—a)/F,+.. UkdZeme, Ze k [ubovolnej inej metéde P* existuje
funkcia, pre ktord |f% —£|>(b — a)/F..1, ¢im bude dokazané jednak Ze @&, je
optimalna, jednak Ze je jedina.

Z indukéného predpokladu vyplyva, Ze nie je moZné, aby sa @* zhodovala s &,
vo volbe prvych dvoch bodov (ovplyviujucich a,*, b,*), ale liSila sa od b, v
dals1ch krokoch. Musi sa teda- @* 1i§it od @, vo volbe prvych dvoch bodov

=min {&7, &3}, y, =max {&}, E2}. Predpokladajme x*+# £, (pripad y*#y, je
symetrick)"). Ak x¥ <%, potom pre klesajicu funkciu f bude [a%, b%]=[x¥, b], a
teda b% —a*% <b — x,; pretoze podla indukéného predpokladu &% musi pokraco-
vat ako Fibonacciho metéda &, _, na [a*, b*], ktora pre zvolenii funkciu f ddva
|4, —£| = (b3—ad)/F,>(b-%)/F, = (b—a)F,/(FF,.,) = (b—a)/F,,,Z
2|7, — £|/(b — a), ®* nemdZe byt optimdlna.

Ak x*>£,, zvolme f rasticu na [a, b]. Potom bude zrejme [a%, b%]=][a, y*] a

[a%, b%]=[a, x*], alebo [a%, b%]=]a, £3*] podIa toho, ¢i zvolime &3* < £, alebo
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&2*> x*. V kazdom pripade v§ak bude b, —~a,Zx*—a>% —a=F,_,/F,,,(b—a).
S pomocou indukéného predpokladu dostaneme opit |[n* — £|> (b — a)/F,,,, ¢im
-je dokaz ukonceny.

Spotitajme si teraz, o moZeme usetrit pomocou metédy &P, oproti pasivnej
metéde pre unimodalnu funkciu. Pomocou formulky

[ ) I

ktora je znadma pre Fibonacciho &isla (pozri [3]), si moZeme Iahko spoditat, Ze kym
pre presnost £€=10"% (b —a) potrebujeme pri_pouZiti pasivnej metody spocitat
hodnoty f v 999 bodoch, pri pouZiti metédy @, sa ich poget zredukuje na 13.

Formulka (6) mé eité aj iny vyznam. Pretoze 1/2|1—V5|<1, mozno z nej
Tahko vycitat, Ze plati

lim |F, —z,|=0 : @)

kde z, = (1/\/5) (1/2) (1+ \/5)". Jednoduchym vypoctom sa méZeme presved¢it,
Ze mame eSte aj to Stastie, Ze naviac md postupnost {z,} spolo¢ni s {F,} aj
vlastnost (5), t. j. Ze plati z,_, + z, = z,,, pre n>1. To ale znamena, Ze ju moéZeme
pouzit na vytvorenie metody postupného hlfadania @ podobne ako {F, }, t. j. tak,
Ze polozime xi=a+(z,,/z,,)(b—a), yi=a+b—xi=a+(1-2z,_,/z,.,)
(b—a) = a+(z,/z,.,) (b—a). Proti {F,} ma viak postupnost {z,} ti v¥hodu, Ze
je geometrickd, ¢o znamend, Ze z,/z,_,=1/2(1+V5) nezavisi od n, a preto
nezavisle od poctu krokov metédy a od toho, v ktorom kroku sme, delime interval,
lokalizujici minimum v rovnakom pomere (preto ani v oznaceni metoédy &
neindikujeme pocet jej krokov). Asymptoticka rovnost (7) nam zarucuje, Ze pre
velké n metéda @* nebude ovela horsia ako &, , pritom poéitanie podla nej je
ovela pohodlnejSie. Naviac, netreba dopredu vediet pocet krokov, ktoré chceme
urobit, a preto sa vyhodne pouZiva pre rieSenie tlohy (f). _

Metéde @+ sa tiez hovori metéda zlatého rezu, pretoze z =2(1+V5)™! je uz zo
staroveku zndme ako pomer, v ktorom treba GseCku rozdelit na dve Casti tak, aby
pomer diZky tsecky k dizke jej vicSej ¢asti bol rovnaky ako pomer dizky vicsej
¢asti k dizke mensej a ktory bol vyznamny v starovekej estetike.

Metédy &, a @: nie si zdaleka jediné, s ktorymi mozZno postupne hladat
minimum unimodalnych funkcii. Napriklad, viaceré met6dy st vypracované pre
pripad, Ze mozno lahko zistovat derivaciu funkcie f. Nam tu vSak neslo o prehlad
metoéd minimalizacie, za ktorym ditatel méZe siahnut do [2].

. Tym sme kone¢ne skoncili s vypoctom toho, o ¢o nam tu neslo. O €o ndm tu teda
§lo, alebo, pre¢o sme sa tu podrobne prave zaoberali Fibonacciho metédou?
PretoZe sa da z nej vyvodit niekolko pouceni. Po prvé, ze aj v tych zdanlivo
najprimitivnejSich dlohach sa da kadeco uZito¢ného a zaujimavého vydumat. Po
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druhé, Ze sa pritom Casto objavia celkom neocakdvané sivislosti. A po tretie,
metéda postupného hladania je dobrym prikladom objektu, ktorého popis a
analyza sa velmi neSikovne formalizuji v obvyklom matematickom jazyku. V
tomto smere méZeme dakovat Tudom od pocitacov, Ze vytvorili symboliku a aparat
(pozri napr. blokovii schému na obr. 4), ktoré su pre takéto icely ovela
vyhodnejsie.
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MATEMATICKE OBZORY 10/1976

O MINIMACH A MAXIMACH A O ICH HCADANI

PAVOL BRUNOVSKY

IIl. Zazrak a mystérium duality

Clovek sa odjakziva snaZi nachddzat v prirode harméniu a poriadok a vytvarat
ich vo svojich dielach. Maloktora ind veda je takd bohatd na priklady ako
matematika. Jednym z nich, ktory vzdy vo mne vzbudzuje udiv, je dualita vo
vsetkych jej rozlicnych podobich. O jednej z nich, sivisiacej s minimami
a konvexitou, si volato povieme.

Ale zatnime z iného konca — volbou miss funkcie. Budeme hlasovat podla
osobnych sympatii k typom funkcii. Na prvom mieste by sme sa vari zhodli
— dafam, Ze by ste nan tiez dali funkcie linearne. Pokial ide o druhé miesto,
mnoho déovodov — napr. vypoctové hladisko — hovori pre funkcie polynomialne.
Ja by som vSak hlasoval pre funkcie konvexné. Ak sa Vam to zda teraz ¢udné,
mozno, ze na konci ¢lanku budete mat pre mna pochopenie.

Co je konvexna funkcia, hddam viete: Funkciu f, definovani na intervale I
realnej osi s realnymi hodnotami, nazyvame konvexnou, ak pre fubovolné x.y € I
a fubovolné A € [0, 1] plati f(Ax + (1 —A)y)=Af(x)+ (1 —A)f(y). Geometricky
to znamena, Ze vSetky body useku grafu funkcie f medzi bodmi (x, f(x)) a (y,
f (y)) lezia pod alebo na asecke, spdjajicej tieto dva body (nakreslite si obrazok!).

Aby sme sa nezatazovali technickymi detailami, budeme hovorit iba o konvex-
nych funkcidch, definovanych na celej priamke — ale pripustime, aby nadobudali
hodnotu o (s hodnotou ® budeme pocitat ako v ¢asti I). Mnozinu bodov,
v ktorych f nadobuida kone¢né hodnoty, nazveme oblastou kone¢nosti f a budeme
predpokladat, ze f je na svojej oblasti kone¢nosti spojita.

Ako &iastoéné vysvetlenie mojich sympatii ku konvexnym funkciam moze slizit

Veta. 1. Nech f je konvexna. Potom
1. f nema lokdlne minima okrem globdineho.

2. Oblast konecnosti f je interval a v kazdom jeho vniatornom bode ma f
neprazdny subdiferencidl.
3. Pre kazdé a € {f') (x) plati:

(1) F)Ef(x)+aly —x)

pre vetky y.
4. f nadobida v bode ¥ minimum vtedy a len vtedy, ak 0 € {f'} (x).
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i)(“)kaz 1. Predpokladajme, Ze v bode x funkcia f nadobuda lokdine minimum,
ale nie globalne, teda Ze existuje taky bod y, v ktorom f (y) <f(x). PretoZe f je

konvexné, plati pre A € (0, 1)
(2) f)+A(y—x)=f(Ay + (1 =A)x)=Af(y) +
(1 =2) f)<A () +H(1-1) F(x)=f(x).

Na druhej strane, pretoze x je lokdlne minimum, musi pre dost malé |A | platit
f(x)+A (y—x))=f(x), o je vspore s (2). (Ovela zrejmejsie vam to bude, ak si
nakreslite obrazok.) : :

2. Skuto¢nost, Ze oblast konecnosti je interval, dostaneme ihned z toho, Ze ak
x=y,f(x)<oo, f(y)< o, potom aj pre lubovolné A € [0, 1] jef(x +y (y —x))=
A (x)+(A=A)f(y)<e.

Dokaz druhej Casti je namahavejsi a ak sa vim do neho nechce, nakreslite si
aspoii obrazok a dokladne si premyslite, o znamend. Uvidite, Ze je to intuitivne
zrejma vlastnost, ktord spolu s (1) hovori, Ze kazdym vnutornym bodom grafu
funkcie f mozZno viest opornii priamku — t. j. priamku, pod ktorou nelezi nijaky
bod grafu funkcie f. Tato hlboka vlastnost konvexnych funkcii sa bohato vyuziva
v analyze, funkciondlnej analyze, nelinedrnom programovani a inde.

Nech teda x je vnatorny bod oblasti konecnosti f. Potom existuji také body y,-
z,7¢e y<x<z a f(y)<o, f(z)~.0Oznaéime a =inf A,kde A = {a|existuje &>x
také, ze f(E)<f(x)+a(E—x)). Inak povedané, g je infimum zo smernic tych
priamok p, prechadzajicich bodom (x, f(x)), Ze vpravo od bodu x leZi na grafe
funkcie f bod pod p (pozri obr. 1). ' '

AN

/ 1

P 4

Obr. 1.

Dokézeme, ze a je konetné a a € {f' }(x). Je f(2)<f(x)+f(z)—f(x)+1=
=f)+[F@)-fx)+ D)/ (z-x)] (z—x),atedaa=(f(z) - f(x)+ 1)/ (z—x)<
< . Predpokladajme a = — ». To znamend, Ze existuje postupnost bodov {Z, },
§.>x taka, ze f(§,)<f(x)—n(g, —x). Oznatme A, =(x—y)/ (§,—y).
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Je 0<A, <1 a z konvexity f vyplyva:
(3) fO=fy+x=-y)/ & -IE-y)=
=fy+4E -y)=fAE +(1-4,)y)=
SAfE)+A-A)fH)<Af(x)+(1-4,)f(y)-
—An(E, —x)=Af(x)+(1=4,) f(y)-
A =D nx=y)=A4f )+ A =4) [f(y)-n(x—y)].
Pre dost velké n je f(y)—n(x —y)<f(x), a preto z (3) vyplyva:
fFOI<AFE)+A=2) [f(y)—nx-y)]I<
<Af)+(A=4,) f(x)=f(x),
¢o je nemozné.

Teda a> — = a z jeho definicie vyplyva, Ze existuje takd postupnost bodov
E,>x,z2e (f(E)—f(x))/ (& —x) konverguje zhora, k a. Dalej plati (1) pre vietky
y-Zx. Keby nie, existoval by totiz bod y >x taky, ze f(y)—f(x)<a(y —x) a pre
dost malé 8 >0 by platilo f(y)—f(x)<(a—9d) (y—x), ateda a—56 € A, ¢o
odporuje definicii a.

Ukazeme, ze (1) plati i pre vietky y = x. Predpokladajme opak, teda ze exisfuje
n<x také, Ze f(n)—f(x)<a(n —x). Pre dost malé >0 bude platit

4 fm)=fx)<(a+6)(n—x)

Pre dost velké n plati (f(E,)—f(x)) / (§, —x)<a+ 5. Vyberme si takéto n a
oznacme pren A =(x —n)/(§, —n).Je 0<A <1 apodobne ako v (3) dostaneme :

fE<AME)+A =) [f(n)F(@+3) (x—n)]

Upravou tejto nerovnosti dostaneme :

_ fm)=f(x)>(@+5)(n—-x)
¢o odporuje (4).

3. Predpokladajme opak. Potom existuje taky bod y, ze f(y)<f(x)+(a —6) X
X (y —x). Potom vSak pre vSetky A €(0,1] plati f(x+A(y —x)=Af(y)+
A=) f)<A[f()+(@=8)(y-0)]+(A-A2) f(x)=f(x)+A(a~8) (y —x),
¢o znamend, Ze nemdze byt a € {f'}(x).

4. Toto tvrdenie je jednym smerom tvrdenim 4 z Casti I, druhym smerom zasa
ihned vyplyva z 1.

Ked uz st teda tie konvexné funkcie také sympatické, nebolo by od veci néjst
sposob, ako z nekonvexnej funkcie urobit konvexnu, ale tak, aby si pozmenena
funkcia zachovala €o najviac z vlastnosti, ktor€ si pre nas dolezité. To su, pravda,
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predov$etkym minima. Prirodzenym rieS§enim tohto problému je najvacsi konvex-
ny dolny odhad, ¢i ,.konvexnd obdlka‘ funkcie f, t. j. funkcia co f takd, Ze
cof(x)=f(x) pre vietky x a ze lubovolnd konvexna funkcia g je takd, Ze
g(x)=f(x) pre vietky x (v dalSom piseme g =f) spita i g =co f (porovnajte
s definiciou uzdveru mnoziny ako najmensej uzavretej mnoziny, obsahujicej danu
mnozinu, alebo supréma mnoziny ako jej najmen$ieho horného ohranicenia).

Zatial nemozeme tvrdit, Zze kazd4d funkcia musi mat konvexnud obalku, jedno je
v§ak zrejmé, Ze konvexnou obdlkou konvexnej funkcie je ona sama. Teraz si
overime, do akej miery konvexna obdlka zachovdva mimind, ako sme to od nej
Ziadali:

Veta 2. inf co f=inf f; ak f nadobida v bode £ minimum, potom f(£)=
=co f(®)=min co f.

Vetu, prirodzene, treba chapat tak (pokial nedokdzeme existenciu obalky ku
kazdej funkcii), Ze jej tvrdenie plati, ak obdlka k danej funkcii existuje.

