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The Attractor of the Scalar Reaction Diffusion
Equation Is a Smooth Graph

Pavol Brunovsky’

For the scalar reaction diffusion equation with Dirichlet boundary conditions,
it is proved that its maximal compact attractor is the graph of a C! function
from a subset with nonempty interior of a subspace of the state space the
dimension of which is equal to the maximal Morse index of the equilibria of the
equation.

KEY WORDS: Attractor; inertial manifold; zero number; reaction diffusion
equation.

AMS (MOS) SUBJECT CLASSIFICATIONS: primary 35B40, secondary
34C30.

1. INTRODUCTION

Consider the scalar reaction diffusion equation
u,=u., + f(u) (1.1)
with Dirichlet boundary conditions
u(t,0)=u(1, 1)=0. (1.2)

We assume that f is C? and satisfies

lim sup s 7' f(s) < n?

|s| = o0

and that all stationary solutions of (1.1) are hyperbolic. The [generic
(Brunovsky and Chow, 1984)7 set of such f’s we denote by 4.
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For fe%, (1.1), (1.2) can be considered as an abstract differential
equation on the Hilbert space X = L,(0, 1) which generates a C? semiflow
S, on any of its dense subspaces X% 0<a<1 (Henry, 1981; Miklavcic,
1985), where X* is the fractional space associated with the operator A
given by Au(x)= —u”"(x) if defined and if #(0)=wu(1)=0. We note that
X2 =H} and X'=D(4)=Hyn H?. The semiflow S, is dissipative (ie.,
there is a bounded set B < X such that each trajectory eventually enters B)
and every trajectory has a compact closure (Hale ef al., 1984; Hale, 1987).
The set E of equilibria is finite and contained in B.

By Hale et al. (1984) and (1987), S, admits a maximal compact
invariant set «/ which is given by

oA =) W) (1.3)

veE

where W*(v) is the unstable manifold of v (Henry, 1981).

Brunovsky and Fielder (1988, 1989) present a complete description of
the connections between stationary solutions. The purpose of this paper is
to prove additional properties of .«/ announced by Brunovsky (1989). In
order to be able to formulate them, we introduce some notation.

Let veE By Ay(v) <A (v)<A,(v)< --- and ¢y(v), ¢,(v), ¢,(v), we
denote, respectively, the eigenvalues and normalized (in X) eigenvectors of
the linearization of (1.1), (1.2) at v which is the Sturm-Liouville problem

V'L W) +41y=0,  y(0)=y(1)=0. (1.4)

Further, for 0 <m <n we denote X7 (v) =span{@,,(v),... #,_,(v)}, X,(v)=
span{g,,..}, X3(v) := X, (v) n X*. The (Morse) instability index i(v) of v is
given by A,,, ;<0 <4, (note that since, by assumption, v is hyperbolic,
A, #0 for any n=0).

The main result of this paper is the following

1.1. Theorem

Let fe% and let N :=max{i(w): we E}. Then, given v € E, there exists
an open subset U of XY (v) and a C' function h: U— Xy(v) such that
N =graph h contains o and is positively and locally negatively invariant.

This theorem extends a result due to Jolly (1989) by which, for special
f [of the Chafee—Infante type (Henry, 1981)], < is the graph of a
Lipschitz continuous map. Also, for v € E with i(v) = N it answers positively
the conjecture of Fusco [proved for finite dimensional approximations of
S, by Fusco (1987)] according to which W*(v) is a graph over a subset of
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X! (v). In fact [cf Remark 3.4(1)], the same proof can be used to
establish the correctness of Fusco’s conjecture also for v e E with i(v) < N.

Theorem 1.1 is proved in Section 3. In Section 2 an invariant manifold
theorem is established which is needed in the proof of Theorem 1.1. Some
technical parts of the proofs of the results of Section2 are presented
separately in the Appendix.

2. LOCAL INVARIANT MANIFOLDS CONTAINING GIVEN
TRAJECTORIES

In this section we consider an abstract differential equation,
dy/dt = Ay + F(y) (2.1)
on Y=R", where Fis C* on some neighborhood of 0 and satisfies
F0)=0, DF0)=0.

Equation (2.1) generates a local C' flow we denote by @,; by modifying ¢
outside some neighborhood of 0 we can make ¢ global.

We assume that the spectrum of 4, o(4), is disjoint from the
imaginary axis and the line Re A= —f. Then we have

a(A)=A4, 04,0 A4,
where
Ay = {Aea(4):Re i>0},

A,={lec(4):0>Re 1> —f},

A;={lec(4):Re i< —f}.
By P, and Y,, i=1, 2,3, we denote the spectral projection corresponding
to 4, and its image, respectively, and we write 4,:=A4|,,. For yeY we

write y,=P,y, F(y)=P,F(y), i=1, 2, 3. Adopting these notations we can
write (2.1) equivalently as

yi+Aiyi=Fi(y1ay2’y3)a i=1,2,3. (2.2)

It is well known that a scalar product (-, -> can be chosen in Y in such
a way that the projections P; are orthogonal and that for suitable 6 >0,
O<y<f—0, we have

<y Ay zyinl? (2.3)
—(ﬁ*5)|y2|2\<y2aAzJ’2> —VU’2!2 (24)
Y3, A3 y3) < —(B+8)|ys)° (2.5)
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where the norm |[.| is generated by this scalar product. This follows, e.g.,
from Palis and de Melo (1980, Corollary to Theorem 2.5, Chap. 2).

The formulation of the main proposition of this section as well as
some of the arguments become more transparent after a coordinate change
which places certain local invariant manifolds through 0 into coordinate
planes. Those are

(i) the unstable manifold W*(0) which is C* and tangent to Y,
at 0,

(ii) the stable manifold W*(0) which is C' and tangent to Y,+ Y,
at 0,

(iii) a locally invariant C' manifold ¥ which is tangent to Y, + Y,
at 0, and

(iv) the invariant manifold W which is tangent to Y, at 0.

While the existence of the unstable and stable manifolds is standard
(Hartman, 1964; Palis and de Melo, 1980) and the existence of W is
established, e.g., by Hartman (1964) (cf. also Brunovsky and Fiedler,
1986), the existence of V' does not seem to appear in this immediate form
in the literature. After truncating the nonlinearity (in a way which is well
known from the proofs of the center-unstable manifold theorems), it
follows immediately from Chow and Lu, (1988). Alternatively, ¥ can be
obtained from general theorems establishing invariant manifolds for flows
which admit splitting of the state variable into two components such that
one component of the difference of two trajectories has a strictly larger
exponential decay rate than the other one (Kurzweil, 1970).

