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Editoriál

Fakulta matematiky, fyziky a informatiky na Univerzite Komenského v

Bratislave začala v roku 2010 projekt vydávania Compendium Series in

Mathematics, Physics and Informatics. Séria zborńıkov prác je zameraná na

publikovanie súborov vybraných prác významných osobnost́ı fakulty s ciel’om

zhrnút’ ich úspechy a spŕıstunit’ ich mladej generácii vedcov a študentov.

Štvrtý zväzok je venovaný dielu prof. RNDr. Pavla Brunovského, DrSc.,

známeho slovenského matematika a zakladatel’a slovenskej matematickej

školy optimálneho riadenia a dynamických systémov.

Profesor Brunovský dosiahol celý rad významných výsledkov, akými sú

napŕıklad regularita syntézy optimálneho riadenia pre dôležité triedy úloh,

alebo kánonická forma pre lineárne riadené systémy, často tiež nazývaná

Brunovského normálna forma. Významné výledky dosiahol tiež v oblasti

klasifikácie typických bifurkácíı jednoparametrických diskrétnych dynam-

ických systémov. Založil a viedol seminár z kvalitat́ıvnej teórie dynamických

systémov, v ktorom vyrástlo viacero matematických osobnost́ı známych aj v

zahranič́ı. Vd’aka jeho iniciat́ıve úsiliu vznikol a dnes sa nad’alej rozv́ıja na

Fakulte matematiky, fyziky a informatiky UK študijný program Ekonomická

a finančná matematika.

Dúfame, že tento zborńık vedeckých a publicistických prác bude

užitočným pŕıspevkom k udržaniu inštitucionálnej pamäti a napomôže

mladým kolegom a študentom v ich d’aľsom štúdiu a vedeckej práci.

Pavel P. Povinec

Editor
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P. Brunovský: On the Structure of Optimal Feedback Systems. In: Proceedings

of the International Congress of Mathematicians Helsinki, (1978),

841–846. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
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králiky? Matematické obzory 9 (1976), 29–38. . . . . . . . . . . . . 273
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Životopis a dielo profesora
Pavla Brunovského

Profesor Pavel Brunovský

Profesor Pavel Brunovský sa narodil 5.

decembra 1934 vo Viedni. Štúdium

matematiky ukončil v roku 1958 na

Pŕırodovedeckej Fakulte Univerzity

Komenského v Bratislave. V rokoch 1969-

1970 pracoval na Ústave technickej ky-

bernetiky Slovenskej akadémie vied, kde

absolvoval doktorandské štúdium v roku

1964 pod vedeńım profesora J. Kurzweila

z Prahy. Po roku 1970 pôsobil na Matemat-

ickom ústave Slovenskej akadémie vied až

do roku 1974. Najvyššiu vedeckú hodnost’,

DrSc., źıskal v roku 1978 a za profesora

bol vymenovaný v roku 1991. Dodnes

akt́ıvne pôsob́ı na Fakulte matematiky,

fyziky a informatiky Univerzity Komenského. Bol host’ujúcim profesorom

na univerzite vo Florencii, viackrát na Michiganskej štátnej univerzite i

na univerzitách vo Viedni, v Tokiu, Nice a Paŕıži. V roku 2005 mu bol

prezidentom Slovenskej republiky udelený Pribinov kŕıž za zásluhy v oblasti

rozvoja vedy a vzdelávania.

Na začiatku vedeckej kariéry Pavla Brunovského bola hlavnou oblast’ou

9
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jeho záujmu teória a aplikácie optimálneho riadenia. Dosiahol celý rad po-

zoruhodných a významných výsledkov, akými sú napŕıklad regularita syntézy

optimálneho riadenia pre dôležité triedy úloh, alebo kánonická forma pre

lineárne riadené systémy, dnes nazývaná Brunovského normálna forma.

Dôkazom uznania bola aj pozvaná prednáška na Svetový kongres matem-

atikov v roku 1978, kde predniesol svoje výsledky o štruktúre optimálnej

spätnej väzby. O teórii optimálneho riadenia a riadených sústav naṕısal tri

knihy, jednu z nich v spolupráci s Jánom Černým a d’aľsiu potom neskôr

spoločne s Margarétou Halickou a Pavlom Jurčom.

Neskôr upriamil svoju pozornost’ na pŕıbuznú oblast’ matemat-

ického výskumu a onedlho sa stal expertom aj v teórii dynamických

systémov. Významné výsledky dosiahol v oblasti klasifikácie typických bi-

furkácíı jednoparametrických diskrétnych dynamických systémov. Na ti-

eto výsledky potom nadviazal d’aľśımi prácami z oblasti teórie bi-

furkácíı konečnorozmerných dynamických systémov a chaotickej dynamiky

parciálnych diferenciálnych rovńıc prvého rádu.

Na seminári z diferenciálnych

rovńıc v roku 1987.

V 80-tych rokoch sa začal venovat’

kvalitat́ıvnej teórii evolučných parciálnych

diferenciálnych rovńıc. Využil pri tom

svoje bohaté skúsenosti z teórie dynam-

ických systémov a ich bifurkácii. Skúmal

a charakterizoval kompaktné globálne

atraktory priestorovo homogénnych

reakčno-difúznych rovńıc v jednorozmer-

nom priestore. V d’aľśıch prácach sa

venoval skúmaniu generickosti Morseovej-

Smaleovej vlastnosti pre istú triedu

evolučných parciálnych diferenciálnych

rovńıc parabolického typu. Založil a viedol

seminár z kvalitat́ıvnej teórie dynamických systémov, v ktorom vyrástlo

viacero matematických osobnost́ı medzinárodného formátu.
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V roku 1994 sa začal venovat’ pŕıprave nového študijného programu Eko-

nomická a finančná matematika, ktorý predstavoval jedinečný program a

pŕıležitost’ pre študentov aplikovat’ źıskané matematické poznatky v odboroch

matematickej ekonómie a teórie financíı. Vd’aka jeho iniciat́ıve a úsiliu

vznikol a dnes sa nad’alej rozv́ıja úspešný štúdijný program Ekonomická a fi-

nančná matematika. Program založil v obdob́ı, ked’ počet matematicky orien-

tovaných študentov klesal nielen na Univerzite Komenského, ale všeobecne

na územı́ celého Slovenska. Program je populárnou možnost’ou pre praxou

motivované štúdium matematiky a zároveň je vysoko cenený talentovanými

študentmi kvôli kvalite teoretického vzdelávania, ktorú ponúka. Pavel si

plne uvedomoval potrebu vedeckého výskumu, ktorý by podporoval neustále

zlepšovanie kvality pedagogického procesu na novozaloženom študijnom

programe. Preto obohatil svoje výskumné záujmy o problémy súvisiace s

modelovańım ekonomických a finančných procesov. Svoje vedomosti z kval-

itat́ıvnej teórie diferenciálnych rovńıc zužitkoval vo vedeckých článkoch ve-

novaných analýze fluktuácíı na finančných trhoch ako aj v modeloch op-

timálneho zaistenia finančných portfólíı.

Stretnutie s absolventmi odboru EFM v roku

2008

Významnou súčast’ou

vedecko-pedagogického

pôsobenia profesora Pavla

Brunovského bola aj popular-

izačná a publicistická aktivita.

V sérii článkov propagoval

svoje zauj́ımavé pohl’ady na

rôzne matematické problémy.

V popularizačných matema-

tických článkoch sa najmä

mladým čitatel’om snažil pribĺıžit’

pohl’ad skúseného matematika

na riešenie zauj́ımavých úloh,

väčšinou pochádzajúcich z
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rôznych aplikácíı. Jeho publicistická aktivita je enormná. Svoje úvahy o

postaveńı a úlohách matematiky a matematikov v modernej spoločnosti

a celkovom smerovańı vedy na Slovensku publikoval v mienkotvorných

časopisoch. Jeho kritické názory na chod spoločnosti a vedy si čitatelia

mohli preč́ıtat’ nielen v súčasnej postmodernej dobe, ale aj v časoch reálneho

socializmu, ked’ ṕısat’ o citlivých a často provokujúcich témach vôbec nebolo

jednoduché.

Životný elán, fyzická a duševná kond́ıcia a elán do práce sú in-

tegrálnou súčast’ou osobnosti Pavla Brunovského. Je trojnásobným maj-

strom Československa v orientačnom behu, majstrom západoslovenského

kraja a akademickým majstrom Slovenska v štafete v behu na lyžiach.

Dodnes rekreačne športuje a je pre mladš́ıch kolegov pŕıkladom akt́ıvneho

pŕıstupu k životu v duchu gréckej Kalokagathie, teda harmonického súladu a

vyváženosti duševnej a telesnej sily.

Vedecké dielo Pavla Brunovského svedč́ı o jeho obrovskom nasadeńı a

vplyve na vedecký život na Slovensku. Z jeho osobnosti a práce vyžaruje

množstvo pozit́ıvnej energie, optimizmu a nadšenia. Pre mladš́ıch kolegov,

ktoŕı sa mali možnost’ s profesorom Pavlom Brunovským stretávat’, diskutovat’

a či riešit’ rôzne teoretické i aplikované problémy, to vždy bola a stále je

inšpirujúca a povzbudzujúca skúsenost’. Ad multos annos, sanos, fortunatos et
beatos!

Daniel Ševčovič
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[7] P. Brunovský: A bang-bang principle in the problem of ε-stabilization of
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[11] P. Brunovský: On optimal stabilization of nonlinear systems. Mathemat-

ical Theory of Control, London: Academic Press, 1967 S. 180-189.
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[22] P. Brunovský: One-parameter families of diffeomorphisms. Symposium

on Differential Equations and Dynamical Systems, New York: Springer,

1971 S. 29-33.
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entiable et perturbations des system non-linéaires. Annali di Matematica
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Zborńık, Bratislava: ÚTK SAV, 1976 S. 1-32.
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cie, Žilina: ČSVTS, 1982 S. 126-176.
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[83] P. Brunovský, P. Poláčik: The Morse-Smale structure of a generic
reaction-diffusion equation in higher space dimension. Journal of Differ-

ential Equations, Vol. 135, No. 1 (1997), s. 129-181.
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Socio-economic impacts of pandemic influenza mitigation scenarios in
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34 Výber prác z optimálneho riadenia
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K Y B E R N E T I K A Č Í S L O 3, R O Č N Í K 6/1970 

A Classification of Linear Controllable 
Systems* 

PA VOL BRUNOVSKY 

The concept of feedback (F�) equivalence of linear controllable systems is defined and the 

classification of such systems based upon this equivalence concept is discussed. 

1. INTRODUCTION 

This paper is concerned with linear control systems, which can be represented by 
systems of linear differential equations of the form 

(1) x = Ax + Bu 

where x and u are n� and m�vectors respectively, A and B are matrices of appropriate 
size, in general time�dependent. 

Since the system (1) is uniquely determined by the pair of matrices A, B, we shall 
frequently call it <A, B). 

The basic question, which leads to the classification studied in this paper, can be 
formulated as follows: 

Having two systems <A, B) and <A', B'), is there a linear feedback which, added 
to <A, B), yields a system, which behaves like <A', £'>?

We shall make this question more precise in the next section. At this point let us
note that the feedback will be required to be constant, time varying or periodic in t 
according to the system itself.

We shall see, that this question gives rise to a classification of controllable auto-
nomous systems into a finite number of classe seach of which can be represented by
a very simple canonical form. For time-varying systems, such a classification will be
given for an important subclass of controllable systems.

* This research was supported by NASA under grant No. NGR-24-005-063 during the
author's stay at Center for Control Sciences, University of Minnesota, Minneapolis, Minnesota,
U. S. A.
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Let us note that this paper is related to [ l ] , [2], [3], where similar concepts of
equivalence have been introduced, though for different purposes. For time-varying
systems, this paper extends a result of [4]. The point of view of studying control
system is to a certain extent related to that of [5].

2. AUTONOMOUS SYSTEMS

In this section, we shall assume that A, B are constant matrices and that the system
is completely controllable, i. e.,

(2) rank(B, AS,..., A"~LB) = n .

To formulate the question raised in the preceding section more precisely, we trans-
late it into an algebraic form.

By adding a linear feedback to <A, £>, we mean that in (1), we substitute u = Qx + 
+ v, where Q is m x n constant. As a result of this transformation, we obtain a 
system <A", B">, with A" = A + BQ, B" = B. 

By saying that <A", B"> behaves like <A', B'} we mean that by nonsingular linear
transformations of the state (output) and input variables, <A", B"} can be brought
into <A', B'} or, algebraically, there are nonsingular matrices C and D of type
n x n, m x m respectively, such that A' = C_1A"C, B' = C~LBD.

Summarizing, we find that the question of the preceding section asks, whether
for given systems <A, B}, <A', B'} there are matrices C(m x n), Q{m x n),
D(m x m), C, D being nonsingular, such that

(3) A' = C~l(A + BQ)C, B' = C-lBD.

If the answer is positive, we shall say that <A, B} and <A', B') are feedback (or,
briefly, F-) equivalent.

By a straightforward computation it can be checked that F-equivalence is actually
an equivalence relation, i. e., it is symmetric, reflexive and transitive. Moreover,
the order of transformations, by which <A', B'> is obtained from <A, J5>, can be
changed.

It will be frequently convenient to express that a system <A', B'> can be obtained
from <A, B> by one of the transformations, occuring in the definition of inequiva-
lence, only.

Referring to our definition, <A, B} and <A', £'> will be called

-C-equivalent, if Q = 0, D = E, 
- 6-equivalent, if C = £„, D = Em,
-D-equivalent, if C = E, Q == 0 ,

where E is the unity matrix, the index indicating its size. It is easy to check, that these
relations are equivalence relations.
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We associate with a given system <A, B> n numbers r0, ru ..., r„_i as follows: 175

(4) r0 = rank B , 

rj = rank (B, AB, ..., AJB) - rank (B, AB, ...,AJ~1B), l g j g » - l .

Geometrically, if we denote by Lj(A, B> the linear subspace of R", spanned by the
column vectors of B, AB, ..., AJB, by A} the orthogonal complement of Ly_ _ in Lj 
and by 71//) the orthogonal projection of a vector / into Aj, then r, is the dimension
of Aj, which is equal to rank (nj(AJB)).

n~ 1 
Obviously, 0 ^ r_ :£ m for O ^ j ^ n — 1 and, because of (2), ]T r_ = n. More-

n o
over, since AJb( = _>_ AJ_>V„ / e { 1 , . . . , m} implies A J + 1fo; = ]T A J + 1 5 V , we have

ve/ ver
r0 __: r_ __;,..., >. rn„t and we can choose a basis S of R" from the column vectors
of (B, AB, ...,A"~1B) in such a way that the vectors {nJ{Aib^\AJbi e S, j fixed} 
span Aj (consequently, their number is r_) and if AJ'_>( ,_ S, than AJ' + 1fr( $ S. Such a 
basis we shall call pyramidal.

Assuming that we have chosen a pyramidal basis 5, we can associate with every
column _>; a number ph such that AJ_>( e S for 0 _s j __S p. — 1, but AP'_>( $ S. By
re-ordering suitably the columns of B (this is a D-transformation) we can achieve
that pi >. p2 >.,...,>. pm. Consequently, the p-numbers can be uniquely determined
by the r-numbers, associated with <A, B>, as follows:

(5) pi is the number of r / s , which are ^ . . 

Conversely, the r-numbers are evidently uniquely determined by the p-numbers of
<A,B>.

As a result of our discussion we have:

Lemma 1. For every controllable system <A, J_>, the finite sequences of numbers 
R<A, B> = {r ,}" : 0 , P<A, B} = {Pi}7=u defined respectively by (4), (5), have the 
following properties: 

n - l

(i) OSrjSm, r0 _> r . ^ . . . ^ >-_._. > 0 , rj = 0 for j _> P l , £ r, = it ,
, -o

(ii) 0 _g p. ^ n, p_ > .. . ^ pro > 0 , pi = 0 /o r i > p.., £ p, = n , 
i= 1 

im) P<A , B> = P<A ', B'> 1/ and onty 1/ R<A, B> = /_<__', B'> . 

(iv) There is a system <A, B'> D-equivalent with <A, B> suc/t that the vectors 
AJbi, 1 _g i _g r0, 0 _g j _g p( - 1 /orm a basis of _.„.

Now we are able to formulate
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176 Theorem 1. <A, B) is F�equivalent with <A', P/> if and only if R<A, B) = 
= R<A', B') (or, P<A, B) = P<A', B'». 

Theorem 2. Let P<A, R> = {p,}7=1, R<A, B) = {ry}}:0. Then, <A, R> is F�equi-
valent with a decoupled system of r0 integrators: 

(6) v„,� + i = J*i + 2. •�•>}'_,•,�i = yki + 1 , h,+t = ».+ i> i = 0, ..., r 0 � 1 

where fe{ = J] pv. 
v = l 

We first prove theorem 2, with the aid of 

Lemma 2. Let P<A, R> = {p;}'f=l, R<A, R> = {rj}"Zl Then, <A, R> is C�equi�
valent with a system (A', B') of the following form: 

A'= /A'lu...,A'lr\, P ' = IB\ 

\A;0l,...,A;0J \B;, 
where Aj. are p, x pj., 

i/ i+Л 

,...,0 

, . . . , 0 

, + 1 , , •••> aikjl 

A'и = /0 ,1 o \ 

0 ,0 , . . . , 1 

\<�IIt,_,+ l> a i l í , - 1 + 2 , •••> aifci

fci = z_ Pv, 5J are pt x m,
v = l

R; = /o, ,o

0, ,0
\0, . . . ,0 , l , 7 ( ( + 1 , . . . ,y ,

(1 is in the i-th column), i,j =},..., m. 
This lemma is proved in [6] and, in fact, is also a special case of lemma 8 of this

paper.

P roof of t h e o r e m 2. In virtue of lemma 1, we can assume that <A, P> has the
special form, given in its formulation. Denote by B the submatrix of B, consisting
of its /crth rows, i = 1, . . . , r0 (those are precisely the non-zero rows of B), by B the
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submatrix of B, consisting of its first r0 columns. B is a nonsingular triangular
r0 x r0 matrix and, furthermore, the columns bh i > r0 of B are linear combinations
of the columns of B, i. e., there are r0-vectors dh such that — bt = Bd„ r0 < i <, m. 
Denote

D = (B-\dro+1,...,d,
VO ,Em.ro

Then, JJD = (Ero, 0) and, consequently, B' = BD has all elements zero except for
b'kli, which are equal 1; <A, B') is £)-equivalent with <A, £>. To complete the proof,
we define Q as follows: qu = -a 0 - , 1 < i < r0, 1 < j <. n, qu = 0, r0 < i ^ m,
1 <. j ^ n. Then, the system <A', B'> with A' = A + B'g is E-equivalent with
<A, P> and has the required form.

Proof of t h e o r e m 1. The E-equivalence of the systems with the same R (or P)
follows directly from theorem 2.

To prove the opposite implication, it suffices to show that none of the C-, D-, 
g-transformations changes the r-numbers of a controllable system.

For C- and D-transformations, this statement is trivial. If <A', B> is a g-transform
of <A, B), A' = A + BQ, then we have A'JB = (A + BQ)J B = AJB + G, where
G is an n x m matrix, whose columns are contained in Lj^^A, B} and the state-
ment follows by induction in ;'.

The system (6) of theorem 2 can be considered as a canonical form for a particular
class of systems.

Let us also note that besides other things, theorem 1 justifies our restriction to
controllable systems. Namely, it shows that there is no C-, D- or g-transformation,
which will make a controllable system from a non-controllable one and conversely.

It is apparent that for given m and n, there is only a finite number of equivalence
classes. From lemma 1 and theorem 1 it follows that the number of classes is equal
to the number Qmn of ways in which n can be written as a sum of n nonnegative in-
tegers (or the number of ways, in which n can be written as a sum of n nonnegative
integers, not exceeding m). However, there is no formula known for the computation
of Qmn. The problem of finding the numbers Q,m is an old numbertheoretical problem
called "partition problem". It goes back to Euler, who gave a "generating function"
for Qmn, which is

F (x) = \ 
•y (i-x)(i-x2).. .(i- .<r

This means that if we expand E formally into Taylor series, Em(x) = 1 + X &IIX">
n = 1 

than Qmn are the numbers, defined above. For details, cf. [10].

The following two corollaries illustrate the usefulness of theorems 1 and 2. For
other applications of theorem 2 (or, rather, lemma 2) the reader is referred to [6], [7].
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178 Corollary 1 (cf. [1], [2], [7], [8], [9]). To any n-th degree polynomial P(X) and 
any controllable system <A, B>, there is a system <A', B>, Q-equivalent with 
<A, B>, such that the characteristic polynomial of A' is P(X). In particular, every 
controllable system can be stabilized by an appropriate linear feedback. 

Let us note, that also the converse is true, but we shall not prove it here (cf. [1],
[2], M).

Proof. Since C- and D-transformations do not change the characteristic poly-
nomial of A, we can assume that <A, B} is in the canonical form (6). Then, we define
the Q-transformation by vt = xki+1 + wt, 1 <£ i g r0 — 1, vro = - ( j S ^ + . . . + 
+ p„xn) + wro, where P(X) = X" + j V " _ 1 + ••• + Pn-v 

Corollary 2 (cf. [7]). / / <A, B> is controllable, then for any non-zero vector 
/ e L 0 < A , B}, there is an m x n-matrix Q such that <A + BQ,f} is controllable. 

Proof. We can obviously again assume that <A, B> is in the canonical form (6).
ro

Let / = ]_ Xtbi, and let A, + 0. Then, if I + r0, we define
j = i

f 1 if either i + I, i + r0,j = k, + 1, or i = r0,j = 1,
( 0 otherwise.

If / = r0, we define

_ f 1 if J = k, + 1, i * r0,
0 otherwise . 

It can be easily verified that the matrix H = (f,A'f, ...,A'"~lf), where A' 
= A + BQ, has the following form:

VII21, !I22

where H11iskl x k,, both H11 and H 2 2 are supper triangular with A, on the diagonal.
Consequently, H is non-singular, q. e. d.

3. TIME-VARYING SYSTEMS

In this section, we apply some of the ideas of the preceding section to time-varying
systems.

We consider systems

(7) x = A(t) x + B(t) u 

where A(t) and B(t) are defined and of continuity class W' on some interval J. 
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For time-varying systems, we modify the concept of E-equivalence, by allowing
the matrices C, Q, D to be time-varying. So, (7) and

(8) y = A'(t) y + B'(t) v 

will be called E-equivalent on J, if there are matrices C(t), Q(t) and D(t) on J, all of
class ci'x>, such that the transformations u = Qx + Dv and x = Cy bring (7) into
(8). Translated completely into the language of time-varying matrices, defining the
system, <A, B) will be said to be E-equivalent with <A', B') on J, if there are C€'K-
matrices C, Q, D on J such that A' = C_1[(A + BQ) - C] C, B' = ClBD for
teJ.

It can again be easily verified that E-equivalence is actually an equivalence relation.
In a similar way, the definitions of C-, Q-, Z)-equivalence can be modified.

There is no reason to expect that a classification of controllable time varying
systems similar to that of autonomous ones can be obtained, whatever geometric
definition of controllability we use. This is partly due to the fact, that for none of
those concepts of controllability there is an equivalent algebraic condition, correspond-
ing to (2).

However, there is a condition for time-varying systems, generalizing (2), which
implies controllability in any reasonable geometric sense. This condition can be
formulated as follows:

For E being a _?°° n x s-matrix function for some s, denote 21 E(f) = A(t) (Ft) + 
+ F(t). Then, for every t, 

(9) rank (B, 2IB,. . . , « •" 1 B) = n . 

Let us now ask the following question: When is a time-varying system E-equivalent
to an autonomous one? Those systems, which are equivalent to autonomous ones,
we are of course able to classify. It turns out, that the systems, E-equivalent to auto-
nomous ones, are precisely those, which satisfy "a somewhat strengthened condition (9).