Doékaz vety je zaloZeny na tom, Ze ak f, g su konvexné, potom aj funkcia max
{f, g} je konvexnd (dokazte ako cviCenie). Teda aj f=max {inf f, co f} je
konvexna funkcia ; pretoze plati f = f = co f, musi platit f = co f, z ¢oho vyplyva
inf co f = inf £. Dalej plati f(£) = co f(%), inf co f = inf f = f(%), a teda co f(£) = f(£).

Priklad funkcie f (x)= (1 +x?)"', ktorej co f =0 ukazuje, Ze co f moze nadobu-
dat minimum aj vtedy, ak ho f nenadobuda. Lahko sa mozno presvedcit, Ze
tvrdenie vety mozno preniest aj na minima na ohrani¢enom uzavretom intervale,
kde uz kazda spojita funkcia musi minimum dosahovat. Je zaujimavé, Ze kym tito
vlastnost si spojité funkcie nezachovdvaji v nekoneCnorozmernych priestoroch,
konvexné spojité funkcie v mnohych pripadoch dno. Tdto skuto¢nost ma velky
vyznam pre existenéné vety variacného poctu a tedrie optimalneho riadenia
a viedla k zavedeniu tzv. zovSeobecnenych kriviek a relaxovanych riadeni.

Ak si nakreslite graf nejakej nekonvexnej funkcie, ruka vdm takmer sama
nakresli jej konvexnu obalku (pozri obr. 2). Z obrazka mozno lahko vycitat, ako
funkciu co f urcit:

cof(x)=inf {Af(»)+(1-A)f(@) |Ay+(1-A)z=

=x,0,EA=1}

Obr. 2.
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Ponechdvame na cCitatelovi, aby si vysvetlil geometricky vyznam tejto formulky
a dokézal jej platnost.

Iny spbsob urcenia funkcie cof je analogicky uz spommanemu uzaveru
mnoziny :

cof(x)=sup {g(x)|g konvexnd, g =f}

My si vSak zvolime ind cestu, ktora sa sprvu bude zdat cudnou, napokon sa vs$ak
ukaZe prekvapujico elegantnou a uzito¢nou.

Definujme najprv k Tubovolnej funkcii f, ktord mad aspont jednu konecni
hodnotu, dudlnu funkciu f* predpisom

f*(w)=sgp H(x,y)
kde
H(x,y)=vyx —f(x)

(pismeno H sa nezvolilo celkom nahodne, ale pre analégiu s Hamiltonovou
funkciou vo varia¢nom pocte, o ktorej bude re¢ neskér).

K definiciam funkcii H a f treba eSte nie¢o dodat. Po prvé, kedze f moze
nadobudat aj hodnoty + o, modZe sa v definicii funkcie H vyskytnut — o, o om
sme nehovorili, ako s nim pocitat. Pravidla pre pocitanie s nim sd vSak analogické
pravidlam pre po€itanie s + . Ak by sme sa pouZivaniu — « chceli vyhnit tpine,

mohli by sme definovat f*(y)= —inf [—H(x, y)]. Po druhé, kedze pripastame

iba funkcie s hodnotami v (—, o], musime sa presvedCif, Ze f* nemoze
nadobudat hodnotu — . Na tom vSak prdve mame predpoklad o tom, Ze f
nadobida aspon jednu kone¢ni hodnotu, o ¢om sa lahko mozete presvedcit.

Ak chcete skutocne vniknit do duality', bude dobré, ak si vypocitate f* pre
niekolko funkcii, napr. pre uZ spominanu funkciu f(x)=(1+x)"', dalej pre
funkcie f(x)=ax + b, f(x)= —|x |, f(x)=x?a napokon f(x)=0 pre
x=0 a o« pre x#0.

Aki majui vlastne f* a H geometricku interpretaciu ? Zvolme Tubovolny bod (x
f(x)) na grafe funkcie f a vedmc nim priamku so smernicou vy, ktord bude mat
rovnicu y = yx +c, kde c =f(¥)—yx = — H (¥, ¥) je jej usek na osi y. Hodnota
f*(y) je teda suprémum zo zaporne vzatych dsekov na osi y, vytatych priamkami,
prechddzajicich bodmi grafu funkcie f a majicich smernicu y (obr. 3).

Dolezité vlastnosti dudlnej funkcie zhrnieme do nasledujicej vety:

Veta 3. Nech funkcia f sa nie v§ade rovna o. Potom f* je konvexnd funkcia. Ak
existuje x, také, ze f*(y)=H(x,, y), potom ¢ € {f" }(x); ak f je konvexna,
potom {f' }(x)={w|x=x, }={y|f*(y)=H(x, y)).
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Dokaz konvexity f* je velmi jednoduchy. Pre Tubovolné funkcie f, g a kazdé x
plati totiz f(x)+g(x)=supf+supg, a preto aj sup (f+g)=supf+supg.
Vdaka tomu dostaneme pre A € [0, 1]

HX)

-H(%Y)

iy Obr. 3.

Ay, +(1-1) w2)1=5ljp [y, +(1=2) ¥) x = f(x)] =
=sup [Ay, + (A =2) ¥,) x =Af (x) = (1 =24) f(x)] =
Ssup[Ayx — Af (x)] +sup[(1 =4) yx = (1-2) f(x)] =

=Asup [yx —f ()] + (1 - 2) sup [yox —f(x)] =

=M () + (1= 2) f*()
¢o znamend, Ze f* je konvexna. ' ‘

Podla definicie x, plati H(x,, y)=H (x, y) pre vSetky x, o znamend
yx —f(x)=yx, —f(x,), alebo f(x)=f(x,)+y(x —x,), ateda ¥ € {f }(x,).

Aby sme dokoncili dokaz vety, sta¢i nam uZ iba dokazat, ze z ¢ € {f' } (x)
vyplyva x =x,,. Ale to je vlastne tvrdenie 4 vety 1.

A teraz pride zlaty klinec programu: ak funkcia f* sa nie vSade rovna «,
mozZeme s iou urobit presne to isté, ako s f, t. j. (f*)* (namiesto toho budeme pisat
f**). Hadajte, ¢o dostaneme! Odpoved dava:

Veta 4. Nech f <. Potom co f existuje prave vtedy, ak sa f* nie v§ade rovna
oo ; plati f**=co f.

Najkrajsie sa prejavi tato veta prave pri aplikacii na konvexné funkcie: ak f < «
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je konvexn4, potom f**=f. K tomu si sta¢i uvedomit, Ze tvrdenie 2 vety 1 spolu
s vetou 3 zaruduji, Ze ak f< o je konvexnd, potom f*s= o (presvedéte sal).

K ddkazu vety uz mame kadecCo pripravené, takZe nebude ani taky zly, ako by
Clovek od takej prekvapujicej vety mohol ¢akat. Pre kazdé y plati:

Hp.(y, x)=xy = f*(y)=xy —sup Hi(y, ¥) =

=y —sup {yy ~(y) }Sx ~ [yx — ()] =1 (x)
z &oho
Fr+(c) =sup H.(p, x) =f (x)

(index pri H oznacuje, ku ktorej funkcii H patri).
Nech teraz f je lubovolna konvexna funkcia takd, Ze f =f. Dokazeme, Ze potom
plati aj f = f**. PretoZe z vety 3 vieme, Ze f** je konvexnd, bude tym dokazané

fre=cof

Zvolme v € {f' }(x) (pretoze f je konvexna, existuje podla vety 1. Potom
podla vety 3 plati: \

wx —f(x)=sup {yy —f(y)}Zsup {yy —f(y) }=f*(y) =

=yx —xy + fH(y)=yx —sup iy —f*(x) )= wx —f*(x)

z &oho vyplyva f(x)=f**(x).
Na ukoncenie dokazu vety ndm este treba dokazat, Ze ak existuje co f, potom f* .

sa nie vSade rovna . .
Pretoze cof=f<o, ma co f podla vety 1 v kazdom bode x neprazdny

subdiferencidl ; zvolme teda x a ¢ € {cof’ }(x).

Podla vety 1 to znamena:

cof(y)Zcof(x)+y(y —x)
pre vSetky y, a teda aj
f*(w)=sup {yy =f(y) }=sup {yy —co f(y) }Syx —co f(x) <o

Mohli by ste sa eSte pravom opytat, prec¢o sme zavadzali funkcie s hodnotami o,
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ked sme hlavny vysiedok nakoniec dokdzali iba pre kone¢né funkcie. Nuz, je to
preto, ze aj pre kone¢nu funkciu méze vyjst jej dudlna s nekoneénymi hodnotami
(¢o uz viete, ak ste si vypoéitali priklady). Okrem iného, veta plati aj za
predpokladu, ze f nadobuida asport jednu kone¢nu hodnotu, ak navyse predpokla-
dame, Ze je polospojitd zdola (Sarapatu robia okraje intervalu kone¢nosti f**, v
ktorych mdze byt f**<co f).

Ak sa vam eSte stdle nechce verit vete 4, preskisajte si ju na konkrétnych
prikladoch, ktoré si uvedené pred vetou 3, alebo ktoré si sami vymyslite. Ale aj
ked tomu verite, je to celkom zédbavné. Ze veta neplati celkom vieobecne, mozete -
sa presvedcit na priklade konvexnej funkcie f(x)=0Opre x € (0, 1), 1 prex =+ 1
a » pre |x|||>1. '

VSimnime si eSte jednu vec, ktord ndm bude v dalSom uzito¢nd: Ak f je
konvexna a konec¢na (a teda f**=f), potom f*** =(f*)**=(f**)*=f* uZ bez
akychkolvek dalSich predpokladov na f* (teda aj pre f* nadobudajicu nekonecné
hodnoty!).

Ako podivuhodne sa prepletaji vlastnosti funkcie a jej dudlnej funkcie,
ukazuje: :

Veta 5. Nech f je konecna. Potom plati:

1. Ak f je konvexna, ¥ € {f' } (x) vtedy a len vtedy, ak x e {f*' } (y).

2. Ak f nadobuda v bode £ minimum, potom £ € {f*'} (0); ak f je konvexna,
plati to aj opaCnym smerom. .

Prv nez vetu 5 dokdzeme, uvedomme si geometricky vyznam jej tvrdenia 2:
f (%) je maximalny z dsekov, ktoré na priamke x =X vytni oporné priamky grafu
funkcie f.

Dokaz. x € {f*'} (y) znamena podla vetyl f*(x)=f*(¢)+x(x — ), a teda
Yx —f* (¢)=xx —f*(x) pre vsetky x. Preoze podla vety 4 f**=f znamena to

wx — f3(p)=max {xx —f*(x) }=f**(x)=f (x) =
yx —sup {yy —f(y) }Zf(x)

yx Zf(x)+sup {yy —f(y) }=f(x)+yy —f(y)
pre kazdé y, a teda

fMHEfx)+yly—x)

¢o znamena y € {f' } (x). -
Vsimnime si, Ze konecnost funkcie f sme potrebovali iba k tomu, aby sme si
zabezpecili splnenie rovnosti f**=f a Ze tvrdenie plati i za tohto predpokladu.
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PretoZze f=f**, znamena ¢ € {f' ) (x) aj v € {f**' } (x). Ak v tvrdeni, ktoré
sme uz dokazali, zamenime f za f* (¢o m6Zeme vzhladom na to, Ze f***=f*),
dostaneme x € {f*' } (y).

Ak f nadobtida v bode £ minimum, potom podla vety 2 nadobuda v bode x
minimum i funkcia co f=f** 'a plati f**(x)=f(£). Podla vety 1 plati
0 e {f**' } (%) a podla 1. tvrdenia nasej vety z toho vyplyva £ € {f*' } (0) (opat
sme pouzili f***=f*1), Naopak, ak £ € {f*' }(0), potom podla 1. tvrdenia

0€e{f" }(x)apodla vety 1, ak f je konvexnd, nadobuda v bode £ minimum,

Veta 3 je tym zdzrakom i mystériom. Zazrakom preto, Ze to tak krasne klape,
a mystériom je, preco to tak klape. Veta 3-je totiZ jednou z mnohych analogickych
viet v geometrii, algebre, topoldgii i funkciondlnej analyze, pre ktoré niet
spolo€ného vysvetlenia. Tym myslim, Ze ani nie si ,,odpozorované z prirody*‘, ani
niet v§eobecnej matematickej tedrie, z ktorej by sa dali vyvodit ako $pecidlne
pripady.

Pravda, opit sa méZeme opytat Gstami prakticistu: Dobre, dualita je krasna, ale
naco ju potrebujeme ? ' .

V tejto forme asi nani€. Ale kto sa stretol s viazanymi extrémami v analyze,
alebo s kanonickymi premennymi a Legendrovou transformaciou vo varia¢nom
pocte, alebo sa s nimi stretne, potvrdi mi, Ze sd to nie lahké veci na pochopenie.
A pritom si to pomocou funkcie H a premennej ¥ moze v Cistej geometrickej
forme ,,nakreslit“. No vyznam kanonickych premennych v mechanike, ¢i ich
mladS$ich sirodencov — dudlnych premennych v linedrnom, ¢o v nelineirnom
programovani sotva niekto odSkriepi. '

Zaujimavé je,Ze vyvoj tu neSiel od ndsho jednoduchého geometrického modelu
duality ku kanonickym premennym, ale prave naopak. Tazko je vzit sa dnes do
toho, ako rozmyslal Hamilton pred poldruha storo¢im, ale skor sa zd4, Ze na svoje
objavy pi/iéiel formalnym pocitanim, nez z geometrickych predstav. Tym skér mu
treba vzdat dctu. ‘

Pokial ste z predchadzajicich Casti ziskali dojem, Ze nadfZam matematike, ktora
priamo pocita, tak toutoc Castou som chcel vyjadrit hold matematike, ktord je
krdasna, a matematike, ktord vysvetluje. Historia ukazuje, Ze zdoraznovanie len
jedného z aspektov vedie iba k degeneracii matematiky a Ze iba jej prirodzeny
komplexny rozvoj vedie k skutonému pokroku.
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MATEMATICKE OBZORY 16/1980

VEKTORY OCAMI NECISTEHO MATEMATIKA

alebo nezabudnime, Ze vektor je Sipka, a to nie hocijaka. Ale taka, ¢o je
vSade a nikde. Asi tak, ako malicki pandci na Chagallovych obrazoch.