We note that while W*(0), W*(0), and W are uniquely defined, V is
not. Neverthless, it does have to contain W*(0). Unlike W*(0), W*(0), and
W, in general, it may not be smoother than C* no matter what the order
of smoothness of F is.

Since the manifolds W*(0), W*(0), V, W are tangent to Y, Y, + Y3,
Y, +7Y,, Y,, respectively, and since W< W*(0), W*(0) <V, there exists a
local C! coordinate transformation x = @(y) with &(0)=0, DPH(0)=id,
which places W*(0), W*(0), ¥V, Winto Y, Y,+Y;, Y, +Y,, Y,, respec-
tively. We work in this new coordinate system. Because of the lack of
higher smoothness of &, some care is needed, however. Although &
conjugates @, with a C! flow ¢, in the x-space (by ¢,=®o(p,- D), the
vector field x> Ax + F(x), F(x)=D®(P'(x)) F(®!(x)) that generates
@, may not be smoother than C° any more (Palis and de Melo, 1980). For
this reason we have to avoid the differential equation in some of our
arguments and work directly with the flow instead. This complication turns
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out to be minor and outweighed by better transparence of the statement
and arguments in the new coordinates.
Since D@(0) is the identity we have

Do, (0)=D@,(0)=e*  forallt
Hence, we have

0(x)=e""x + R(t, x) ' (2.6)
where R is C',

R(:,0)=0 and ID_R(t, x)| < L{|x]) 2.7
for 0<t<1 and |x| sufficiently small, L: R™ - R™" satisfying

lim L(5)=0. (2.8)

n—0

In addition, since ¢, leaves Y, Y, +7Y,, Y,+Y;, and Y, invariant, we
have

Ry(t, x,,0,0)=0, Rs(t, xy, x,,0)=0, (2.9)
Rl(ts 0’ x29x3)=0: R2(ts 07 0’ X3)=0, (2'10)

in some neighborhood of 0, where R;:=P,Rfor j=1,2,3.
Of course, when addressing the differential equation

X=Ax+ F(x) (2.11)
generating ¢,, we cannot assume F is C' any more but we still have
|F(x)| < L(Ix]) {x], (2.12)

with L possibly larger but still satisfying (2.8).
Denote

() = {x:|x;| =n, |x\| <n},
P = {xe I (n): |xsl <n},
Ip(n) = (P, + Py) I'(n),
Q)= {x: |x,| <n, x| <n}.
For a given subset 2 of ¥ denote
D) :={p(x):1>0,xeX},
P,(2):={o(x)xeXZ, t>0,p,(x)eQ(n)for0<s<1}.
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Below we frequently deal with manifolds which are positively invariant
and locally negatively invariant. We call them briefly PLN-invariant.

2.1. Proposition
Let # be a PLN-invariant manifold for ¢, of dimension dim(Y, + Y,).
Assume the following for some n >0 sufficiently small:

(i) U=(Pi+P,)&nI(n) is an open subset of I,(n),
UnY,#.

(ii) There is an open neighborhood Bof Uin Y, + Y, and a C* func-
tion g: B— Y, such that 2 =% I'(n)=_grapho|, and

lo(xy, x2)| <, (2.13)
lo(x1, x5) — o (], X5 < [xy = X3 + %5 — X3, (2.14)
Jor (xy, %), (xi, x3)€B.
(iii) RBNQM)=d,(2)
(iv) DI (n)NR)=DUT(n,)) "R for 0<n,<n.
(v) ZnW"0)=.
Then, R extends to a C* PLN-invariant manifold M = R L ®(D) con-

taining W*(0), where D is a locally invariant open disk of dimension
dim(Y,+ Y,) such that Oe D.

The proof requires several preparatory lemmas. Observe that because
of Lemma A.1 (ii) we have |P;x| <2y provided xe ®,(2) and >0 is
sufficiently small.

2.2. Lemma

For n>0 sufficiently small let U< TI',(n) and let B be an open
neighborhood of U in Y, +Y,. Let 0: B— X; be C' and satisfy (2.13),
(2.14) for each (xi,x;), (xi,x3)eB. Then, (P;+P,)®,(2), where
X :=0o(U), is an open subset of Y+ Y, and there exists a C' function
s: (P, +P,) ®,(X) > X; such that

(i) @,(2)=graphs;
(ii) for each ¢ >0 there exists a 8 >0 such that

ls(xy, x5)| <é& |xs, (2.15)
[s'(x1, x2) <&, (2.16)
Is(xy, x2) — s(x7, x5)| <e(]x) — x| +|x2— x3]), (2.17)

provided |x,|, | x5 < ;
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(iii) s extends to a C' function in a neighborhood of each point
(X1, x;) € (P14 Py) @, (2N Y.

Proof
By (2.13), (2.14), and (2.11), for xe X' we have

(Xpy Ayxy + Fo(x) ) < =y 13507+ %o [Fa(x)I < (= +Ln)n*<0  (2.18)

provided 7 is so small that L(n)<y. The inequality (2.18) means that the
tangent vector to the trajectory of xeX at x is not contained in 7,2
Therefore, ¢(X) and @,(X) [as an open subset of &(X)] are C' sub-
manifolds of ¥ and

dim ®,(Z) = dim &(2) = dim(Y, + Y,). (2.19)

We prove that for >0 sufficiently small, @,(2) is a graph over its
(P, + P,)-projection, ie., that for any (x;,x,)e(P,+P,)®,(L), there
exists a unique x; € Y, such that (x,, x,, x3) € @,(2).

The proof is indirect. Assume that for some (x,, x,) there exist x;, x5
such that both x:=(x;,x,, x3)e®,(X) and x :=(x, x,, x3)€ D, (X).
Then there are £ # &' €2 and ¢, > 0 such that x=¢,, (&) and x" = ¢ (&'}
By Lemma A.5, for sufficiently small >0,

!P3((p‘r+s(z) - Q’:(Z')] |(P1 + PZ)(¢T+:(Z) - qu(Z,)l -
is bounded for s = 0 by some constant ¢>0. For s=¢ we obtain
0+ |x; — x5} ellxy —xi] + [x; — x3]) =0, (2.20)

with x, ;== x}, x, :=Xx}, a contradiction.

For (x;,x,)e(P+ P,)®,(2) we can now define s(x,, x,) as the
unique x; such that (x,, x,, x;)€ @,(X). By the implicit function theorem,
s is C' if and only if (P, + P,)] oz 18 @ local diffeomorphism at each
xe€ ®,(X). Because of (2.19) this is equivalent to

(Pi+P,)y#0 forany 0#yeT ®,(Z).

This, however, follows immediately from (2.20) if we let x| - x;, x, = x,.