For time-varying systems, we define R<A, B) as the n-tuple of functions {r//)}"!0

on J, where

r}(t) = rank (B(t) 2IJ' B(t)) - rank (B(t),..., W'1 B(t)) . 

P<A , B> is the m-tuple of functions pt(t) defined for every t by (5). L}, A} and n}

are defined similarly as for autonomous systems with A replaced by 21. They also
depend on t. 

Theorem 3. The system <A, B) is F-equivalent with a controllable autonomous 
system on J if and only if the functions r0(t),..., r„_l(t)from R<A, B) are constant 
on J and r0(t) + ... + r._i(f) = n.

For better orientation, we divide the proof of this theorem into several lemmas.
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Lemma 3. Denote S/f) = {W bt(t)\0 <; v = j , i e Mv), where Mv are subsets of 
{ 1 , . . . , m). Let Sj(t0) be a basis of L-(t0). Then, 

(i) S,(f) is a basis of Lj(t) in a neighbourhood U of t0.

(ii) I//(t) e Lj(t) and f is ^°° on U, then 

f(t)= I 7uWH*) 
O g v g j

ieMv

where yiv are ^70° functions on U and bt(t) are the columns of B(t). 

Proof. Let Qj = _] rv. Then, there is a Qj X QJ nonsingular submatrix Sj(t0) of

S_,-(f0). Since det S,(f) is continuous, we have det Sj(t0) 4= 0 in some neighbourhood
U of f0. Since yiv can be expressed as polynomials of the entries of /(f) and 5,(f)
divided by det S/t), the lemma follows.

Chose a norm [|. | in R". As an immediate consequence of lemma 3 we obtain

Lemma 4. Lef the functions of R{A, B) be constant on J. Then, the subspaces 
Lj(t) and A}(t) depend continuously on t on J in the following sense: 

To any ball NR — {x\\\x\\ 5S R} in R", any t0e J and s > 0 there is a d > 0 
such that for |f — f0| < d, 

Lj(t)r\NR, Lj(t0)f)NR, Aj(t)riNRt Aj(t0)nNR

are contained in the s-neighbourhoods of Lj(t0), Lj(t), Aj(t0), Aj(t) respectively. 

Lemma 5. i / {A, B) and <A, B') are D-equivalent, then Lj(A, B)(t) = 
= Lj{A, B')(t) and A;(A, B)(t) = A/A, B')(t) for all t e J. 

Proof. We have Wb[ = f 2 T ' ( V y = X (*-'**) d„i - £ (®'~1-,n) <V From
/ J = I ii=i ii=i 

this we obtain by induction L,-<A, B') a Lj(A, B), 0 < ;' < n - 1. By symmetry
of D-equivalence, we have the opposite inclusion and, thus, equality. The equality
of A/s follows trivially.

Lemma 6. Let for some t, Sj(t) be a pyramidal basis of Lj(t). Then, Sj(t) can be 
completed into a pyramidal basis o/L„_1(f).

Proof. We prove that Sj(t) can be extended into a pyramidal basis S;+i(t) of
LJ + 1(f). The rest follows then by induction.

Let Wbi e S/f), if and only if i e M3. Then we have for every bk, 1 ^ k g m, 
Mh-ZWbi + g,, where gkeLj^(t).

ieMj
Thus,

W + lbk = ^ ^ % - X Wbi +Wk = Z W}*% +fk
ieMj • ieMj ieMj 
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where fk e Ly(f). From this it is clear that to complete the basis for Sj+ x(t), we can
add to Sj(t) any rk+1(t) linearly independent vectors from W + 1bh i e Mj, q. e. d.

Corollary 3. m ^ r0(f) ^ rx(t) ^ ... ^ r . -^ f ) _: 0 for all t. 

Lemma 7. Let the functions o /R<A , B> be constant on J. Then, <A, B) is D-equi-
valent with a system <A, _?'> such that 

S'i(f) = {2T-;(.)|0 ^ v ^ j , 1 g i g rv} are bases of Lj(t) for teJ. 
Note that the theorem of [11] is a special case of lemma 7.

Proof. The matrix D(t) will be constructed as a product of n matrices D — D0 ... 
... !>„_, in such a way that for <A, BD0 Dk} the statement of the lemma will
be valid for j g fc. 

Assume that we have already constructed the matrices D0,..., Dk^l. In virtue of
lemmas 3, 6 we can cover J by a sequence of open intervals J'„ = (a„, _>„), — co < 
< p. < oo in such a way that | (a„ + _>„) is an increasing sequence, £>„ < a^+2 for
all \x and for every /i there is a subset M„ <= { 1 , . . . , rfc_,} such that {nk('iikbi(t))\i e M„}
span Ak(t) for f e ./„. Dft will again be constructed in steps. First we define Dk(t) on
[_»_!,«.] as follows.

We put d; = eai, I ^ i ^ rk, dt = et for r t_j < i ^ m and the remaining d:s
we put equal to the remaining e:s arbitrarily. There M0 = {<ru ..., ark}, dh et are
the columns of Dk, Em respectively. By multiplication of B by Dk, the columns
{i>,|i e M0} are brought into the first rk positions and the columns bhi > rk_l

remain without change.
We proceed by introduction assuming that Dk(t) has been constructed on [£>_„, aj]

with following properties: (which are obviously satisfied for fi = 1).
Denote _,„(.) = Dk(t) for f e [_ .„ ,«„] , Bjjt) = _>_(&_„) for t < __„, _3„(t) = 

= _>k(a„) for f > a;, 5(.) = B(t) _*„(*). Then:

(i) D,,(f) is nonsingular and <_'c° for all t 

(ii) The vectors {9IV£,|0 £ v ^ fc - 1, 1 __ i __ r¥} span Lfc_t for all f 

(iii) The vectors {.r/c(5l'-/_>i)|l <; i <; r j span Afc(f) fora_M + 1 S t __ &„-, and there
are subsets M,„ M_„ of { 1 , . . . , r t _ i} such that

{nk(Kkb)\ieM„}, {n^b^ieN,} span At(f) for f e [_„, 6„]

and f e [a_„, £>_„] respectively.
We show that Dk(t) can be extended so the interval [i>_^+1, a„ + 1 ] in such a way

that (i)-(iii) remains valid with fi replaced by n + 1. We show only the extension
forwards, the extension backwards being entirely similar.

We divide [a„, 6„_i] into r t subintervals of equal length x = rj1(bll-l — a j
and denote ac = a„ + £T. Again Dk(t) will be extended by induction. We assume
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that Dk(t) has been extended for t % ac_i, C __ » in s u c n a way that if we denote

5c- i ( t ) = Dk(t) for . < ac_j , 5 c _ i (0 = At fa - i ) for t ^ ac_i , 

_.(.) = B(t) 5c_i(f), then we have

(a) I>c_i(t) is <_'°0, nonsingular for all f,

(b) The vectors {8PF,|0 < v < fc - 1, 1 < i £ rv} span L,_.(.) for all . ,

(c) The vectors {7rfc(3Ife5I.)| 1 < i < r j span Ak(t) for . < ftM_i,

(d) There is a subset -Vc of (£, . . . , r t _ .} such that

{„X«'E,)|1 <_ i < f or i e/Vc} is a basis of Ak(t) for ac_, ^ . < &_.
We show that Dk(t) can be extended for t ^ a. so that (a) — (d) remain valid with

f — 1 replaced by £.
From (c) and (d) it follows that there is an / e Nc such that WBl is not contained

in the subspace A(t) of Ak(t), spanned by {7rfc(9lfc5,)|l < i < r^, i 4= £} for any
. e [ac_!, fc^-i]. If / = C, we simply define Dk(t) = _)c_i for . e [ac_ t , ac], i. e. we
extend Dk(t) continuously as a constant. If / + C (note that then / > rk) then nk(ilkE^)
and either 7rfc(9lfeZj;) or its negative lie in the interior of the same one of the two
halfspaces, into which A(t) divides Ak(t), for all ( e [ac_,, ac]. In the first case, we
define for t e [-;_•., ac], Dk(t) = D(t) Z(t), where Z(t) = (z ,•/.)) is defined as follows:

(10) zK(.) = 1 - ,/,(«,-1 + r) , zCi = - ^ ( a c _ i + t) , 

-.c(0 = «K«.-i + 0. z» = ! - #* . - i + 0 > 
zu(.) = 5(J- otherwise and ij/(t) is a nonnegative _"° real function such that i^(0) = 0 
for t <; 0, i/>(.) = 1 for . ^ T, 0 <; i^(f) < 1 for 0 S t __ ?. In the second case, we
define zci and zJC with opposite signs.

Now, the validity of (a) for £ is obvious. For the proof of (b) - (d) denote 5(f) = 
= B(t) T)(t), where D is defined as D(t) with C - 1 replaced by £. We have

9T5 = 9IV(5Z) = (2PI?) Z + F 

where E e Lv_ i(f), which implies

(11) 7rv(2Tlf) = (7rv(5TB)) Z . 

If we denote B, B the submatrices of B, B respectively, formed by their first rv

columns and _.„ the submatrix of Z, formed by its first rv columns and rv rows then,
because all elements of the first rv columns, not belonging to Zv, are zero, we have
from (11)

nJ{W%) = (7rv(<Hvi?v)) Zv for 0 < v = k - 1 

which implies (b).
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(c) follows from the fact that by (10) and ( l l ) , nk(~lkB^) is for all t a convex com-
bination of two vectors, both of which lie in the interior of the same one of the half-
spaces, into which A(t) divides Ak(t) and the other vectors of {nk(~lkBi)\l < i <: rk}
are not affected by multiplication of B by Z.

(d) follows from the fact that for t ^ o?, nk(~lkB,) = nk(U%).

After extending Dk(t) for t ^ bll-1 stepwise in the described way, we extend Dk(t)
for t < aM+1 by setting Dk(t) = _>t(b„_,) for te[bll^u a,,+ 1 ] . Then, it is easy to
verify that Dk satisfies (i) —(iii) for t < ~„+ 1 .

This, by introduction, proves the existence of Dk(t) and, thus, of D(t). 

Remark 1. By a refinement of the above argument it can be shown that if the
matrix (B, 2TB,..., 9In-1.B) and all its p derivatives (p = max p,) are bounded on

J and for each t there is an n x n-subdeterminant of this matrix;the absolute value
of which is bounded below by a positive constant, independent of t on J, then D(t) 
can be constructed in such a way that (£?', 11B',..., ~l"~1B') is bounded and
|detS-_<(.)| is bounded below by a positive constant, independent of t. This will
be seen to be important for the stabilization problem.

The refinement is essentially based on the facts, that under the above boundedness
assumptions the covering {J„) of J, which occurs in the proof of Lemma 7 can be
for every k constructed in such a way that on every interval J^ the absolute value
of some pyramidal basis and also the length of the intersections of the consecutive
intervals are bounded below by a positive constant, which is independent on \i. 

Lemma 8. Let for all teJ, the vectors {Wb^O | v g n - l , 1 < i < rv}, be 
linearly independent. Then, <A, B} is C-equivalent with a system <A', B'}, where 
A', B' have the form of lemma 1 with a's and y's time-dependent. 

In essence, this lemma is proved in [4], but we shall give an alternate proof, which
is modeled after the proof of lemma 2 of this paper from [6].

Proof. Let P<A , B} = {pt\l S i _= m), ki = Yjpv and let C be the submatrix
v = l

of C, consisting of its /c,-th columns, G the submatrix of B', consisting of its fcrth
rows. Then, C, G have to satisfy

(12) AC = CA' + C , B = CG, 

G being triangular, so is G~l. We define G~l = (yvi) as follows: yvi for 1 g v < rp.
are the unique nunbers such that

nPt(^p,bi + rfiyViW%) = 0, 
v = l

yfi = 1 and all remaining y's are equal to zero.
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184 From lemma 3 it follows that yvi are Wv. Since C = BG'1, we have npfi\pick) = 

= nPi(W"b, - _>_ yviWbv) = 0, or Wicki eLp l__. Moreover,
v = i

(13) {_V_.|0 __ v __ _•, 1 _S i g rv}

are bases of L_.
Decomposing the first equality of (12) into columns, we obtain

ro
c*,-,+. = 3tc„._1+_ + 1 - Sa"*i-.+j+ic*v' i = - J»i - L ' = 1 m ,

v = l

0 = Stcjt^. + j - __>v_._1 + i c _ v , i = 1 , . - . , m . 
v = l

Consequently

(14) ck i_1 +, = w-jcki - Y ^ - ^ I ^ ^ H ^ ,
, . = 1 v = l

(15) 0 = ««c_, - £ 91" ' -" £ «-_,-,,+_-_,.
M = l v = l

Since for any <^c0 a(f) scalar and b(t) n-vector functions

d6) ^=j.(;)(-r_^«
is valid, we can re write (15) as

« " - * , • - ' l 1 £ £ ( / ;1(-i) J '""«ii7- ' ' 1
)+j+i«%v

J' = 0 v = l „ = 0 \ / l /

- "z1 £ « v Y H(-iy_M«+.+i.
„ = o „ = i .=„ \flj 

If we define <pvli = 0 for /. __ _>v, then by (13) <pv„, l _ _ v _ S r 0 , 0 __/.__ p( — 1 
are uniquely determined by the equation

*"**,="£ £^v</v
,1 = 0 v = l

and they are ^,co on J.
cpVfl being known, av_ can be determined by solving r0 triangular systems with l's

in the diagonal

J=» w 
Obviously, the a's obtained from these equations are also <_"*' on J. The a's being
known, we can determine C by (14) and it can be readily verified that (12) is satisfied.
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Since by (14) and (16), ck._i + j = Wi~t~ick. + / , whe re / e Lp._;, it follows from
(13) that C is nonsingular.

Remark 2. It can be easily checked that if we want the a's and y's to be merely
continuous, it is sufficient to assume that (B, WB,..., W~1B) has max pt — 1 
derivatives. Moreover, if these derivatives are bounded and |detS(f)|, where S(t) is
the matrix, consisting of the columns {3lvfo;|0 <J v :£ n — 1, 1 S i .5 r} is bounded
below by a positive constant, C, C_1 and A', B' are also obtained bounded.

Proof of t heo rem 3. If: By lemma 7 and 8, <A, B} can be brought to <A', £'>
with A', B' having the special form of lemma 2 with a's and y's time dependent. In
the same way as in theorem 2, we construct Q (which will be, of course, time depend-
ent) in such a way that <A', B') will be Q-equivalent to the decoupled system of
r0 integrators (6), which is autonomous.

Only if: Lemma 5 proves that the r-numbers are invariants of a ^-transformation.
The theorem will be proved if we show that they are also invariant of the C- and
Q-transformation.

For the C-transformation if follows from Wf = C_1(AC - C) C~'f - c-1/ + 
+ C"1/ = C"1 21/for every <g'0° vector function/, where <A', B') is theC-transform
of <A, B} and W = (A ' - d/dt). 

For the E-transformation we note that if <A', B> is a g-transform of <A, 5>,
then Wf = (A + BQ)f - f = S&f + BQf, from which it follows Lj < A1', B > c 
c: Lj<A, By. From the symmetry of Q-equivalence it follows Ly<A, B> c L7<A', B>
and, thus, L;<A, B> = L / A ' , By, q. e. d.

Those systems, which satisfy the assumptions of theorem 3 we shall call auto-
nomous-equivalent, or A-systems.

We have also proved

Theorem 4. Two A-systems <A, B> and <A', 2?'> are F-equivalent if and only if 
R<A, By = R<A', B'y. They are both equivalent to the canonical system (6).

Corollary 4. For autonomous systems, we obtain the same classification, whether 
we allow the transformation matrices to be time-dependent or not. 

Corollary 5. To any n-th order polynomial P(X) and any A-system <A, B> there 
is an autonomous system <A', B'y, F-equivalent with <A, 5> such that P(X) is the 
characteristic polynomial of A' (cf. [4]).

Remark 3. Corollary 5 is of use for the stabilization problem only if J = [t0, oo)
and the transformation matrices and the inverses of the C- and D-matrices are bound-
ed. In virtue of remarks 1 and 2, this will be true if the assumptions of remark 1 are
satisfied on some interval J = [f0, oo). Let us also note that for the stabilization
problem solely, it is sufficient to assume that the matrix (B, ~IB,..., W~tB), p = 
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186 = max p{ has n — 1 bounded continuous derivatives. Our results, therefore, improve
l g i g m

the result of [4], where it is in essence assumed that the system satisfies the assumptions
of Remark 2. We assume that A, B are #°° merely for the classification theory. Namely,
if <A, B> is not assumed to be (^co, then the system <A', B'> of lemma 8 is obtained
with much fewer continuous derivatives, which is inconvenient.

Corollary 6. Let <A, £> be an A-system and let f(t) bea <g'=0 vector function such 
that for all te J,f(i) e L0<A, By (t), Then, there is a system <A', £'>, F-equivalent 
with <A, By, such that <A ' , /> is an A-system. 

The idea of proof is the same as that of the proof of Corollary 2; we omit the
details.

4. REMARKS ON DISCRETE AND PERIODIC SYSTEMS

For discrete systems, autonomous as well as time-dependent, a similar classification
theory can be developed. We are not going to formulate the results, which can be
drawn from those of 2 — 3 by simple analogies.

Time-varying periodic systems with continuous time can be regarded as a parti-
cular case of general time-varying systems. It is natural to require from the trans-
formation matrices to be periodic in this case but this requirement does not intro-
duce new difficulties.

Sometimes, however, one does not need the information about the behaviour of
the system for all t, but only about its behaviour in discrete moments, the period of
the system apart. For instance the stability properties of the system are completely
determined by the discretized system.

To make this point more precise, assume that the matrices of the system <A, B>
are T-periodic and of class <^1. The solutions of the system x — Ax + Bu can be
expressed as

x(t) = Y(t)x(0) + ('Y(t)Y(-s)B(s)u(s)ds 

where Y(t) is the fundamental matrix of j> = Ay with initial condition Y(0) = E. 
Then, the corresponding discrete system is

Zk+l-Y(T)Zk + F(t,k)

where £,k = x(kT), r\k is the piece of control function u(s), kT g s ^ (k + 1) T and
F is the linear operator, mapping r\k into

f Y(T)Y(~s)B(0)u(kT+s)ds. 

It can be immediately seen that if we try to use the concept of D-transformation
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to this system, difficulties arise. Namely, a general linear transformation in the
>7-space would involve the future values of the control, which is physically unthinkable.

However, there is a result of the type of corrollary 1, which may be worthwhile
to mention in this context:

Theorem 5. A T-periodic system <A, £> with <A, B} bein (€i is controllable if 
and only if to every n-th degree polynomial P(X) with positive absolute term there 
is a T-periodic m x n matrix Q (which can be choosen piecewise constant or ar-
bitrarily smooth) such that the characteristic multipliers of the system y = (A + 
+ BQ) y are exactly the roots of P(X). In particular, periodic controllable systems 
can always be stabilized by an appropriate periodic feedback. 

This theorem is in a sense stronger than corollary 4, since controllability in it is
assumed only in its weakest geometrical sense, i. e. that we can join any two points
in R" by a trajectory of the system in sufficiently long time, with the aid of an appro-
priate control.

For the p roo f of t h e o r e m 5, see [7].

(Received April 2, 1969.)
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Klasifikácia lineárnych riaditelných sústav 

PAVOL BRUNOVSKÝ 

Vyšetřuje sa relácia F�ekvivalencie a na nej založená klasifikácia lineárnych 
riaditelných sústav. Dve lineárně sústavy riadenia x = Ax + Bu a ý = Ay + Bv 

(A, B, A', B' konstantně), splňujúce předpoklad riaditelnosti (2) sa nazývajú F�ekvi�
valentné, ak existujú matice Q, C, D (C, D regulárně) také, zeje splněné (3). Odvozuje 
sa nutná a postačujúca podmienka ekvivalencie sústav, spoč�vajúce v rovnosti ko-
nečného počtu č�sel, zviazaných s maticami A, B, resp. A', B'. Ukazuje sa, že v kaž�
dej triede ekvivalencie existuje kanonická sústava, pozostávajúca z nezávislých 
integrátorov, ktorých počet a rády úplné charakterizujú triedu ekvivalencie. 

Pojem E�ekvivalencie sa zovšeobecňuje pre sústavy závislé od času a to tak, že sa 
povolujú matice Q, C, D závislé od času. Vyšetřuje sa trieda sústav, F�ekvivalentných 
s časovo nezávislými sústavami — sú to právě tie, ktoré splňujú podmienku (9). 

Nakoniec sa stručné diskutuje př�pad sústav periodických a diskrétnych v čase. 

RNDr. Pavol Brunovský CSc, Ústav technické}kybernetiky SAV, Dúbravská cesta, Bratislava 9. 
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68 Výber prác z optimálneho riadenia
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74 Výber prác z optimálneho riadenia



P. Brunovský
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Výber prác z optimálneho riadenia 87
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Commentationes Mathematicae Universitatis Carolinae

12,4 (1971)

ON CNE-PARAMETER FAMILIES OF DIFFEOMORPHJSMS II: GENERIC

BRANCHING IN HIGHER DIMENSIONS

Pavol BRUNOVSKf, Bratislava

§ 1 

In CIJ, we have studied the generic nature of the loci

of periodic points of a diffeomorphism of a finite dimen-

sional manifold M , depending on a parameter with values

in a one dimensional manifold P , in T x M . A part of the

results (those concerning the branching of periodic points),

we have proved for two dimensional U only. It is the pur-

pose of this paper to extend these results for M of ar-

bitrary finite dimension.

Since this paper is a direct continuation of [II, we

shall frequently refer to IU for results of technical cha-

racter as well as techniques of proof. Nevertheless, for

the sake of the reader's convenience, we re-introduce tho-

se concepts and results of tlj which are necessary for the

understanding of this paper, in the rest of this section.

The main results of this paper and their proofs are given

in § 3« § 2 has an auxiliary character; it establishes cer-

tain generic properties of maps of an interval into the

AMS: Primary 54H20 Ref. 2. 7-977-3
Secondary 57D50
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set of matrices.

Denote 7 the space of t* mappings CI <- ft 4* co) 

f j p x Jtf —*• M , where F, M are C* second countab-

le manifolds of dimension 4 , m, < *%> respectively, such

that for every f 6 P the map f^; M —*» .M , given by

f^C/m.) * f Cfv, m%) is a diffeomorphism, endowed with

the C*' Whitney topology.

Let us note that, although this topology is not metri-

zable, it has the property that a residual set in P (i.e.

a countable intersection of open dense sets) is dense in

& (this can be proved similarly as the analogous state-

ment for vector fields is proved in C 2 J, using the openness

of T in the set of all C* mappings P x JA —-* M ) • 

Denote by Ẑ , ** Z^/f) the set of Jte -periodic

points of f , i.e. Z^(£) -» -C Cfv, rm, )l f^Om.) « rm , 

**tt ̂ m v^ + /tn' f o r ^ ^ * ^ ** J • In Cl, Theorem 13 a 

residual subset ^ of f was defined and it was shown

that for every f e J^ , Eju are one dimensional submani-

folds of f x 11 ( 2^ being closed) and, if an eigenva-

lue of cLi£ (<m>) at some point Cft,,<m) e Z ^ is 1 

(we denote the set of such points by X^ ), then it meets

the unit circle & in the complex plain transversally at

(*fi»,/tn>) (in the sense of Remark 4) and the remaining ei-

genvalues of d£™ dm,) do not lie on B . Also, it was

shown that the subset Jl of maps from 7 9 having the

x) In CH we have assumed 4 «<: n, << oo % but Theorems 1 

4 of C13 are trivially true for the C°° case.