Pravdaze, vektor je n-tica Cisel, trieda ekvivalencie, posunutie a neviem
¢o vsetko iné, ako sme sa o tom docitali na strinkach Matematickych
obzorov (1—75). Teda presnejsie, mozno ho tak definovat a mozno si ho aj
tak predstavovat. Naproti tomu intuitivna Sipkova definicia vlastne vobec
nie je definiciou podla naSich sucasnych kritérii. Ale zato je to velmi
uzito€nd a ndzorna predstava — trifal by som si povedat, Ze v tomto smere
ma velké prednosti pred vSetkymi presnymi definiciami a Ze vSetky
spominané definicie s tu vlastne preto, aby tato predstavu vyjadrili.

V ¢om vlastne spociva uzZitocnost a pritazlivost Sipkovej predstavy?
PredovSetkym v tom, Ze je velmi jednoduchd a ndzornid a pritom
dostatofne vystiZzna na to, aby sme z nej mohli odvodit velmi vela z toho,
¢o o vektoroch vieme. A ¢o je doblezité, hoci to nie je presnd definicia,
nikdy neodvodime ni¢ chybného.

Prave preto by sme nikdy nemali na tito predstavu zabudniit a tobdz nie
sa za nu hanbit.

Nejde tu vsSak natolko o vektor, ako o predstavy v matematike
vSeobecne.

Mozno sa opytat — naco o tom pisat? Kto komu brani, aby si cokolvek
akokolvek predstavoval? Isteze, nikto nikomu nebrani. Ale ak chceme
niekoho naucdit dobre malovat, nesta¢i nebranit mu v tom — treba ho
volaCo aj naucit. A tak aj v matematike treba Ziakom a Studentom
vStepovat spravne predstavy. Predstavy nazorné a jednoduché, ktoré
umoznujua volaco vypocitat a volaco vytvorit. Neviem, €i to nie je tak, Ze
pri vSetkych naSich reforméch, ucebnych planoch atd. priveImi nedbame
na to, aby sme sa, preboha nikde nedopustili nejakej logickej nedosled-
nosti, pricom ndm utecie sem-tam nazornost. Ako keby sme sa bali, ze ak
si dovolime ¢o len trocha opriet o predstavu, postavia nas na pranier
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a budii na nas prstom ukazovat ako na trestuhodnych diletantov, alebo
horsie, zradcov matematiky. Najmarkantnejsie sa to hidam prejavuje pri
vyucovani nematematikov na vysokych skolach. '

Teda, nezabudnime, Ze vektor je Sipka. A patrilo by, sa dodat
— a rychlosf. A dva razy to podciarknut. To preto, Ze ak nam asi trocha
unikaji geometrické predstavy, o fyzikdlnych je to celkom isté. Neviem
presne, ako je to na strednej Skole, ale je neodpustiteInym hriechom, Ze
fyzika prakticky vymizla z uebnych programov matematikov na vysokych
Skolach. Nemali by sme zabudniit, Ze velka Cast naSej sicasnej matemati-
ky je velmi tizko spita s fyzikou (diferencialny a integralny pocet, linedrna
algebra, variatny pocet), s ktorou a pre ktort sa vyvijala od vyndjdenia
infinitezimalneho poctu pred viac ako 300 rokmi. Na ¢om sa ma matema-
tik ucit robit matematické modely, ak nie na fyzikalnych tlohach?

Ale vratme sa k vektoru. Na ¢om inom si mdze clovek tak krasne
predstavit vektor a potrebu jeho zavedenia, ako prave na wvektore
rychlosti? Tam to Gplne krici, Ze kym polohovy vektor vlastne vektorom
nie je (ten musi byt niekde upevneny a scitovat alebo prendsat takéto
vektory nemé prirodzeny zmysel), vektory rychlosti dvoch hmotnych
bodov mozno scitovat, nech si body akokolvek daleko od seba. Kde by
Clovek priSiel na taky Cudny pojem, ako je vektorovy sucin, nebyt,
povedzme, elektromagnetického pola vodiCa a pravidla pravej ruky?

Napokon, eSte jedna vec stoji za zmienku. Predstava ma velmi dolezita
ulohu nielen v §tadiu tvorby, ale aj pri dokazovani a overovani vysledkov
— vac§iu, nez sa to zvycajne pripusta. Je zname, Ze stari pani infinitezimal-
neho poétu — Newton, Euler, d’Alembert a ini — sa nemylili viac ako my,
hoci nemali k dispozicii tak precizne deduktivne vybudovanii matematicka
teériu, akd mdme dnes my. To sa Casto zddvodhuje tym, Ze to boli
géniovia. O tom iste nik nepochybuje, ale bude tu aj iny dévod: mali
velmi bohaté a dobré predstavy — predovsetkym geometrické a fyzikalne.
A to je velmi mocny prostriedok na overovanie spravnosti vysledkov
— mozno mocnejsi, ako logicko-deduktivny. A vdbec, preco ist tak
daleko do histérie : Je obdivuhodné, ako dobri inZinieri alebo fyzici vedia
vymyslat nové matematické pojmy, vety a overovat si ich, mysliac pritom
nie na prvé, ¢i druhé derivacie, ale na rychlosti, zrychlenia, momenty
a podobne. Alebo iny priklad : Definovat matematicky precizne tenzor nie
je také Tahké a vyZaduje to pomerne vysoki matematicki erudiciu. Vie to
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dost mdlo vyStudovanych matematikov a eSte menej inZinierov alebo
inych matematikov. Napriek tomu vedia inZinieri a mechanici virtuézne
pocitat s tenzormi — prave preto, Ze si za nimi predstavuji napitia,
deformacie atd. A ¢o je prekvapujlice — vedia to neporovnatelne
zrucnejsie, ako matematici, ktorf sice tenzor definovat vedia, ale zodpove-
dajice predstavy nemaja.

Ked hovorime o predstavach, zaujimavy je aj pripad genidlneho
indického matematika Ramanusana, ktory vymyslal fantasticky kompli-
kované (iselne-teoretické a kombinatorické identity, ktoré nevedel doka-
zovat, ani odvodif. Domnievam sa, Ze o vietkych sa po kratSom alebo
dlhSom Case dokézalo, Ze sii spravne. Ich dokazovanim sa nezaoberal nik
iny, ako HArRDY — vari najvécsia postava tedrie Cisel 20. storodia. Ako
mohol Ramanujan tie identity vymysfat? Hadam mal nejaké svojské
predstavy, ktoré my nemame...

Zaujimavy je-aj priklad tedrie grafov. Je to disciplina, ktora by sa dplne
dala vybudovat bez grafov (vrcholy st prvky mnoziny a dvojice tychto
prvkov s istymi vlastnostami...). Ved ked sa grafické tlohy rie§ia na
pocitaci, graficka predstava aj tak musi ist bokom a takto ¢lovek vlastne

- grafy do pocitaca zapisuje. Netreba viak azda nijako osobitne vysvetlovat,
Ze tedria grafov by bez svojej grafickej interpretacie sotva mohla
existovat.

Napokon, ¢i sa ndm to paci, alebo nie, skuto¢nost je taka, Ze aj konecna
kontrolu prakticky kazdého zloZitejSicho matematického postupu si robi-

" me nie logicko-deduktivne, ale akosi globalne. Co to znadi? Je to akési
vnorenie vysledku do subjektivnej intuitivnej axiomatiky, vytvorenej na
zaklade §tadia mnoZstva konkrétnych Specidlnych pripadov a analogii, ¢o
nie je ni¢ iné, ako predstavy.

Znamena to teda, Ze mame celd nadherniu deduktivnu stavbu nasej
siCasnej matematiky zavrhnut a vratit sa k Eulerovym predstavam?
Pravdaze, nie. Okrem vietkych velmi vaZnych dovodov, ktoré vietci dobre
pozname a ktorych podstatou je to, Ze matematika ako kazd4 ind veda ma
svoj vautorny Zivot, ktory sa prirodzene vyvija a do ktorého nemozno
robit hrubé zdsahy, je tu moZno eSte ddvod, ktory prave suvisi
s aplikaciami. Dnes sa totiZ matematika pouZiva na modelovanie mnohych
inych a nielen fyzikalnych dejov. Modely tu nie st zdaleka také prilichavé,

5



Vyber z populariza¢nych prac 299

ako modely fyzikdlne, a preto ani overovanie vysledkov na ziklade
predstav nie je také presvedCivé.

Tak teda, ¢o je vektor ? Sipka, prvok abstraktného vektorového priesto-
ru, posunutie alebo trieda ekvivalencie ? Myslim, Ze spravna odpoved je
— vietko. Lingvisti hovoria, Ze koIko re¢i vies, tolkymi Zivotmi Zije$. Nasu
tivahu by sme mohli zakongit voInou parafrazou ich hesla: Cim bohatsi
register predstdv mas, tym lepsie veci rozumies, a tym skor nieCo vymyslis
neZ ten, Co sa strnule drZi jednej predstavy alebo formélnej definicie.

‘ Pavol Brunovsky
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Koniec chaosu?

Pavel Brunovsky, Bratislava

Pravom by ste mi mohli vyéitat, Ze vodu kdZem a vino pijem. Ndzvom ¢lanku som
sa, totiZ prispbsobil méresom, ktoré v ¢lanku budem kritizovat. Jednoducho som ani
ja nevedel odolat pokuSeniu zneuZit to, Ze pdvodny vyznam slova chaos sa s jeho
matematickym obsahom celkom nekryje. Na rozdiel od mnohych chaosomanov si to
v8ak dobre uvedomujem, kajam sa a slubujem, %e sa v dalSom striktne obmedzim na-
matematicky obsah pojmu.

Dva razy v ostatnych dvoch desatro¢iach vzisli z matematiky podnety, ktoré vzrusili
irokd intelektudlnu verejnost. Boli to tebria katastrof a chaos. Neviem, & to ma
historicky precedens. Nadim si teda poloZit otdzku, aki Glohu v tom zohrali ich nzvy,
ktoré navodzuji o veci neadekvatne predstavy. V tejto svislosti si spominam, ako sa
slovensky preklad krasnej (pre matematikov) Arnoldove]j brozirky ,, Tedria katastrof
dostal do predaja v bratislavskych novinovych sténkoch. M6j synovec, ktory si ju
pre jej nazov kipil, bol prekvapeny najprv tym, Ze ma v nej naSiel ¢o by recenzenta
prekladu a potom aj jej obsahom. _

Popri spoloénej popularite si v§ak hodno povimnit fundamentéalne odliSnosti ka-
tastrof a chaosu.

Teéria katastrof je ucelend filozoficka tedria vychadzajiica z nemenej ucelenej mate-
matickej tedrie singularit. SnaZi sa podla jednotného principu klasifikovat spontanny
vznik foriem a néhle zmeny spravania pri postupnej zmene parametrov bez ohladu na
ich materidlnu podstatu.

Takato ambicia urobit z tedrie vievysvetlujici princip je v matematike ojedineld,
v minulosti sa skor vyskytla u fyziklnych teérii. Spoloéné pre snahy tohoto druhu
je, Ze ich propagétori, medzi nimi aj renomovani vedci, ¢asto pri nich zachidzaji
pridaleko a velmi zlavuja z kritérii na vedeckost.

Rozvireny prach okolo katastréf medzi¢asom ulahol a tedria sa dostala tam, kam
patri — medzi najkrajSie vysledky matematiky 20. storocia.

Na rozdiel od teérie katastrof nie je chaos vlastne nijakou teériou, ale pozorova-
nim, hoci prevratnym. Nem4 ani celkom jednotni matematicki definiciu. Podstatou
pozorovania, ktora sa odraZa vo vSetkych jeho matematickych definicidch, vSak je, Ze
vdaka extrémnej citlivosti na poéiatoéné data a prepletenosti dynamiky sa systémy,
ktoré sa v kratkom Easovom tseku javia ako deterministické, dlhodobo méZu spravat
nepredvidatelne, eraticky. '

Tomuto poznatku predchidzalo v dvadsiatych rokoch pozorovanie, ktoré bolo po-
dla miia nemenej objavné. VziSlo zo §tidie Van der Polovho lampového generatora

Prof. RNDr. PAVEL BRUNOVSKY, DrSc. (1934), Ustav aplikovanej matematiky, Univerzita
Komenského, Mlynska Dolina, 842 15 Bratislava.
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i Volterrovej-Lotkovej rovnice spolodenstva dravec-korist a jeho podstatou je, Ze usta-
lené periodické cykly nie s nie¢im patologickym, ale normalnym prirodnym javom.
Pokial viem, tento poznatok sa s nejakou mimoriadnou pozornostou nestretol.

Histéria chaosu osldvila ned4dvno storo¢nicu. Prvé pozorovania o zloZitosti dynamiky
v okoli transverzalnej homoklinickej trajektérie (pozri Dodatok) pochidzajii — akoze
inak — od Poincarého [Po].

Je nevelmi zndme, Ze Van der Polova rovnica zohrala vyznamna tlohu aj vo vivo}i
poznatkov o chaotickej dynamike. Odhalili ju v nej Cartwrightova a Littlewood pri
§tadiu jej vynatenych kmitov koncom 3tyridsiatych rokov (pozri [CL, L, Le]). Vela
pozornosti vSak ich vysledky vtedy nevzbudili. Mimo $pecialistov nik nezaregistroval
ani konstrukciu dalSieho matematického objektu vytvarajiceho chaos zaéiatkom Sest-
desiatych rokov — Smaleovej podkovy [S1, S2]. Sarkovského prace o komplikovanej
dynamike spojitych zobrazeni intervalu do seba [S] zostali dost nezndmymi aj medzi
Specialistami. Pritom exotické usporiadanie prirodzenych €éisel (3 < 5 < 7 < ... <
<2:3<2:5<...<...<2F.3<2.5<...<... <22 <22 <2 <1), ktoré
z neho vzislo, by nemalo nechat chladnym nikoho, kto v matematike nachadza kus
dobrodruZstva a krasy.

V&3t zadujem uZ vzbudil Lorenzov zjednoduSeny model turbulencie ovzdusia [Lo].
Naozajstna explézia zdujmu o chaos nastala, a7 ked ho Li a Yorke tak nazvali [LY].
Pritom ich préca, ktoré vznikla pri snahe pochopit Lorenzov model, s¢asti znovuobja-
vuje to, ¢o bolo ovela presnejie zndme zo Sarkovského préac. Tazko povedat, ¢&i tento
prudky nérast zaujmu bol naozaj vyvolany §tastne zvolenym terminom, alebo je to len
Casovd zhoda. V Ziadnom pripade to v8ak z mojej strany nemd byt kritika. Naopak,
je uzito¢né sa poulit, Ze aj pri rozsirovani vedeckych vysledkov treba mysliet nielen
na obsah, ale aj na obal. '

Ci uZ to spdsobil nézov alebo nie, praca [LY] znaéi zaiatok dvoch desatro&i snsh
odhalit chaos, kde sa len d4 — teoreticky, numericky a experimentélne.