To prove (ii) we first show that there exists a function T:RT - R™*
such that 7(6) —» o for 8 >0 and ¢> T(d) as soon as xed, (), [x,] <9,
xe@(X).
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Indeed, assume that this is not the case. Then there exists a sequence
of points x*e®, (2) such that x§—-0 and x*=¢, (&), 1, > * <o,
&k 5 ¢*e X, By continuity we have P,(@,.(x*)=0, which contradicts
Corollary A.2.

Define k(z) and A4(z) by (A.6) and (A.35), respectively. From
Lemma A.1 (iv), and Lemma A.5 it follows, respectively, that there exists a
T> 0 such that

k(t)<e, A(t)<e for =T (2.21)

Let >0 be so small that 7(3)> 7. Then (2.21) means that (2.15) and
(2.17) are satisfied for |x,|, |x5] <d; (2.16) follows immediately from (2.17)
for |x;—xj| =0 for j=1, 2. This completes the proof of (ii).

To prove (iii) we first show

B, (Z\Y, S D,,(5). , (2.22)

Indeed, let {x"} > x, x"=¢, ("), ("€ X, and x¢ Y, ie, x, #0. Then {z,}
is bounded by Lemma A.1 (iii) and, therefore, we may assume ¢" — e %,
t, 1< 0. By continuity of ¢, we have ¢,(&)=x, [(P+ P,) p(&)] <2y
for 0 <s<t, hence x € &,,(2).

Because of (2.20), to obtain an extension of s to a neighborhood of
(P, +P,)x, we repeat its construction with U replaced by some
neighborhood of U in the sphere |x,/=# and Q(y) replaced by
{x:1x1] <2n, |xsl <n}. 1

Let now U, 5, 6, and s be as in Lemma22 Extend s to
(P, + P,) @,(X)n Y, by defining s(x;, 0)=0 for (x,, 0)e (P, + P,) D,(2).
By Lemma 2.2 (iii), at each point (x;, x,)e (P, +P,) ®,(Z)\Y,, 5 is a
restriction of a C' function defined in some neighborhood of (x;, x,).
Therefore, s satisfies the hypotheses of the Whitney C' extension theorem
(Abraham and Robbin, 1967) at each such (x;,x,). The estimates
(2.15)(2.17) of Lemma 2.2 mean that these hypotheses are satisfied at
points of (P, + P,) @,(2)n Y, as well with 0 as the candidate for 5'(x, 0).
Applying the Whitney extension theorem we obtain the following.

2.3. Corollary

Let the assumptions of Lemma 2.2 be satisfied. Then s extends to a C'
function § on Y|+ Y, such that §(x;,0)=0, §(x,,0)=0 if (x;,0)€
(P,+P)0,(2)nY,.

Combining Lemma 2.2 and Corollary 2.3 we obtain the following.
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2.4. Lemma

Let X, n, 0, U, B, and § be as in Lemma 2.2 and Corollary 2.3. Assume
(Y,+ Y5)nU# . Then there exists a 0<n,<n such that 6y :=5|r,q,
extends to a C* function s,: Y|+ Y, — Us; such that

graph s, N Q(n,)= @nl(graph o)V (Y nQ(ny)

is a locally invariant manifold of ¢, containing (@,(2)u Y,) N Q(n,).

Proof

Since locally Y,+ Y= W?*0), for xeUn(Y,+7,;)#0 we have
lim,_, , ¢,(x)=0, which implies 0e®,(X). By Corollary2.3 we have
§(0, 0) =0, §(0, 0)=0. Thus, for , < n sufficiently small the function ¢, :=
51y + Py) rinyy admits a C! extension to a neighborhood of (P, + P,) I'(n,)
satisfying (2.13), (2.14) with # replaced by #»; and U :=(P,+ P,) I(n;)
Also, by its definition, ¢, admits a C' extension to a neighborhood of U.
Applying Lemma 2.2 (i) to o, instead of o allows us to define s;:
(P,+P,)®,(X)> Y, by graph s,:=@,(2;), where X, :=grapho,.
Extend s, to Y;nQ,(n,) by defining s(x,,0):=0. Near any point of
(Py+P,) @, (2,)\Y,, s, is a restriction of a C' function by Lemma 2.2
(iii) (applied to o¢,), while at any point of ¥, nQ(y,), s; satisfies the
assumptions of the Whitney C' extension theorem because of Lemma 2.2
(ii) (applied to a,). Therefore, s, extends to a C' function on Y, + Y.

Trivially, both &, (2',) and Y, nQ(,) are locally invariant and their
union contains (¢,(X) N @, (X)) v (Y, nQ(n,)). Thus, all that remains to
be proved is

(P14 P5) D, (21)= (P + Py) QI N\ Y. (223)

Since the restriction of P, + P, to @, (X2,) is a local isomorphism,
(P, + P,) @,,(2,)is open in (P, + P,) Q(n,)\Y,. To prove (2.23) we show:
that it is also closed in (P; + P,) Q(n,).

Let (x4, x,)e(Pi+P,)2(n,) and x,#0. Assume that there are
sequences &, eX, & —>¢eX;, 1,20 such that ¢, (&)ed, (X;) and
(Pi+ P2) 0, (Ex) = (x4, X3).

Since x,#0, from Lemma A.1 (iii) it follows that {z,} is bounded.
Therefore, we may assume that 7, —t*>0. By continuity we have
(X1, X3) = (Py + Py) ¢o(§) € B,(2), hence ¢,.(¢) € B,(Z,) by
Lemma A.1 (ii). This completes the proof. §
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Proof of Proposition 2.1

All the hypotheses of Lemmas 2.2 and 2.4 and Corollary 2.3 being met,
define s, as in Lemma 2.4, Denote

M =R O D(graph s, » Q(n,)). (2.24)

The PLN-invariance of .# follows immediately from its definition and the
PLN-invariance of #. By Lemma 2.4 we have

®(graph s; N Q(1,)) 2D(Y, N Q(n,)) = W*(0).

It remains to be proved that .# is a manifold.
Since graph o, < I'(n,), applying consequently Lemma 2.4, hypotheses
(v), (iv), (iii), and Lemma 2.4 again we obtain

R D(graph s, N 2(n,))
=RND(D, (2))=RND(I[(n,))nP(L)
=DRNT(n))N P )=D(RENQLM) T (1)) N D(2;)

=P(D,(2)NT(n)) 0 B(2)) = B(D,(2) N T (n,)).