- 766 -
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above properties for \ 4* Jk, & Jh, , ia open dense in T\ 

§ 2 

Denote by <€£ the set of all m, «K m, matrices with
the differential structure induced by its natural identi-

1

fication with &"*' . Further, denote by *$L the set of

matrices having an eigenvalue of multiplicity > 2 on

S 9 F^ the set of matrices having an X -th root of
, 00

unity different from -4 as eigenvalue, ̂ .^ji^i^i-l * 

Let I be a closed interval on K. . Denote by $ the

space of all C* mappings I — > *&L endowed with the

C* uniform topology.

Proposition 1» Let J c I be a closed interval,

J c <U%£ I • Then, for every JL «• 3, 4*,». - the set
y^ C J) of all F 6 # such that F C J) A C ^ U ^ ) -

•r J2f is open dense in $ . 

Corollary 1. Given J as in Proposiion 1, the set

fCJ) of all F e $ such that FCJ) n C ^ n <€l^) .«
m 0 is residual in $ • 

For the proof of Proposition 1 we shall need to prove

several lemmas*

Consider the sets ^ » i C A, A^, A9 ) € W x 

xR£I^CA1,A 2)«P aCA - f,A 2)-«P; i\,Xj -

« P i C A ^ A 2 ) - 0 , A ^ A | - O a 3 i d <6taCAi0, A ^ ) * 

--fCA,A-f,A2)IP^CAf,A^>- PfttAf,AA)-0 , 

*im*iOfX£m*u *>**«" PCA-f>-l^CJUA, ** A> + 

+ i R (Re A, I/m, A > is the characteristic polynomial of

- 767 -
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A V 4- If* ** P* m aV

Being defined by polynomial equalities, I5t. and

^2.^40 > ^10 ) are rcal algebraic varieties and the

sets <#£ f *&»* are tnt projections of w and

U *Ct« (A^0 , ^20 ^ into *VL respectively, where

the union is taken over all %.Q } 3i10 such that

By [3, splitting (b) of § 1DJ, ^ and t3t% can be

written as a finite disjoint union of submanifolds of

strictly decreasing dimensions, C0L * - ^ ^ i * ±^^i0^su^ ~ 

« U / ; such that ,U Jl* > .Ml Jfl is closed

for all 0 < f -̂  /«/, ^ ^ 6 >̂ • 

Lemma I. coi^Lunv Mi £> 4- for all £ • 

For the proof of this lemma we need some more lemmas.

Lemma 2. For any A e ^ft , the set of all matrices

similar to A is an immersed submanifold of Ut of codi-

meneion 2! ret . 

Proof. Consider the group GrL C/n-) , whose action tjf

on <£| is given by f (T,A> m T~*AT for T e GL(nn) , 
A & *€%> • The set of matrices similar to 161 is the orbit

of A under this group action and, according to C4,2.2,

Proposition 23, is an immersed submanifold of tffl, of co-

dimention equal to the dimension of the closed Lie subgroup

K * ( T e GL(*v)l f C T, A ) » A ? .It is easy to show

that H is identical with the subset of G-LC/rv) of mat-

rices that commute with A . It follows from [5,VIII, §2,

Theorem 2] that K has the dimension S m* , q.e.d.

768
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Corollary 2. Denote by jfi the map *€& —> R^ as-

signing to every matrix from <0t, the /n-tuple of coeffi-

cients of its characteristic polynomial and >ft, : Wl* —*•

— > R"1'*2' as /fi =r /fî  x -ui . Then, for any point

X e R^* > Jfi" Cx) is a finite disjoint union of

immersed submanifolds of W of codimension j£ /rt # 

Denote by V* a R™-*1 the set of points

Coc1,..., ocj^,^ ,^2 ) such that A -=• .A^ +• ̂  Afi e 5 

and is a root of the polynomial PC A ) -* A'n'-t- oo A"**" +• 

+ ..• -*• ot^ of multiplicity 2: 2 . Obviously,

# C < ^ ) - Y . 

Lemma 3» The map -fE l^ * VL^ — * Y is open

(in the topologies on ^ 9 Y induced by their imbedd-

ing into WL 7 R."14" respectively).

Proof* Obviously, it suffices to prove that -ft- l^ % 

: tIL — + Y , where V is the projection (R™ x Ra -*

— > R^ ) of V into R"* , is open. That is, we have to pro-

ve that given a neighbourhood U of A e <64/f , for any P € 

e V sufficiently close to jftCA) , there is a 3 e It 

such that <fi* C B ) ** P . 

This statement is obvious if A has the real canoni-

cal form; its extension for A not in canonical form fol-

lows from jfiCA) * ^ C T ^ A T ) for T e GL Cm,) . 

Proof of Lemma 1. V is an algebraic variety in

R"*''1" , defined by the polynomial identitiea Pj CX^9X^)sr

- V ^ V - ^ c * - f t ^ ' - ^ ^ ^ a > - X* + x\-4-0 , 

where 1* C A^, A 2 ) •» Re P ( ̂  +• *{, A 2 ) etc. Therefore,

it can be written as a finite disjoint union of submani-

- 769 -
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folds of Jf"**2 of decreasing dimension, Y& ,^J Y- . 

We prove dim, Y. -6 m. - 2 . To do this, we note that
(cf.tavUm, Y^ & /uvnJk,^ Y for any x € "V̂

f3]), where /&o/nlt/%, V is the dimension of the linear

space spanned by the differentials at x of the polyno-

is o-

pen in Y it auffices to prove that the set of those x 

for which namM,^ Y is 4 is dense in V . 

miala of the ideal associated with V . Since YM

(D

For * c V , x - C<*,.,..., cc^ , \ , Xz ) 

í - . ^ J , o , 0 ) , 
a?; SP: 

we have

A ђ 

dT 

*Ч 

c * » < > , 

a p i 
I Q Q ESSL. 
( ' " ' ü' u* аxл 

sxл ' аxй 

ŽIL
ðX,

)

)

d C A ' + A ' - D - C . , o. 0, 2\,t 2A 2 )
and, since

(\ > 1 » \

- dutX 
4 o 2SĹ 23�
1 ' " ' « ' дA 

l 0 , 0 , 
6X4 

ðPL
'aл. 

2CA 

0 , 0 , гxл , 2 Л a 
; 

�SA„ 
�Я. ðPІ 

1 *Aв 

, i C A ,|5L + A i � g lJ�2XeCA�*P"CA)) . 

Thus, it suffices to prove that for a dense subset of V , 

He (X**?niA)) * 0 • 

It is obvious that the set of those x 6 Y for which 

P H ( A ) * 0 is dense in V . If A is real and A c 5 , 

� 77C 
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P»(A> 4- 0 , then also A"1 P"CA) - .Re A^P^CA) + 0 . 

Assume that A is not real, A m S and p M CA) 4* 0. 
Then A^P'^A) » X P" C A ) - J C A - 31 >* R CA) , 

where RCfo) is real for /cc real. For e real denote

%C^)a- (^-A)a"C^-3jl[RC^)+ea-» ^ 4 - a ^ 6 <c6
/*"'V##.-i-oc<Trt€.

P- ((«-) is real for .<<, real and Cocfg,*", o ^ , A ^ ^ ^ e V\

We have ReC3tP"CA» - R e ( l P " C A » - e R e C2 (A ~ I ) a J • 
e

»-4'eA 1A 2 . Since both A^ 4» 0 and A ± «fr 0 , there

is an e >- 0 arbitrarily small such that R e £ft.iy'CA)J 4-

-£ 0 . This proves the density in V of the set of points

x for which Re CA-4Pf,CA>> 4* 0 . 

Let I be such that % (M,^) nV^*0, $ (M*^ > n 

o V* » 0 for i < i , Since fl_J 1£. is open, Ji » 

Lemma J, >fi (it ) is open in V^ # From this and the

Sard's theorem ([6, Theorem 15.1-1) it follows that there is

a point A € AL0 at which JfC is regular. Thus, locally

3t~*C Jfi (%)) is an imbedded submanifold of the dimen-

sion dirm, JL. — divm, V. *t duum, J^L, - m. + 2 .On the
other hand, from Corollary 2 it follows dum fl~ (%,(*))»* 

& on, — on. . Consequently, oUmrv JUL. & <n~ - 2 , q.e.d.

Lemma 4. If A ^ + 0 , then ccwLbm, ^ 2: -f . 

The proof of this lemma is similar to that of Lemma 1,

with V replaced by the set W c R ^ * 2 of points

<<*4»-v *«. , *«>, \ 0
 } for w h i c h Xo m Ai0 + l **o 

is a root of P(A) » A^ + ^Am"mi + ... + oc^ . 
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This is again an algebraic variety defined by the equations 

\ � \» ' *2 �*5W » W W " V W * ° ' 
The differentials of the polynomials at the points of TV* 

are 

a% <2P„ % 
d?i � '••••A«'"'sC'^> • 

<*<Л �Л,0> = C . , Û , 0, 4 , 0 )
»

cttA.-A^Î- (..- , 0 , 0 , 0 , Ą 1 "1Q 

Obviously, they are independent if A + 0 . The rest 

of the proof is analogous to the proof of Lemma 1. 

Proof of Proposition 1. Openness follows from the fact 

that both flL and *0Ln are closed. 
•7 2. 

For the proof of density we consider the sets 

�̂f 1 ̂ 2***0 > ̂ 20 * W i t h \o * ° a n d t h e S 3 P a C e ^ 

of maps F t <mt I x K.1 — > %%, , defined by F �

a� F|. .> x �ict F € $ endowed with the Cw uni-

form topology. Further, we denote by V* « * F 1 FCI) n v.

n.U . .41. . *-*J for 4*-i * *., ^ « i . F l f CI) n 

n <&L n . U . Jt* m 0 \ for 1 6 i -- /fe . Since fi

is the intersection of the projections of ^^^^ taken

over all nonreal £ -th roots of unity, it suffices to pro-

ve that Hf*,** is dense in <$ . We prove this by in-

duction showing that every F € Y ^ can be approximated

arbitrarily closely by an F* « Y * ^ . Without loss
*V "¥ A, 

- 77* -
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of generality we assume A < 4* < n . 
The map ^ * $ — * 4> given by q> CF) « F is

a C*-representation (here and further in this proof we

use the terminology of 163 ) and the evaluation map meets
MM • transversally. Due to the dimension estimates of . 

Lemma 1 and Lemma 4, the existence of the approximation

of T not intersecting M^^j^ follows from the trans-

versallty theorem t6, Theorem 19.13 and the openness of

Tfc > q. e. d.

Denote 1ftf the subset of *C& consisting of matri-

ces having an eigenvalue on S , Again, we associate with

ISI the algebraic variety €€ in €t , defined by

whose projection is *OL . Thus, wtL -» ,C> <2Cj , where

X,^ are mutually disjoint manifolds of decreasing dimen-

sion and .LJ. Xj is closed in tvL~ for every -& . 

Lemma 5* d-nit/m* 3£ » 3 * 

Proof. The proof of the inequality dimv Ot^ 2: 3 

is analogous to that of Lemma 1. We only note that the dif-

ferentials of the defining polynomials Pi } P2 , X^ * A>z ~ A 
of JfC(&^) c ft"**2 (%£ defined as in Corollary 2 )
are independent if Re CAP* CX)) + 0 • it can be shown

similarly as in the proof of Lemma 1 that this is true for

a dense subset of -f* C *VL% ) , 

To prove the opposite inequality assume I r- L 09 21 

and consider the map F(i) * cU&q, -Ct, 0,,,,, 0 ? « If

?7J
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cotUrrn %^ <: 3 then it would follow from the transversa-

lity argument used in the proof of Proposition 1 that the-

re should exist a small C* perturbation F ofUF no va-

lue of which would have an eigenvalue on £» . This, how-

ever, is obviously impossible.

Proposition 2. Let J c I be a closed interval,

J c kmX I . Then, for every Z >• 2 the subset

¥? CJ) c y. CJ) of all F such that F meets « L
£ *• 9 

transversally (i.e. F meets transversally % and does

not meet X^ for -£ > A at all) is open dense in

ftC^) 9 and, thus, in $ . 

The proof is analogous to that of Proposition 1.

Corollary 3. Given ^ as in Proposition 2, the set

y°C ^) of maps F e $ such that FC J) n <«C u ^ ) m 

m 0 and F meets 1SK transversally over ^ is re-

sidual in j> . 

Lemma 6. Let F c $ and let A 0 be a simple eigen-

value of FCt^) , where t0 c I .Then there is a neigh-

bourhood H of t0 in 1 and a unique function A ; .N — > C 
such that ACt0)-» &0 and A C t ) is an eigenvalue of

FCt) for t e . N . Further, there is a nonsingular C*

matrix CCt) on H such that C4 FC * $ where the

first column of B C t) is the transpose of
C A C t ) , 0,... , 0) . 

Proof. Without loss of generality we may assume that

F C tQ ) is in the Jordan canonical form with 7iQ in the

first column. Choose CCtQ) « £ (the unity matrix) and

CCt) m Cc^fCt),#.#,c/J|fCt)) 9 A C t ) as the solution of

774
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the set of equations FCt)c/ J(t) - A C t J c ^ C t ) , 

C.Ct)s-c.Ct0),i>'L lc„(t)l -> 4 (I.I being the

Eucxidean norm). It is easy to check that the Jacobian of

this set of equations at i is not zero. The implicit

function theorem completes the proof.

Remar I. Under the assumptions of Lemma 6, for X0

not real, starting from the real canonical form of FCt.),

one can similarly prove that there is a C*' real matrix

CCt) in some neighbourhood of tQ in J that brings

FCt) into the form

/B^Ct), 3ilCt) \ , where B^Ct) -/ Re XCt), Irm, XCt)\. 

^ 0 , 3*Ct) ' \-lm,XCt), Re XCt) ^ 
* 9 

Corollary 4. Let F #s $ , t0 m 1 and l e t X^f* 

• 0 0 9 <^JkO b e s * m P l e eigenvalues of TCt0) . Then, there

i s a neighbourhood H of tQ in I and unique C*' func-

tions X^ ' -N —> C such that X^ Ct0) m X ^Q and

X. Ct) are eigenvalues of FCt) for t e $ * Further,

there is a Cw matrix CCt) on N auch that C~4 AC -*

* B , where B has the form (3^ y 3% \ and B^ i s
ID / B-j / 

triangular with X*,#••, Aj^ on the diagonal. Also, the-
re i s a real C1* matrix £ c t ) on Jt that brings FCt)

into the form (B,,Ct), S1Ct)
,j , where I^Ct) is block

V 0 fL(t)/
diagonal with blocks as in Remark 1.

Proposition 3* Let F e Kj C D ) for soum £ >- 2 

Then, the eigenvalues of F meet *5 tranter sally.

" - 775 -
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By this proposition we mean that the functions X , 
defined in Lemma 6 for A « S (note that such A a are

simple) meet 5 transversally.

Proof. Let frCta) % S be an eigenvalue of FCt0).

By Lemma 6, there is a nonsingular C* matrix CCi) such

that C-1Ct)F(t) CCt) *~BCt) , where BCi) has the

form specified in Lemma 6. Denote BCt, /a..) the matrix

obtained from B C i ) by replacing in the first column

ACt) by p , . Denote by jtCt) the orthogonal projec-

tion of ACt) on & , <p the Euclidean distance. Since

CCt)BCt,^Ci))C-'fCi) e ^ and X^ is open in

<W3, CCCt)JCt,^Ct))C^Ci), ^ C t ) , ^ c t ) ) 6 3tf , fort

sufficiently close to t0 , where p , = p + 4, #, . We have

ta,Ci)!-'1s \ACt)~ (*Ct)\ •pCBCt),BCt,^.Ct)»2:iCCt)r'f,

ICCt^r^CFCt), CCt)BCt,(a,Ct))C'
fCt)) £ M^fCpCt), X^ ) , 

where .%>, > 0 is a suitable constant, if F meets DC^

transversally, then obviously pCFCt),^) 2r Jt/̂ lt - t0 1 

^ A „ ., <LlACt)\ | t A for some 4e^ > 0 . Consequently, ksrt* ^•••d-

Corollary 5. The number of such t & J for which an

eigenvalue of F C t ) is on £ f is finite for every F e 

*Y>CJ) . 

Theorem 1. Let J c *mt 1 be a closed interval.

Then, the set $ ^ 0 ) of those Tm $ , satisfying

(i) F C t ) has no double eigenvalue on S , 

(ii) F C t ) has no non-real Z ~th root of unity as ei-
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genvalue,

(iii) the eigenvaluea of FCt) meet S tranaversally,

(iv) if an eigenvalue of FCi> lies on 5 , then no ot-

her eigenvalue of FCt) lie8 on S except#of it8 comp-

lex conjugate,

for every t c J , is open dense in $ . 

Corollary 6. The set $ 1 C J ) of those F e $ 8a~

tiafying (i),(iii),(iv) of Theorem 1 and such that for eve-

ry i e J , F C t ) haa no non-real root of unity as eigen-

value, ia residual in $ , 

Proof. Opennesa i8.obvious. From Propo8itions 1 - 3 it

followa that the set of maps from $ 9 satiafying (i) -

(iii) (i.e. the aet YS C^) ), is open dense in $ . The-

refore, it suffices to prove that every F € TS CJ) can be

arbitrarily closely approximated by an F % Y f C O ) satis-
M>

fying (iv). In virtue of Corollary 4 it suffices to, ahow that

if for aome i0 * (iv) is not satisfied it ia poasible to per-

turb F in an arbitrary small neighbourhood j$ of tQ by

an arbitrary small perturbation, without changing it outside

H , in such a way that (i) - (iv) will be true for the per-

turbation of F for every i e Jf . 

Assume that for some t0 « 0 , it pairs of conjugate

eigenvalues H0* , A? , & m 4f... , &* lis on S 

(the modification of the proof for the caae of some eigenva-

lue being real is straightforward). Let oo be ao small

that the functions hi , defined by A ^ 9 t0 as in Lemma

6 exist and do not meet £ except at t0 and no other

eigenvalue of FCt) liea on S on K n J , where

- Ill -
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K m C t a � o t , t 0 + ot 3 9 and that there i s a C* matrix C 

such that C**Ct)FCt) C C t ) � B C i ) has the form 

rY Л n i Л i г \ / л/м » л *a \ j 

B mdiaą.* 
• . � • • > ' 

^ " Л1И > Л a .�V >*******' j 

where A� � XЦ + * л»a (cf. Bemark 1 ) . Choose an 

€,-< — , Ml real mutually dist inct numbers tf *, ^ » 4,—, -̂ t-

such that Its- I <. € and a bump function fy ; N —> X such

that %tt)» 0 outside K , % Ct) =, A for t c X , *•

- C t o ~ ? » V f ] f A / t > . ^ C t + t ^ * C t > ) , 

BCt) ж äjuшђ. 
хллшхЛйш< 

�X„(.t) A^Ct)j 

Ч t > � J рс�е) ь г 1 Ф К , 

СС*)|(*)С�' | С*) ±ог Ь*К 

It i s obvious that F • ^ and, in X n 3 , A^ meets 

5 exclusively at the point tQ � Xj. . If t: • are cho 

sen small enough, P wil l be arbitrarily close to F , 

q .e .d . 

§ 3 

Iri II, 5 2 3 it was shown that for f e ?f , each point 

of Z \ Z, (such points have been called branching 

points) is contained in some set Z/t "it�1 JL being a di�

778 �
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visor of Jk, and that some eigenvalue of d£/f at such

point has to be a root of unity different from A 

Theorem 2* There is a subset fr o£ £ , residual in

<F such that for every f c ^ ,the following is true

for every (&0fm^) e E^Cf ), Jt 2r 4 s 

(i) oLf,*, ̂ Om^) has no double eigenvalue on S , 

(ii) di** i<mA) has no non-real root of 1 as an ei-
• o ** 

genvalue . 

(iii) The eigenvalues of di^ (<m) meet S transver-
T v

sally at 0\vo , <m0 ) -

(iv) If an eigenvalue of d>£^ (m0) lies on S , then

there is no other eigenvalue of CL£M, (<m0) on 5 ex-

cept of its complex conjugate.

Corollary 7. For £ c ^ , Cft, ,m ) & --̂ C-t) c a n b e a 

branching point only if one of the eigenvalues of di^(mt) 

is — i , the other being outside S • 

Remark 2* Denote ¥*m m the subset of 51,, of tho-

se roappings, satisfying (i) ,(iii), (iv) for 4 4* fk, & to, and

(ii) with "roots" replaced by " Z -th roots" for i 6 to> 6 to. 

Then, ^/h.JL *8 °Pen <-*ense in ^ . 

Remark 3» (iii) should be understood as follows: If an

eigenvalue X0 of d£^ 6m-0) is on S , then in some

neighbourhood U of (<frof<m.0) in £^ , there is a unique

C* function X : .N —>• C such that X (41*, /m.) is

- 779
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an eigenvalue of <L£ Cm%) for (Jtt,/m) «. H and

&C4i09miJ «-» &0 • This A meets S transversally.

Proof* It suffices to prove Remark 2, from which Theo-

rem 2 follows* We carry out the proof for 31%. m A , i.e. we

prove that f p is open dense for any Z j the exten-

sion for Jh, > A is similar as in the proof of £1, Theorem

13.

The openness of J^ is obvious. To prove density,

assume f m WMA , Then, by fl, Theorem 1], there is an o-

pen set U containing XA C £) such that for every

C^u09mvQ) e VL , (i) - (iv) is trivially satisfied.

% \ U can be covered locally finitely by a countable

family C W ^ , ̂  x .X^ ) , "V̂  m U ^ x V^ of coordinate

neighbourhoods in such a way that for any K e ? * M com-

pact, V r. K 4» # for a finite number of oc *a only and

CW , & x x«- ) satisfy (iv) of CI, Theorem U (i.e.
OC * lot OP

WL. n 2 i» the graph of a C* function C L i l i - ^ V ) .

We show how for any open Yf^ , W^ c W^ «• tt^ x. Y^ , f can

be approximated by £ such that I coincides with £ out-

side "ML and satisfies (i) - (iv) of Theorem 2 for every

C*ft*. **>) e SL A WL. . The construction of an approxima-

tion of f satisfying (i) - (iv) for any (^0i/m,Q) c E.

is then standard. In the rest of the proof we drop the sub-

script eC . 

In the coordinates Cf*-, /vru) h-* (<i-W|f'), ̂ »dc--*x# cpCfi,), £ 

can be represented by
^ « AC^O,) /^ -f yc^.»i^>

where the primed coordinates are those of the image,

- 760 -
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Y(^90) m 0, dLYC^fO) m o. 

By Theorem 1, we can approximate As f^(U) — > *&L 

by a map X % (U.(IL) — * <0L auch that A satisfies (i) -

(iv) of Theorem 1 on U • 

Let Y ' ( &> * * H W ) — * Ji bea C* bump function

such that y m A on C <«, x .* ) C W* ) and i(f « 0 

outside C ̂ x x ) C W ) • Denote by £ the map which

coincides with £ outside W and is given in If by the

coordinate representation

/£.•« CA(<oJ + t|f (<c4.,/^)(l(<tc)- AC<u.))3^ + YC<a.f^> . 

A

If we choose A sufficiently close to A , f will be arbi-

trarily close to £ and will satisfy (i) - (iv) for every

(*>o,«">0 >
e W' . 