Akl hodnotu maji vysledky tychto pokusov? Predovietkym si treba pripomenit,
Ze chaos je matematicky pojem a jeho pritomnost mozno dokéazat iba matematickymi
prostriedkami. Vzhladom na zaokriihlovacie chyby a chyby metédy, ako aj na to, Ze
na pocitanie mame obmedzeny €as, nie je napriklad numerickym sledovanim priebehu
nejakého deja presne vzaté mozné rozlisit, éi ma velmi dlhd periédu, alebo je chaoticky.

Nechcem tym zo $tadie chaosu vylaéif numeriku. Napokon aj pri inych numeric-
kych $tudidch akceptujeme numerické vysledky, hoci nepotvrdzuji nejaki skutoénost
s uplnou presnostou. Seriézne zivery z numerickych vysledkov vSak moZno robit iba
vtedy, ak sG zdévodnitelné v rozumne presnej miere.

A tu je v pripade chaosu kamei Grazu. Citliva z4vislost od poc¢iatoénych podmienok,
ktord je zdkladnym rysom chaosu, mé za nésledok exponencialny néarast dosledkov
nepresnosti poéitania. Na prvy pohlad teda robi vysledky numerickych vypoétov
trajektorii chaotickych systémov bezcennymi.

O ¢o ide, vysvetlime si na jednoduchom priklade dynamického systému

Ti41 = 2.'L't . (1)
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Jeho trajektoérie (t.j. postupnosti generované rekurentnym predpisom (1)) sii geome-
trické postupnosti, ktorjch vSeobecny €len vieme presne spocitat — plati

z; = 2tzy.

Predstavme si v8ak, Ze by sme ¢leny trajektérie pocitali rekurentne priamo zo vzta-
hu (1), ako sa to robi v zloZitejsich pripadoch. Pri pocitani v dvojndsobnej presnosti
na beZnom poéitaci sa mdZeme pri kazdom vypoéte dopustif nepresnosti § ~ 1014, To
znadi, Ze v prvom kroku méZeme namiesto hodnoty

Ty = 2%

vypoditat hodnotu
1 = 2x9 + 9.

Ak by sme sa uZ nijakej inej chyby v dalSich vypoétoch nedopustili, po 50 krokoch
vypoétu dostaneme ¢len

Fs0 = 21%%; 2 w50 + 10714240 2 50 + 1,

teda netinosne velkd chybu radu jednotiek.

V tomto priklade samozrejme nijakého chaosu niet. Aby vSak systém mohol byt
chaoticky, musi obsahovat expanzivnu zlozku, ktord sa sprava podobne (3pecialistom
pripomenieme, %e to vyplyva napr. z toho, %e aspoti jeden Lapunovov exponent musi
byt kladny).

Exponencidlny narast dosledkov numerickych nepresnosti poéitania trajektorie da-
ného bodu je teda neodliditelny od chaosu. Zdanlivo z toho vyplyva, Ze tispech pri
numerickom pétrani po chaose automaticky spochybni metédu jeho hladania. Hoci sa
nedé celkom povedat, Ze by sa nik nad tymto paradoxom nebol zamyslel [LL], bezméala
15 rokov si visina Tudi, ,, po&itajicich® chaos z toho vela starosti nerobila. A% nedévno
sa nasli ludia, ktori sa odvazili povedat, Ze ,kral je nahy“. Bol to napriklad numerik
E. Adams z Ustavu aplikovanej matematiky v Karlsruhe.

Polemike okolo chaosu venoval ¢asopis Spiegel v roku 1993 sériu troch dlhych
&lankov [B]. Podla nich E. Adams zaSiel aZ tak daleko, Ze spochybnil existenciu chaosu
vo v8eobecnosti a oznaéil ho za numericky artefakt (treba viak poznamenat, Ze Adams
v odpovedi [Ad] na €ldnok [RDP] uvéddza, Ze v [B] boli jeho vyroky prekriitené).
Paradoxne sa to stalo v dobe, ked uZ kral niekolko rokov nahy nebol a ked uZ bolo
zname, Ze artefaktom je uvedeny rozpor.

Zaichrana je v tom, Ze pri pocitani chaosu sa sleduje ndhodne vybran4 trajektoria.
Nie je teda vbbec doleZité, aby bola trajektériou vopred (zvycajne aj tak ndhodne)
vybraného po¢iatoéného bodu. UkaZeme si, Ze v priklade (1) numericky ziskana tra-
jektoria {z:} zostava v blizkosti nejakej trajektorie, pripadne iného poéiatoéného bodu
nez je o = xo.
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Za tym Ulelom uvaZujeme vSeobecnejsi neautonémny (t.j. od t zavisly) linedrny
rekurentny vztah
Ti41 = QT4 (2)

kde 0 < |at| < a < 1, a tymto vztahom generované postupnosti (ktoré pre jednodu-
chost nie celkom opravnene budeme podobne ako v pripade autonémneho vztahu (1)
nazyvat trajektoriami). Lahko si overime, ze pre trajektériu {z;} vztahu (2) plati

Ty =Q4_1...0rTF pret 27, (3)

1

zr=a;...a7 z, pret<T. (4)

Nech teraz {Z:} je postupnost, poéitana podla (2) s nepresnostou < 4, t.j. plati

Ty = asdy + 0¢, )
kde

1S5, §>0; (6)

takito postupnost budeme v dalSom nazyvat J-pseudotrajektériou. Odéitanim (2)
a (5) dostidvame
|Z44+1 — Te41]| £ a|F: — @] + 0. (7

Ak pseudotrajektoria {Z; } a trajektéria {z, } vychidzaji z toho istého bodu v okamihu
t =, t.j. plati

Ty = Ty, (8)
s¢itanim nerovnosti (7) od 7 do t — 1 dostdvame pre t 2 7

1

-zl S (L+a+...+a" )5 < —

. 9)

Ak teda plati (3), pre t = 7 sa &leny trajektérie a numericky poéitanej d-pseudo-
trajektérie budt odliSovat nanajvys o € (= (1 — a)~16), ktoré je pevnym od dizky
postupnosti nezdvislym ndsobkom presnosti pocitania 4.
Obratenim &asu (t.j. zAmenou ¢ na —t) sa mdZeme jednoducho presvediit, Ze ak
namiesto (3) plati
las] > a > 1, (10)

(o splita aj (1)), namiesto (8) dostivame pre é-pseudotrajektériu (2) splhajacu (8)
odhad 1

|Ze = 2] S 7= 6 (11)
avSak pre t < 7. Teda napriek tomu, Ze v pripade (10) sa §-pseudotrajektéria vychadza-
jica z bodu z¢ modze od presnej trajektorie tohoto bodu exponencidlne vzdalovat, musi
bez ohladu na dfzku pseudotrajektérie {F,}]_, existovat presna trajektoria {z:}7 g,
ktorej €leny sa od &lenov postupnosti {Z:};_, lisia o nezavislé od dlzky postupnosti
tisloe (=(1- a_l)"lti). Konkrétne je to trajektéria systému (2), splhajica %, = z..
Poznamenajme, %e o a & sa zhodovat nemusia a Ze trajektoria {z;} zévisi od 7.
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Jednoduchym limitnym prechodom sa vSak moZzno presvedé&it, Ze trajektériu {z;}
spliiajiicu (11) mozno vybrat nezavisle od 7; takito trajektériu nazveme e-tiefiom
pseudotrajektorie {Z;}.

Ni¢ nam teraz nebrani rozsirit pozorovanie o existencii e-tiena pre vektorovy linedrny
rekurentny predpis s dvoma zlozkami typu (2), z ktorych jedna spliia (3) a druh4 (10).
Volne povedané sa e-tiefi ziska limitnym prechodom rieSenia okrajovej tilohy v ktorej
zbiehavé zlozka je rovné ¢lenu pseudotrajektorie na zaciatku a rozbiehava na konci
zvoleného Casového tseku. Ba dokonca ho moZno rozsirit na vektorovy rekurentny
predpis fubovolnej dimenzie

Typ1 = AgTe, (12)

z: € R™, kde A; st regulirne matice typu

A= (% cot) (13)

a teda (13) mozno pisat ako dvojicu vztahov

Yt+1 = By, (14)
241 = Ciz
s maticami B;, Cy, ktorych rozmery nezéavisia od t, spliajtcimi
|Briio1 ... Byl S Ka'lyl, (15)
|Crit—1...Crz| 2 K~ ta 2| (16)

pret20al0<a<]l.

Vsimnime si dalej, %e na existencii e-tiefiovej trajektorie, kde ¢ £ @QJ pre nejaké
Q@ > 0, stadi, aby sa systém vzfahov (12) dal na podobu (13) pretransformovat po-
stupnostou linedrnych transformécii

(yt,zt)T = Six

(T oznaguje transpoziciu), pokial |S;| a |S;}| st rovnomerne ohrani¢ené. V re¢i matic
#iadame na rozdiel od (13) od matic A¢, aby splhali

-1 (B O
a=sii (5 6,) s an)

kde B; a C; splhaji (13). O systéme (12), ktorj mé tato vlastnost, hovorime, Ze
vykazuje exponencidlnu dichotémiu.

Zo zrejmych dévodov mozno pritomnost nelinedrnej expanzivnej zlozky z v systéme
rekurentnych vztahov (14) interpretovat ako citlivii zavislost na pociatoénych datach.
VSeobecne sa vSak od chaosu okrem citlivej zavislosti od pociatoénych dat vyzaduje
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eSte ,tranzitivnost“, teda existencia hustej trajektérie. Tato poZiadavka vyjadruje, Ze
sa systém nepredvidatelne mdZe fubovolne blizko pribliZit k Tubovolnému stavu.
Takato vlastnost mézu mat iba nelinedrne dynamické sysi;émy. Treba teda pre ne
nejako prisposobit pojem dichotémie trajektorii.
Uvazujme dynamicky systém

Ty = f(x), (18)

kde z; € R" (alebo vSeobecnejiie z n-rozmernej diferencovatelnej variety) a f je
C'-difeomorfizmus (teda spojité diferencovatelné zobrazenie s diferencovatelnym in-
verznym).

Hovorime, Ze invariantnd mnoZina H systému (18) je hyperbolicka, ak pre lubovolni
trajektériu {z;} systému (18) v H m4 linearizovany systém (12) s A; := Df(z:)
exponencialnu dichotémiu s rovnakymi dimenziami y a z, rovnakymi kon$tantami K
a s rovnakym ohrani¢enim C na transformaéné matice S; a S; .

Plati

Tiefiova lema. Nech H je kompaktnd invariantnd hyperbolickd mnoZina dynamic-
kého systému (18). Potom existuje @ > 0 také, Ze lubovolnd §-pseudotrajektiria s do-
statocne malym 6 > 0 md jediny e-tieri, kde

e < Q6. (19)

Tiefiov4 lema je objavom D. V. Anosova z roku 1963. Je sti¢astou rozsiahlej prace [A],
bohatej na originilne mySslienky a postupy. Jej dokaz je technicky néaroény.

Tiefiova lema ndm vlastne tvrdi to, ¢o treba — ak poéitame trajektdériu numericky
s presnostou 4, bude v jej e-blizkosti presnd trajektéria. Vzhladom na odhad (19)
moZeme teoreticky e volif Tubovolne malé. Prakticky je vSak & zdola ohranidené
zaokrihlovacou chybou potitata, a to ndm déva dolné ohranienie na e. Preto je
zaujimavd aj konStanta @), ktora sa odvodzuje od konstant exponenciilnej dichotémie
K,a,C.

Horsie je to s predpokladmi hyperboli¢nosti, na ktorej overovanie nie st vypracované
veobecne i¢inné metddy. Stvisi s pritomnostou Lapunovovych exponentov rozliénych
znamienok, zndmym to heuristickym predpokladom chaosu.

Matematicky dokizatelne chaotické mnozZiny st vSetky hyperbolické aspoii v zo-
slabenej forme (jeden z prikladov je v Dodatku, kde tiefiovd lema vystupuje ako
prostriedok dokazovania chaosu). Nie je preto velkym prehreskom, ak tiefiovi lemu
prijmeme ako zd6vodnenie korektnosti numerickych vypoctov chaotickych trajektorii.

Stretol som sa aj z ndzorom, Ze v pozadi rozruchu okolo Adamsovych nézorov si aj
peniaze. Podla tohoto ndzoru nemeckej meteorologickej lobby domahajicej sa pros-
triedkov na stéle vykonnejie pocitade nevelmi vyhovovalo, Ze sa poéasie povaZovalo za
typicky chaoticky, a teda dlhodobo nepredpovedatelny jav. Velmi jej teda prislo vhod
tvrdenie, Ze chaos je artefakt. Pre spravodlivost treba povedat, Zze som toto poc¢ul od
¢loveka, ktorého tispes$nd kariéra stala prave na ,pocitani“ chaosu.
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Nad zddvodnitelnosfou numerickej simuldcie chaotickych procesov sa ako prvy
zamyslel spoluautor jeho nizvu J. Yorke so spolupracovnikmi [HYG1]. Myslienka
pouZitia tiefiovej lemy patri Chowovi a Palmerovi [CP1, CP2].

V spominanych a dalgich pracach [HYG2, SY1, SY2, CP3, CV] sa autori nespolie-
haji na vieru v taZko overitelny predpoklad rovnomernej hyperboli¢nosti chaotickej
mnoziny. Nahradzuji ho bud a posteriori alebo rekurentne numericky overovanou
dichotémiou linearizacie pozdlz numericky poéitanej individualnej trajektérie. Umoz-
fiuje im to nielen rigorézne dokazat existenciu tiehovej trajektérie, ale aj odhadnit jej
vzdialenost od numericky ziskanej pseudotrajektérie. Stoji za poznamku, Ze o tychto
pracach niet v sérii ¢lankov [B] ani zmienky.

Prirodzenou otézkou je, ako je to s dynamickymi systémami so spojitym ¢asom,
generovanymi diferencidlnymi rovnicami. Tiefiova lema pre takéto systémy je sformu-
lovand a dokdzané v [KP], numerickym vypoltom je venovand praca [CV].