By (2.18), the trajectories of ¢, cross [I(yn,) transversally, hence
D(D,(2)NI(n,))=RD(graphs; nQ(n,)) is a submanifold of Y of
dimension dim Y, +dim Y,. Since both # and ®(graph s, n 2(5,)) are sub-
manifolds of ¥ of the same dimension, so is .# = @(graph s, " Q(n,)) v #. |

2.5. Remark

When introducing the invariant manifold ¥ which is tangent to
Y, + Y, at 0, we have mentioned that it is not unique. Proposition 2.1 gives
a method to construct additional manifolds tangent to Y,+ Y, at 0
provided one of such manifolds is known (in our case the latter is represen-
ted by the manifold which we have placed to the Y, + Y,-plane by our
coordinate transform). If one takes n >0 sufficiently small, defines U :=
I'n)n(Y;+7Y,) in Proposition 2.1 (and Lemma 2.4), and chooses a
function ¢: U — Y, satisfying the estimates (2.13) and (2.14), then there is
a unique invariant manifold tangent to Y, + Y, and containing graph o.
Note that the right-hand sides of (2.13) and (2.14) can be replaced by pn
and g, respectively, p >0 and g > 0 arbitrary.
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3. PROOF OF THEOREM 1.1

Recall that we denote
N =max i(w); (3.1)

weFE

by |-| we denote the norm of X. Also, recall the notation introduced before
Theorem 1.1. We start our proof by preparatory lemmas. Their proofs are
heavily dependent on the papers (Brunovsky and Fiedler, 1986, 1988,
1989). Therefore, we have to introduce some notation used there.

By the zero number of a continuous function v # 0 on [0, 1], denoted
by z(v), we understand the number of its strict sign changes (Brunovsky et
al., 1986, 1988, 1989). We denote

Z,={vekE:z(v)=norv=0}
if f/(0)=0, nis even and i{(0)=n or n+ 1 and
Z, ={veE:z(v)=n}

otherwise (Brunovsky and Fiedler, 1989, pp. 6, 11). Further, for an
interval 7= R, we denote

ElI={veE:v'(0)el}.

As Brunovsky and Fiedler, (1989), we order the elements of E by their
initial slope v'(0) and we use freely the terminology above, below, maximal,
neighbor, etc., relatively to this ordering.

3.1. Lemma

For all v, #v,€ E one has z(v,—v,) < N.

Proof

Without loss of generality assume
v1(0)>0,  |v3(0)] <v3(0), (32)

[if »1(0)<0 and [v5(0)| <vy(0), replace f(u) by —f(—u)]. Then by
Brunovsky and Fiedler (1989, Lemma 4.2) we have

z(vy —vy) = z(vy). (3.3)
Further, we have
N—1<max z(w)<N. (3.4)

we E
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This follows from Brunovsky and Fiedler (1988, Lemma 5.1) or Brunovsky
and Fiedler (1989, Lemma 2.1), according to which for 0 # we E we have

i(w)e {z(w), z(w) + 1} (3.5)
Suppose now z(v, —v,) = N. Then, from (3.3) and (3.4) it follows that
z(v,)=z(v, —v,)=N. ’ (3.6)

From (3.1) and (3.5) it follows that
i(v;)=N. (3.7)

We complete the proof by showing that the existence of v,, v, such that
(3.2), (3.6), and (3.7) hold simultaneously is contradictory.
We start the proof by showing

E(0,v1(0)) =& (3.8)
First, we prove
E0,vi(ONNZy=. (3.9)

Suppose that this is not true and denote Ww the maximal element of
E(0,v1(0))n Z,. Then, w is the neighbor of v, in Z, and v(0) w'(0)> 0.
Thus, i(w)#i(v,) by Brunovsky and Fiedler (1988, Lemma 2.2). Since
iw)e {z(w), zw)+1}={N,N+1}, by (34) we have i(w)> N, which
contradicts (3.1).

Knowing (3.9), from Brunovsky and Fiedler [1989, Lemma 2.2(i)],
we conclude Z, n E(0, v{(0))= J also for k< N. Since Z, n E(0, v1(0) =&
for k> N by (3.4), this proves (3.8).

From (3.8) it follows v, € E[ —v{(0), 0]. In order to show that this is
impossible we distinguish two cases:

(a) Nodd, (b) Neven.

In case (a) it follows from (3.2) that v,(x) :=v (1 — x) is the maximal
element of E(—00,0)nZy. Indeed, since &1(0)= —v3(0), if
we E(—v1(0),0)nZ,, then we E(0, v{(0)), which contradicts (3.8) (cf.
also Brunovsky and Fiedler (1989, Lemma 2.5).

From Brunovsky and Fiedler (1989, Lemma 2.4) it follows that
E(v1(0), v1(0))# &. Since i(v,)=iv,)=2z(v,)=2z(v{) by symmetry, we
have [E(—v7(0),0)u(0,21(0))]nZ,=& for k<N by Brunovsky and
Fiedler [1989, Lemma 2.6(i, )]. Therefore, v3(0)=0. By Brunovsky and
Fiedler (1989, Lemma 2.3), this is possible only if f(0)=0 and v, =0 and
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can be excluded by the perturbation argument used at the end of the proof
of Brunovsky and Fiedler (1986, Theorem 1.5). In case (b), —vi(0)<
v5(0)<0 and E(0,v}(0))=F implies that the maximal element w of
E(— o0, v}(0)) satisfies —v7(0)<w'(0)<0. If w'(0) <0, by Brunovsky and
Fiedler (1989, Lemma 2.4) and (3.7) we have z(w)=N—1. Since N—1 is
odd, w(x) :==w(l —x)e E, 0 <w'(0)<v{0), a contradiction to (3.8). There-
fore, w(0)=0 which can again be excluded by the perturbation argument
mentioned in case (a). |

3.2. Lemma

For every u, #u,e o/ one has z(u, — u,) < N.

Proof

From (1.3) it follows that u, € W*(v,), u, € W*(v,) for some v, v,€ E.
We distinguish two cases:

(a) vy #v,, (b) vy =v,.
Case (a)

Since S(u;)—>v;, j=1,2 and r— —o0, in H,nH{ and since (by
Brunovsky and Fiedler, 1989, Lemma 3.2) v, — v, has simple zeros, for ¢
near —oo we have z(S,(u;)— S,(u,))=z(v;—v,). Since by Lemma 3.1
z(v; —v,) <N and since z(S[ u;)— S,(u,)) does not increase with time
(Brunovsky and Fiedler, 1989), z(u, —u,) < N.