Denote by Y ^ the set of points Cft,mt) m 2 ^ for

which one eigenvalue of <L£ **(/m) is - 4 . For (#,9<m)e
e Zju, denote ^(^v,/?^) the number of eigenvalues of

ctf.*. (<m>) with modulus less than 4 • 

Theorem 3. Assume *> > 2 • Then,, there is a subset $1 

of $L , residual in J* , such that every £ # $1 has the

following properties:

(i) Yfr, coincides with the set of Jte. -periodic branching

points,

( i i ) for every (41^, an^) c Y^ , there i s a coordinate

neighbourhood ( V , ^ x . x ) , W » t t x V of Cft*0 ,/m^ ) such

that (0 , (^ 0 ) « 0 , *(m,0)m 0 , Z ^ A ¥ » U X . < 0 ? and

(a) Z-* r\ W consists of two components, separa-

781
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ted by f-f*0,/m0) $ a l l points (fiffm) « E A W satisfy
(tcC/fr) > 0 and Z ^ n Wu -C Citof<m0) f i s a C (but

not Ca ) submanifold of W . 
(b) No eigenvalue of tCZj^u Z^nWl N -t(^0,/m.tf)J

i s on S j either h, Cfif sm*)m Mti({t\m,*)mto,C>fi) m")+ 4 or
Jh.(/ft,/m.) « 4t<4t',*it') m M.CJ^\/m.%%) - 4 for

any C^t,/m) c Z^n W, ^ ( ^ ) < 0 , Cft', /m') e Z4Jfen W\

( V , ^ 0 > * £ * n W , ftCVf)> 0 , 
(c) " W \ ( 2 | L W Z*. ) contains rio invariant se t .
Proof. Again, we carry out the proof for Jk, m 4 , the

proof of i t s extension for Jit, > 4 being as in [1 , Theorem

13.
Let £ e £ ^ 4 . Then, Xf ^*) i s discrete and, i f

(4%t<m.0> c Y^ 9 one eigenvalue of df^ (Vm )̂ i s - 4
and the remaining ones can be divided into two groups ac-
cording to whether their moduli are < 4 or > 4 9 the
number of the former ones being H> (lt>Q^m>Q) . Thus,

using t6, Appendix 3] as in [ 1 , Lemma 43, i t follows that
we can choose the coordinates ( p>,x) in such a way that
** (xif<tyfx), dUfmx^s Ay dvnv/y,* k»(<t>rof<m0) and the

coordinate representation of f in these coordinates i s as
follows:

(3) ^ » A/^- + Y(#>, t^ttf *} » 

* • C * + Z ( ^ ^ t , ^ , ^^ * 

where o , Yf Z are C* and

782
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co,Y,Z are C* and. Y<>, ̂ , 0} *)« 0,2(^,^^0) m 0 }

C4>((U,,Xitty,z) « 0(1**!+ I (u.x<fI+ 1^1 + I*' ' , 

cLa>(0,0,0,0) m 0 9

cLYCO, 0,0,0) m 0,dZLO,Q,0,0) m 0 . 

We denote by £ the subset of ^ of those maps

in the coordinate representation (3) of which /311 + T 4* 0 

for every C-ft^/m-p) e V\ C£ ) * The definition of $£. does

not depend on the choice of particular coordinates and the

set $Lj is open dense in f', The proof of this as well as

the proof that the maps of $L. satisfy (i),(ii) for Je.m i 

does not differ from the corresponding part of the proof of

[1, Theorem 3], except of the proof of (ii)(c), where, be-

cause of the possible presence of the eigenvalues of moduli

both <: \ and > i one has to use the argumentation of the

proof of Cl, Lemma 4].

As a corollary of [1, Theorem 1] and Theorem 3 we obtain

Theorem 4. Assume n> > 2 * Then, for every f £ ^ ; 

(i) for Jh odd, 2?* is a closed submanifold of "P x M. , 

(ii) for M, even, either Zj^ is closed and Y^,* is empty,

or Zju is a C* (but not C* ) submanifold of P x M and

Zl \ So. is discrete and coincides with Ym ^ 

Remark 4. This theorem corrects the erroneous formula-

tion of its two dimensional version [1, Theorem 4], in which

the possibility of Z« being closed was omitted.

R e f e r e n c e s :

[1] P. BRUNOVSKf: On one-parameter families of diffeomorph-

- 783 -
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128 Výber prác z dynamických systémov a diferenciálnych rovńıc
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Výber prác z dynamických systémov a diferenciálnych rovńıc 139
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158 Výber prác z dynamických systémov a diferenciálnych rovńıc
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A. Brunovská, M. Morbidelli, P. Brunovský

Optimal catalyst pellet activity
distributions for deactivating

systems
Chemical Engineering Science 45(4) (1990), 917–925.

182
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On a Model of a Currency Exchange Rate – Local
Stability and Periodic Solutions∗
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A delay differential equation is presented which models how the behavior
of traders influences the short time price movements of an asset. Sensitivity
to price changes is measured by a parameter a. There is a single equilib-
rium solution, which is non-hyperbolic for all a>0. We prove that for a<1
the equilibrium is asymptotically stable, and that for a > 1 a 2-dimensional
global center-unstable manifold connects the equilibrium to a periodic orbit.
Its birth at a=1 is not of Hopf type and seems part of a Takens–Bogdanov
scenario.

KEY WORDS: Delay differential equation; periodic solution; center manifold
reduction; Takens–Bogdanov singularity.

1. INTRODUCTION

In this paper we study the equation

ẋ(t)=a(x(t)−x(t−1))−|x(t)|x(t) (1.1)

with a>0 which is obtained from the equation

ẋ(t)=a(x(t)−x(t−1))−b|x(t)|x(t) (1.2)
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with a > 0, b > 0 by the normalization x �→ bx . By Eq. (1.2) we model
short-time fluctuations of an asset the price of which is freely determined
by supply and demand and reacts quickly to their movement. For definite-
ness we will speak about the exchange rate (i.e., price of a foreign cur-
rency in a domestic reference one) under a floating rate policy, although
the model applies equally well to other kinds of assets (like e.g., share or
commodity prices).

Economic theory provides several models for the dependence of
exchange rate on macroeconomic parameters, like e.g., the purchasing
power parity (PPP) index. Those parameters change slowly and, therefore,
cannot be accountable for fluctuations of time constant of days one can
observe. The purpose of the model is to single out possible source of those
fluctuations – the psychology of agents trading the foreign currency.

To this end we suppose that there is a “natural” macroeconomically
justified equilibrium exchange rate which we assume to be constant within
our time range. We assume that agents have a certain perception but not
precise knowledge of this rate and denote by x the deviation from it.

In order to make profit from their trading, agents attempt to fore-
cast the movement of the exchange rate in the future. As a source for
their forecast they employ its movement in the immediate past and a feel-
ing about its position with respect to the equilibrium rate. On one hand,
they expect the rate to raise if it did so in the past. So, a raise of the
exchange rate leads to increasing demand and thus an increase of the
price. This mechanism is expressed by the first term on the left-hand side
of Eq. (1.2). On the other hand, once the rate moves (for definiteness,
raises) farther from its equilibrium more and more agents expect that this
trend will eventually turn back. This leads to increasing supply and hence
a decrease of the rate. We model this mechanism by the second, quadratic
term, assuming that both the number of agents and the amount supplied
by an individual representative agent increase.

For a more thorough discussion of the model the reader is referred to
[2]. Let us note that in [4] the discrete time version of the same equation
is developed, although by different reasoning.

The following asymptotic behavior of solutions is indicated by numer-
ical experiments: For a�1 the equilibrium is globally asymptotically stable
whereas for a>1 it is unstable. Solutions tend to 0 eventually monotoni-
cally for a<1, for a=1 they oscillate around 0 with the distance of their
zeros tending to ∞ eventually monotonically. For a>1 there is a globally
stable periodic orbit the period of which tends to ∞ for a→1.

The economic implications of these dynamics are discussed in detail
in [2]. Here we just briefly mention its principal message: In case the sen-
sitivity (in economic terms, elasticity) of the agents to the increase/decrease
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of the exchange rate exceeds the threshold value a = 1, the equilibrium
loses its stability and permanent fluctuations occur. In other words, under
a certain configuration of parameters no other reason except of the psy-
chology of agents is needed for permanent fluctuations of the exchange
rate.

The principal goal of this paper was to establish, at least partially, the
numerically observed dynamics rigorously. However, the equation turned
out to be interesting mathematically in itself. Its only equilibrium x(t)≡0
is non-hyperbolic for all values of the parameters, and for the critical value
a = 1 it has a double zero eigenvalue linearization of Bogdanov–Takens
type [13]. When a is increased and passes the critical value 1 the dimen-
sion of the center unstable manifold (which is the center manifold for a<
1) jumps from 1 to 2.

Mathematical intuition is somewhat in conflict with the economic one,
the latter turning out to be more adequate: Whereas linearization sug-
gests monotone solutions, by economic intuition the conflicting mecha-
nisms should lead to fluctuations. As another surprise, the (decisive) action
of the seemingly stabilizing nonlinear term of the equation turns out to be
repelling in the center manifold for a>1.

The paper succeeds in two ways: To a considerable extent we can
establish the observed local dynamics at zero, and we prove the existence
of a periodic orbit for a > 1. Whereas the former employs advanced but
well known methods (center manifold reduction in particular), the proof
of existence of a periodic orbit contains new ingredients, compared to ear-
lier work [16, 17, 19]. Among others, it shows how planar curves associ-
ated with solutions as in the Poincaré–Bendixson type results [3, 10, 11,
14, 15] are precisely related to the solution curves in the infinite-dimen-
sional state space. Details on this are given in the final Section 8.

We end this section by introducing some notation and other prelim-
inaries. Section 2 provides simple facts about boundedness, compactness,
and injectivity of solution operators. Section 3 contains elementary results
on oscillatory behavior of solutions. Section 4 is devoted to the lineariza-
tion at 0 and prepares the local and global studies in the sequel. The local
center manifold reduction stability analysis follows in Section 5. Section
6 deals with a global center-unstable manifold in case a>1. In Section 7
it is shown that the boundary of the global center-unstable manifold is a
periodic orbit. In the concluding Section 8 we explain what is new in the
proof of existence of a periodic solution, exhibit the relation to Poincaré–
Bendixson type results, and discuss open problems of mathematical as well
as economic interest.

Notation, preliminaries. Let B be a Banach space. For any real num-
ber r > 0, the open ball of radius r centered at 0 ∈B is denoted by Br .
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For a subset M ⊂B, the closure, boundary, and interior are denoted by
M̄, ∂M,

◦
M, respectively. A compact map from a subset of a Banach space

into a Banach space maps bounded sets into sets with compact closure.
Spectra of linear operators from a subspace of a Banach space B over R

into B are defined via complexifications.
C denotes the Banach space of all continuous real functions on

the interval [−1, 0], with the norm given by ‖φ‖ =max−1�t�0 |φ(t)|. C1

denotes the Banach space of all continuously differentiable real functions
on [−1, 0], with the norm given by ‖φ‖1=‖φ‖+‖φ̇‖. The embedding J :
C1 � φ �→ φ ∈C is compact. For any continuous function f : R→R the
substitution operator f̂ : C �φ �→f ◦φ ∈C is continuous.

For a two-dimensional Banach space L the Jordan curve theorem
asserts that the complement of the trace |c| of a simple closed curve c :
[t0, t1]→L consists of two connected components, a bounded one, int (c),
which is called the interior of c, and an unbounded one, ext (c), called the
exterior of c. We have

|c|= ∂ int(c)= ∂ ext(c).

If in addition c is continuously differentiable and if for some t the tan-
gent vector c′(t)=Dc(t)1 and a vector v∈L are linearly independent then
there exists ε>0 so that the line segments c(t)+ (0, ε)v and c(t)+ (−ε,0)v
belong to different connected components of L\|c|.

Solutions of a delay differential equation

ẋ(t)=g(t, x(t), x(t−1))

with t0 ∈R and g : [t0,∞)×R2 →R given, are continuous functions x :
[t0−1,∞)→R which are differentiable for t >t0 and satisfy the differential
equation for t > t0. In case g : R3→R one also considers solutions which
are defined and differentiable on the whole real line and satisfy the differ-
ential equation everywhere. For a given map x : I→R, I ⊂R, and t ∈R

with [t−1, t ]⊂ I the segment xt : [−1,0]→R is defined by xt (s)=x(t+ s).
For a solution x : R→R of an autonomous delay differential equa-

tion

ẋ(t)=g(x(t), x(t−1))

with g : R2→R locally Lipschitz continuous the α-limit set α(x) is defined
to consist of all accumulation points of all sequences (xtn)

∞
1 with tn→−∞

as n→∞. In case the semi-orbit {xt : t�0} has a compact closure the α-
limit set is nonempty, compact, connected, and invariant in the sense that
for every φ ∈α(x) there is a solution y : R→R with y0=φ and yt ∈α(x)
for all t ∈R.
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The Landau symbol o(z) is used as an abbreviation for the values of
a function on a neighborhood V of 0 in Rm or Rm×Rk which in the first
case satisfies

o(0)=0 and
o(z)

‖z‖ →0 as 0 = z→0

and in the second case o(0, ζ )=0 for all ζ ∈Rk with (0, ζ )∈V and

o(z, ζ )

‖z‖ →0 as z→0 uniformly with respect to ζ.

The general reference for results on delay differential equations which are
used in the sequel is [5]. See also [7,9].

2. SOLUTIONS, COMPACTNESS, INJECTIVITY, FORWARD
INVARIANCE

Proposition 2.1. Let t1 > t0. Let g : [t0, t1]×R→R be continuous and

locally Lipschitz continuous with respect to the second variable. Suppose

there exists η0>0 with

ηg(t, η)<0 f or |η|�η0.

Then for every y0 ∈ R the maximal solution of the initial value problem

(IVP)

ẏ=g(t, y), y(t0)=y0
is defined on [t0, t1].

Proof. Suppose the assertion is false. Then there exists y0∈R so that
the associated maximal solution is defined on an interval [t0, te) with t0<

te� t1 and

lim sup
t↗te

|y(t)|=∞.

On the other hand,

dy2

dt
(t)=2y(t)ẏ(t)=2y(t)g(t, y(t))<0

for all t ∈ [t0, te) with |y(t)|�η0, which implies that y is bounded, in con-
tradiction to the previous statement.
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For a>0 consider the nonlinearity f : R�ξ �→ (a−|ξ |)ξ ∈R. Then Eq.
(1.1) can be written as

ẋ(t)=f (x(t))−ax(t−1).

Corollary 2.1. For every φ∈C there exists a uniquely determined solu-

tion xφ : [−1,∞)→R of Eq. (1.1) with x
φ

0 =φ.

Proof. Define g1 : [0,1]×R→R by g1(t, ξ)= f (ξ)− aφ(t − 1). As
limξ→∞ (ξ)=−∞ and limξ→−∞ f (ξ)=∞ we can apply Proposition 2.1 to
g=g1. This yields the restriction of xφ to [0, 1]. Then proceed by induc-
tion, setting

gn+1(t, ξ)=f (ξ)−axφ(t−1)

for n� t�n+1, n∈N, ξ ∈R.

The equation

F(t, φ)=xφt
define a continuous semiflow F : [0,∞)× C→ C . We have continuous
dependence on initial conditions in the sense that given φ ∈C, t0 � 0 and
ε >0 there exists δ>0 with

|xψ(t)−xφ(t)|<ε on [−1, t0]

for all ψ ∈φ+Cδ. Each map F(t, ·) : C→C, t � 0, is continuously differ-
entiable, with

D2F(t, φ)χ =vφ,χt
given by the solution vφ,χ : [−1,∞)→R of the variational equation along
xφ , i.e.,

v̇(t)=f ′(xφ(t))v(t)−av(t−1)

with initial condition v0=χ . Moreover, the restriction of F to (1,∞)×C
is continuously differentiable, with

D1F(t, φ)1= ẋφt .

Corollary 2.2. The map F1 : C ∈ φ �→F(1, φ)∈C1 is continuous, and

all maps F(t, ·), t�1, are compact.
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Proof. By Eq. (1.1), ẋφ1 = f̂ ◦ F(1, φ)− aφ for all φ ∈C. It follows
that F1 is continuous. Let t � 1. Then F(t, ·)=F(t − 1, ·) ◦F(1, ·)=F(t −
1, ·)◦J ◦F1 is compact.

Proposition 2.2. All maps F(t, ·), t � 0, and all derivatives D2F(t, φ),

t�0 and φ ∈C, are injective.

Proof. 1. Let t�0 be given.

2. Consider the map F(t, ·). Let φ =ψ in C be given. For all s ∈
(−1,0) with φ(s) =ψ(s) and xφ(s+1)=xψ(s+1) we have

ẋφ(s+1)=f (xφ(s+1))−aφ(s) =f (xψ(s+1))−aψ(s)= ẋψ (s+1).

This implies xφ1 = xψ1 . Uniqueness for the IVPs associated with
Eq. (1.1) yields xφs = xψs for all s ∈ (0,1). Using induction one
finds xφs =xψs for all s�0. In particular, F(t, φ) =F(t,ψ).

3. Let φ ∈ C be given. Consider the derivative D2F(t, φ). Let χ ∈
C\{0}. It remains to show D2F(t, φ)χ = 0. Recall D2F(t, φ)χ =
v
φ,χ
t . Set v=vφ,χ . For all s∈ (−1,0) with χ(s) =0 and v(s+1)=0

we have

v̇(s+1)=f ′(xφ(s+1))v(s+1)−aχ(s)=−aχ(s) =0.

This implies v1 = 0. Uniqueness for the IVPs associated with the
variational equation along xφ yields vs =0 for all s∈ (0,1). Using
induction one finds vs =0 for all s�0. In particular, D2F(t, φ)χ=
vt =0.

Proposition 2.3. For all t�0, F(t,C2a)⊂C2a and F(t,C2a)⊂C2a .

Proof. Let φ ∈C2a , x= xφ . Assume |x(t)|� 2a for some t > 0. Then
there exists t0>0 with |x(t0)|=2a> |x(t)| for −1� t <t0. In case x(t0)=2a,

0� ẋ(t0)=f (2a)−ax(t0−1)<f (2a)+2a2=0,

which is a contradiction. The argument in case x(t0)=−2a is analogous.
We infer |x(t)|<2a for all t�0. Consequently, F(t,C2a)⊂C2a for all t�0.
The remaining part of the assertion follows by continuity.

We also have the following result, which will not be used in the sequel
but seems of interest in itself.

Proposition 2.4. For every φ ∈C,

−2a� lim inf
t→∞ xφ(t)� lim sup

t→∞
xφ(t)�2a.
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Proof. 1. Assume there exists φ∈C wiith F(t, φ) ∈C2a for all t�0.
Set x=xφ . There is a sequence (tj )∞0 with tj↗∞ as j→∞ and
|x(tj )|>2a for all integers j �0.
Claim : For every t >0 with x(t)>2a (x(t)<−2a) there exists s >
t with x(t)=2a (x(t)=−2a).
Proof. Let x(t)>2a. If x(s)>2a on [t,∞) then

ẋ(s)�f (2a)−a2a=−4a2<0

on [t+1,∞), which yields a contradiction.
2. We may assume x(tj )>2a for all integers j�0, or x(tj )<−2a for

all integers j �0. Consider the first case.
3. It follows that there is a sequence of local maxima mj , j ∈N0,

of x with mj→∞ and 2a <x(mj )→ lim supt→∞ x(t)�∞. From
Eq. (1.1),

0= ẋ(mj )=f (x(mj ))−ax(mj −1).

That is for ξ = x(mj ) and η = x(mj − 1) we have ξ > 2a and
0>a η= f (ξ)= aξ − ξ2. Notice that aξ − ξ2 <−aξ since 2a < ξ .
Hence

x(mj −1)=η<−ξ =−x(mj ).
For sj =mj −1, we have x(sj )<−2a, and sj→∞ as j→∞. There
is a sequence (sj∗)∞0 with sj∗>sj and x(sj∗)=−2a for all integers
j � 0. It follows that there is a sequence (Mj )∞0 of local minima
of x with x(Mj ) <−2a for all integers j � 0, and Mj→∞ and
x(Mj )→ lim inf t→∞ x(t)�−∞ as j→∞.

4. Proof that x is bounded. Otherwise there exists a local extremum
m>0 of x so that |x(t)|< |x(m)| for −1� t <m and 2a < |x(m)|.
Arguing as in part 3 we find |x(m−1)|> |x(m)|, a contradiction.

5. It follows that c= lim supt→∞ x(t)�2a and d= lim inf t→∞ x(t)�
−2a are finite. As x(mj −1)<−x(mj ) (see part 3) we infer d�−c.
Using the sequence (Mj )∞0 of local minima of x and analogous
arguments we obtain −c�d. Together, −c=d. Hence

−c = lim inf
t→∞ x(t)� lim inf

j→∞
x(Mj −1)

= lim inf
j→∞

(x(Mj )− x(Mj )
2

a
)(see part3)

= c− c
2

a
, or c�2a.

6. The proof in the other case in part 2 is analogous.
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3. SLOWLY OSCILLATING SOLUTIONS

We call a function x : I→R, I ⊂R, slowly oscillating if for any pair
of zeros z∗>z we have z∗>z+1. Soon we shall see that slowly oscillating
solutions of Eq. (1.1) are abundant. It is convenient to begin with solu-
tions of the more general, nonautonomous equation

ẏ(t)=h(t, y(t))−ay(t−1) (3.1)

with a > 0 and a continous function h : [0,∞)×R→R which is locally
Lipschitz continous with respect to the second variable and satisfies

h(t,0)=0 for all t�0

and

h(t, η)→∞(→−∞) as η→−∞(→∞)

uniformly with respect to t in compact sets.

Example. For a given solution x : [−1,∞)→R of Eq.(1.1)set h(t, η)=
f (η+x(t))−f (x(t)).

Notice that for h as above, for t0 �0, and for every continuous func-
tion c : [t0, t0+ 1]→R the map g : [t0, t0+ 1]×R→R defined by g(t, η)=
h(t, η)− c(t) satisfies the hypotheses of Proposition 2.1.

Segment of slowly oscillating functions belong to the set Z ⊂ C of
data with at most one zero. The closure S1= Z̄ is the set of all φ∈C which
are nonnegative, or nonpositive, or have a zero z∈ (−1,0) so that for some
j ∈{0,1},

(−1)jφ(t)�0 on [−1, z], (−1)jφ(t)�0 on [z,0].

That is, S1 is the set of data with at most one sign change. One can
show that S1\{0} is homotopy equivalent to the unit circle S1, but we shall
not make use of this.

Proposition 3.1. Let y : [−1,∞)→R be a solution of Eq. (3.1).

(i) If 0 =y0∈S1 then 0 =yt ∈S1 for 0� t�3,0 /∈y([t−1, t ]) for some

t ∈ [0,3], and yt ∈Z for t�3.
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(ii) If y(z)=0 for some z�0 and 0 ∈y([z−1, z)) then

sign(y(t))=−sign(y(z−1)) =0 f or z< t� z+1.

Proof. 1. Proof of 0 = yt ∈ S1 for 0 � t � 1 and 0 ∈ y([t − 1, t ]) for
some t ∈ [0,2] in case (A) that there exists z∈ (−1,0] with 0�y(t) in
[−1, z],0<y(t+) for some t+ ∈ (−1, z), and y(t)�0 in [z, 0].

1.1 Proof of y(t)� 0 in [0, z+1]. We compare y to the solution w :
[0, z+1]→R of the IVP

ẇ=h(t,w)−ay(t−1), w(0)=0.

As solutions can not cross, we get y(t)�w(t) on [0, z+1], and it
remains to show w(t)�0 on [0, z+1]. We have

w(t)= lim
ε↘0

wε(t) on [0, z+1]

with the solutions wε : [0, z+1]→R to the IVPs

ẇ=h(t,w)−ay(t−1)− ε, w(0)=0.

For all ε >0 and t ∈ [0, z+1],

wε(t)�0

since otherwise we obtain from wε(0)=0>−ε�0−ay(−1)−ε=
ẇε(0) some t ∈ (0, z+1) with wε(t)=0 and ẇε(t)�0, in contra-
diction to

ẇε(t)=0−ay(t−1)− ε�−ε <0.

1.2 Proof of y(t)<0 for some t ∈ (0, z+1]. Otherwise, y(t)=0 on [0,
z+1], and consequently ẏ(t++1)=0−ay(t+)<0, which yields a
contradiction.

1.3 Claim : If y(t1)< 0 and 0� t1<z+ 1 then y(t)< 0 on [t1, z+ 1].
Proof. On [t1, z+1], y(t)<w(t) for the solution w : [t1, z+1]→R

of the IVP

ẇ=h(t,w)−ay(t−1), w(0)=0.