Na z4ver eSte jedna dobra sprava pre fanasikov chaosu: Po dvadsiatich rokoch nes-
pesnych pokusov mnohych matematikov sa neddvno K. Mischaikowovi a M. Mrézekovi
podarilo vypracovat dékaz chaotiénosti atraktora v Lorenzovych rovniciach. VyuZiva
sa v hom poéital, ale na celkom inej drovni: pri preciznom sledovani nepresnosti
pocitania sa overuja algebraicky — topologické podmienky toho, Ze atraktor obsahuje
»Smaleovu podkovu“, v ktorej chaoti¢nost je dokdzana.*) Ani tento vysledok nevzbudil
pozornost autora [B], kde je chaoti¢nost Lorenzovho atraktora spochybnena. Cituje sa
v fiom (& uZ oprévnene alebo nie) vyrok E. Adamsa, podla ktorého ,,Obrazok (mysli
sa zmeny po&itaom ziskany obrazok trajektérie v atraktore Lorenzovych rovnic) je
takmer celkom nespravny. Co ukazuje, nema ni¢ spoloéného s tym, ¢o sa v Lorenzovej
rovnici odohrava“. Sérii ¢lankov Spieglu vSak treba priznat jeho opravneni kritiku
nekvalifikovaného zboZiiovania chaosu. Hoci to takto explicitne neformuluje, autor
citi neprimeranost stotozhovania rozliénych vyznamov pojmu.

Ako teda odpovedatf na otdzku v nadpise? Milovnici chaosu, ktorym Adamsove
vyvody sposobili bezsenné noci, mdzu nadalej pokojne spavat — pokial im k tomu
postadi, Ze ich vypoéty nie si ich Gspechom automaticky vylacené. Celkom bezsta-
rostni v8ak zasa byt nemdZzu. Existuje totiz priklad, v ktorom je naozaj mozné chaos

v nechaotickom systéme ,vyrobit“ nepremyslenou numerickou aproximdciou (pozri
Dodatok).

Dodatok

Trividlnym pripadom hyperbolickej mnoZiny dynamického systému (18) je hyper-
bolicky pevny bod. Je to bod Z taky, Ze

f@) =2

*) Presnej$ie povedané, atraktor Lorenzovych rovnic obsahuje invariantnt podmnozinu,
tok na ktorej je semikonjugovany Smaleovej podkove.
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a vlastné hodnoty D f(%) st mimo jednotkovej kruznice. Vo vhodne volenych strad-
niciach totiz vtedy moZno pisat
. B 0
p1@&)= (5 &)

kde vlastné hodnoty matice B maji absolitnu hodnotu < 1, kym absoltne hodnoty
vlastnych hodnét C st > 1 a B, C st v Jordanovom kanonickom tvare. Priamoéiarym
vypoétom sa moZno presved@it, Ze systém (12) s A = Df(Z) mé exponencidlnu
dichotémiu, odhady (15), (16) sa zredukuji na

|Bty| 2 Ka'|y|, (19)
|Ct2| 2 K~ 'a™"2| (20)

(0<a<1)pret20.

Odhady (19), (20) znadia, Ze nisobenim maticou Df(Z) sa body invariantného
podpriestoru z = 0 k sebe (a teda aj k 0) exponencialne priblizuji, kym body priestoru
y = 0 sa od seba exponencidlne vzdaluji. Preto nazyvame priestor z = 0 stabilnym
a priestor y = 0 nestabilnym podpriestorom bodu Z.

Veta o stabilnej a nestabilne]j variete hovori, Ze existuju invariantné variety W*(z)
(stabilnd) a W*(%) (nestabilnd) systému (18), prechiddzajice bodom % a dotykajice
sa v hom stabilného, resp. nestabilného podpriestoru. Tieto variety dedia vyssie
spominané vlastnosti pribliZovania, resp. vzdalovania sa trajektérii linearizovaného
systému. MoZu sa pretinat aj v inom bode z¢ nez v Z. Z ich invariantnosti vyplyva, Ze
vtedy spolu s bodom z obsahuji aj celt jeho trajektériu {z:},z: = f*(zo) a Ze plati

t_lg:noo zy = £, (21)

Trajektoriu {z;} nazyvame homoklinickou trajektériou bodu &. Hovorime Ze {z:}
je transverzdlna, ak dotykové priestory T, ,W*(%), T,,W*(&) variet W*(&), W¥()
v bode zo maji jednobodovy prienik (a teda ich algebraicky sicet je cely priestor).
Ak {z:} je transverzalna homoklinick4 trajektoria hyperbolického pevného bodu %,
potom mnozina
H = {8} U o2 oo

je kompaktn4 invariantnd hyperbolickd mnoZina [P].

Aby sme si to ozrejmili, v§imnime si Ze H sa sklad4 z dvoch trajektérii. Hyperboli¢-
nost {Z} znag&i exponencidlnu dichotémiu tejto jednobodovej trajektérie, zostava teda
ozrejmit si exponencidlnu dichotémiu trajektérie {z:}.

Linearizovany systém (12) s Ay = Df(z:) zrejme zobrazuje dotykové priestory
invariantnych variet v bode z; na dotykové priestory v bode z:y;. Nie je tazko si
predstavit, Ze dotykové priestory T, W*(%£) a T,,W*(Z) sa pre t — +oo bliZia k sta-
bilnému, resp. nestabilnému priestoru v bode £ a preto linearizovany systém (12) body
na nich asymptoticky exponencidlne priblizuje, resp. vzdaluje. Od t zavisla linedrne
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transformaécia, ktord previadza T, W* (%), resp. T,,, W*(&) do podpriestorov y = 0, resp.
z = 0 teda prevadza linearizovany proces do tvaru, v ktorom platia odhady (15), (16).
Na invariantnej mnozine H teda plati Tiefiova lema. PouZijeme ju pre Speciilne
pseudotrajektérie.
Zvolime malé § > 0. KedZ%e plati (21), existuje N tak velké, e z_n a zn st v J-okoli
bodu £. Oznalime

Y={z_N,...,Z0,..- TN}

apre m 2 0 oznatime I',, m-&lennt postupnost, ktorej vietky éleny sii £. Pre lubovolne
zvolent postupnost nezdpornych &sel {my}jo _., je postupnost

oI, 2y g, 2 Iy -

ktord vznikne zrefazenim koneénych postupnosti I, a medzi nich vloZenych ko-
neénych postupnosti X' zrejme §-pseudotrajektériou. Existuje teda jej e-tien. Ak §
(a teda €) je dost malé, potom jeho tsek, zodpovedajici X predstavuje jeden obeh
v blizkosti homoklinickej trajektorie, kym v tseku, zodpovedajicom I,, tiefiovi
trajektoria zostava v blizkosti pevného bodu Z. Volbou &isel my, (pripominam, Ze my
mbze byt aj 0) si teda pre tiefiovir trajektériu mézeme predpisat [ubovolné poéty
néslednych obehov v blizkosti homoklinickej trajektérie a pomedzi ne vloZit pobyty
trajektérie v blizkosti Z fubovolnej dfzky. Vidno teda, Ze spravanie sa trajektérie je
naprosto nepredvidatelné, eratické. '

Spresnenim naSich argumentov moZno dokézat, e dynamicky systém v okoli ho-
moklinickej trajektorie obsahuje invariantnii mnozinu, na ktorej je konjugovany s tzv.
Bernoulliho posunom, o ktorom je zname, e mé vSetky beZne prijimané vlastnosti
chaosu: citlivii zévislost na poéiatoénych datach, hustd trajektériu, periodické body
Tubovolnej periédy, ergodicki invariantnii mieru, atd. Stadium transverzélnej homok-
linickej trajektdrie bolo aj motivdciou pre vznik Smaleovej podkovy — zobrazenia
roviny do seba, ktoré bolo jednou z prvych prikladov chaosu.

Priklad transverzalnej homoklinickej trajektorie naznacuje aj to, ako mozno chaos
vyrobit umelo: homoklinickd trajektéria dynamického systému so spojitym Casom
nemdze byt transverzilna a ani nemé ni¢ spolo¢né s chaosom. Diskretiziciou, resp.
numerickou aproximaciou rovnice moZno transverzalnu trajektériu a teda aj chaos
vyrobit. Nastastie, miera transverzality klesa s velkostou kroku diskretizacie rychlejsie,
ako Tubovolna jeho mocnina. Preto je v tomto pripade moZné vyhnat sa umelému
chaosu volbou dostatoéne jemného kroku [FS).

Zéverom by som sa rdd podakoval anonymnému recenzentovi, ktory ma upozornil
na vseli¢o, o éom som nevedel — napriklad na knihu [LL], ako aj na dozvuky série [B]
v Elankoch [RDP] a [Ad].
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O Fermatovych cislech

Michal K¥iZek, Praha

1. Uvod

Francouzsky matematik Pierre Fermat (1601-1665) se proslavil nejen svou velkou
a malou vétou Fermatovou, ale také hypotézou, Ze vSechna &isla tvaru

Frn=2"41 prom=0,1,2,... (1)

jsou prvocisla. Ani jedno z téchto tii tvrzeni viak pravdépodobné nedokézal. Pfiznaval
ale, 7e s diikazem domnénky o prvodiselnosti F, si nevi rady. Cisla F,, se po ném
nazyvaji Fermatova ¢isla.

Pokud je F,, prvodislo, fikdme, Ze je Fermatovym prvoéislem. Prvnich pét ¢lenti
posloupnosti (1), tj.

Fo=3, Fi=5 F,=17, F;=257, Fy=6553T, )

jsou prvoéisla. K tomu, aby &islo 2™ + 1 pro n prirozené bylo prvoéislem, je nutné, aby
byl exponent n tvaru 2™ prom € {0,1,2,...}. Je-li totiz k p¥irozené a | > 3 liché, pak

oM 41 = (2F 4 1)(2k0-D) —2k(=2) 9k 4 1), 3)

Odtud plyne, Ze &islo 2™ + 1 je sloZené, jestlize je exponent n délitelny lichym é&islem
I 2 3. To v8ak v posloupnosti (1) nenastane.

RNDr. MicHAL K&iZEK, DrSc. (1952), je pracovnikem Matematického tstavu AV CR,
Zitn4 25, 11 567 Praha 1 (e-mail: krizek@earn.cvut.cz). Tato prace byla ¢4stetné podpofena
grantem ¢&. 201/94/1067 GA CR.

Pokroky matematiky, fyziky a astronomie, ro¢nik 40 (1995), &. 5 243
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oncom septembra navitivil

Bratislavu riadite! Medzi-

narodného matematického
centra”S. Banachia ve Var3ave
prof. Czeslaw Olech, ktory tu
predné3al na lema] $kole
#DIFFORD—74“ zorganizovanej
Matematickfm tGstavom SAV,
Prof. Olech je &lenom kore3pon-
dentom Polskej akadémie vied
a poprednym svetovym odborni-
kom v matematickej teérii op-
timélneho riadenia. VyuZili sme
tito prileZitost, aby sme mu
poloZili niekolko otdzok o za-
meran{," prdci a plandch . Cen-

tra, ktoré je spolo¢nou ustano- :

viziiou viacerych
kych krajin.

socialistic-

Ako vzniklo Centrum a o je
jeho. cielom? .

Centrum vzniklo v rdmci do-
hody o. mnohostrannej vedec-
kej spoluprdci akadémii vied
socialistick§ch krajin v roku
1971. Dohodla o zriadenf bola
podpfisané 13. 1. 1972. Jej signa-
tdrmi boli akadémie vied Bulhar-
ska, CSSR, NDR, Polska, Rumun-
ska a ZSSR. Svoju ¢&innost zada-
lo Banachovo-centrum v januéri
1973. Pomenované je po vyznag-

nom polskom atematikovi pr-

vej polovice tohoto storpéia.
Vytvorenie ceéntra nebolo. lah-
kou zéleZitostou, pretoZe ona je
dnes svetovym umkatom a ne-
bolo preii vzorov

Hlavnou myslienkou, ktorg
viedla k vytvoreniu Centra bola
potreba prechodu na nové, efek-
tivnejsie - formy medzmarodnej
spolupréce, v oblasti matema-
tiky, najm# medzi socialisticky-
mi krajinami.

Aké zameranie a poslanie m4
spolupriaca matematikov?

Zékladnou . formou &innosti
centra s $pecializované .semes-
tre. 'V danom &asovom dseku,
ktory sa obvykle kryje s akade-
mick§m semestrom, sa &innost
Centra ststreduje okolo vybra-

nej matematickej = discipliny.
Do’ Centra 7yvame vyznag-
ngch odbor: v, ako aj mlad-
gich ~atemat kov — stuZistov,

ny

Spoluprdca matematikov soclalistickfch krajfn

Jediné na svete

ktor{ spolone bddajd, pregzen-
tujd a diskutujd o svojich ve-
deckych problémoch a vyrsled-
koch. Na konci semestra sa ob-
vykle usporiada medzinsrodné
konferencia na prislu$nd tému.

Udestnikmi Centra sd ,,sta¥is-
ti“ a ,predné4satelia“: Prv?ml
rozumieme mlad§ch matemati-

kov, ktorf sa zGZastiiujd na ce-

lom semestri. Do druhej skupi-
Zahriiujeme  3pecialistov,
ktorf prichddzaja do Centra na
kratSiu alebo dlhgiu dobu, aby
prednéSali a - viedli seminére.
Treba poznamenat, ¥e hranica
medzi prvou a druhou skupinou
nie je ostrd; mali sme uZ v Cen-
tre viacerych- stéZistov, ktorf
dosahovali takd droveii, Ze sa-
mi napr. boli schopni viest nie-
ktory semindr. Vé&Sina Gastni-
kov je zo socialistick§ch kra-
jin, @le na prédci Centra sa zd-
tastiiujd aj matematici z ingch
krajin.

. Akfi orgamiza¥nfi Struktfirn
mé Centrum a ako sa urguje
jeho program? .

Centrum vedie vedeck4 rada,
pozostdvajtiica z dvoch pracov-
nikov z kaZdej signatarskej
krajiny (z CSSR akad. ]. Novék,

riadite! Matematického tstavu

CSAV a doc. L. Misik, DrSc., z4.
stupca- riaditela Mat. Tdstavu
SAV) a riaditel Centra. Vedec-
k4 rada vyberd témy semestrov,
menuje ich organiza&né vybory
atd.

. Ako {e to s financiami?

Ofastnfci zo socialistickych
krajin prichddzajd do Centra
na svoje néklady; administra-
tivne néklady hradf Polskd aka-
démia vied. Tdto forma je z
administrativne] strdnky velmi
jednoduché a umoZ2nila urf¢hle-
ne vytvorit Centrum. Treba po-

znamenat, ¥e hoel na denda
existujii matematické intitdcie
s ‘medzindrodnou pdsobnostou,
takdto institdcia dosial neexis-
tovala v socialistickych krajin-
néch a je aj prvou institiciou
na- svete, ktord vznikla medzi-
ndrodnou dohodou a je -riade-
né medzinérodnym organom.