Case (b)
Denote v:=v,=v, and y(t, x):=S,(u,)(x) — S,(u,}(x). The function
¥(t, x) solves the linear equation :
Vo= yotalt, x)y (3.10)
with the boundary conditions
y(ta0)=y(t’ 1)=0,
where
1
alt,x)= | /(1= 8) S,u)(x) + 9 (u,)) d.
We have
lim y(£)=0 and lim a(t, x)= f'(v(x)) 3.11)

= —o - —

uniformly in x.
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Since y(t) # 0, by Henry (1985), it follows from (3.11) that
lim (1) [9(0)] ' = 14,(0)

[#;(v) defined in Section 1] for some 0<;j<N. This implies z(y(z))=
z(¢;)=j<N for t near —oo and, since z(y(¢)) does not increase with ¢,
also z(p(0))=z(u; —u,)<N. |

3.3. Proposition
For any ve E, o/ is the graph of a function h: PJ(v) — X y(v).

Proof

The statement of the lemma is equivalent to: v =u" whenever u, u' € .o/
and u—u'eX y(v). Since by Atkinson (1964, Exercise 2, p. 549), z(u—u') 2 N
if 0£u—u'eXy(v), we have u=u' by Lemma 3.2. |

3.4. Remarks

(1) The argument used to prove Proposition 3.3 remains valid if X,
Xy are replaced by any two subspaces Y, Z such that dim Y=N,
Y®Z=X, YnZ={0} and

z(u)=z N forall weZ. (3.12)

In particular, by Atkinson (1964, Exercise 2, p. 549), (3.12) holds if Z
is the subspace spanned by all the eigenfunctions except of the first N ones
of any Sturm-Liouville problem and Y is any complement of Z.

(2) By a straightforward modification of the proofs of Lemma 3.2
and Proposition 3.3, one can prove that for any ve E, i(v)=n, W) is a
graph of a function #4: Pg(v) W*(v) » X,(v). This property of W*(v) has
been conjectured and proved for finite dimensional approximations of
(1.1), (1.2) by Fusco (1987).

3.5. Lemma

For each veE there exists a q>0 such that for any two points
wy, W, €, one has

[Py (0)(wy —w))| < g |Pg(v)(w; —w))l. (3.13)
In other words, the function h of Lemma 3.3 is globally Lipschitz.

Proof

It follows from Chow and Lu (1988) and Foias ez al. (1986) that for
a given veE, there exists an M >N and a C' M-dimensional PLN-
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invariant submanifold .# of X (called inertial manifold) such that o/ < .#.
For any chosen v € E, the manifold .# is a graph of a globally Lipschitz C*
function g: U — X,,(v), where U is an open subset of X(v).

Assume that ¢ does not exist. Then, since ./ and the unit sphere in
X{'(v) are compact, there exist sequences {w/}, {w5} such that wf—w¥,
wreo for j=1,2, PY(wh—wh)|Py(wi—wh)| 1>y, |y/=1 and
[Py (XX —wE) [ PY(wh —wk)| ' >k (here and below in this proof we drop
the argument v at the projection operators and their images).

Note that

Py(wi—w3)=PY(w{—w3)+ Py(wi—w3)

= PY(wi—w5)+ g(PY'wt)— g(Piwh),
hence

[Py (W — w3 <IPY(wi—w)l + 1[Pg/(wi — w3,

where 1 is the Lipschitz constant of g. Thus,

| PHOE— W] [PA(wE—wh)l  IP(wE—wh)
[P (Wi —wi)l ~ IPF(wi—w5)l [Py (wi—w3)]
h 1 RO
| P3O —w3)|
or
| P (w5 — wk] 1
lpg(wk‘_wﬁ)l/lﬂ(k—l)—»oo for k- 0.
1 2
Consequently,

Pyl tim PSSR PN — )
8] - ~
ko [ PYWE—WE)] S inoe [P (W —wh)

=0

which means ye X ).
We have

[P OwE =) (= wh)
= [P = W) TP — )+ g(PY(w)) — g(P(wA))
=+ [ = ot 0wy 0y | B - Pt
1
=+ [ epra ot onn v [ry,

where lim, _ ¢, =0.
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We have ye X3/ (v), [§ g (PY(1—0)wi + 0w¥) dfy e X,,(v), hence
pY [1+j01 g (PH((1—B)w¥ + Ow¥) d@Jy=o,
and therefore,
z <[l+ jol g (PM((1—0)w¥ + 6w}) dO] y> >N

by Atkinson (1964, Exercise 2, p. 549).
The zero number is lower semicontinuous on X, hence for sufficiently
large k£ we have

zwk—wh = N

This contradicts Lemma 3.2. ||

2.6. Corollary

For each ve E there exists a ¢ >0 such that

[Py(v) I <q|PF(v) ¥l
for any ye T,W*(w), ue W*w), weE.

Indeed, since W*(w)c< o/, we have for any C' curve y: [0, g,) —
W (w), y(0)=u, y'(0)=ye T ,W*(w)

[Py ()] =lim 1/ [Py(3(e) — 7(0)

<q lim 1/e] Pg(y(e) = 7(0)] = ¢ | P5(v) yl.

Proof of Theorem 1.1

By Proposition 3.3, for any chosen ve E the set o/ is a graph of a
function h: PY(v)o/ = Xy. Also, from Corollary 3.6 it follows that 4 is C!
“on each PJ(W*(w)), weE. It remains to be proved that there exists a
PLN-invariant C! manifold .4 of dimension N containing .«/. Since &7 is
a compact attractor, it is obvious that 4" can be restricted in such a way
that it will preserve its invariance properties, contain .7, and be a graph of
a C! extension of 4.

The manifold .4 will be constructed by induction. Let us order the
equilibria into a sequenbce wy,..., w, in such a way that i(w;) = i(w,) if j<k.
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We construct a sequence {.4;} of C" locally invariant manifolds of dimen-
sion N such that .#;,, extends an open submanifold of .4} and

=) Wi(w,)c A,
v J
Then, 4, will be a locally invariant manifold of dimension N containing A4.
Denote

Joi=max{j:i(w;) =n}.

We define

K= ) Ww)).

JN
1<j<jn

For a given j> jy denote n:=i(w;) and assume that .4/ ; has been
constructed to contain |J, <., ; W*(w,). To complete the induction step
we extend an open submanifold of .#; , containing & , to a PLN-
invariant manifold .#; containing W*(w;,).

To this end we employ Proposition 2.1. First we note that the inertial
manifold theorem of Chow and Lu (1988) and Foias et al. (1986) allows
us to reduce the extension step to one for finite dimensional systems. As
mentioned in the proof of Lemma 3.5, [8, 9, 20] provide for an M < N-
dimensional PLN-invariant manifold .# which can be expressed by .# .=
graph g, where g: Q0 — X,,(w,) is C' and Q is an open subset of X (w)
containing P{(w,)(/). The semiflow induces a local flow ¢, on Q by

@ (u)=P{(w,) S (u+ g(u)).

To simplify the formulations we extend ¢, to a global flow on X’ (w;) by
modifying it outside some neighborhood of P;/(w;).«/ if necessary.