As in part 1.1 one finds w(t)�0 in [t1, z+1].
1.4 It follows that either (A1) y(t)<0 on [0, 1], or (A2) there exists

z∗ ∈ [0, z+1) with y(t)=0 in [0, z∗] and y(t)<0 in (z∗, z+1]. In
case (A1) the assertion 0 =Yt ∈S1 for 0� t � 1 is obvious. Also,
for ε>0 sufficiently small the restriction of y to [ε,1+ε] has no
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zero. In case (A2), we find for t ∈ [z+ 1, z∗ + 1] that y(t)<w(t),
with the solution w : [z+1, z∗ +1]→R of the IVP

ẇ=h(t,w)−ay(t−1)=h(t,w), w(z+1)=0,

i.e., w(t)= 0 on [z+ 1, z∗ + 1]. Hence y(t)< 0 in (z∗, z∗ + 1]. As
in case (A1) we see that for t ∈ [0,1],0 = yt ∈ S1, and for ε > 0
sufficiently small, 0 ∈y([z∗ + ε, z∗ + ε+1]).

2. In case that −y0 has the properties stated in (A) arguments as
above yield 0 = yt ∈S1 for 0� t � 1 and 0 ∈ y([t − 1, t ]) for some
t ∈ [0,2].

3. In case 0�y(t) in [−1,0] and 0<y(0), either 0<y(t) on [0, 1],
or there is a smallest zero z∈ (0,1] of y. Then yz has property
(A). Now it becomes obvious how to complete the proof that
0 = y0 ∈ S1 implies 0 = yt ∈ S1 for 0� t � 1 and 0 ∈ y([t∗ − 1, t∗])
for some t∗ ∈ [0,3]. Using induction on derives 0 = yt ∈ S1 for
0� t�3.

4. Proof of (ii). Suppose 0 � z,0<y(t) in [z− 1, z), and y(z)= 0.
Then ẏ(z)<0. Hence y(t)<0 on (z, z+ε] for some ε∈ (0,1], and
y(t)<w(t) in [z+ (ε/2), z+1] for the solution w : [z+ (ε/2), z+
1]→R of the IVP

ẇ=h(t,w)−ay(t−1), w(z+ ε
2
)=0.

As in part 1.1 we have w(t)� 0 on [z+ (ε/2), z+ 1]. It follows
that y(t)<0 in (z, z+1]. The proof in case y(t)<0=y(z) in [z−
1, z) is analogous.

5. Using (ii) and the result of part 3 one shows that for any zero
z>t∗ of y, 0 ∈y([z−1, z)∪ (z, z+1]). This yields yt ∈Z for t�3.

In other words, nonzero initial data in S1= Z̄ yield solutions (of Eq.
(1.1)) which become slowly oscillating after finite time. Notice that we did
not show that solutions actually have zeros in (0,∞). In particular, we do
not yet know whether there are slowly oscillating solutions of Eq. (1.1)
with infinitely many zeros. The proof that this is indeed the case for a>1
will be given in Section 6. It is not as elementary as the arguments in Sec-
tion 3. We shall employ the following preliminary result.

Proposition 3.2. Suppose φ∈C2a and the solution x=xφ of Eq. (1.1)

has no zero. Then

x(t)→0 as t→∞.
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Proof. 1. Let φ(0)>0. Proposition 2.3 shows that c=lim supt→∞ x(t)

and d=lim inf t→∞ x(t) satisfy

0�d� c�2a.

2. Proof of d= c. Assume d <c.
2.1 In case 0<d choose ε >0 with

2aε− (d− ε)2<0.

There exists t � 0 with d − ε < x(s) for all s � t . The inequality
d <c implies that there is a local minimum tm > t + 1 of x with
x(tm)<d+ ε. Hence

0= ẋ(tm) = a(x(tm)−x(tm−1))− (x(tm))2
� a(d+ ε− (d− ε))− (d− ε)2=2aε− (d− ε)2<0,

which is a contradiction.
2.2 In case d = 0 choose m∈ (0, c) with m<φ(t) for −1� t � 0. As

d=0 we find t >0 with x(t)=m and x(s)>m for 0� s <t . Then
ẋ(t)�0. Using m<c we find a smallest zero tm� t of ẋ. Either
tm= t , or t < tm and ẋ(s)<0 on [t, tm). In both cases,

x(tm−1)>x(tm)�0.

Hence

0= ẋ(tm)=a(x(tm)−x(tm−1))− (x(tm))2<−(x(tm))2 �0,

which is a contradiction.
3. We have shown x(t)→ c�0 as t→∞. Consequently,

lim
t→∞ ẋ(t)=a(c− c)− c2=−c2.

In case c>0 we obtain a contradiction.
4. The proof in cas φ(0)<0 is analogous.

Remark 3.1. With regard to the hypothesis in Proposition 3.2, notice
that in case φ∈C2a has no zero and x=xφ does not change sign there is
no zero of x at all since a first zero would be simple, due to Eq. (1.1).
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4. LINEARIZATION

The solution operators Tt =D2F(t,0), t � 0, of the variational equa-
tion

v̇(t)=a(v(t)−v(t−1)) (4.1)

along the zero solution of Eq. (1.1) form a strongly continuous semi-group
whose generator G : D→C is given by

D={φ ∈C1 : φ̇(0)=a(φ(0)−φ(−1))}
and

Gφ= φ̇
The spectrum of G consists of eigenvalues which are isolated points. They
are given by the characteristic equation

λ−a(1− e−λ)=0. (4.2)

The order of a solution λ of Eq. (2) coincides with the dimension of the
generalized eigenspace of λ considered as a point in the spectrum of the
complexification of G.

Proposition 4.1. For every a>0, λ=0 is a soltion of Eq. (4.2), simple

for a =1 and double for a=1 . For a =1 there exists a unique real solution

u =0 of Eq. (4.2); u is simple, and u<0 for 0<a<1, 0<u for 1<a. For

a < 1 all other solutions of Eq. (4.2) satisfy Re(λ)<u. For 1� a all other

solutions of Eq. (4.2) satisfy Re(λ)<0.

Proof. A number λ∈C is a solution of Eq. (4.2) if and only if ζ =
λ−a is a solution of the equation

ζ +ae−ζ =0 (4.3)

with α=ae−a . Notice that the function

g : (0,∞)�a �→ae−a ∈R

has a strict global maximum at a = 1, with g(1)= 1/e. Use the results
about Eq. (4.3) for 0<α�1/e in, e.g. [20].

For every a>0 let C0⊂C denote the center space, i.e., realified gener-
alized eigenspace of G given by the zero eigenvalue, and let L denote the
realified generalized eigenspace of G given by the two leading real eigen-
values. For a>1 let C+ denote the unstable space, i.e., the realified gener-
alized eigenspace of G given by the positive eigenvalue.
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Corollary 4.1. For all a>0, dim L=2 and C0⊂L. For 0<a =1, dim
C0=1, while for a=1, dim C0=2 and C0=L. For a>1, dimC+=1 and
L=C0⊕C+.

For 0<a =1, C0=Rη0 where η0(t)≡1. For a=1, L=C0=Rη0⊕Rσ ,
with σ(t)= t . For a > 1, C+ =Rηu where ηu(t)= eut . For 0<a = 1, L=
Rη0⊕Rηu.

Proof. Verify Gη0=0, Gσ =η0 in case a=1 and Gη0=0, Gηu=uηu
for 0<a =1.

Corollary 4.2. For a>1 the zero solution of the lineraized Eq. (1) is

unstable whereas for 0<a�1 it is stable but not asymptotically.

For 0<a =1 the space L consists of the segments of the solutions

R� t �→α+βeut ∈R, (α, β)∈R2

of Eq. (4.1). These solutions are constant or strictly monotone, with at
most one zero in case (α,β) = (0,0). In particular,

L⊂Z∪{0}.
The last inclusion holds for a=1 as well.

Both for the local and the global behavior of solutions the projections
of the dynamics of the equation to the subspaces L and C0 is crucial. To
this end we employ two kinds of projections.

To study the local behavior we work with the spectral projection � :
C→C onto C0. According to [7] it can be computed using the bilinear
form on the product

C([0,1],C)×C([−1,0],C),

which is given by

〈ψ,φ〉=〈ψ(0), φ(0)〉−a
∫ 0

−1
ψ(ξ +1)φ(ξ) dξ. (4.4)

Let C∗0 ⊂C([0,1],R) denote the realified generalized eigenspace of the zero
eigenvalue of the characteristic equation of the formally adjoint equation

ẇ(t)=a(w(t+1)−w(t)) (4.5)

(see [7]). We have dim C∗0 =1 for 0<a =1 and dim C∗0 =2 for a=1. The
projection � is given by

�(χ)=<�, χ >�, (4.6)
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where � is the basis (η0) of C0 in case 0<a =1 and �= (η0σ) for a=1,
and � is a basis of the space C∗0 which is normalized so that <�,�> is
the unit matrix. That is, in case 0<a =1, �= (ψ0) and

〈ψ0, η0〉=1 (4.7)

while for a=1, �= (ψ0,ψ1) and

〈ψ0, η0〉=1, 〈ψ1, σ 〉=1, 〈ψ0, σ 〉=〈ψ1, η0〉=0. (4.8)

The normalized basis � can be obtained from any basis �̃ of C∗0 by

�=〈�̃,�〉−1�̃, (4.9)

see [7].
To study the global dynamics we choose a closed complementary

space N for L in C in such a way that the associated projection P onto
L makes it easy to describe the spiraling motion of projected flowlines
t �→Pxt ∈L, for slowly oscillating solutions x to Eq. (1.1). Define N to be
the intersection of the closed hyperplanes

H−={φ ∈C : φ(−1)=0} and H0={φ ∈C : φ(0)=0}.
We have codim N =2 and

Z∩N =∅.
Proposition 4.2. C=L⊕N .

Proof. As each χ ∈L\{0} has at most one zero we have L∩N ={0}.
Then the result follows from dim L=2= codimN .

There exists φ0∈ (H0∩L)\H− with φ0(−1)=1 and φ− ∈ (H−∩L)\H0
with φ−(0)=1. φ0 and φ− are linearly independent. Let P : C→C denote
the projection along N onto L.

Proposition 4.3. For every φ ∈C, Pφ=φ(−1)φ0+φ(0)φ−.

Proof. Let φ ∈ C. Then φ = Pφ + ψ with ψ ∈ N . Hence φ(0) =
(Pφ)(0) + ψ(0) = (Pφ)(0) and φ(−1) = (Pφ)(−1) + ψ(−1) = (Pφ)(−1).
From Pφ= c0φ0+ c−φ− with reals c0, c−,

(Pφ)(0) = c0 ·0+ c− ·1= c−,
(Pφ)(−1) = c0 ·1+ c− ·0= c0.
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Slowly oscilatting solution behavior is now reflected in the projected
flowlines as follows : For differntial functions x : R→R with a simple zero
z, no zero in[z−1, z)∪ (z, z+1], and a consecutive zero ζ >z+1 we have
in case ẋ(z)>0 that the projected segmentPxzis on the half-axis(−∞,0)φ0·
For z < t < z + 1,Pxt belongs to the open sector(−∞,0)φ0 + (0,∞)φ−·
Next,Pxz+1 ∈ (0,∞)φ−,and for z+1<t <ζ,Pxt ∈ (0,∞)φ0+ (0,∞)φ−·

Proposition 4.4. PH0=Rφ0, P
−1(PH0)=H0, PH−=Rφ−, P−1(PH−)=

H−·
Proof. From φ0∈ (H0∩L)\H−⊂H0\N we infer H0=Rφ0⊕N; it fol-

lows that PH0=Rφ0.

Suppose P−1(PH0) ⊂H0. Then Pφ ∈PH0 for some φ ∈C\H0.Conse-
quently ,P−1(PH0)=C, which implies L=PC⊂PH0, in contradiction to
dim L=2 and PH0=Rφ0. - It follow that P−1(PH0)=H0.

The assertion for H− proved analogously.

5. CENTER MANIFOLDS AND STABILITY OF EQUILIBRIUM

As general reference for invariant manifold theory in case of delay
differential equations (see[5, 7, 8]).

By proposition 4.1, zero is a root of the characteristic equation of Eq.
(4.1) for all a>0. Therefore, stability of the eauilibrium 0 of the nonlinear
Eq. (1.1) is not decided by its linearization (4.1) for any a∈ (0,1]. In order
to resolve the stability question we employ that standard tool for the study
of stability in such a case – the center manifold reduction.

Recall that the center manifold Wc of the equilibrium 0∈C is a C1−
submanifold of C of dimension m= dim C0 which contains 0, is tangent
to the center space C0 at 0, and is locally positively invariant under the
semiflow. The latter means that there is a neighbourhood U of 0 in C so
that for every φ∈Wc and t�0 with F([0, t ]×{φ})⊂U we have F(t,0)∈Wc.

Remark 5.1. In fact, the center manifold is not uniquely defined in
general. Still, we can speak about a single, arbitrarily picked manifold
since the semiflows on all the center manifolds are conjugate. That is, any
two center manifolds admit a homeomorphism mapping trajectories onto
trajectories.

The nonlinear term in Eq. (1.1) being C1-smooth, by [5] Section
VII.6, Theorem IX.5.3 and Corollary IX.7.8, a center manifold exists and
is tangent to C0 at 0.

By the center manifold reduction we understand the restriction of
the local semiflow of Eq. (1.1) to the center manifold. This restriction is
a local flow generated by a system of m = dimWc first order ordinary
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differential equations. In our case, m=1 for 0<a =1 and m=2 for a=1.
We will freely use the term reduction for this system as well.

The center manifold is given by the formula

Wc={φ ∈C : φ=�z+h(z), z in a neighbourhood of zero in Rm}
with � from Section 4 each h a C1-map from Rm to the complementary
realified generalized eigenspace of C0 such that h(z)=0(z).

The center manifold reduction for the case a= 1 is computed in [5],
Section IX.10. Although the construction can be extended to the even sim-
pler case 0<a = 1, for the convenience of the reader we have chosen to
present an outline of an alternative construction for both cases. Employing
the formal adjoint, this computation follows [7, 8] and appears to require
less effort.

To this end we write Eq. (1.1) in the form

ẋ=�xt +q(xt ),
where � : C→R and q : C→R are given by

�φ=aφ(0)−aφ(−1), and q(φ)=−|φ(0)|φ(0). (5.1)

The reduction of the semiflow to the center manifold is the equation

ż=Bz+ cq(�z+h(z)), (5.2)

B given by

��=�B (5.3)

and c=�(0),� introduced in Section 4.
We first deal with the case 0<a = 1. Although for a > 1 the center

manifold reduction is not needed for stability (by Corollary 4.2, 0 is unsta-
ble by linearization in this case) it turns out to be important for the proof
of the existence of a periodic solution in Section 7.

For 0<a =1, the dimension of the center manifold is 1. The subspace
C∗0 ⊂ ([0,1],R) is spanned by the function ψ̃0 given by

ψ̃0(θ)=1 for 0� θ �1.

The formula for the center manifold reads

Wc={φ ∈C : φ= zη0+h(z), z in a neighborhood of zero in R}.
By (4.9) the normalized vector ψ0 in C∗0 satisfies

ψ0(θ)=
[
〈ψ̃0, η0〉

]−1
ψ̃0(θ)=

[
〈ψ̃, ηo〉

]−1
, (5.4)
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i.e.,

ψ0(θ) =
[
ψ̃0(0)η0(0)−a

∫ 0

−1
ψ̃0(ξ +1)η0(ξ)dξ

]−1

=
[

1−a
∫ 0

−1
dξ

]−1

= 1
1−a . (5.5)

for 0� θ �1. Hence, in this case the center manifold reduction (5.2) reads

ż=− 1
1−a q(zη0+h(z))=− 1

1−a |z|z+o(z
2). (5.6)

Theorem 5.1. The equilibrium solution of Eq. (5.6) is locally asymp-

totically stable for a<1 and unstable for a>1.

Proof. The conclusion follows immediately from the sign of the lead-
ing term of Eq. (5.6).

Remark 5.2. The last statement in the theorem is somewhat surpris-
ing. By it, the seemingly stabilizing nonlinear term projects for a>1 to a
repelling force in the center manifold. This turns out to be important for
the global dynamics studied in the following chapters.

By [5], Section IX.8, we have the folowing.

Corollary 5.1. For 0<a<1 the stationary point 0∈C of Eq. (1.1) is

asymptotically stable.

We now turn to a discussion of the critical case a=1. In this case, the
dimension of the center manifold is 2. By Corollary 4.1, the eigenspaces
C0 is spanned by the functions η0 and σ , and the points of C0 can be rep-
resented by z1η0+ z2σ with z1, z2 ∈R Since σ̇ =η0 and η̇0=0, the restric-
tion of the linear Eq. (4.1) to C0 given by the system ż=Bz with

B=
(

0 1
0 0

)
. (5.7)

Let �̃= (ψ̃1, ψ̃2) be the basis of C∗0 given by

ψ̃1(θ)=1, ψ̃2(θ)= θ for 0� θ �1.
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By definition (4.4) of the scalar product we have

〈ψ̃1, η0〉 = 1−
0∫

−1

dξ =0,

〈ψ̃2, η0〉 = 0−
0∫

−1

(ξ +1) dξ =−1
2
,

〈ψ̃1, σ 〉 = 0−
0∫

−1

ξ dξ = 1
2
,

〈ψ̃2, σ 〉 = 0−
0∫

−1

(ξ +1)ξ dξ =−1
6
. (5.8)

Substituting (5.8) into (4.9) we obtain

�=
[
〈�̃, (ηu, σ )〉

]−1
�̃=

(
0 1/2

−1/2 1/6

)−1 (
ψ̃1

ψ̃2

)
.

The normalized basis � is therefore given by

�(θ)=
(

2/3 −2
2 0

)
·
(

1
θ

)
=

(
2/3−2θ

2

)
. (5.9)

As a conclusion we obtain

c=�(0)=
(

2/3
2

)
. (5.10)

Let z= (z1, z2). Then we have

((η0, σ )z)(θ)= z1η0(θ)+ z2σ(θ)= z1+ θz2 for −1� θ �0. (5.11)

Hence, the reduction to the center manifold is

ż1 = z2− 2
3
|z1|z1+o((|z1|+ |z2|)2),

ż2 = −2|z1|z1+o((|z1|+ |z2|)2). (5.12)

As we have mentioned in Section 1, numerical simulations indi-
cate that the equilibrium solution x ≡ 0 is globally asymptotically stable,
the nonzero solutions oscillating around zero with the distance of zeros
increasing. Below, we present an incomplete collection of results about the
local dynamics supporting partially these observations. Unlike in the case
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0<a = 1, for a= 1 we are currently not able to give a complete rigorous
local analysis.

Let z= (z1, z2) be a solution of the system (5.12). Substituting polar
cocordinates

z1= r sin ω, z2= r cos ω

We find the system of equations

ṙ = r cos ω sin ω− 2
3
r2| sin ω | sin ω (sin ω+3 cos ω)+o(r)2, (5.13)

ω̇ = cos2 ω+ 2
3
r| sin ω| sin ω(3 sin ω− cos ω)+o(r) (5.14)

for the real functions r and ω.

Proposition 5.1. There exists r0 > 0 so that for any solution (r,ω) :

[o,∞)→ [0,∞)×R of the system (5.13) and (5.14) with sup r < r0 we

have ω(t)→∞ as t→∞. If in addition limt→∞ r(t)=0 then limt→∞ τ(t)=
∞ for any function τ : [0,∞)→R+satisfying

ω(t+ τ(t))=ω(t)+2π f or all t�0.

Proof. Denote M = {γ : |γ − kπ | � π/4 for some integer k}, N =
cl (R\M). We have

| sin ω|�1/
√

2� | cos ω| for t ∈M, (5.15)

| cos ω|�1/
√

2� | sin ω| for t ∈N. (5.16)

obviously, ω−1(M)is a union of disjoint closed intervals separated by open
intervals of ω−1(intN). More precisely, if [τ1, τ2] and [τ3, τ4],τ2 < τ3 are
two consecutive disjoint intervals of ω−1 (M) then [τ2, τ3] is an interval
of ω−1(N). A similar statement holds with M and N interchanged. If
r(t)is bounded, the lengths of the intervals of ω−1(M) are bounded from
below. To prove the first part of the proposition we show that if r(t) stays
sufficiently small and ω(t1) ∈M(N), then there exists a t2 > t1 for which
ω(t2) ∈M(N, respectively). By (5.15), for ω(t)∈M we have

ω̇(t)� cos2 ω(t)+o(r(t))� 1
2
+o(r(t)). (5.17)

Hence, for r(t) sufficiently small and ω(t1)∈M the assumption ω(t)∈M
for t� t1 leads to a contradiction.

For ω(t)∈N we have

ω̇(t)� 4
3
r(t)2−3/2+o(r(t))>βr(t) (5.18)
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for some β > 0 provided r1 was chosen sufficiently small. Thus, ω(t) is
increasing in N. Let ω(t1) ∈N. should ω(t) not leave N for some tget1,
there would exist an ω∗ ∈ N such that ω(t)↗ ω∗ for t→∞. We com-
plete the first part of the proof by showing this to be impossible. Without
loss of generality we assume ω∗ ∈ (π/4,3π/4]. The leading two terms on
the right-hand sides of (5.13) and (5.14) being periodic with period π , the
proof applies to the cases k =0 as well.

We first prove that ω∗ � π/2 leads to a contradiction. Indeed, since
ω̇(t)>0 in N , we can reparametrize t by r. That is, there is a smooth func-
tion τ : [ω(t1),ω∗)→R such that r̃= r ◦ τ satisfies

dr̃

dω
(ω)= (dr/dt)(τ (ω))

(dω/dt)(τ (ω))
= r̃(ω) tan ω+o(r̃(ω))>0 (5.19)

for r̃ sufficiently small. Hence, r̃(ω)� r̃(ω(t1)) for all ω<ω∗, and, conse-
quently, also r(t)� r(t1) for all t > t1. By (5.19), ω̇(t)� ζ for some ζ > 0
and all t� t1 which is impossible.

Since ω∗>π/2, for sufficiently large t we have ω(t)∈ (ω∗−δ,ω∗) with
δ<ω∗ − (π/2). From (5.14) it follows that:

ω̇(t)� cos2(ω∗ − δ)+o(r(t)), (5.20)

which is impossible.
To prove the second part of the proposition observe that, if r(t)→0

for t→∞, we have

ω̇(t)� cos2 ω(t)=κ(t)
with κ(t)→0 for t→∞. For ω∈ ((π/2)+κπ−1, (π/2)+κπ ], κ integer, we
have cos ω�−(ω− (π/2)−κπ), hence

d(ω(·)− (π/2)−kπ)
dt

(t) = ω̇(t)� (w(t)− (π/2)−kπ)2+κ(t)
� ((π/2)+kπ −ω(t))+κ(t). (5.21)

Let k>1, and tk be such that w(tk)= (π/2)+kπ−1. Integrating (5.21) we
obtain

ω(t)− (π/2)−kπ �−e−t−tk +
∫ t

tk

e−(t−s)κ(s) ds (5.22)

while ω(t)� (π/2)+kπ . Let Tk be smallest positive such that ω(tk+Tk)=
π/2. From (5.22) we obtian

e−Tk (1+ sup
t�tk

κ(t))� sup
t�tk

κ(t).
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This proves Tk→∞ for k→∞ and completes the proof of the proposi-
tion.