Mohli by ste zhrntit dotera]-
e skfisenosti?

ModZem povedat, e Centrum
sa znamenite osvedcilo. Konali
sa uZ tri semestre, a to zo z4-
kladov matematiky a matema-
tickej logiky (jar 1973), z ma-
tematickej te6rie optimélneho
riadenia (jeseii 1973), z mate-

matickych zdkladov informatiky:

(jar 1973) a teraz prebieha se-
mester z globédlnej analyzy.

K semestrom uvediem niekol-
ko ¢isel: Na prvom semestri sa

zigastnilo 35 staZistov a 22

takych predn4satelov, ktor{
strdvill v Centre viac ako me-
stac. - Viacero Specialistov stra-
vilo. v Centre kratlie &asové

tseky — 1 — 2 tyZdne. Vcelku

sa na semestri zhGéastnilo 132
osbb, na 600 hodindch vedec-
kych seminérov, predné$ok atd.
Ugastnici mali k dispozicii 5 dru-

hov skript. Pogas semestra
vzniklo dvads\atpat povod-
nych - vedeckych - -prdc, z

ktorgch niektoré boli vytvore-
né kolektivom autorov z roz-
nych krajin (spoluautorom jed-

nej z nich bol aj Bratislavan .

dr.. 1. Korec, CSc.). Cisla z os-
tatngch semestrov s podobné.

Podet préac, ktoré vznikli pria-
mo polas semestra zdaleka ne-
déva plng§ obraz o jeho v§zname
a prinose. Nie je moZné spo-
¢itat, kolko my$lienok a népa-

dov, ktoré vznikli podias semes-

tra sa  realizuje a% po- jeho

skondenf. 84m som bol d¥ast-’

nikom jedného semestra (% ma-
tematicke] te6rie optimélneho

.

riadenfa) a mal som mo¥nost
vyuZivat jeho pracovnd atmo-
sféru. Hoci moje administrativ-
ne zdvézky mi nedovolili zd-
dastnit sa na fiom v takej mie-
re, ako by som si bol Zelal, naj-
menej tri moje préce by bez
neho neboli vznikli.

Dojmy Glastntkov sd vo vie-
obecnosti kladné, a asto priam
nad3ené. Jeden z Géastnikov mi
povedal, Ze nikdy predtym tek
intehzivne nepracoval a Ze. si
ani nepredstavoval, Ze je moZné
tak intenzivne pracovat.

Co. moZno tu o¥akévaf v bu-
dficnosti?

St pripravené uZ 3 dalile se-
mestre: numerické metody a
matemlatické modely (jar 1975},
tedria aproximacie (jeseii 1975)
a tebria. pravdepodobnosti a
stochastickych . procesov (jar
76). V budicnosti chceme orga-
nizovat okrem semestrov -aj
akcie iného druhu (Konferen-
cie, symp6zi4 a i.)

Ako sa zfifastiinjd matemati-
ci z Ceskoslovenska a Sloven- -
ska na préaci Centra?. ,

Ceskoslovensko od zatatku
zaujalo k Centru kladny a kon-
Struktivny postoj a tym sa me-
malo pri¢inilo- o jeho vznik.
Predné3atelila 1 staZisti z CSSR,
medzi ktorymi boli viacerf zo
Slovenska, sa uviedli velmi do-
bre a ich préce boli pre Cerr -
trum prinosom. V zrovnani s
poctami tué&astnikov *
NDR- & Madarska je ich v3ak °
pomerne mé4lo, ¢o bolo vzhla-
dom na troveil &s. matematiky
v niektorych disciplinach #ko-
dou .pre Gstav a domnievam sa,
i pre €s. matematiku. Tu v3ak
¢akd hddam na vyrieSenie nie-
ktorych otvorenych finan&ngch *

.otdzok vysielania pracovnikov

do Centra.
Zhovéral sa PAVOL BRUNOVSKY

NOVE SLOVO

napr, z °
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Konspekt prispevku: Rozmyslanie o
tom, kto je talent a naco ho

vyhladdvat alebo, ¢o keby sa u nés
narodil druhy Gauss ...

Nové slovo, 1984.
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Potym povedbmg chlapc1, my sme maly nérod,
ak: budeme eéte aj. sprosti, bude 8 naml 21e <o
”JV‘Hronec ‘ : s

a’ preéo ho:vlastne treba vyhladavaﬂ‘a rozviaaﬂ.lZe ae to gasné'
‘a nieto tu o com pochybovaf? Nuz, poéhkame radéen 8 odnogeaou

‘xchv1ru vees : \JD/C7 :
}”Jﬂ o Zacnlme najprv x(kuskom hlstorle. Slovenska matematlka =

ako aa sloverské veda vébec, ge mlada. Veﬁ odhlladnuc od xuz
~s aednotllvych osobnostl .8a systematlcky zacala rozviaaﬁ vlast-“

. ne a% po oslnbodeni Za tento Cao sa urobll skutoéne pokrok. ‘
fﬂ <\ Zvycaane sa vyaadruae éislaml. méme Akademlu ‘ktord ma tolko 'a
' zolko ‘Ustavov a zamestnancov, ‘méme toTko a torko kandldatov

] a doktorov vied, atd. Pozrime sa viak na vec trocha z inej

| strénky' zodooveda to, ¢o Slovdci dali sve tovej vede, onym pol-

| tom? Vie sa o nds vo §éte? Podarilo sa nédm vychovaﬁvvedcov

| svetového mena, ktori vo vede urobili "dieru do sveta"?

x
]
/

&, Nevidim natolko.do inyeh vied, tak sa vratlm k matematlxe.' -
g Aby sme mali aki-tekd mierku, porovnévaame 80 susedom naa—

PRV

. } bli%¥$im-s deskou matematlkou. Nik nemﬁze byt 'prekvapeny, Ze

sme v minulosti nemall‘taku osobnost, ako boligpm Edmmedx e

NN
i

' Bernard Bolzano, alebo Eduard Cech. Ale Ze sa ndm za bezmila
- 40 rokov neyodafllo vahovaﬁ 2&51ﬁnxmladl a, ktory by bol

’{' urobll taku dieru do matematlekého sveLa ako neddvna uroblll‘
N Pudlék s Tumom, to uZ stoal za zamyslenle.' ’
\ .V génoch to asi nebude = veé Pudlék ae vlastne Slovik,

%g;)lbaée vyrdstol v Prahe. Ked to nie ae v genoch ostévaag ui o
1en podmlensy. Poéme teda sledovat nés talent, ktorého kdesi.

' na zékladnej, 51 strednea Skole obetavi uéitelia, vediei s
kru%kov,'cl 1ni dqbrovolnlcl obaav1l‘ “zagaixixx zazall v riom
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1skru nadéenla pre vedu ‘ax onéfa teraz plny eldnu a sverkyml
cielmi zapisal na. srtudlu.nztAﬁ?mrt,—ema'l::Lk;r‘~ Aby bolo hnea na zatiat-
ku aasné nezde m1 teraz o taky prmemerny taleﬁt ale o takého
malého. potenciélneho Gaussa. Vea preéo by sa raz nejaky Gausik
nemohol ‘narodit aj na Slovensku? A nebola by vtedy nasou po-"
vinnostou vo&i svetu zabezpeélf mu také podmlenky, aby svetu
dal to, ¢o mu je achopny dat?: : :

Vabec, ako to bolo s- Gaussom? ﬁkﬂ xnfﬁkxmnxxkxxtﬁkzx
V nejakej- veIml nizhej trlede aeho uc1teI usudll, ze ho uZ nemé
go naydit, a poslal ho-do 8kol.: Uaal sa ho vojvodca z Braun-
schwelgu, ktory flnancoval geho 5alség'stud1é -'a to aa vtedy,
keé Sl musel na to poz1caf. Kea ‘mal volqco cez 20 rokov, posta—
vili mu observatorlum, kde .V mierl a pokoal pragoval pocely

 'svog dlhy plodny 2&vot. A odplatll sa Gauss spolcénos*l za to? ek

Ye &i. Ved dal vela nlelen matematike a fyzike, ale napriklad
%5 take] praktlckeg veci ako Je kartoyrafla a okrem 1ného zmapo—‘
val, Nemecko. : :

"~ Aby bolo jasné, toto nemé byf oda na "gtaré dobré édasy". -
Mohli by sme toti% s ITahkostou néjst aj opadné priklady. Ved
naprikled teky Niels Abel ( vynikajudei ndrsky matematik) zo-
mrel mlady v PariZi.v podstat?‘od biedy... Chcem tym povedat
niedo iné: Ze nalda spoloénosﬁC%e«iékwvyspélé, %e Gausik by
v nej mal gdkonite mat také podmeinky, ako ich Gauss vdaka
osvietendmu vojvodcovi mal né&hodou oo s

Vrétme sa teda ku Gausikovi. Zapisal sa a Studuje. M&
ulitelov lepSich i hor$ich, ako to g% byva. LenZe, ked je
Gausik, nestadi mu to, &o dostane od uditelov, a skoro sa chce
postavit na vlastné nohy. Na £9 potrebuae prinaiimenej dve veci:
tas a literatiru. S &asom by to eSte hédam a;j Slo - aj ked ne-
mo¥no povedat, Ze by na interndtosh vlddla velmi 3tudigjné
ovzdudie a gausik, ne ausik - odshédzovat si svoje musi, S 1li~
teratirou je to hwdiel’- na Slovensku totil prakticky neexistuje
matematickd kniZnica, pexmmekiiyg Mimochodom, to eSte Gausik
nié nevie o perspektivach (‘objem devizovych prostriedkov na
nékup literatdiry na r., 1984 = 204, objemu z r. 1983).

Tak, ¢i onak - Gausik skonlil. PretoZe vietky sily.veno=
val zdolévaniu chrdmu vedy, pozabudol trocha na to, Ze sa tre-
ba venovat gtarosti o chlieb, Moano E”mis dufaég_i %e, jeho kva-
lity budd dostatodné na to, aby. s—%vm%o—nemai—pre%%emy Vy-
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so'é“ Xem' by patrll, maju stop stavy - ale, : :

moﬁno, Ze si jeho k\xllt .predsa len niekto poviime a Gausik ‘}‘bf

‘sa mmigrxt nadas ucnyui na zé@tupovanie; nejakej devy, 8o je! 4ﬁ°”£

St na materskea.:-af”, ' i : o oy o
/”}¢Z?E7 S litératirou s naaalea problémy, ale Gau31k uz prlslel

“na’ to, ée trocha™ sa tomu as . odpomaof. Stoai 1o volaéo casu,

ale d4 sa nxxiasﬁxxxtnxnxx pozrleﬂ referatlvny éasopls, nlekde

pozhdnat autorova adresu a napisat mu o spearét. A nedéwmno to

edte aj tak wo, Ze autop zvydaine sﬁkarét poslal a poSta ho .

. HEXR: Gaus1kov1 doruclla._Lenze, aj v tom sme dnes ﬁalea. Mlesto‘

 /”;\7Eeparétu pride Gau31kov1 zeleny listok Z. oolnice a nechcggie

(@}9 odo’ mna, aby. som detallna opisal kaIVarlu, ktorﬁ Gau31k musi’ L

postupiﬁ, aby spparét'z oln'ce vydoloval - prlpadne aa nevy— L

Ql)r/i> Dufaame, Ze ho anl to eéte neotrév1lo a Gausik nastupll dof .
(/\ asP?fiﬁfgfzimé pretoze Je Gau31k, pokracuae rvchlo.— mo#no, Ze. .
\g/}AB§‘5u stihol ai za dva roky. Teda mu nalozmé§>nech vybera . prl-

spevky na Spolok priatelov %ehu a nech forganizuje ping-pon- =
govy turnaj a névstevu Cirkusu Hukberto. Ved on tu adpiranti- G

tu aj tak urobi v termxne.w“\\ ‘ :
ﬂ)(//'—k Aj sa stalo - a$pirantiyru urobil, a nie hocijaho. Tak¥e -
si mo¥no jeho précu gf"“ w%ﬁesvetmms?éfa a:.agostm o ‘se-
pardty, 8o md za néslte dR\ colnici¥re~

18 h odoswelan{ﬂa Ba dokonca sa moZno si stane, Ze ‘
ho niekam pozvi, aby o svojicli vysledkoch prednasal. To by
mu hédam malo zaistit pozornost aj doma. VeruZe zaisti - za-
¢ne byt podozrlevany zo spolkov s diamblom , Ved Bto to kedy
slychal, abp jeden Slovalisko &osi suceno vytvoril. To ne-
mbZe byt celkom po kosizolnom poriadku.

Mozno, %e Gausik predsa len déjde uznania aj doma, Ob-
gervatorium mu sice nepostavia, ale/ﬁa\ggzno zveria vedenie
nejekej vyskumnej dlohy, &i oddelenia alegngatedny. A to
Jje jeho definitivny koniec - lebo odvtedy cely svoj dalsf
z1vot strakwmgysedévanim na poradach a pisanim hldseni, pro-
gﬁgé, koncepeif, agingeh podobne kontruktivnych &innosti,

Ked si to tak spoc¢itame, vyjde ném, Ze pri dobrej voli

2

Jje éanca‘nanajvjé‘l: 10, %e z Gausika bude ne;jaky osoh., Skér
z neho vyrastie ufrflany kverulant, s ktorym spolodnost
bude mat iba problémy. = i
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2stavy o tom,rkto Je talent. Vezmlme si takého mladika, ktory
" mé akurdt éaky talenﬂ“ app mu ékola ‘nerobila problémy, ale % - :

éo teda roblﬁ? Predovéetkym musime prehodnotif nasu,pred— f'

vc

v 21vote“to vie¥ Ke&ée mu pre uspokogenle aeho tiZby po ve-

- deni stali létka na: skuéky, ostane mu dost &a ucﬂan}o, aby sa

venoval svoaea buddcnosti. Uﬁ za. étﬁdla si nas&e% spravnehn
patréma & kontakty, ktoré md nnnmxmi bud ziskal, alebo ich
mé vrodené, mu umoZnia ziskat mlesto a;j tam, kde ho niet.
theratura mu nechyba - bea mu staéi rozpracovévaﬁ to, &o ui
pred nim trikret preiull generécle xxx vedétorov pred nim.

A &o ak mu ide u% na. élesty rok aéplrantury a préca nikde?