Since &/ < .4, in particular, we have W*(w,) = .# for all v. Therefore,
we may add A,_,<.# to our induction hypotheses. In addition, we
assume that

A=) oD, (3.14)

v< j

where D, is a locally invariant open disk of dimension N containing a
neighborhood of w, in W*(w,). From the construction of A it is seen
immediately that it also lies in .# and satisfies (3.14) with j— 1 replaced
by j.

We now introduce some notation to match that of Proposition 2.1.
First, we note that the spectrum A of the operator L of the linearized

865/2/3-5
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problem (1.4) for v:=w; [defined by (Ly)(x)=y"(x)+ f'(v(x)) y(x) for
ye Hyn H*] admits a partition 4 U d,, A=A, 04,0 A;, where
Ay i={ =AWy —hn (W)}, Ay i={ =4, (W), —Ay_ (W)}, A3:=
{—=An(W))ssy —Apr _1(w))}, and A, := {4,,,..}. The corresponding splitting
of Yi=X¢!(w) is Y=Y ,@Y,®Y,, where Y, :=X3(w,), Y,:=X(w,),
and Y3 :=X5(w;). Then for 4, :=L|,, (2.3)-(2.5) are satisfied with

y <min{{4,_;(w;)l, [4.(w;) },
B=172(4n-1(w)) + Ax(w))),
0<8<1/20hn(w)) = An_1(w))-

As in Section 2 we introduce coordinates x=(x;, x,, x;) in such a
way that x(w;) =0 and the manifolds W*(w;), W*(w;), V, and W (the latter
two introduced in Section 2) locally at O coincide with Y,, Y,+ Y,
Y, +Y,, and Y;; by P, we denote the orthogonal projection Y — Y,
Jj=1,2,3. We do not distinguish between A4;_,, &_, ¢,, etc,, and their
representations in the x-coordinates. Then, ¢, is generated by the differen-
tial equation (2.11) and satisfies (2.6), with R satisfying (2.7)-(2.10). It is
then sufficient to construct .4} as a submanifold of the x-space.

As the manifold £ of Proposition 2.1 we take a suitable restriction of
A, of the form (3.14) (with D, possibly replaced by their open subdisks)
which contains ./ _,. Below, we prove that .# can be chosen to satisfy the
hypotheses of Proposition 2.1. The PLN-invariant manifold R which is
provided by Proposition 2.1 is of the form (3.14) and contains both # and
W*(0). Trivially, .# < ./ . Therefore, we can take it for .4#;. This completes
the induction step and, thus, also the proof of the theorem.

It remains to be verified that the requirements of Proposition 2.1 can
be met by a suitable choice of 4.

By Lemma 3.5 we have o/ = graph h, where h: (P, + P,) o/ — Y, is C*
and satisfies

Ay, x5) = h(xy, x5)l < g(1x — X4 ]+ [x; — x3])

for some ¢ >0 and any (x,, x;), (x1, x3) € (P, + P,)<; by rescaling Y5 we
can achieve g<1/4. Since o/ is compact it follows that there is a
neighborhood C of &/ such that

|23 = x5 < (1/2)(1x — x4 + [x3— x3]) (3.15)
for any x, x' e(N;,_ 0 L) C.

The set .o/, being the maximal compact attractor, is Lyapunov stable,
ie, for any neighborhood Q of </ there is a neighborhood R of & such
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that &(R)< Q. In particular, by posmbly restricting the disks D, we can
make % :=J,_ ,P(D,) to satisfy cl#<C. Then (3.15) holds for all
x,x'eRuA.

By Henry [1985, Properties (5) and (1), p. 191], Oecl W*(w,) for
some v implies W*(w,)~ W*(0)# 0, the intersection being transversal by
Henry (1985, Theorem 7). Since W*(0) coincides with Y, locally at 0, for
sufficiently small # >0 we have

Ww)INT(n)nY,# if Oecl W*(w,), (3.16)

Wuw,)n 0= if Oécl WHw,). (3.17)

Since i(w,) 2 i(0) for v <, from (1, Theorem 7) and (3.16), it follows that
O (L - )#D (3.18)

for #>0 small.
By Henry (1985, Property (5, p. 191), w, ¢ W*(w;) for v < j. Therefore,
by possibly restricting D, we can achieve

U D,n (Q(nyu WH(w,)) = (3.19)

v j

for # > 0 sufficiently small.
Let #>0 be so small that (3.17) and (3.19) hold. To complete the
proof we distinguish two cases:

(a) Oecls |, (b) O¢clof_,

Case (a)

By (3.17) we have I'(n)n & n Y, # J; because of (3.16), (3.17), by
possibly restricting D, further, we can achieve that

&D,)cl Qn)=F  if 0écl W w,) (3.20)

provided >0 is sufficiently small. Then since (3.15) holds for all
x, x'€e #U .o, and since 0 e .o/, we have

X3 =[x =0l < (1/2)(1xal + |x5])  for xec Q)N & (3.21)

Take open subdisks G, of D, containing w, such that G, D,, v<j,
and denote Z:=),.; P(G,), U:=(P+ P,)Z~I(n). Then there is a
neighborhood B of U in Y, + Y, such that B< (P, + P)# and, therefore,
we can define ¢ :=h|,. By (3.15) and (3.21), %, U, B, and o satisfy
hypotheses (i) and (ii) of Proposition 2.1; by (3.19), hypothesis (v) is
satisfied as well.
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To verify hypothesis (iv) we first note that from &(#)= 2 it follows
D(I'(n) N Ry D(I(n,)) N A (3.22)

The opposite inclusion follows from the fact that S, and, consequently, also
¢, is gradient-like, ie., there is a scalar function ¥ on Y which decreases
strictly along nonconstant trajectories (Henry, 1981).

Indeed, let xe &, x=¢,(&), £€I'(n,), t = 0. By definition of # we have
x=¢,(&') for some ' =0, £eD,, v<j; by (3.17) we have

WH(w,) A W¥(0) £0. (3.23)

Since V' decreases along nonconstant trajectories, from (3.22) it follows
V(0)< V(w,). If #>0, D, are chosen sufficiently small it follows that
V(x")< V(x") for all x'eI'(n), x"eD,, hence V(&)< V(&'), from which it
follows that ¢ —¢>0. This means (e D(R)NIT(n)=2RnT(y,) and
x=0¢[(,)e D(R N I(n,)). This completes the verification of hypothesis (iv).

It remains to verify hypothesis (iii). From (3.22) and the definition of
2 it follows that

ROQn)=D,(Z) 0D, (R N A(n)), (3.24)

where A4(n) 1= {x: x| =1, |x,|<n, |x3| <n}. For xed(n), x(t):=¢,(x)
we have

(1/2)d/dt|x,1?|, o= A1 xy - x> + {Fy(x), x; )
> [yn*—L(n)1n >0,

provided 5 >0 is sufficiently small. This proves @,(4(n))= and, by
(3.17), verifies hypothesis (iii).