In order to turn the conclusion of this proposition into a statement
about zeros of solutions of Eq. (1.1) note that, if z is a solution of the
system (5.12), then the solution of Eq. (1.1) it represents satisfies

x(t)= z1(t)η0(0)+ z2(t)σ (0)+h(z(t))
with h(z)= o(|z|) and Dh(0)= 0. Since η0(0)= 1, σ (0)= 0, in the polar
coordinates z= (r cos ω, r sin ω) we have

x(t)= z1(t)+h(|z(t)|)= r(t) sin ω(t)+ h̃(r(t),ω(t)), (5.23)

where the function (r,ω) �→ h̃(r,ω)=h(r sin ω, r cos ω) is C1-smooth and
satisfies h̃(r,ω)=o(r),Dr h̃(0,ω)=0 and

Dωh̃(r,ω) = r[Dz1h(r sin ω, r cos ω) cos ω

−Dz2h(r sin ω, r cos ω) sin ω]=o(r). (5.24)

We have

Corollary 5.2. For a = 1 there is a neighbourhood V of 0 in C so

that for every solution x : [−1,∞)→R of Eq. (1.1) with segments 0 =xt ∈
Wc ∩V for all t � 0 the zeros in some ray [tx,∞) form a strictly increas-

ing sequence (zj )
∞
0 which tends to ∞. If in addition limt→∞ x(t)= 0 then

zj+1− zj→∞ as j→∞.

Proof. One has

| sin γ |�1−|(2/π)(γ − (π/2)−kπ)|
for k integer and |γ − (π/2)−kπ |� (π/2). Therefore, for any η∈ (0,1), γ ∈
R, and k ∈ Z with |γ − (π/2) − kπ | < (π/2)(1 − η) one has | sin γ | > η
and, consequently, | sin γ − h(r, γ )/r|> 0 for r sufficiently small. There-
fore, for r(t) sufficiently small all zeros of the function t �→ r(t) sinω(t)+
h̃(r(t),ω(t)) are located in the intervals given by |ω(t)− kπ |<η(π/2) for
some integer k.

On the other hand, let tk− < tk+ be such that ω(tk±) = kπ±η(π/2).
Then, if r(t) is sufficiently small, the function t �→ x(t)= r(t) sin ω(t)+
h̃(r(t),ω(t)) changes sign on [tk−, tk+]. Furthermore, using (5.13),(5.14) and
(5.24) one obtains

ẋ(t) = ṙ(t) sin ω(t)+ r(t) cos ω(t)ω̇(t)

+Drh̃(r(t),ω(t))ṙ(t)+Dωh̃(r(t),ω(t))ω̇(t)
= r(t) cos ω(t) sin2 ω(t)+ r(t) cos ω(t) cos2 ω(t)+o(r(t))
= r(t) cos ω(t)+o(r(t)). (5.25)
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Hence, for r(t) sufficiently small ẋ(t) has the sign of cos ωt on [tk−, tk+] and,
therefore, is monotonic. Consequently, it has a single zero in [tk−, tk+].

Let now r(t)→ 0 for t→∞. Then, arguments as in the last part of
the proof of Proposition 1 imply tk+1

− − tk+→∞ for k→∞ and complete
the proof.

We have not been able to prove that r(t) actually tends to 0 for t→
∞. As some hint towards such a conclusion we show that this is the case
for the truncated system of equations containing only the leading terms.

Proposition 5.2. The zero equilibrium of the truncated system

ż1 = z2− 2
3 |z1|z1,

ż2 = −2|z1|z1 (5.26)

is asymptotically stable.

Proof. We consider the (positive definite) C−1-function V : R2→R

given by

V (z1, z2)=|z1|z2
1+ 3

4z
2
2. (5.27)

By differentiating with respect to t along the solutions of (5.26) we obtain

V̇ (z1, z2)=3|z1|z1ż1+ 3
2z2ż2=3|z1|z1z2−2|z1|2z1

2−3z2|z1|z1=−2z4
1 �0.

Thus V is a positive definite Lyapunov function for the system (5.26). We
also have

E={(z1, z2)∈R2, |V̇ (z1, z2)=0}={(z1, z2)∈R2, |z1=0}.
It is obvious that the origin is the only invariant subset of E with respect
to (5.26)

By [1, Theorem 5.5], the zero solution of (5.26) is asymptotically sta-
ble.

Remark 5.3. In local bifurcation analysis one augments the vector
of state variables by the parameter, in our case α = a − 1. The resulting
restriction to the (three-dimensional) center manifold at z1 = z2 = α = 0
can be obtained in a similar way as (5.12) with q from (5.3) replaced by
q(φ,α)=−|φ(0)|φ(0)+α(φ(0)−φ(1)). One obtains

ż1 = z2− 2
3
(|z1|z1+αz2)+o((|z1|+ |z2|+ |α|)2) ,

ż2 = −2(|z1|z1+αz2+o((|z1|+ |z2|+ |α|)2) ,
α̇ = 0. (5.28)
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Using a C1-transformation given by u1 = z1, u2 = z2 − 2
3 (|z1|z1 + αz2) +

o((|z1|+ |z2|+ |α|)2) we obtain the following system for u1, u2 :

u̇1 = u2,

u̇2 = −2|u1|u1−2(αu2− 4
3 |u1|u1)

+o((|u1|+ |u2|+ |α|)2). (5.29)

We see that for α=0 the restrictions of this sytem to the subsets Z± given
by 0�±z1(u1, u2)=±u1+ o((|u1| + |u2|)2) coincide with the correspond-
ing restrictions of the two versions of the generic Bogdanov–Takens form
[13] glued together along the curve given by z1(u1, u2)=0. Unfortunately,
because in the u1, u2-coordinates the sets Z± are not halfspaces and the
conjugating homeomorphism may not preserve them, unlike in the true
Bogdanov–Takens case, this does not mean that the system as a whole is
topologically conjugate to the truncated one. The unfolding parameter α
keeps the perturbed systems on the curve of the versal unfolding on which
the systems have an equilibrium with a zero eigenvalue. It is a challenging
problem to study the complete unfolding of the particular system (5.29)
within the family of systems generated by delay equations.

6. CENTER-UNSTABLE MANIFOLDS

In this section we assume a>1. A suitable modification of the proofs
in Chapter IX in [5] shows that there exists a two-dimensional local cen-
ter-unstable manifold Wcu of the semiflow F of Eq. (1.1) at the station-
ary point 0∈C. That is, Wcu is a C1-submanifold of C with 0∈Wcu and
T0Wcu=C0+ =L which is locally positively invariant under the semiflow.
We may assume that the projection P along N onto L maps Wcu homeo-
morphically onto a open neighbourhood of 0 in L, and that the inverse
map Icu : PWcu→C of the restriction P |Wcu is continuously differentia-
ble with injective derivatives.

The manifold Wcu contains a local center manifold Wc as in Section
5 and a local unstable manifold. The latter is a one-dimensional C1-sub-
manifold Wu of Wcu (or, of C) with 0∈Wcu and T0Wu=C+=Rηu which
is locally positively invariant under the semiflow and consists of segments
xt , t � 0, of solutions x : R→R of Eq. (1.1) which tend to 0 as t→−∞
(see, e.g., Chapter VIII in [5]).

The fact that the stationary point 0 is repelling in Wc means that
there is a neighbourhood Nc of 0 in Wc so that for every φ ∈Nc there
is a solution x(φ) : R→R of Eq. (1.1) with x

(φ)
t ∈Wc for all t � 0 and

x(φ)(t)→0 as t→−∞. A consequence of this is that 0 is repelling also in
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Wcu, in the sense that there exists a neighbourhood Ncu of 0 in Wcu∩C2a
with the following properties.

For each φ∈Ncu \ {0} there exists a solution x(φ) : R→R of Eq. (1.1)
with x(φ)t ∈Wcu for all t�0, x(φ)(t)→0 as t→−∞, and x(φ)s ∈Ncu for some
s >0.

In case 0 =φ ∈Ncu∩Wu,

dist(‖x(φ)t ‖−1x
(φ)
t , {ηu,−ηu})→0 as t→−∞.

In case 0 =φ ∈Ncu\Wu,

dist(‖x(φ)t ‖−1x
(φ)
t , {η0,−η0})→0 as t→−∞.

Set

S1
L={φ ∈L : ‖φ‖=1}.

If φ ∈Ncu,ψ ∈Ncu,φ =ψ, then

dist(‖x(φ)t −x(ψ)t ‖−1(x
(φ)
t −x(ψ)t ), S1

L)→0 as t→−∞.
We consider the forward extension

W =F([0,∞)×Ncu)
of Ncu and its closure W̄ .

Corollary 6.1. We have W ⊂C2a . The closure W̄ is compact. For every

φ ∈W(φ ∈ W̄ ) there exists a solution x(φ) : R→R of Eq. (1.1) with x
(φ)
t ∈

W(x
(φ)
t ∈ W̄ ) for all reals t.

Proof. 1. Recall Ncu ⊂C2a . Proposition 2.3 gives W ⊂C2a . It
follows that W̄ ⊂C2a .

2 (Compactness). If φ ∈W then φ=F(t, χ) for some t �0 and χ ∈
Ncu. As x(χ)(t)→0 for t→−∞, there exist ψ ∈C2a and s�1 with

φ=F(s,ψ)=F(1,F (s−1,ψ))∈F(1,F (s−1,C2a))⊂F(1,C2a).

It follows that W ⊂F(1,C2a). Corollary 2.2 yields that W̄ is com-
pact.

3 (invariance of W ). Consider φ∈W,φ=F(t, χ) with t�0 and χ ∈
Ncu. Then φ=x(χ)t . Consider the solution x(φ)=x(χ)(t+·) of Eq.
(1.1). Let s ∈R be given. There exists r � 0 so that t + s + r � 0
and x

(χ)
t+s+r ∈Wcu so small that x(χ)t+s+r ∈Ncu. Hence

x(φ)s =x(χ)(t+s)=F(−r, x(χ)t+s+r )∈W.
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4 (invariance of W̄ ). Let φ ∈ W̄ , φ= limj→∞ φj ,φj ∈W for all inte-
gers j �1. For every t �0 we have F(t, φ)= limj→∞ F(t, φj )∈ W̄
since W is positively invariant under the semiflow. The existence
of a solution x(φ) : R→R of Eq. (1.1) with x(φ)0 =φ and x(φ)t ∈ W̄
for all reals t follows provided we can show that for every inte-
ger n < 0 there exists φn ∈ W̄ with F(−n,φn)= φ. Proof of the
last statement : Let an integer n<0 be given. Consider the points
φnj = x(φj )n , for j ∈N. Due to the compactness of W̄ a subse-
quence of points φnjk , k∈N, converges to some φn∈W̄ as k→∞.
By continuity,

F(−n,φn)= lim
k→∞

F(−n,φnjk )= lim
k→∞

φjk =φ.

Corollary 6.2. For every φ ∈W \ {0} there exists t = t (φ)∈R so that

x(φ)(s) =0 for all s� t .

Proof. We have φ=F(t, χ) for some t�0 and χ ∈Ncu. Hence x(φ)=
x(χ)(t+·). By φ =0, χ =0. We have

0<e−u=min ηu <1=min η0.

Recall that for s→−∞,

dist(‖x(χ)s ‖−1x(χ)s , {−ηu, ηu})→0, or

dist(‖x(χ)s ‖−1x(χ)s , {−η0, η0})→0.

It follows that there exists t∗�0 so that for all s� t∗ and for all s′ ∈ [−1,0]
we have

1
2eu

< ||x(χ)s ||−1|x(χ)(s′)|.

In particular,

0 =x(χ)(s)=x(φ)(t+ s) for all s� t∗.

Proposition 6.1. We have W̄ − W̄ ⊂ Z ∪ {0}, the restricted projection

P |W̄ is injective, and its inverse I : PW̄→C is continuous.
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Proof. 1. Proof of W −W ⊂Z∪{0}. Let φj ∈W,j ∈{1,2}, with φ1 =
φ2 be given. Then φj = F(tj , χj ) with tj � 0 and χj ∈Ncu for j ∈ {1,2}.
Using x(χj )(t)→ 0 as t→−∞ and x

(χj )

t ∈Wcu for all t � 0 we find t0 � 0
and ψj ∈Ncu, j ∈{1,2}, so that φj =F(t0,ψj ) for j ∈{1,2}. We have ψ1 =
ψ2. Since

δ(s)=‖x(ψ1)
s −x(ψ2)

s ‖−1(x(ψ1)
s −x(ψ2)

s )→S1
L as s→−∞

and since S1
L is compact we find a sequence (sk)∞0 in (−∞,−5] with sk→

−∞ as k→∞ and a point σ ∈S1
L so that

δ(sk)→σ for k→∞.
We have σ = αη0 + βηu with (α,β) ∈ R2 \{(0,0)}, and the solution v :
[−1,∞)→R of Eq. (4.1) with v0=σ is given by

v(s)=α+βeus for all s�−1.

We see that v is slowly oscillating and that there exists s ∈ [0,2] so that
Tsσ =vs has no zero. Choose ε >0 with

2ε < min
−1�s′�0

|vs(s′)|.

By the continuity of D2F(s, ·) there exists ρ >0 so that for all φ ∈Cρ ,

‖D2F(s,φ)−Ts‖� ε.
Choose k0 ∈N so that for all integers k� k0,

x(ψ1)
sk

∈Cρ and x(ψ2)
sk

∈Cρ.
For such k,

‖F(s, x(ψ1)
sk

)−F(s, x(ψ2)
sk

)−Ts(x(ψ1)
sk

−x(ψ2)
sk

)‖

=‖
∫ 1

0
D2F(s, x

(ψ2)
sk

+ θ(x(ψ1)
sk

−x(ψ2)
sk

))[x(ψ1)
sk

−x(ψ2)
sk

]dθ −
∫ 1

0
Ts [x(ψ1)

sk
−x(ψ2)

sk
]dθ‖

� max
θ∈[0,1]

‖D2F(s, x
(ψ2)
sk

+ θ(x(ψ1)
sk

−x(ψ2)
sk

))−Ts‖‖x(ψ1)
sk

−x(ψ2)
sk

‖

� ε‖x(ψ1)
sk

−x(ψ2)
sk

‖.
Choose k1 � k0 so large that for all integers k� k1,

‖Ts(δ(sk)−σ)‖<ε.
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For every integer k� k1 we obtain

‖‖x(ψ1)
sk

−x(ψ2)
sk

‖−1(F (s, x(ψ1)
sk

)−F(s, x(ψ2)
sk

))−Tsσ‖
�‖‖x(ψ1)

sk
−x(ψ2)

sk
‖−1(F (s, x(ψ1)

sk
)−F(s, x(ψ2)

sk
))

−Tsδ(sk)‖+‖Tsδ(sk)−Tsσ‖
� ε+ ε=2ε.

It follows that for such k the function:

F(s, x(ψ1)
sk

)−F(s, x(ψ2)
sk

))=x(ψ1)
s+sk −x

(ψ2)
s+sk

has no zero. We apply Proposition 3.1 (i) to the solution

y=x(ψ1)(s+ sk+·)−x(ψ2)(s+ sk+·)
of Eq. (3.1) with

h(t, η)=f (η+x(ψ2))(s+ sk+ t))−f (x(ψ2)(s+ sk+ t))
and find

Z�yt0−(s+sk)=φ1−φ2.

2. Proof of W̄ − W̄ ⊂Z ∪ {0}. Let φj ∈ W̄ , j ∈ {1,2}, with φ1 = φ2 be
given. By Corollary 1,

ψj =x(φj )−3 ∈ W̄ for j ∈{1,2}
and ψ1 =ψ2. Using part 1 of the proof we find

0 =ψ1−ψ2 ∈ W̄ − W̄ ⊂Z∪{0}⊂S1∪{0}=S1=S1.

Proposition 3.1(i) yields

φ1−φ2=F(3,ψ1)−F(3,ψ2)∈Z.
3. The restriction P |W̄ is injective since for all φ1, φ2 in W̄ with φ1 =

φ2 we have

φ1−φ2 ∈Z⊂C \N =C \P−1(0)

or 0 =P(φ1−φ2)=Pφ1−Pφ2.
4. The compactness of W̄ yields that the inverse I : PW̄→C of the

continuous injective map P |W̄ is continuous.

Corollary 6.3. The set PW is open in L, and PW =PW̄ .
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Proof. 1 (Openness). Let χ ∈PW be given. Then χ =Pφ with φ ∈
W , and φ =F(t,ψ) with t � 0 and ψ ∈Ncu ⊂Wcu. The composition P ◦
F(t, ·)◦Icu has range in PW ⊂L and has injective derivatives, due to Prop-
ositions 2.2 and 6.1. It follows that the set (P ◦ F(t, ·) ◦ Icu)(Ncu)⊂ PW
contains an open neighbourhood of χ =PF(t, Icu(Pψ)) in L.

2. The continuity of P yields PW̄ ⊂ PW . The inclusion PW ⊂ PW̄
and the compactness of PW̄ combined imply PW ⊂PW̄ .

Corollary 6.4. For every φ ∈ W̄ \ {0} the solution x(φ) of Eq. (1.1) is

slowly oscillating, and all of its zeros are simple.

Proof. The fact that x=x(φ) is slowly oscillating is obvious from

0 =xt =xt −0∈ W̄ − W̄ ⊂Z∪{0}.
Simplicity of any zero z of x follows from:

ẋ(z)=0−ax(z−1) =0.

The preceding result does not imply that x(φ) actually has zeros. The
proof that the latter is indeed the case employs the facts that the station-
ary point is repelling in local center and center-unstable manifolds and
that the projection P is injective on the forward extension W and on its
closure.

Corollary 6.5. Let φ∈ W̄ \ {0} be given. Then every interval [t,∞), t ∈
R,contains a zero of x(φ). In case 0 =φ∈W the Zeros of x(φ) form a strictly

increasing sequence (Zj (φ))
∞
0 .In case 0 =φ∈ W̄ \W the zeros of x(φ) form

a strictly increasing sequence (Zj (φ))
∞−∞. In both cases,

zj (φ)+1<zj+1(φ).

Proof. 1. Let 0 = φ ∈ W̄ , x = x(φ), t ∈R. Suppose x has no Zero in
[t,∞). Then xs→0 for s→∞, due to Proposition 3.2. Consider
Ncu⊂W̄ . There exists s0∈R so that for all real s�s0 the projected
segment Pxs is contained in the neighbourhood PNcu of 0 in L.
Hence xs ∈Ncu for all s� s0,in contradiction to the fact that flow-
lines starting at points in Ncu \ {o} must leave Ncu.

2. In case 0 =φ∈W we have from Corollary 6.2 in combination with
part 1 that there is a smallest zero z0= z0(φ)of x=x(φ). Proposi-
tion 3.1 (ii) gives sign(x(t))=−sign(x(z0−1)) =0 for z0<t�Z0+
1. Define z1= z1(φ) to be the smallest zero of x in (z0+ 1,∞) .
Proceed by induction.
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3. Let φ∈W̄ \W be given. Set x=x(φ). By Corollary 6.1, xt ∈W̄ \W
for all reals t. The assertion about the sequence of zeros follows
easily by means of Corollary 6.4 and the result of part 1 provided
the set of zeros of x is not bounded from below. Suppose the last
statement is false, i.e., there exists t0∈R with x(t) =0 for all reals
t � t0. Consider the case 0< x(t) for all t < t0. As xt ∈ W̄ \W ⊂
W̄ \Ncu for all t ∈R we have that Pxt avoids the neighbourhood
PNcu of 0 in L. It follows that there exists c>0 with c�‖xt‖ for
all t ∈R. Hence the α-limit set α(x)⊂ W̄ consists of nonnegative
functions ψ ∈C with ||ψ ||�c. The solutions y : R→R of Eq.(1.1)
with segments in α(x) are slowly oscillating, nonnegative, and do
not converge to 0 as t→∞. This yields a condradiction to Prop-
osition 3.2.
The argument in case x(t)<0 for t� t0 is analogous.

The oscillatory behavior of the solutions x(φ) : R → R,0 = φ ∈ W̄ ,
implies that the projected flowlines R� t �→P

(φ)
xt ∈L wind around the ori-

gin in L. In terms of the basis {φ0, φ−} chosen in Section 4 this winding
motion is easily described as follows.

Corollary 6.6. Let 0 =φ ∈ W̄ , x= x(φ), zj = zj (φ) for some integer j .

In case 0<ẋ(zj ) we have

Pxzj ∈ (−∞,0)φ0,

P xt ∈ (−∞,0)φ0+ (0,∞)φ− f or zj < t <zj +1,

P xzj+1 ∈ (0,∞), φ−,

P xt ∈ (0,∞)φ0+ (0,∞)φ− f or zj +1<t <zj +1,

P xzj+1 ∈ (0,∞), φ0.

If 0 =φ ∈W,j =0, and t <z0 then

Pxt ∈ (−∞,0)φ0+ (−∞,0)φ−.
Proof. Use Proposition 4.3.

Of course, there is an analogue of Corollary 6.6 for the case ẋ(zj )<0.
The corollaries 6.4 and 6.5 combined imply that for every φ∈ W̄ \ {0}

in the hyperplane H0 the slowly oscillating solution x(φ) : R→ R has a
smallest zero ζ1(φ) in (0,∞), with ζ1(φ)>1, and a smallest zero ζ2(φ) in
(ζ1(φ),∞); we have ζ2(φ)>ζ1(φ)+1.
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Proposition 6.2. The map

(W̄ \ {0}∩H0 �φ �→ ζ2(φ)∈R

is continuous.

Proof. Use continous dependence on initial data, simplicity of the
zeros ζ1(φ) and ζ2(φ), and the fact that on bounded subintervals of [1,∞)
also derivatives of solutions x : [−1,∞)→R depend continuously on ini-
tial data.

7. A PERIODIC ORBIT

In this section we assume a>1 and prove the following result.

Theorem 7.1. The set W̄\W is the orbit O= {pt : t ∈R} of a slowly

oscillating periodic solution p : R→R of Eq.(1.1),whose minimal period is

given by 3 consecutive zeros. We have

int(PO)=PW
and for every φ ∈W \ {0},

dist(F (t, φ),O)→0 as t→∞.
Proof. 1 (Construction of the periodic orbit).
1.1 Consider the semi-axes (0,∞)φ0 in L. As PW is a bounded open

neighborhood of 0 in L we have that

ρ= inf{r >0 : rφ0 ∈PW }
is finite and positive. For 0<r<ρ, rφ0∈PW . Also ρφ0∈PW =PW̄ . From
the openness of PW in L one easily concludes that ρφ0 ∈ PW . Let φ =
I (ρφ0) ∈ W̄ \W and define p = x(φ).Then pt ∈ W̄ \W for all t ∈ R. For
each integer j , set zj = zj (φ).We have p0=φ ∈H0(see Proposition 4.4),or
p(0)= 0.So we may assume z0 = 0. From ρφ0 = Pφ = φ(−1)φ0 we infer
φ(−1)>0. It follows that:

Ppt ∈ (0,∞)φ0+ (−∞,0)φ− for 0<t <1

and

Pp1=p(1)φ− ∈ (−∞,0)φ−.
Notice that Ppt ∈PW .Our next aim is to prove

(p(1),0)φ−⊂PW.
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This requires a bit of preparation.
1.2 The line segment [0, ρ]φ0, the arc {Ppt : 0 < t < 1}, and the line

segment [p(1),0]φ− form the trace of a simple closed curve c. All points
in the complement

L\ ([0,∞)φ0+ (−∞,0]φ−)

of the closed sector which contains the trace |c| can be connected by rays
in L\ |c| to points with arbitrarily large norm, and must therefore belong
to the set ext (c). By the same argument,

(ρ,∞)φ0⊂ ext(c) and (−∞, p(1))φ−⊂ ext(c).

Proof that for every r ∈ (p(1),0) there exists ε= ε(r)>0 with

(0, ε)φ0+ (r− ε, r+ ε)φ−⊂ int(c).

Choose ε >0 with

((−ε, ε)φ0+ (r− ε, r+ ε)φ−)∩|c|= (r− ε, r+ ε)φ−.
From the preceeding statements involving ext(c) we have

(−ε,0)φ0+ (r− ε, r+ ε)φ−⊂ ext(c).