. Treba mu daﬁ vsemoﬁné ulavy, aby koneéne mleco uypotll -,ve&

'?Gausik to a neho odtlahne é aéplranturu urobi i tak Yavou  ‘

rukoU-+ae * ; ST - //%{é
" A méme tu jedného éarmantného vedétore, J ktorym nie si—
nijagé problémy, a 8o Jje hlawné - élslo v kolonke " vedeck{
pracovnici” je o jedno vyséle..Ze,po‘nom ni& nezostane? Ale
to nig, ved s tym sa v skutodnosti aj tak nerdta ...

TakZe kto Je. talent, sme uz vyriedili. Zostdva otédzka,
¢o ‘ak obgavfme potenclélﬁéﬁg ‘Gau 1ka. Myslim, Ze quovea
ndjdeme v Elamovi Ohn1va?ov1, kxefﬁipgbsvoalch zlatokopec-
kyeh skisenostiach naSiel na svojom pozemku zlatﬂ%z&lurq
rychlo f&réakopal aby au nik nenaSiel a bol pokoj. A to
urobme ai my: vedme Gausika k tomu, aby hral na gitare, ale=-
bo hral basketbal, aj ked na to nemd najmen$ie predpoklady.

Bude to lepSie pre neho,a; pre spolonost ...
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Doktori vied a stratégia urychlenia

Je nacase polozit | m yw

Prof. Ebringer sa vo svojom ¢&lanku zamysla nad
praxou udelovania titulov doktorov vied. Navrhuje
spOsoby, ako dat 'do siladu tito’ prax s _textom
* yyhlikky. Je viak ovela jeanoaucFHe riesenie: prispo-

* sobif text vyhlasky praxi. Napriklad: Doktorom vied

sa stdva osoba, dlhé roky pracujica vo vyskumnom
pracovisku, ktorej doktorskd dizertand praca nie je

o ni¢ hordia ako iné price uspesne obhijené a treba’

podporit jej autoritu, lebo zastdva déleZité spologen-
ské postavenie.
¥ Samozrejme, Ze to nemyslim vaZne, ale celkom
zasa neZartujem. S malymi obmenami som totiz toto
zdovodnenie potul neraz, ked i$lo.o to, preto prave
' v tomto pripade treba, v porovnani s vyhlaskou urobit
vynimku (samozrejme, vZdy to bol-pripad posledny).
Hovorf sa, Ze vy nimka Fotvrgzuje thx}idég;. Ako
protiargument by som uviedol elementarny fakt z ma-
tematickej logiky: Ak v jednom tvrdenf{ pripustime
rozpor, potom uZ je pravdivé ¢okolvek. Poudenie,
ktoré s: z toho treba vziaf je: Staéi zopér vynimie

dokton‘ vied ako &enovia komisi{' a oponenti maiji

tendenciu robif ich dalej, take sa postupne strati cit
re to, &o vlastne je pravidlom a & vynimkou.

me od niekolkych izolovanych ]ednothvcov (hocijako
- 1" vynikajicich), systematicky sa na$a vedecko--vy-
skumnd zékladfia za¢ala budovat aZ po oslobodeni.
Vtedy sme zalinali prakticky bez  skusenosti, so
skromnou literatirou, takmer Ziadnym kontaktom so
svetom a s velmi malym podtom osobnosti, od kto-
zch by sa bolo mozZné naulit vedeckému remeslu.

no, remeslu. Ved veda, to nie si len vedomosti,
‘naucené z knfh, ale aj ,,ako na to*, &o sa najlepsie uéi
systémom majster-uleii, vo vede kodifikovan)?m v po-
dobe 3kolitel-a3pirant. Pre¢o by inak existovali vedec-
ké 3koly? Zriedkavé boli a su pripady, aby sa vedec
vypracoval na $pitkovii viroveri celkom sidm, izolova-
pe. Yzhladom na nedpstatok skiisenosti, utitelov a so
skromnymi moZnosfami ist na skusy do sveta, asi
Vtedy nebola ini moZnos(, ako fobif spotiatku aj
vyskum tréningovy, sledovatel'sky, teda taky, ktory sa
zaober4d vo svete uz vyrieenym problémom. Bolo
treba dobehniif svet, nautit sa techniky, ktoré uZ inde

" ‘yedia, a teda skumat aj to, o inde uZ vyskumali.

"+ Azda by sme toto $tadium aj boli postupne preko- -

“*nali.’, Kazd4' daliia generacia 'vedeckého dorastu sa
mohla poduéxt pd predchédza)uce) a zadat o stupienok
".yysie. LenZe my sme si zaumienili urobit to akosi
sprirgchlo, horicou ihlou. Nase vedecké intiticie —

(@54

J\/’

;e
’ (/ { },,, £ A
r'--r ' \‘ | <

‘\ A N

vych chatiek na tisic obyvatelov vietko, ¢im sa meria
vyspelost ndroda? Nie je nasou povinnostou daf svetu
v kultire, vede, technike to, &o nasej urovni zodpove-
daz, Utvon( nasim. talentom podmlenky na to, aby
svetu dali to, ¢o mu dat mézu?

Nejde iba o ne)aku abstraktni moralnu povinnost.
Dlhodobe a na urovni méze totiz zo svetpvej vedy
Cerpat iba ten, kto do nej prispeje svojim dielom. Kto
sa na tvorbe vedeckych vysledkov neziéastiiuje,
zaostane. ‘Ved vedecké informdacie sa Siria‘nielen
tlatenym slovom, ale predovietkym osobnym stykom
a spoluprdcou. Pasivnou téastou na prednaskach, &
konferencidch sa mozno mélo dozvedief. Treba sa
pytat, konfrontoyat stanoviskd, prispiet myslienkou
do mlyna. Myslite, Ze niekoho bavi odpovedat na
nezasvitené otdzky? Aj zahranjénd staz je prakticky
bezcennd, ak stdZista nie je na takej tirovni, aby bol
platnym ¢lenom tohto vyskumného kolektivu. S tym
stvisi aj otdzka zahrani¢nych a$pirantiir, o ktorych
hovoril prof. Pisit (NS ¢&. 29). Zriedka sa stdva, Ze by
sa niektory n4s adpirant dostal k $pickovému Skolite-
Tovi. Preco by aj. Predo by si vyznamnejsi skolitel mal
vziat za adpiranta mladika, o ktorom ni¢ nevie,ked si
z domdcich méze vybrat tych na]lepénch z najlep$ich?
Iné viak je, ked mu renomovany odbornik niekoho
odponita. Pravda, musi to urobit zodpovedne.:

Ako to vietko suvisi s doktoratmi vied? Aj ked
nemoZno povedaf, Ze titul doktora vied sploStenému
chipaniu vedy celkom podlahol, predsa len je nim
poznaleny. Predstavte si pracovnika, ktory roky na
vedeckom mieste pracuje, robi to, ¢o sa od neho Ziada
a o sa oznaluje za vedu. Nezatne postupne verit
tomu, Ze dosiahol vedecky vysledok? Prefo by mal
brat za bernid mincu préave text vyhlisky o vedeckych
hodnostiach, ktord celkom jednoznaéne tvrdi, Ze
doktordt ma znatit prinos do svetovej pokladﬂ
edy? .

Na obranu doktaratov vied ySak mozno povedat,
ie zo v§etkych vedeckych a vedecko-pedagogickych
tltulov st azda najmenej postihnuté. Nebolo by skoda

i dplej vaf? Pritom je zaujimavé, Ze
vecne vlastne problém ako rozoznat vedecki osob-
nost ani problémom nie je. Vedecké obce jednotlivych
vied zasa nie su také velké, aby sa v nich nevedelo,
kto nait mé, 'kto sa stal doktorom vied za svoje
vedecké dielo a kto z inych pri¢in. Problém je skor
technického rdzu: ako vyjadrit, Ze niekto je vedeckou .
osobnosfou’ pomocou formdlnych, vyéxshtel‘nych kri-
térii. Kvoli kazdému doktordtu predsa nie je moZné

konat referendum.
ALA ia wXalr neaw? NlaXa Ahhainher % e

AXXimAes
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sprirychlo, horicou ihlou. Nale vedeckeé institicie —
gakadémla, vysoké 3koly, vyskumné dstavy — rastli
a réstli. Zabudli sme, Ze pifmiliénové Slovensko
nemoéZe vyplodit neobmedzené mnoistvo vedeckych
. ‘talentov a moZnosti jedného vedca, akokolvek vyni-
ka]uceho, vyskolit dalSich tieZ nie st neobmedzené.

j\; Hovorime, Ze veda je dnes vyrobnou silou, ale
.chidpeme to akosi naruby. Ako keby veda mala
vyrebu suplovat. Kladieme bezmyéhenkovnte rovna
“sa medzi vedu a vyskum dokonca aj vyvoj. Tak ako
klavmsta nemusi byt skladatefom (hoci obidvoch si
treba rovnako vazif), ak niekto vo svojej vyskumne;j,
& vyvojovej préci uplatiiuje vedecké poznatky, ne-
znadi to ejte, Ze je vedcom. Napriklad, ak sa na nasej
sudiastkovej baze vyvinie potita& s dobrym progra-
. movym vybavenim, ktorého sériovy vyrobok je do-
= stato¢ne spofahlivy a uspoko;u)e uzivatelov, je to pre

spoloénost cenné a zasluhuje si primerané ohodnote-

‘nie. A to aj vtedy, ak po&ital nie je porovnatelny so
svetovou $pickou. Ale za vedecky stledok ho moZno
. kvalifikovat iba vtedy, ak sa pri jeho vyvoji pouZili
nové vo svete neznadme principy. Stru¢ne povedané:
realizaény vysledok mozZe byt pre spolo¢nost v dane)
faze cennejdf ako vysledok vedecky a vyzaduje si

_ primerané ohodnotenie. Ale nie ako vysledok vedec- .
"ky! Napokon, v platovej a kvalifikatnej stupnici

pracovnikov vyskumu sa tento rozdiel zretelne odra-

zil zavedenim vedeckotechnickych kvalifikaénych
~ stupiiov: vedici vedeckotechnicky pracovnik méze

+.bez vedeckej hodnosti dosiahnuf plat samostatného
- vedeckého pracovnika.

- UZ vidim vztyleny prst, Ze chcem odtrhnit vedu

- od praxe. Vébec nie. Ide len o to, aby vedci poméhali
'~ praxi vedeckou a nie inou &innosfou. Ani nechcem
vpovedaf #e sa -vedecké pracoviskd nemajui staraf
i o realizatny a sledovatel‘sky vyskum. Ved od vidsiny
. tisicoy pracovnikov nasej vedecko-vyskumnej zéklad-
ne ani redlne viac ¢akat nemoZno. Ale je rozumné
_-vedu takto redukovat? Ak aj tym pracovnikom, ktori

. G chopnf na viac, zaplnime vietok ¢as tym, Ze im do-

- poslednej &iarky naplinujeme, &o maju vyvinuit (lebo
: aj Ameritania, i Japonci to uZ urobili, alebo to maju
-,V pléne), a navySe im to kaZzdé tri roky zmenime,
odpihme im vlastne konér, ktorym si pre spolo¢nost
uito¢ni: prist s ¢imsi novym, neolakdvanym, &o

# vyZaduje roky préace a o je nové nielen pre nds, ale je

i zéroved trvalym vkladom do svetove] pokladnice

¢ vedy.

Ako uvédza prof. Spafiar (NS &.26), objavuji sa
<i ndzory, Ze sme maly ndrod a o také méty sa ani
" snaZif neméZeme, a ani si to nemdzeme dovolif. Co
-~ by sme uz my tak mohli dat svetovej vede! A nato by

sme to vlastne robili - ved z nej sta¢i Eerpat... LenZe
' my uZ nie sme ten maly ndrod, utld¢any a chudobny.
Méme mohutny priemysel, vyspelé polnohospodar-
stvo a vysoki Zivotnii droveil. Je viak vybavenost
domécnosti farebnymi televizormi, & potet vikendo-

Akéd je viak prax? Nase obhajoby si vadsinou
amw%ﬁw,
Ze sa uchddzac K obhajobe pripusti. Obhajoba vyzera
skor ako oslava uchddzata. Kriticky posudok je vy-
nmlkwlg)mflh%pe ako keby si oponent s ucha-
W bre uety. Poznam niekolko
pripadov, ked predseda Komisie usudil, Ze praca nema
uroveil doktorskej prace. Namiesto toho, aby to
‘priamo povedal uchddzadovi (na ¢o mu vyhlaska dava
pravo, tak ako ddva privo uchadzaovi trvat na
dalsom pokradovani), oznadil pracu za nepatriacu do
danej komisie. Nasledoval nechutny ,,ping-pong*
s pracou medzi réznymi komisiami, ktory sa skon¢il
vymenovanim komisie ad hoc, hoci veene na to ani
neboli dovody ... Je takéto konanie dostojné predsedu
komisie? '
Ale nevinme célkom komisie. Aj ich ¢lenovia si
Tudia zranitelni, podliehajuici tlakom robit ul'avy,

vynimky. Co ndm treba? Zmena atmosféry, aby si
¢lenovia komxsne spologensky nemohli dovolit prc;gy;,
1 na

tit sl a a aby sa- OpORCTII=ITS;
pracu nizkej lirovne napisa priaznivy pi .EI ato

atmosféra sa zo dila na defi zmenit ne edte

uréity ¢as bez vy(‘.lshtel’nych objektivne preukazater-‘
nych kritérii nemdZeme obist. Z tychto kritérii- je

kritérium citacii, ktoré navrhuje prof. Ebringer, podla

mojho nézor_u najlepdie. Treba vsak pntom mat na

pamaiti, Ze veda a vedecké vykony sii niedim prilis

mnohostrannym a subtilnym na to, aby ich bolo

moZné merat &iselnymi ukazovatelmi. Inak by sa totiz

dali pozbierat déta, viozit do potitada, ktory by vydal :
verdikt. Ale nemd uchadza¢ o vedecki hodnost pre-

ukazat aj schopnost obhijit svoje vysledky a tézy

v ohni kritiky a konfrontacie s inymi nazormi?

Doc. $. J4no$ sa vo svojom diskusnom prispevku
zamysla nad tym, & vobec ma zmysel trapit sa kvoli
doktoratom -~ ved v mnohych vedecky vyspelych
krajindch sa $pitkova veda robi aj bez' podobnej
vedeckej hodnosti. Ja si myslim, Ze $koda by ich bolo
vzdat sa. Doktoraty maji totiZ oproti inym vedeckym
a vedeckopedagogickym hodnostiam jeden klad: pri-
pustaji pri verej ji_do vania, pri ich
udefovani. Ale tuto moznost dostatoéne nevyuziva-
me. Je to nasa chyba.