Case (b)

By assumption it follows from (3.17) and (3.18) that we can restrict
the disks D, in such a way that, for sufficiently small #>0, we have
OM)N%=@. For such n>0 we can chose Ui=I(n), s:T(n)— Y,
arbitrarily satisfying (2.13), (2.14) and # :=% U @(_e «)(graph o) for some
¢ >0 sufficiently small. This choice of # obviously satisfies the hypotheses
of Proposition 2.1 | ’

APPENDIX

In this Appendix we prove several technical lemmas which are needed
in Section 2.
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We consider the differential equation
X, =Ax;+ Fix), =123 (A.1)

on Y=Y,+4+ Y,+ Y, from Section 2 in the transformed coordinates. That
is, we assume that A4, satisfy (2.3)-(2.5), F, are continuous and satisfy {2.6),
and (A.1) generates a unique flow ¢, which can be represented by

0,(x)=e""x+ R(t, x)

with x :=(x,, x,, x5) and R :=(R,, R,, R;) being C' and satisfying (2.9)
and (2.10). As in Section 2, by P; and R; we denote the orthogonal projec-
tion ¥ — ¥, and P, R, respectively, j=1, 2, 3.

Note that (2.3)—(2.5) imply

le =4 e, (A.2)
le?ige™,  Jem M e (A.3)
e e~ P o (A4)

for ¢t =0, respectively.
Recall the definitions of I'(), Q(y), and I'(y) from Section2 and
denote

Q(n) == {xeQ(n): Ix;| <n}.
For given 5 > 0 define

p(t)=sup{|(P,+ P3) ¢,(x)| xe Q(n) L [(n), p(x)e Qn) for 0< s <1},

(A.5)
k(t)=sup {% xXe F(q),;gps(x) en)for0<s< t}. (A.6)
A.l. Lemma
For n >0 sufficiently small we have the following.
(i) If xe[(n)nQ(y) and 0(x)eQ(n) for 0<s<1, then
|P3x(t)] < 21. (A.7)

(ii) If xecl I(n), o, (x)eQ(n) for O<s<1t and |P,o(x)| =1, then
|Pyx(t+ )| >n for ©> 0 sufficiently small.

(iii) lim,_ . p(t)=0.

(iv) |k(¢)] <2 for 120 and

lim k(f)=0. (A.8)

t— 0
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To simplify the formulations in the proofs in this Appendix, once we
consider ¢,x) for some r>0 we automatically will assume that
@ (x)ecl Q(n) for 0 <s < ¢ without explicitly saying so. In other words, we
restrict @, to the (local) flow in cl 2(n). Once we prove Lemma A.1(i) it
allows us, in addition, to restrict @, to () U I'(#). This does not concern
the formulations of the results, which are given in full.

Proof

(i) For xel(n)uR(n), n sufficiently small and 0< <1 it follows
from (2.9) and (2.10) that

|R2(2, X1, X2, X3)| S L(n)(1x5] + [ x5]), (A.9)
|Ry(2, %1, x5, x3)| < L(n) |x4], (A.10)
IR (L, X1, X2, X3)| < L(n) |x3]. (A.11)

Denote x(t) :=¢,(x). If [x3(¢)] =#, from (2.5) and (2.12), it follows
that

(1/2)d|x3(2)]*/dt = {x5(2), A3 x5(2) + Fs(x(1)) >
< —(B+0)n*+ Lnn*<0 (A.12)

provided # is so small that L() <+ 4. This proves (A.7).
(ii) If # is so small that (i) holds, by (2.3) and (2.11) we have

1/2d |x,(1)]*/dt = {x4(1), Ax (1) + F1(x(2)) > = yn* = n°L(n) >0,

provided 5 >0 is so small that L(n)<y. This proves (ii).

(iii) Let #>0 be so small that (i) holds. Then |x,(r)| <2y for
j=1,2,3, and by (A.9) we have

|x2(2+ 1)l < (e77+ L(n)) 1x2(0)] + L(n) |x5(1)1,
[x3(t+ 1) < (e= P2+ L(n)) 1x35(1)],

hence
lxa(7+ D)+ [x3(2 4+ 1) < (e77 + 2L(n))(|x2(2)] + [x5(2)]). (A.13)

Let #>0 be so small that a:=e 7+42L(n)<1. Applying (A.13) to
t=0,1,.,n—1, we obtain

|x2(n)] + 1x3(n)| < 2a™n.
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If n:=[t], the integer part of 1, we have

()] + 13(0)] < e 7777 [xy(m)] + Ln)(1x2(n)] + x5(n)])
+e” PO xy(n)] + Lin) |x3(n)]
< (1+2L(2n))(Ix,(m)] + |x3(n)]) < 2(1 + 2L(n))a"n
Since the left-hand side of the inequality depends only on #, this proves
iii).
W (iv) Let #>0 be so small that (i) holds. If x,(¢) #0, denote y(¢)=
|31 |x,(8)] 7L If x(¢)< 1, we have from (A.9) and (A.11)

e+ Dl [e™%*0 4 Lon]lx()

e+ DI S e T IO = Lon L]+ (01
L
ST LT+ A0)

x(t+1)—

x(2).

Let #>0 be so small that b:=[e ®*) L L(n)[e ¥~ —2L(n)] ' < 1.
Then, from %(0)<1 we obtain by induction y(n)<1 for ¢t >n=0 integer
and, in turn, also y(n)<b"

Let now n=[¢]. We have

()] = [xa(D)] xa(0)] 1< [e P20 4 L) ] |x3(n)]
x [e™ =D xy(m)] — L(n)(|x5(n)] + x5(m))) 1~
< (L+ L)L —2L() " x(n) < (1 + L(m))(1 —2L(n)) ~'b",
Since b and the right-hand side of the inequality depend on % only, this
proves (iv). |

From the local invariance of Y, nQ(n,) and Lemma A.1 (iv) we
obtain the following.

A.2. Corollary

For sufficiently small n> 0, one has |P,¢ (x)| # 0 provided x € '(y) and
@ (x)eQ(n) for 0<s<t.

In most of the arguments below there is no need to consider the com-
ponents x; and x, separately. Therefore, in order to shorten the formulas
we frequently aggregate them into one component x,, :=x, + x,. Corre-
spondingly we write Yy, =Y, +Y,, 4,:=A,+ A4,, P,,:=P, +P,, etc.