The set (0, ε)φ0 + (r − ε, r + ε)φ− is open, connected, and disjoint with
|c|. Therefore, it is either contained in int(c) or contained in ext(c). In
the last case, rφ− ∈ |c| is not in the closure of int(c), which contradicts
|c|= ∂ int(c).

1.3 Proof of (p(1),0)φ− ⊂ PW . Suppose rφ− ∈ PW for some r ∈
(p(1),0). Set

ρ∗ = sup{s <0 : sφ− ∈PW }.
Arguing as in part 1.1 we find r�ρ∗< 0 and ρ∗φ− ∈PW̄ \PW . Set φ∗ =
I (ρ∗φ−), x∗ =x(φ∗), and x=x∗(·−1).From

ρ∗φ−=Px∗0 =x∗(−1)φ0+x∗(0)φ−=x(0)φ0+x(1)φ−
we infer x(0)=0 and x(1)<0. For 0<t <1,

Pxt ∈ (0,∞)φ0+ (−∞,0)φ−.
Let ε∗ = ε(p∗).Using Px1 =Px∗0 = ρ∗φ− and continuity we obtain that for
t <1 sufficiently close to 1,

Pxt ∈ (−ε∗, ε∗)φ0+ (ρ∗ − ε∗, ρ∗ + ε∗)φ−.
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Exchange Rate Model: Stability and Periodic Solution 433

Using also the last statement about the position of Pxt for all t ∈ (0,1) we
get

Pxt ∈ (0, ε∗)φ0+ (ρ∗ − ε∗, ρ∗ + ε∗)φ−⊂ int(c)

for all t <1 sufficiently close to 1. Now consider

Px0=x(−1)φ0+x(0)φ−=x(−1)φ0.

As x0∈W̄ \W we have Px0 ∈PW . The definition of ρ yields x(−1)�ρ. In
case x(−1)=ρ we get Px0=ρφ0=Pp0, hence x0=p0, consequently x1=
p1, in contradiction to

Px1=Px∗0 =ρ∗φ− =p(1)φ−=Pp1.

In case x(−1)>ρ we have Px0 ∈ ext(c). As Pxt ∈ int(c) for some t ∈ (0,1)
we conclude that there exists s ∈ (0,1) with Pxs ∈ |c|. Since Pxs is con-
tained in (0,∞)φ0+ (−∞,0)φ− we have

Pxs ∈ [0, ρ]φ0∪ [p(1),0]φ−.

Using Pxs ∈ |c| we infer that for some s′ ∈ (0,1) we have Pxs =Pps′ . In
case s= s′ we get x1=p1, which yields a contradiction as above. In case
s <s′ we get

F(s′, x0)=F(s,F (s′ − s,p0))=F(s,ps′−s).
As Px0 ∈ (0,∞)φ0 and Pps′−s ∈ (0,∞)φ0+ (−∞,0)φ− we have x0 =ps′−s ,
and the last equation contradicts Proposition 2.2. In case s′<s we obtain
a contradiction in the same way.

1.4 Consider

Ppz1 =p(z1−1)φ0 ∈ (−∞,0)φ0, Ppz1+1=p(z1+1)φ− ∈ (0,∞)φ−
and Ppz2 =p(z2−1)φ0 ∈ (0,∞)φ0. Arguing as before we find

(p(z1−1),0)φ0⊂PW, (0, p(z1+1))φ−⊂PW, and (0, p(z2−1))φ0⊂PW.
The last inclusion, the relation Ppz2=p(z2−1)φ0 ∈PW , and the definition
of ρ combined yield p(z2 − 1)= ρ, hence Ppz2 = Pp0, and consequently
pz2 = p0. It follows that p is periodic with minimal period z2 = z2 − 0=
z2− z0.

Notice that the curve R� t �→pt ∈C is continuously differentiable. Set
O={pt : t ∈R}={pt : 0� t� z2}.

2. Proof of PW ⊂ int(PO). The set PW is open (Corollary 6.3) and
connected since it contains a neighbourhood of 0 and PW �Px(φ)t →0 as
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t→−∞ for all φ∈W . Also, PW ∩PO=∅ since O⊂ W̄\W . It follows that
PW ⊂ int(PO) or PW ⊂ ext(PO). The simple closed curve

c : [0, z2]� t �→Ppt ∈L
is continuously differentiable, with c(t) = p(t − 1)φ0 + p(t)φ−. Hence
c′(0)=p′(−1)φ0+p′(0)φ−. As all zeros of p are simple, p′(0) =0, and we
infer that c′(0) and φ0 are linearly independent. We have |PO|∩ (0,∞)φ0=
{p(−1)φ0}. It follows that the unbounded ray (p(−1),∞)φ0 is contained
in ext(PO). Using a remark in Section 1 for a suitable reparametrization
of PO we infer

(p(−1)− ε,p(−1))φ0⊂ int(PO)

for some ε >0. As (0, p(−1))φ0⊂PW we find

PW ⊂ int(PO).

3. Proof of int(PO) ⊂ PW. Suppose there exists χ ∈ int(PO)\PW .
There is a curve c : [0,1]→L in int(PO) with endpoints c(0)= 0∈PW ⊂
int(PO) and c(1)=χ . As PW is open we have that

s̄= inf{s ∈ [0,1] : c(s) ∈PW }
satisfies 0<s̄�1, c([0, s̄))⊂PW , and

c(s̄)∈PW\PW =PW̄\PW =P(W̄\W).
In particular, c(s̄) = 0. Set ψ = I (c(s̄)) ∈ W̄\W and x = x(ψ). Then ψ ∈O
(since Pψ = c(s̄) ∈ int(PO)). Hence xt ∈ O for all reals t . Consequently,
Pxt ∈PO for all reals t . There is a zero z>0 of x so that Pxz ∈ (0,∞)φ0.
Recall PO∩ (0,∞)φ0={p(−1)φ0} and (p(−1),∞)φ0⊂ ext(PO). It follows
that Pxz ∈ (0, p(−1))φ0 or Pxz ∈ (p(−1),∞)φ0. In the first case, Pxz ∈
PW̄\PW yields a contradiction to (0, p(−1))φ0⊂PW. In the second case
the restriction c|[0, s̄] and the map [0, z] � t �→ Pxt ∈L define a curve in
L\(PO) with endpoints 0∈ int(PO) and Pxz ∈ ext(PO), which is impossi-
ble.

4. Proof of W̄\W =O. Recall O⊂ W̄\W . We have

PW̄ = PW = int(PO)

= int(PO)∪ ∂(int(PO))

= int(PO)∪PO=PW ∪PO=P(W ∪O)⊂PW̄,
hence PW̄ =P(W ∪O), and thereby W̄ =W ∪O.

5. Let φ∈W\{0} be given. It remains to show that dist(F (t, φ),O)→0
as t→∞. Set x=x(φ) and zj = zj (φ) for all integers j �0. As xt→0 for
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t→−∞ the curve R� t �→xt ∈W\{0} is not periodic, hence injective. Prop-
osition 6.1 yields that the projected curve R� t �→Pxt ∈PW\{0} is injec-
tive. We have ẋ(z0) = 0 (Corollary 6.4). Consider the case ẋ(z0)> 0. Then
Pxz0 = x(z0− 1)φ0, r = x(z0− 1)< 0, and Pxz2j = x(z2j − 1)φ0 for all inte-
gers j >0.

5.1. Proof of x(z2−1)<x(z0−1). The set {Pxt : t <z0}∪ [r,0]φ0 is the
trace of a simple closed curve c in the closed sector

(−∞,0]φ0+ (−∞,0]φ−⊂L
with

Pxt =x(t−1)φ0+x(t)φ− ∈ (−∞,0)φ0+ (−∞,0)φ−for t <z0

(see Corollary 6.6). We have

int(c)⊂ (−∞,0)φ0+ (−∞,0)φ−
because each point in L\(|c|∪ ((−∞,0)φ0+ (−∞,0)φ−)) can be connected
by a ray in L\|c| to points with arbitrarily large norm, and must therefore
belong to ext(c). As in part 1.2 above one sees that for each r̄ ∈ (r,0) there
exists ε̄= ε(r̄)>0 so that

r̄φ0+ (−ε̄, ε̄)φ0+ (−ε̄,0)φ−⊂ int(c). (7.1)

Set r̄=x(z2−1)<0. The case r̄= r is impossible since t �→Pxt is injective.
Assume r < r̄ <0. Set ε̄= ε(r̄), so that (1) holds. We have

Pxz1+1=x(z1+1)φ− ∈ (−∞,0)φ−⊂ ext(c).

The curve [z1+1, z2]� t �→Pxt ∈L has endpoints Pxz1+1 and Pxz2 and sat-
isfies

Pxt ∈ (−∞,0)φ0+ (−∞,0)φ− for z1+1<t <z2. (7.2)

The open neighbourhood

r̄φ0+ (−ε̄, ε̄)φ0+ (−ε̄, ε̄)φ−
of r̄φ0=Pxz2 in L contains points Pxt with z1+ 1<t <z2, due to conti-
nuity. Using (7.2) and (7.1) we infer

Pxt ∈ r̄φ0+ (−ε̄, ε̄)φ0+ (−ε̄,0)φ−⊂ int(c)

for some t ∈ (z1+ 1, z2). Using also Pxz1+1 ∈ ext(c) we find s ∈ (z1+ 1, t)
with

Pxs ∈ |c|∩ ((−∞,0)φ0+ (−∞,0)φ−)={Pxt : t <z0}
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in contradiction to the injectivity of t �→Pxt . Therefore, r̄ < r, or x(z2−
1)<x(z0−1).

5.2 Using similar arguments and induction one finds

x(z2j +2−1)<x(z2j −1)<0 for all integers j �0.

As x is bounded the decreasing sequence (x(z2j −1))∞0 converges to some
ξ <0. We have

ξφ0= lim
j→∞

x(z2j −1)φ0= lim
j→∞

Pxz2j ∈PW =PW̄ .

Proposition 4.4 guarantees that

ψ= I (ξφ0)∈ W̄

belongs to H0, i.e., ψ(0)=0. By ξ <0,ψ =0. As I is continuous,

xz2j = I (Pxz2j )→ I (ξφ0)=ψ for j→∞.

By Proposition 6.2,

z2j +2− z2j = ζ2(xz2j )→ ζ2(ψ) as j→∞.

Consequently,

ψ= lim
j→∞

xz2j+2 = lim
j→∞

F(z2j+2− z2j , xz2j )=F(ζ2(ψ),ψ).

It follows that y=x(ψ) is a periodic solution of Eq. (1.1), with yt ∈ W̄\{0}
for all t ∈R. As solutions with segments in W tend to 0 as t→−∞ we
have yt ∈ W̄\W for all t ∈R. In particular, ψ ∈ W̄\W . It follows that

Pψ ∈P(W̄\W)=PW̄\PW =PW\PW =PO (see part 4).

Hence ψ ∈O. Consequently, y=p(s+·) for some s∈R, and O={yt : t ∈R}.
5.3. Proof of dist(xt ,O)→0 as t→∞. Let ε>0 be given. Using Prop-

osition 6.2 and continuous dependence on initial data we find a neigh-
bourhood Nε of ψ in C such that for all χ ∈Nε ∩ W̄ ∩H0 we have

ζ2(χ)� ζ2(ψ)+1

and

||F(t, χ)−F(t,ψ)||<ε for 0� t� ζ2(ψ)+1.
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There exists an integer j = j (ε)�0 so that for all integers k� j, xz2k ∈Nε .
Let t� z2j . Then z2k� t <z2k+2 for some integer k� j . It follows that:

dist(xt ,O) � ||xt −F(t− z2k,ψ)|| (since F(t− z2k,ψ)∈O)
= ||F(t− z2k, xz2k )−F(t− z2k,ψ)||<ε

since

0� t− z2k <z2k+2− z2k= ζ2(xz2k )� ζ2(ψ)+1.

8. CONCLUDING REMARKS

In Section 1 we summarized the messages the investigation of Eq.
(1.1) sends to economic theory as well as the mathematics of the study
itself. None of it is fully satisfactory and requires further development.

On the side of application : Although the model exhibits permanent
fluctuations, it falls short of explaining their erratic nature observed in
practice. Even worse, the analysis of the equation indicates that the essen-
tial long term dynamics takes place on a disk and, thus, is subject to the
Poincaré –Bendixson theory which says that all recurrent motions are peri-
odic. Therefore, new and more complex models are probably needed to
produce more complicated dynamics.

For a full justification of the numerical simulations and, thus, also of
the implications to economic theory a proof of global stability of the equi-
librium 0 as well as a proof of generic convergence of solutions to the
periodic orbit would be needed.

Mathematically, the dominant parts of the paper are the proof of exis-
tence of the periodic orbit and the auxiliary results. The idea to find the
periodic orbit as the boundary of a two-dimensional unstable manifold of
the equilibrium goes back to earlier work [16, 17, 19]. However, there are
new aspects which seem worth to be mentioned.

First of all, in [16, 17] – as well as in other work on periodic solu-
tions of delay differential equations (see [5] for reference) – the crucial fact
that slowly oscillating solutions are actually oscillating, i.e., have infinitely
many zeros on the positive semi-axis, is easily established by elementary
arguments, for the parameters and initial data in question. The situation
studied here is different and more difficult : In Section 3 elementary argu-
ments led us only to the conclusion that slowly oscillating solutions with a
bounded set of zeros are restricted by a necessary condition (Proposition
3.2; such solutions decay to 0 as t→∞). The proof in Section 6 that there
exist infinitely many positive zeros works only for solutions in the compact
global center-unstable manifold W . It replies on the somewhat unexpected
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fact (see Remark 5.1) that for a>1 the equlibrium is repelling in the cen-
ter manifold, and on the graph representation of W̄ .

A second major difference to former approaches lies in the choice of
the co-ordinate system for the graph representation of W̄ . Whereas in [16,
17, 19] the decomposition of the state space C into the analogue of our
space L and into the complementary generalized eigenspace Q is used for
a graph representation of an unstable manifold, we choose here another
complementary space N. The advantage of this choice is that for trajec-
tories t �→ xt of slowly oscillating solutions x : t �→R the spiraling motion
of projections along N into the plane L is almost obvious, with the axes
of a co-ordinate system in L as global transversals for the projected tra-
jectories. In contrast to this, the description of the projected trajectories
in [16, 17], in particular close to the boundary, requires some effort and
uses, among others, a-priori estimates which express that slowly oscillat-
ing solutions do not decay to zero faster than exponentials. In the pres-
ent work we can avoid such a-priori estimates. Let us add, however, that
those a-priori estimates yield that the invariant manifold considered is a
Lipschitz graph.

The choice of the complementary space N in section 4 is inspired by
a choice of a co-ordinate system in [12].

The new co-ordinate system also sheds light on the Poincaré–
Bendixson type results for delay differential equations which were obtained
by Kaplan and Yorke [10, 11] and Mallet–Paret and Sell [14]. Their proofs
associate curves t �→ (x(t), x(t − 1)) or t �→ (x(t), ẋ(t)) in the plane R2 to
certain solutions x, instead of flowlines t �→ xt in the space C of initial
data. It is now clear what is behind the nice behavior of such curves in
the plane, at least in case of our Eq. (1.1) and for similar equations: The
curves in the plane are obtained from the flowlines t �→xt in the compact
invariant set W̄ by the global chart on W̄ which projects along N into L

and then assigns to the projected point its coefficients with respect to the
basis {φ−1, φ0} of the space L.

Accordingly proofs of uniqueness of periodic orbits due to Nussbaum
[15], Cao [3], and others, which employ planar curves as above, can now
be reinterpreted in terms of behavior of flowlines in the state space C.

We mentioned problems of global stability. One may conjecture that
for a>1 the attractor of all slowly oscillating solutions of Eq. (1.1) coin-
cides with the compact disk W̄ . A proof should involve a uniqueness result
for slowly oscillating periodic solutions. A fact which is not very difficult
to obtain is that necessarily any slowly oscillating periodic solution with
x(0)=0 has the symmetry

x(·)=−x(·+ z)
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with z the smallest zero in (0,∞). This might help to establish unique-
ness. - Further one might expect that the disk W̄ is a C 1-submanifold with
boundary (as its analogue in [16, 17, 19]).

Another challenging problem is the analysis of the local bifurcation
at a= 1 : The particular unfolding of a piecewise smooth collage of two
Bogdanov–Takens Singularities seems to exhibit the birth of a periodic
orbit which is not of Hopf type, with period large and amplitude small
for the parameter close to criticality. Work on this is in progress.

In a forthcoming paper [18] it is shown that for a→∞ the periodic
solutions obtained in Theorem 7.1, after rescaling, converge to a square
wave.
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276 Výber z popularizačných prác
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Výber z popularizačných prác 279
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290 Výber z popularizačných prác
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Koniec chaosu?
Pokroky matematiky, fyziky a astronómie, 40(5) (1995), č. 5
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Koniec chaosu? 

Pavel Brunovský, Bratislava 

Právom by ste mi mohli vyč�ta�, že vodu kážem a v�no pijem. Názvom článku som 
sa totiž prispôsobil móresom, ktoré v článku budem kritizova�. Jednoducho som ani 
ja nevedel odola� pokušeniu zneuži� to, že pôvodný význam slova chaos sa s jeho 
matematickým obsahom celkom nekryje. Na rozdiel od mnohých chaosomanov si to 
však dobre uvedomujem, kajam sa a slubujem, že sa v �alšom striktne obmedz�m na 
matematický obsah pojmu. 

Dva razy v ostatných dvoch desa�ročiach vzišli z matematiky podnety, ktoré vzrušili 
širokú intelektuálnu verejnos�. Boli to teória katastrôf a chaos. Neviem, či to má 
historický precedens. Načim si teda položi� otázku, akú úlohu v tom zohrali ich názvy, 
ktoré navodzujú o veci neadekvátne predstavy. V tejto súvislosti si spom�nam, ako sa 
slovenský preklad krásnej (pre matematikov) Arnofdovej brožúrky „Teória katastrôf" 
dostal do predaja v bratislavských novinových stánkoch. Môj synovec, ktorý si ju 
pre jej názov kúpil, bol prekvapený najprv tým, že ma v nej našiel čo by recenzenta 
prekladu a potom aj jej obsahom. 

Popri spoločnej popularite si však hodno povšimnú� fundamentálne odlišnosti ka�

tastrôf a chaosu. 

Teória katastrôf je ucelená filozofická teória vychádzajúca z nemenej ucelenej mate�
matickej teórie singular�t. Snaž� sa podfa jednotného princ�pu klasifikova� spontánny 
vznik foriem a náhle zmeny správania pri postupnej zmene parametrov bez ohladu na 
ich materiálnu podstatu. 

Takáto amb�cia urobi� z teórie vševysvetfujúci princ�p je v matematike ojedinelá, 
v minulosti sa skôr vyskytla u fyzikálnych teóri�. Spoločné pre snahy tohoto druhu 
je, že ich propagátori, medzi nimi aj renomovan� vedci, často pri nich zachádzajú 
pri�aleko a vefmi zfavujú z kritéri� na vedeckos�. 

Rozv�rený prach okolo katastrôf medzičasom ufahol a teória sa dostala tam, kam 
patr� — medzi najkrajšie výsledky matematiky 20. storočia. 

Na rozdiel od teórie katastrôf nie je chaos vlastne nijakou teóriou, ale pozorova�
n�m, hoci prevratným. Nemá ani celkom jednotnú matematickú defin�ciu. Podstatou 
pozorovania, ktorá sa odráža vo všetkých jeho matematických defin�ciách, však je, že 
v�aka extrémnej citlivosti na počiatočné dáta a prepletenosti dynamiky sa systémy, 
ktoré sa v krátkom časovom úseku javia ako deterministické, dlhodobo môžu správa� 
nepredv�datefne, eraticky. 

Tomuto poznatku predchádzalo v dvadsiatych rokoch pozorovanie, ktoré bolo po�
dГa mňa nemenej objavné. Vzišlo zo štúdie Van der Polovho lampového generátora 

Prof. RNDr. PAVEL BRUNOVSKÝ, DrSc. (1934), Ústav aplikovanej matematiky, Univerzita 
Komenského, Mlýnská Dolina, 84215 Bratislava. 

Pokroky matematiky, fyziky a astronomie, ročn�k 40 (1995), č. 5 233 
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i Volterrovej�Lotkovej rovnice spoločenstva dravec�koris� a jeho podstatou je, že ustá�
lené periodické cykly nie sú nieč�m patologickým, ale normálnym pr�rodným javom. 
PokiaГ viem, tento poznatok sa s nejakou mimoriadnou pozornos�ou nestretol. 

História chaosu oslávila nedávno storočnicu. Prvé pozorovania o zložitosti dynamiky 
v okol� transverzálnej homoklinickej trajektórie (pozri Dodatok) pochádzajú — akože 
inak — od Poincarého [Po]. 

Je neve�mi známe, že Van der Polova rovnica zohrala významnú úlohu aj vo vývoji 
poznatkov o chaotickej dynamike. Odhalili ju v nej Cartwrightová a Littlewood pri 
štúdiu jej vynútených kmitov koncom štyridsiatych rokov (pozri [CL, L, Le]). VeГa 
pozornosti však ich výsledky vtedy nevzbudili. Mimo špecialistov nik nezaregistroval 
ani konštrukciu �alšieho matematického objektu vytvárajúceho chaos začiatkom šes��
desiatych rokov — Smaleovej podkovy [Sl, S2]. Šarkovského práce o komplikovanej 
dynamike spojitých zobrazen� intervału do seba [Š] zostali dos� neznámymi aj medzi 
špecialistami. Pritom exotické usporiadanie prirodzených č�sel (3 < 5 < 7 < . . . < 
< 2 • 3 < 2 • 5 < . . . < . . . < 2k • 3 < 2k • 5 < . . . < . . . < 23 < 22 < 21 < 1), kto
z neho vzišlo, by nemalo necha� chladným nikoho, kto v matematike nachádza kus 
dobrodružstva a krásy. 

Väčš� záujem už vzbudil Lorenzov zjednodušený model turbulencie ovzdušia [Lo]. 
Naozajstná explózia záujmu o chaos nastala, až ke� ho Li a Yorke tak nazvali [LY]. 
Pritom ich práca, ktorá vznikla pri snahe pochopi� Lorenzov model, sčasti znovuobja�
vuje to, čo bolo ove�a presnejšie známe zo Šarkovského prác. Ťažko poveda�, či tento 
prudký nárast záujmu bol naozaj vyvolaný š�astne zvoleným term�nom, alebo je to len 
časová zhoda. V žiadnom pr�pade to však z mojej strany nemá by� kritika. Naopak, 
je užitočné sa pouči�, že aj pri rozširovan� vedeckých výsledkov treba myslie� nielen 
na obsah, ale aj na obal. 

Či už to spôsobil názov alebo nie, práca [LY] znač� začiatok dvoch desa�roč� snáh 
odhali� chaos, kde sa len dá — teoreticky, numericky a experimentálne. 

Akú hodnotu majú výsledky týchto pokusov? Predovšetkým si treba pripomenú�, 
že chaos je matematický pojem a jeho pr�tomnos� možno dokáza� iba matematickými 
prostriedkami. VzhГadom na zaokrúh�ovacie chyby a chyby metódy, ako aj na to, že 
na poč�tanie máme obmedzený čas, nie je napr�klad numerickým sledovan�m priebehu 
nejakého deja presne vzaté možné rozl�ši�, či má ve�mi dlhú periódu, alebo je chaotický. 

Nechcem tým zo štúdie chaosu vylúči� numeriku. Napokon aj pri iných numeric�
kých štúdiách akceptujeme numerické výsledky, hoci nepotvrdzujú nejakú skutočnos� 
s úplnou presnos�ou. Seriózne závery z numerických výsledkov však možno robi� iba 
vtedy, ak sú zdôvodnite�né v rozumne presnej miere. 

A tu je v pr�pade chaosu kameň úrazu. Citlivá závislos� od počiatočných podmienok, 
ktorá je základným rysom chaosu, má za následok exponenciálny nárast dôsledkov 
nepresnost� poč�tania. Na prvý pohlad teda rob� výsledky numerických výpočtov 
trajektóri� chaotických systémov bezcennými. 