Neviem posudit, situdciu v inych veddach, ale napri-
klad v matematike situdcia zdaleka nie je bemade)na
Aj tu sa urobili chyby, ale nie je ich ‘eite tak vela, Ze
by sa troveii doktoritov nedala udrzat na sohdne] ;
urovni, ba dokonca aj zvysif. Je to v silich nds
samotnych za dvoch predpokladov: ak nebudeme
robif nijaké dalSie vynimky a nase zodpovedné orgs-
ny nds v tejto snahe podrzia. ;

PoloZme si teda latku vyssie a predovietkym -
prestafime ju kone¢ne podliezaf. Je na to najvyssi |
¢as. RNDr. PAVOL BRUNOVSKY, DrSc.

Ustav aplikovanej matematiky 3
a vypottovej techniky UK
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Kam kracas academia
Narodna obroda, 20.10.1990.
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Kam kracas, academia?

..,,Zloz1té ce:,ty k ,,academlc excellence

Tcntoraz nepéjde o to, kam s Akadémiou, preto aj malé ,,a* v slove ncademla.

Vz(ahu}e sa totiZ nd akadémiu v pdvodnom zmysle slova, teda na obec u€enych bez *

ohl'adu na to, H pracu;u na Akadénn vied, vysokej §kole alebo inde.

\ Demqkratfzdda ‘neobifla_snl akade- -

¥ mickit obed:” Ako :Je] odeiry vanikil
akademické féra, ktoré prerdstli v aka-
demické senity i Radu vedcov. Kedze

funguji -uZ nejaky ¢as, nezaskodi za-

_myslief sa nad tym, o priuiesli. .
.V demokracii.ddvaji ludia svoj hlas
: tomu, & onomu. Bolo by naivaé mysliet

si’, Ze pritomm nehfadia na svoje osobné

zau]my Tie sa kryji s celuspoloCensky-

mi zdujmami natolko, rakolko je Siroky

obzor hlasujicich. ' Demokracia vycha-

- dza z toho, Ze jestvuie korelicia medzi

zdujmami. vi&Siny  jedr cthgcov a dob-

rom spoloénosti ako culku, i

- ‘'Vrifme sa viak k 1kademickej obcx .

Tu jé. situdcia trocha in4, pretoze jej
&lenovia prechiddzajd vhetom. Netreba
- azda nikohb zvI4$f présviedéat, Ze prvo-
Jadym kmériom vyberv po dihé roky
“neboli odborné predpoklady k vedeckej,
~ & _pedagogickej prici. Mozno teda od
,,ﬂifdl ofakdvaf; Ze nimi -:iemokraticky
& prijaté uznesenia budi v salade so spo-
" loCenskym zdujmom? - ', )
Spologensky z4ujem je nebezpeiny
pojem, ktory bol v minulosti neraz zne-
uZity. Pokisme sa ho teda aSPOﬂ ob-
razne definovat. " .~
Daiiovi popléfhfcx vk!adaju do 3tatom
podporovaného .~ vy$diehc

wm: ,
iﬁ:y"vdu

chodom; nenasvedije (v nictomu, Ze

v sldvenéine - zodpovedaijitceho poimu

vzdelania.
.. a vedy nemalé prostnedky Za to maiji
‘ prévogod -LlenGv a demidrej obce %ia- -
Vysokd :protestonalitd 4 snahu po’
»ﬂngﬂ&hié veimd vistitne
;.xiéademic exéellrice® (mimo-

Volby na tistavnej tirovni vedd k dru- ;
hordému vedentu, Zvolent veditel sfee |

nebyvaji najhordi, akych si moZno pred-

stavif, uréite neprivedu tistav do demo-

ralizujaceho chaosu, ale budu urcite

kompromisnikmi, ktori nemé6zu ukdza( |
cestu k vySinim (excellence), ani ich |
udrzaf, Na druhej strane, ak dstav dege- |
niformnej priemernosti, |
urobit kohokol'vek z jeho stredu vedi- |
cim znaéi zachovaf nizku kvalitu. Nie je |
ing liek, ako angafovaf energického |
¢loveka zvonku administratfvnou inter- |

neroval do

venciou.
Ako by asi v Halmosovom hodrioter i
dopadli naSe pracovisk4? Na;lep§1e bud.:

. pozriet sa na to, ako vyznievaji ich |

demokratlcky prijfmané rozhodnutia.
V prvej faze boli nesporne prinosom.

Velmo?t akademického sveta boli ne- |

zriedka natol'ko zli a skompromitovani,

%e zbavif sa ich bolo potrebné ako |
z pohladu spoloénosti, tak aj 7pohl'adu i

vac§my akademickej obce. Teraz j je site-
dcia ina. Zau]mom spolognosti )e po-

zdvihniif droven akademickych praco-
vizk. Je to v z4ujme ich zamestnancov?

Neklamné znaky poukazuji na to, 2¢
priemer velmi rychlo pochopil nebezpe-
&enstvo, ktoré mu hrozi, a sformoval sa

do obranného pos*avenia Ako mozZe |

akademick4 tdroveil pracoviska leZaf na
srdci pracovnikovi, yoliacemu za §vojho

2éstupcu kolegu, ktory uz md penzlu na
krku a sotva sﬂhol obh4jif dizertdclu
pripadné ju ani niem4, alebo Studentovi,
ktory maé starosti, aby sa pr&‘.mykol do
vy$Sieho ro¢nika? :

o g

PR
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ani niet?). Podobne m.e névitevnik hgo-"

~ vého futbalového zépz:v prdvc od hra-

gov vyZadovaf, aby pe:dviedli iutbalové

urnenie a aby zo seba vydali vietko.

Mozno toto. oéakévat od ak.qdemxcke;
obce? Ano = ak jej tircvei. dosahu]e
urditd kritickd hodnotu. Ak nie, pripo-
mina muZstvo, ktorého b'rad sa uspoko-

jili s miestorh v strede tzbulky a hraji

. akurat. tol’ko, aby si zabezpeZili dobré
S bohodlné zivobyhé. Myslite, Ze by
- hlasovali, za trelieta, ktory ich. bude
prehéﬁaf? Lo ‘v

* Prv, ne sa pokus:me razhodnuf &i
. nadd akademxcka obec tiito tiroveii dosa-
. huje, preditajme si z autobiografie zna-
* Zmeho amenckého tnatematika P, R. Hal-

', “Hhosa 'stat, ¥ ktdrej sa zdmigifa nad

volbari vedacich katbdxer (v p6vodme
departmenl chairinan). .

Ako by mal byt uréovar-v vadici? Na
mnohych umvexz:téch pmvdepodobne

‘na va&me, ma ématlcké ')bec uréuje
svo;ho veduceho volbami.

Logaritmické pravidlo A. Weila (pr-

votriedii fudia valia protriedrych ludi,

ale druhotriedni voliz trefobizdnych)
plati rovnako, ¢i ide r dopliianie praco-
viska hovymi pracovid'ami, alebo o vol-
bu kolegu do vedenii. MoZno, Ze Har-
vard alebo Chicago su dost dobré na to,
aby neurobili,vi&iu chytv, al: o vi&iine
pracovisk to. neplatf Verici :ndZu byt
volenf pre popularitd (,,dsore vychadza
s  Tudmi*), alebo pre ubtilne sfuby
‘v kampan' (,,nemyslf§ Ze § je. n<fair oce-
fiovat vyskum viac ako vyku pri urfo-

“ vani vysky, platov?*). O profc sionalite,”

madrosti a zipale Tudia hmnna, ale
~vicsinou. ich nevolia.

- lo to pociti na odlive §tudentov, 4 tym aj |

~_svedéi ich o tom, Ze $tidium, &i a$piran-

- profesiondlnu driahu, na ktorej kvalite

i1 patrf, budd domdha( s rcvnakou

Natiska sa teda otizka, & méZeme |
olzkaivaf, Ze akademickd komunita do-
kaZe vlastnymi silami prelomit zalare-
vany kruh pnememostl a prekrobf kr:
ticki iiroveil, ktora zabezpedi, Ze sv [t
samofinne zaéneé dvihaf k ;,academiv
excellence*. '

Administrativne met6dy sme zavrhii,
lebo § nimi z minulosti mdme zlé skisc -
nosti. Hoci sa situdcia zmenila; nebezpe- |
&enstvo ich zneuZitia dosial nepominulo.
Treba sa viak zamiyslief nad tym, preo |
ich Halmos v amenckvch podm:enkachi
odponica. ;
-V Amerike ako danovy poplatnik, tal: -
i $tudent, ktory si $tidium plati, velmi
ostro sledujit, ako sa jeho dolériky po-
ugiji. Ak je univerzita slab4, velmi rych- |

na svojich finanngch prijmoch. Preto !
mé aj administrativa univerzity ziujem |
na tom mat kvalltnych vedicich kate- ]
diet. s
Pre nds z toho plynie poulenie, Ze :
nidej na¥ej vedy je v mladezi, v $tuden- |
toch. Nechceme, aby za §tudium platili.
Azda ich viak Zivot raz priprie a pre-

tira nie si iba prediZzenim bezprostre:l-
nej mladosti, ale najmid pripravou .

zalezi. Duifajme, Ze nie vietci to riedin
tak, ze jednoducho pdjdu Jtudovat do
zahrani¢ia. Difajme, Ze sa zobudia 7o
spinku, do ktorého ako keby po vypiri
neZnej revolicie upadli, a Ze sa tohc, o

-rozhodnosfou a &hpom ako vo svo;cm
vystupenfmmule] jecene. -
PAVOL B‘{UN’JV“}\\ ‘
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Parazitoiégia vedy

Ako krasne to vyzeralo koncom roku 1989! Vedecki pracovnici,
pre ktorych veda bola povolanim, sa konecne zbavili diktatu t&ch,
ktori vdaka svojmu spolocenskému postaveniu 2ili z ich
vysledkov. MNadejali sme sa, 2e sa podari vymysliet systém
riadenia vedy, vdaka ktorému péjdu prostriedky navzdy kam maji a
ktory =zabrani prizZivovat sa na spolodenskej podpore vedy tym,
ktori maji velké Usta a dokaZu sa zasSmajchlovat mocnym tohoto
sveta.

Dnes je uz zrejmé, Ze sme sa mylili. Tak trocha s hanbou si
my, vedci, musime priznat, Ze sme pozabudli‘na prirodné zakony,
ktore rovnako ako pre iné prirodné spolodenstva platia aj pre
spolocenstvo vedcov. Zabudli sme na to, 2Ze parazit je nieco-
prirodzené, ze je pritomny prakticky v kaZdom organizme, v kazdonm
spolocenstve. A Ze na jeho potieranie treba venovat urdité
prostriedky a urcitu namahu.

Ak by sme z dopravy chceli celkom vyluc¢it nehody, museli by
sme ju celkom odstavit. Potom by Iudia sice nehynuli pri
dopravnych nehodach, ovela viac by ich v$ak prislo o Zivot preto,
Ze by sa k nim nedostala potrava. Podobne,
nadmerna snaha o cdistotu vedy by bola na ukor vedeckej
tvorby.

Darmo, musime si privyknut na my$lienku, Ze v spolodenstve
existuje prirodzena rovnovaha medzi parazitmi a produktivnymi
jedincami. Parazit totiZz neméze celkonm zniéit jedincov, na
ktorych parazituje, lebo by napokon sam zahynul.

Presvedcivejsie by pravdaze bolo, keby som tUto vdeobecne
znamu pravdu dolozil jednoduchym matematickym modelom. Na prvy
pohlad to ani nevyzerad také tazké, ved pre spolodenstvo hostitel
- parazit taky model aj existuje a je totoZny s Volterrovym -
Lotkovym modelom dravec - korist. V pripade vedy je wv$ak na
mieste skoér analégia s burinou a zrnom, kde sU spolodenstva v
konkurenénom vztahu. Aby sme dospeli ku koexistenénej rovnovahe,
museli by sme do modelu zahrnut spitnu vizbu zavislosti podpory
vedy od vedeckej produkcie. A td je v pripade vedy osobitne taZko
postihnutelna.

Gvahy nad modelom vSak neboli celkom zbytoéné. Uvedomil som

si totiz, Ze tato spdtnad viazba mad dasovu konstantu, ktord sa
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rata moZno az na desatrocdia. Preto vplyv pociatoéného stavu dlho
pretrvava a spoliehat sa na poésobenie spominanej sp3tnej viazby
nemozno. MNetreba ani osobitne zdéraznovat, ako je u nas vdaka
styridsatro¢nému vyberu Jludi do vedy tento pociatoény stav
nepriaznivy.

Nie Ze by paraziti vo vede prestavovali niedo nového. Ibaze
volakedy tarcha rozhodovania leZala na mecenasoch, ktori vedu a
uc¢enost podporovali. Podla toho, aki boli miadri, podporovali
naozajstnych ucencov, alebo s$arlatanov. Ich miesto dnes hrevzal
§tat a vedci sa domchli samospravy. Nie su teda uZz2 natolko
zavisli od nalad moci, ale platia za to dastou svojej kapacity -
musia pisat dizerticie a projekty, posudzovat ich atd. Namaha,
ktord na to musia vynaloZzit je o to v&dsia, o ¢o je vedecka
komunita mensia. Mnoho <dinnosti je totiZ rovnako casovo
naroénych bez ohladu na velkost komunity. Rozdelenie uz aj tak
primalej cesko—slovenskej vedeckej komunity nam v tomto ohlade
urcite ni¢ neulahdilo.

Necudo, Ze tvorivi vedci sa len neochotne zmieruju so stratou
drahocenného ¢asu na ich vlastnu vedecku ¢innost, ktoru pre nich
predstavuje pisanie projektov a posudkov, alebo vysedavanie v
komisidch. Vitaju kazdi zamienku, ktora im wumozni vyhnut sa
takejto <cinnosti. Na to vsak parazit, ktorému tvoriva praca
nechyba, 1iba dcaka. Postupne obsadzuje riadiace miesta a ked
dosiahne v&désinu, ”demokraticky” znechuti tvorivym pracovnikom
zivot tak, 2e tito wvidiac marnost svojej &innosti naozaj uz
maju dobré doévody sa jej vzdat.

Treba vsak dodat, Ze aj keby vSetky obhajobné komisie, vSetky
grantové a vedecké rady pozostdvali z tych najpovolanejsich, samo
o sebe to eSte nic¢ nerie$§i, pokial sa ich clenovia nenaudia
rozhodovat a teda obéas povedat aj nie. ZniZovanie kritérii
nie je velkorysostou, ak ide o prostriedky spolodenské - ved
podporovat mlatenie p<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>