O čo ide, vysvetl�me si na jednoduchom pr�klade dynamického systému 

xt+i = 2xt. (1) 
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Jeho trajektórie (t.j. postupnosti generované rekurentným predpisom (1)) sú geome�
trické postupnosti, ktorých všeobecný člen vieme presne spoč�ta� — plat� 

xt = 2ьx0. 

Predstavme si však, že by sme členy trajektórie poč�tali rekurentne priamo zo vz�a�
hu (1), ako sa to rob� v zložitejš�ch pr�padoch. Pri poč�tan� v dvojnásobnej presnosti 
na bežnom poč�tači sa môžeme pri každom výpočte dopusti� nepresnosti 8 ~ Ю1 4 . To 
znač�, že v prvom kroku môžeme namiesto hodnoty 

x\ = 2x0 

vypoč�ta� hodnotu 

x\ = 2x0 + S. 

Ak by sme sa už nijakej inej chyby v �alš�ch výpočtoch nedopustili, po 50 krokoch 
výpočtu dostaneme člen 

Я50 = 249xx = xьo + 1(Г 1 4 2 4 9

 = xъo + 1, 

teda neúnosné velkú chybu rádu jednotiek. 

V tomto př�klade samozřejmé nijakého chaosu niet. Aby však systém mohol by� 
chaotický, mus� obsahovat' expanz�vnu zložku, ktorá sa správa podobné (špecialistom 
pripomenieme, že to vyplývá napr. z toho, že aspoň jeden Eapunovov exponent mus� 
by� kladný). 

Exponenciálny nárast dósledkov numerických nepřesnost� poč�tania trajektorie da-
ného bodu je teda neodlúčitelhý od chaosu. Zdanlivo z toho vyplývá, že úspěch pri 
numerickom pátran� po chaose automaticky spochybn� metodu jeho hladania. Hoci sa 
nedá celkom poveda�, že by sa nik nad týmto paradoxom nebol zamyslel [LL], bezmála 
15 rokov si váčšina lud�, „poč�tajúcich" chaos z toho vela starost� nerobila. Až nedávno 
sa našli ludia, ktor� sa odvážili poveda�, že „král'je nahý". Bol to např�klad numerik 
E. Adams z Ústavu aplikovanej matematiky v Karlsruhe. 

Polemike okolo chaosu věnoval časopis Spiegel v roku 1993 sériu troch dlhých 
článkov [B]. Podlá nich E. Adams zašiel až tak daleko, že spochybnil existenciu chaosu 
vo všeobecnosti a označil ho za numerický artefakt (třeba však poznamenat', že Adams 
v odpovědi [Ad] na článok [RDP] uvádza, že v [B] boli jeho výroky prekrútené). 
Paradoxně sa to stalo v době, ke� už král niekorko rokov nahý nebol a ke� už bolo 
známe, že artefaktom je uvedený rozpor. 

Záchrana je v tom, že pri poč�tan� chaosu sa sleduje náhodné vybraná trajektória. 
Nie je teda vóbec dóležité, aby bola trajektóriou vopred (zvyčajne aj tak náhodné) 
vybraného počiatočného bodu. Ukážeme si, že v př�klade (1) numericky z�skaná tra-
jektória {xt} zostáva v bl�zkosti nejakej trajektorie, připadne iného počiatočného bodu 
než je x0 = x0. 
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Za tým účelom uvažujeme všeobecnějš� neautonómny (t.j. od t závislý) lineárny 

rekurentný vz�ah 

xt+i = atxt, (2) 

kde 0 < \at\ < a < 1, a týmto vz�ahom generované postupnosti (ktoré pre jednodu-

chost' nie celkom oprávněné budeme podobné ako v př�pade autonómneho vztahu (1) 

nazývat' trajektóriami). Eahko si ověř�me, že pre trajektóriu {xt} vztahu (2) plat� 

xt = at�i... aTxT pre � _ r, (3) 

xt = at

x... a~\xxT pre £ _ r. (4) 

Nech teraz {xt} je postupnost', poč�taná podlá (2) s nepresnos�ou ^ S, t . j . plat� 

xt+i=atxt + Su (5) 

kde 

141 _ �, �>0; . (6) 
takúto postupnost' budeme v �alšom nazývat' á�pseudotrajektóriou. Odč�tán�m (2) 
a (5) dostáváme 

\xt+i � xt+i\ _ a\xt �xt\ + S. (7) 

Ak pseudotrajektória {xt} a trajektória {xT} vychádzajú z toho istého bodu v okamihu 
t = r, t. j. plat� 

xT=xT, (8) 

sč�tán�m nerovnosti (7) od r do t — 1 dostáváme pre t = r 

\xt�xt\=^(l + a + ... + at�T�1)6S��—6. (9) 
1 — a 

Ak teda plat� (3), pre t ^ r sa členy trajektorie a numericky poč�tanej á�pseudo�
trajektórie budu odlišovat' nanajvýš o e ( = (1 — a ) _ 1 � ) , ktoré je pevným od d�žky 
postupnosti nezávislým násobkom přesnosti poč�tania S. 

Obráten�m času (t.j. záměnou t na — t) sa možeme jednoducho přesvědčit', že ak 
namiesto (3) plat� 

\at\ > a > 1, (10) 

(čo spina aj (1)), namiesto (8) dostáváme pre á�pseudotrajektóriu (2) splňajúcu (8) 
odhad 

\xt�xt\ = � �jó, (11) 
1 — a L 

avšak pre t ^ r . Teda napriek tomu, že v př�pade (10) sa ��pseudotrajektória vychádza�
júca z bodu xo móže od presnej trajektorie tohoto bodu exponenciálně vzdalovat', mus� 
bez ohladu na dlžku pseudotrajektórie {xT}

T

t=z0 existovat' přesná trajektória {xt}
T

t~Q, 
ktorej členy sa od členov postupnosti {xt}T

t=o l®�a o nezávislé od d�žky postupnosti 
č�slo e ( = (1 — a�i)~xS). Konkrétné je to trajektória systému (2), sp�ňajúca xT = xT. 
Poznamenajme, že xo a xn sa zhodova� nemusia a že trajektória {xt} závis� od r. 
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Jednoduchým limitným prechodom sa však možno přesvědčit', že trajektóriu {xt} 
splňajúcu (11) možno vybrat' nezávisle od r; takúto trajektóriu nazveme e�tieňom 
pseudotrajektórie {xt}. 

Nič nám teraz nebráni rozš�řit' pozorovanie o existencii £-tieňa pre vektorový lineárny 
rekurentný předpis s dvoma zložkami typu (2), z ktorých jedna sp�ňa (3) a druhá (10). 
Volné povedané sa e�tieň z�ská limitným prechodom riešenia okrajovej úlohy v ktorej 
zbiehavá zložka je rovná členu pseudotrajektórie na začiatku a rozbiehavá na konci 
zvoleného časového úseku. Ba dokonca ho možno rozš�řit' na vektorový rekurentný 
předpis lubovolhej dimenzie 

xt+i = Atxu (12) 

xt E Kn, kde At sú regulárně matice typu 

* = (* £). as,
a teda (13) možno p�sa� ako dvojicu vz�ahov 

yt+i = Btyt, 

zt+i = CtZt 

s maticami Bt, Ct, ktorých rozměry nezávisia od �, sp�ňajúcimi 

(14) 

| J B r + � _ 1 . . . J B r y | = i i : a � | u | , (15) 

\CT+t�i...CTz\^K�1aTt\z\ (16) 

pre t _ 0 a 0 < a < 1. 

Všimnime si 	alej, že na existencii e�tieňovej trajektorie, kde e — QS pre nějaké 
Q > 0, stač�, aby sa systém vz�ahov (12) dal na podobu (13) pretransformova� po�
stupnos�ou lineárnych transformáci� 

(yt,zt)T = Stxt 

( T označuje transpoz�ciu), pokial' |5t | a | 5 e

_ 1 | sú rovnoměrné ohraničené. V řeči matic 
žiadame na rozdiel od (13) od matic Atj aby sp�nali 

�4* = �tfi(? ct)st, (17) 

kde Bt a Ct sp�ňajú (13). O systéme (12), ktorý má tuto vlastnost', hovoř�me, že 
vykazuje exponenciálnu dichotómiu. 

Zo zřejmých dóvodov možno pr�tomnos� nelineárnej expanz�vnej zložky z v systéme 
rekurentných vz�ahov (14) interpretovat' ako citlivú závislost' na počiatočných dátach. 
Všeobecné sa však od chaosu okrem citlivej závislosti od počiatočných dát vyžaduje 
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ešte „tranzitivnost"', teda existencia hustej trajektorie. Táto požiadavka vyjadřuje, že 
sa systém nepředv�datelné móže fubovofne bl�zko přibl�žit' k fubovolhému stavu. 

Takúto vlastnost' móžu ma� iba nelineárně dynamické systémy. Třeba teda pre ne 
nějako prispósobi� pojem dichotomie trajektori�. 

Uvažujme dynamický systém 

xt+i = f(xt), (18) 

kde xt € Rn (alebo všeobecnejšie z n-rozmernej diferencovatefnej variety) a / je
C1-difeomorfizmus (teda spojité diferencovatelné zobrazenie s diferencovatelným in-
verzným).

Hovoř�me, že invariantná množina H systému (18) je hyperbolická, ak pre lubovolhú 
trajektóriu {xt} systému (18) v H má linearizovaný systém (12) s At :�= Df(xt) 

exponenciálnu dichotómiu s rovnakými dimenziami y & z, rovnakými konstantami K 

a s rovnakým ohraničen�m C na transformačně matice St a S^1. 

Plat� 

Tieňová lema. Nech H je kompaktná invariantná hyperbolická množina dynamic-
kého systému (18). Potom existuje Q > 0 také, že lubovolhá S�pseudotrajektória s do�
statočne malým S > 0 má jediný e�tieň, kde 

s ^ QS. (19) 

Tieňová lema je objavom D. V. Anosova z roku 1963. Je súčas�ou rozsiahlej práce [A], 
bohatej na originálně myšlienky a postupy. Jej dókaz je technicky náročný. 

Tieňová lema nám vlastně tvrd� to, čo třeba — ak poč�táme trajektóriu numericky 
s presnos�ou �, bude v jej ^�bl�zkosti přesná trajektória. Vzhladom na odhad (19) 
móžeme teoreticky e voli� fubovofne malé. Prakticky je však S zdola ohraničené 
zaokrúhlbvacou chybou poč�tača, a to nám dává dolné ohraničenie na e. Preto je 
zauj�mavá aj konstanta Q, ktorá sa odvodzuje od konstant exponenciálnej dichotomie 
K,a,C. 

Horšie je to s predpokladmi hyperboličnosti, na ktorej overovanie nie sú vypracované 
všeobecné účinné metody. Súvis� s pr�tomnos�ou Eapunovových exponentov rozličných 
znamienok, známým to heuristickým predpokladom chaosu. 

Matematicky dokazatelné chaotické množiny sú všetky hyperbolické aspoň v zo�
slabenej formě (jeden z pr�kladov je v Dodatku, kde tieňová lema vystupuje ako 
prostriedok dokazovania chaosu). Nie je preto velkým prehreškom, ak tieňovú lemu 
přijmeme ako zdóvodnenie korektnosti numerických výpočtov chaotických trajektori�. 

Stretol som sa aj z názorom, že v pozad� rozruchu okolo Adamsových názorov sú aj 
peniaze. Podlá tohoto názoru nemeckej meteorologickej lobby domáhajúcej sa pros�
triedkov na stále výkonnejšie poč�tače nevelmi vyhovovalo, že sa počasie považovalo za 
typicky chaotický, a teda dlhodobo nepredpovedatelný jav. Velmi jej teda přišlo vhod 
tvrdenie, že chaos je artefakt. Pre spravodlivos� třeba poveda�, že som toto počul od 
člověka, ktorého úspěšná kariéra stála právě na „poč�tan�" chaosu. 
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Nad zdóvodnitelnos�ou numerickej simulácie chaotických procesov sa ako prvý 
zamyslel spoluautor jeho názvu J. Yorke so spolupracovn�kmi [HYG1]. Myšlienka 
použitia tieňovej lemy patř� Chowovi a Palmerovi [CPI, CP2]. 

V spom�naných a dalš�ch prácach [HYGJ2, SY1, SY2, CP3, CV] sa autoři nespolie�
hajú na vieru v �ažko ověřitelný předpoklad rovnomernej hyperboličnosti chaotickej 
množiny. Nahradzujú ho bu	 a posteriori alebo rekurentně numericky ověřovanou 
dichotómiou linearizácie pozd�ž numericky poč�tanej individuálnej trajektorie. Umož-
ňuje im to nielen rigorózně dokázat' existenciu tieňovej trajektorie, ale aj odhadnú� jej 
vzdialenos� od numericky z�skanej pseudotrajektórie. Stoj� za poznámku, že o týchto 
prácach niet v sérii článkov [B] ani zmienky. 

Prirodzenou otázkou je, ako je to s dynamickými systémami so spojitým časom, 
generovanými diferenciálnymi rovnicami. Tieňová lema pre takéto systémy je sformu�
lovaná a dokázaná v [KP], numerickým výpočtom je věnovaná práca [CV]. 

Na závěr ešte jedna dobrá správa pre fanúšikov chaosu: Po dvadsiatich rokoch neús-
pěšných pokusov mnohých matematikov sa nedávno K. Mischaikowovi a M. Mrózekovi 
podařilo vypracovat' dokaž chaotičnosti atraktora v Lorenzových rovniciach. Využ�vá 
sa v ňom poč�tač, ale na celkom inej úrovni: pri prec�znom sledovan� nepřesnosti 
poč�tania sa overujú algebraicky — topologické podmienky toho, že atraktor obsahuje 
„Smaleovu podkovu", v ktorej chaotičnos� je dokázaná.*) Ani tento výsledok nevzbudil 
pozornost' autora [B], kde je chaotičnos� Lorenzovho atraktora spochybnená. Cituje sa 
v ňom (či už oprávněné alebo nie) výrok E. Adamsa, podlá ktorého „Obrázok (mysl� 
sa změny poč�tačom z�skaný obrázok trajektorie v atraktore Lorenzových rovnic) je 
takmer celkom nesprávný. Čo ukazuje, nemá nič spoločného s tým, čo sa v Lorenzovej 
rovnici odohráva". Sérii článkov Spieglu však třeba přiznat' jeho oprávněnu kritiku 
nekvalifikovaného zbožňovania chaosu. Hoci to takto explicitně neformuluje, autor 
c�ti neprimeranos� stotožňovania rozličných významov pojmu. 

Ako teda odpoveda� na otázku v nadpise? Milovn�ci chaosu, ktorým Adamsove 
vývody spósobili bezsenné noci, móžu na	alej pokojné spávat' — pokiaf im k tomu 
postač�, že ich výpočty nie sú ich úspechom automaticky vylúčené. Celkom bezsta-
rostn� však zasa by� nemóžu. Existuje totiž př�klad, v ktorom je naozaj možné chaos 
v nechaotickom systéme „vyrobit'" nepřemyšlenou numerickou aproximáciou (pozři 
Dodatok). 

Dodatok 

Triviálnym pr�padom hyperbolickej množiny dynamického systému (18) je hyper-
bolický pevný bod. Je to bod x taký, že 

f{x) = x 

*) Presnejšie povedané, atraktor Lorenzových rovnic obsahuje invariantnú podmnožinu, 
tok na ktorej je semikonjugovaný Smaleovej podkově. 
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a vlastně hodnoty Df(x) sú mimo jednotkovej kružnice. Vo vhodné volených súrad�
niciach totiž vtedy možno p�sa� 

*"<*> = ( ° o 
kde vlastně hodnoty matice B majú absolutnu hodnotu < 1, kým absolutné hodnoty 
vlastných hodnot C sú > 1 a B, C sú v Jordanovom kanonickom tvare, Priamočiarym 
výpočtom sa možno přesvědčit', že systém (12) s At = Df(x) má exponenciálnu 
dichotómiu, odhady (15), (16) sa zredukujú na 

\Bty\ZKat\y\, (19) 

IC^l^K^a�^z] (20) 

(0 < a < 1) pre t = 0. 

Odhady (19), (20) značia, že násoben�m maticou Df(x) sa body invariantného 
podpriestoru z = 0 k sebe (a teda aj k 0) exponenciálně približujú, kým body priestoru 
y = 0 sa od seba exponenciálně vz	alujú. Preto nazýváme priestor z = 0 stabilným 
a priestor y = 0 nestabilným podpriestorom bodu x. 

Veta o stabilnej a nestabilnej varieté hovoř�, že existujú invariantně variety Ws(x) 
(stabilná) a Wu(x) (nestabilná) systému (18), prechádzajúce bodom x a dotýkajúce 
sa v ňom stabilného, resp. nestabilného podpriestoru. Tieto variety dedia vyššie 
spom�nané vlastnosti približovania, resp. vz	afovania sa trajektori� linearizovaného 
systému. Móžu sa přet�nat' aj v inom bode xn než v £. Z ich invariantnosti vyplývá, že
vtedy spolu s bodom xo obsahujú aj celu jeho trajektóriu {xt},xt = f�(xo) a že plat� 

lim xt = x. (21) 
t—�»±oo 

Trajektóriu {xt} nazýváme homoklinickou trajektóriou bodu x. Hovoř�me že {xt} 

je transverzálna, ak dotykové priestory TXoW
s(x), TXoW

u(x) variet Ws(x),Wu(x) 

v bode xo majú jednobodový prienik (a teda ich algebraický súčet je celý priestor). 

Ak {xt} je transverzálna homoklinická trajektória hyperbolického pevného bodu � , 
potom množina 

/f:={á�}U { * , } £ _

je kompaktná invariantná hyperbolická množina [P].
Aby sme si to ozřejmili, všimnime si že H sa skládá z dvoch trajektori�. Hyperbolič�

nos� {x} znač� exponenciálnu dichotómiu tejto jednobodovej trajektorie, zostáva teda 
ozřejmit' si exponenciálnu dichotómiu trajektorie {xt}. 

Linearizovaný systém (12) s At = Df(xt) zrejme zobrazuje dotykové priestory 
invariantných variet v bode xt na dotykové priestory v bode xt+i. Nie je �ažko si 
představit', že dotykové priestory TXtW

s(x) a TXtW
u(x) sa pre t �> _oo bl�žia k sta�

bilnému, resp. nestabilnému priestoru v bode x a preto linearizovaný systém (12) body 
na nich asymptoticky exponenciálně přibližuje, resp. vzdaluje. Od t závislá lineárně 
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transformácia, ktorá prevádza TXt Ws (x), resp. TXt Wu(x) do podpriestorov y = 0, resp. 
z = 0 teda prevádza linearizovaný proces do tvaru, v ktorom platia odhady (15), (16). 

Na invariantnej množině H teda plat� Tieňová lema. Použijeme ju pre speciálně 
pseudotrajektórie. 

Zvol�me malé S > 0. Kedze plat� (21), existuje N tak velké, že X�N a %N SÚ V á�okol� 
bodu x. Označ�me 

£ = {X�N,...<,X0I...XN} 

a pre m = 0 označ�me Fm m�člennú postupnost', ktorej všetky členy sú x. Pre fubovolhe 
zvolenu postupnost' nezáporných č�sel {fnk}(^=_00 je postupnost' 

• ••)•�• m_i> ���/5 1 mo) � ^ j � m � r " . 

ktorá vznikne zre�azen�m konečných postupnost� Fmfc a medzi nich vložených ko-
nečných postupnost� £ zrejme á-pseudotrajektóriou. Existuje teda jej e�tieň. Ak S 
(a teda e) je dost' malé, potom jeho úsek, zodpovedajúci £ představuje jeden oběh 
v bl�zkosti homoklinickej trajektorie, kým v úseku, zodpovedajúcom Fm, tieňová 
trajektória zostáva v bl�zkosti pevného bodu x. Volbou č�sel rrik (připom�nám, že rrik 
móže by� aj 0) si teda pre tieňovú trajektóriu móžeme predp�sa� �ubovofné počty 
následných obehov v bl�zkosti homoklinickej trajektorie a pomedzi ne vložit' pobyty 
trajektorie v bl�zkosti x lubovolhej d�žky. Vidno teda, že správanie sa trajektorie je 
naprosto nepředv�datelné, eratické. 

Spresnen�m našich argumentov možno dokázat', že dynamický systém v okol� ho-
moklinickej trajektorie obsahuje invariantnú množinu, na ktorej je konjugovaný s tzv. 
Bernoulliho posunom, o ktorom je známe, že má všetky bežne přij�mané vlastnosti 
chaosu: citlivú závislost' na počiatočných dátach, hustú trajektóriu, periodické body 
lubovolhej periody, ergodickú invariantnú mieru, at	. Studium transverzálnej homok-
linickej trajektorie bolo aj motiváciou pre vznik Smaleovej podkovy — zobrazenia 
roviny do seba, ktoré bolo jednou z prvých pr�kladov chaosu. 

Př�klad transverzálnej homoklinickej trajektorie naznačuje aj to, ako možno chaos 
vyrobit' umělo: homoklinická trajektória dynamického systému so spojitým časom 
nemóže by� transverzálna a ani nemá nič spoločné s chaosom. Diskretizáciou, resp. 
numerickou aproximáciou rovnice možno transverzálnu trajektóriu a teda aj chaos 
vyrobit'. Naš�astie, miera transverzality klesá s v	kos�ou kroku diskretizácie rýchlejšie, 
ako fubovoiná jeho mocnina. Preto je v tomto př�pade možné vyhnú� sa umělému 
chaosu volbou dostatočne jemného kroku [FS]. 

Záverom by som sa rád po	akoval anonymnému recenzentovi, ktorý ma upozornil 
na všeličo, o čom som nevěděl — např�klad na knihu [LL], ako aj na dozvuky série [B] 
v článkoch [RDP] a [Ad]. 
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O Fermatových č�slech 
Michal Kř	žek, Praha 

1. Úvod 

Francouzský matematik Pierre Fermat (1601�1665) se proslavil nejen svou velkou 
a malou větou Fermatovou, ale také hypotézou, že všechna č�sla tvaru 

Fm = 2 2 m + 1 p r o m = 0, l ,2, . . . (1) 

jsou prvoč�sla. Ani jedno z těchto tř� tvrzen� však pravděpodobně nedokázal. Přiznával 
ale, že s důkazem domněnky o prvoč�selnosti Fm si nev� rady. Č�sla Fm se po něm 
nazývaj� Fermatova č�sla. 

Pokud je Fm prvoč�slo, ř�káme, že je Fermatovým prvoč�slem. Prvn�ch pět členů 
posloupnosti (1), tj. 

F0 = 3, Fi = 5 , F2 = 17, F 3 = 257, F 4 = 65537, (2) 

jsou prvoč�sla. K tomu, aby č�slo 2 n + 1 pro n přirozené bylo prvoč�slem, je nutné, aby 
byl exponent n tvaru 2m pro m G {0,1,2,...}. Je�li totiž k přirozené a l _ 3 liché, pak 

2kl + 1 = (2k + l ) (2 f e ( / _ 1 ) � 2f c ( z _ 2) + . . . � 2k + 1). (3) 

Odtud plyne, že č�slo 2n + 1 je složené, jestliže je exponent n dělitelný lichým č�slem 
l _ 3. To však v posloupnosti (1) nenastane. 

RNDr. MICHAL KŘÍŽEK, DrSc. (1952), je pracovn�kem Matematického ústavu AV ČR, 
Žitná 25, 11 567 Praha 1 (e�mail: krizek@earn.cvut. cz). Tato práce byla částečně podpořena 
grantem č. 201/94/1067 GA ČR. 
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318 Výber z publicistických prác
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Výber z publicistických prác 323
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330 Výber z publicistických prác
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