For fixed x, x” denote y(¢) :=¢,(x’) — ¢ (x). From (2.6) it follows that

yi(s+1)=e"y(s)+ b 12(, 8) yia(s) + b:3(7, 8) y3(s) (A.14)
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for 0<s<s, 0<t<min{l, t—s}, and i=12, 3, where
1
bt 5)= D R{x, (1—9) g (x)+9¢,(x")) d9.
0

In the lemma below we consider y(¢) satisfying (A.14) with b, ;(z, 1)
such that

bt )| <L  for i,j=12,3, 1>0, andsomeL>0, (A.l5)

1b3,12(7, )] < p(2), (A.16)
where p satisfies
lim p(z)=0. (A.17)

A.3. Lemma

Let q>0 be given. Let y(t)=(y,(t), y3(2)) satisfy (A.14) with b, ;
satisfying (A.15) and (A.16), p satisfying (A.17). Then for sufficiently
small L >0 there exists a positive function r: [0, 0) — [0, o0) depending on
p only and satisfying

lim r(¢)=0 (A.18)
such that if
1¥3(0)l < ¢q[:2(0)] (4.19)
then
|ys(Dl < r(2) | y12(D)] (A4.20)
Proof

Let y(0) satisfy (A.19) and y,,(0) # 0. Denote
Aty = ys()] [ yiA0)]
If A(n)< ¢, we have

(le®| + L) [ ys(n)] +min{p(n), L} | y;»(n)|
(le="2] ' = L(1 +q)) | y12(n)| ’

<xAn) + o,

Mr+1)<
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where
e BTy e X+ Lef~?
I =9 (1 +q)L 1—(1+q)Lef o
min{p,, L}

T (1 +q)

Let L >0 be so small that
r<1 (A.21)
and
1q+0,<q. (A.22)

From (A.22) it follows A(n) < ¢ by induction, and from (A.21) we obtain

n—1 n—1

Mn)<yq+ Y, "7 o=y"q+K Y, ¥ /min{p,, L}
i =0

j=0 j=

where K=[e ¥~ —L(1+¢)]7"
Let ¢ > 0. Choose N = N(g) so large that

(1-x)"'p,<e/3K  for n=N, y*Mg<e/3, yV<(NLK) 'g3.

Then, we have for n = 2N

N—-1 n
A<y Mg+ "K Y yNTUTIL+K Y ¢t p,<e/3+¢/3+¢/3<e
= .

j= j=N
(A.23)
Let now n<it<n+1. We have
Az(t—n)
M) < (e — (IJ:I:I) Lys(n)l + pn | yia(n)l ,
[le 2= — (1 +¢) L] | y1x(n)|
SM,A(n)+ M, p(n), (A.24)

where M, :=[e ¥=9L~L(g+1)] 'and M,:=(1+L)M,.
Let {¢,} be any sequence of positive reals satisfying ¢, — 0 for n — co.
Define

r(t) :=M,e, + M, p([t]) for 2N(e,)<t<2N(e,. )

Then r depends on p only and satisfies (A.18); from (A.23) and (A.24) we
obtain (A.20). §
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A4, Lemma

There exists a q >0, such that if v is sufficiently small, x, x' € I'(n), and
|3 — x5 < x5 — XY, then

1P3(@(x) = x) < qI(Py+ Pr)(@(x) —x)] (4.25)

whenever t 20 and ¢ (x)e Q(n) for 0<s<t.

Proof

As usual we write x(¢) := ¢,(x) and assume that # >0 is so small that
Lemma A.1(i) holds true. We split the proof into three cases:

(a) IST, lx12~x,12|<X1’15

(b) <71, [xp— X0 > 07,

(c) t>r,
y:1 and 7 to be determined later. In each of the three cases we prove

separately that for sufficiently small >0, a ¢>0 satisfying the
requirements of the lemma can be found.

Case (a)
We have
|x5(1) — x5]° < 201 x5(2) — x31% + |x3 — x5]°]
’ ~= ’ ’
Ix12(8) = x1o17 1% 12(0) = X1+ |15 — X157 = 2000 (1) — X 13, X1 — X0 )

We find ¥, >0 and 0 <t <1, for which there exists a constant 4 <1 such
that
Cxpa(8) = X125 X1 — X120 <A x1a(8) — x15] |1 — X1 (A.26)

provided ¢ <, |x;, — x5 < x1# and 5 >0 is sufficiently small.
Suppose for a moment that (A.26) holds. Since

2615(2) = x| 215 — X0 S 1/201x15(2) = X2+ |15 — %1517,

we then have
|x5(1) — x5/ 20 |x5(1) — 517 + | x5 — x4]%]

Ixa(r) — x1)* (1 — x1a(t) = x50 + | x5 — xT5] 7]

< 2 [ |x5(2)

(1=24) [ Ix2(2)

(

(

.2
< |:1+ [x3(2) — x5 2:|'
-4 [x12(2) — X5}

x3]2 [x3 — x4

x12|2 [X12 —x’12|2:|
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For 1 <1 we have by (2.6)

s(1) =3l < Ix(0) = x| < [ Ax(x)+ Flx(s)) ds< K, (A.27)

where K, :=2(|4| + L(n)). Further, using the variation of constants for-
mula we obtain

|x12(2) = X12] 2 [x5(8) — x5| 2 |x5] — [x2(2)]
>n—e =2t L(n)n =Kty
with K,=1—e¢77—2¢" L(n). Hence, if 1< 1 and if # >0 is so small that
e 7 —2e L(n)< 1, for 0< <1 we have

() = x5 2 [ Kl]

— < 14+ —
() —xi? 1 K,

ie., (A.25) is satisfied with ¢ = (1 —1)7'(1 + K3/K3).

To complete Case (a) it remains to find 1 >t >0 and ¥, >0 such that
(A.26) is satisfied for 0<r<t and |x,, —x{,] < xy7 for >0 sufficiently
small.

Let =, be the orthogonal projection of the neighborhood of the point
X5 in P, I'(n) into T, P, I'(n). Denote

X12
Si=m,(x — X)) 125 — XYl -

Then there exists a function w: R™ — R™* (independent of #) such that
@(t)—0 for t -0 and

1X12 = X2 = fx12 = Xl @l ™ x5 —x05]) X1, — X1
We have
CXa(8) = X 12, X 15— X120 = x5 = X0o| {xpp(0) — x5,
+ X plt) = X125 X1 = X1 — f X1, — X1l ),
hence
Xa(8) = Xy2, X105 = X1p ) — (X1 — Xl <X a2(2) — X10, £
<o ™ ¥ = x5)) X — x| xg(2) — x4, (A.28)

We now estimate {x,(f)—x,, /). Since {x,, f>=0, {(x,,x,>=0, we
have

X8y = Xp0, [ = ix12(t)’x12|2”“ (X=X p5(1), 12, 71x2>2

= |x15(1) = x o * — 77 2x0(1) — x5, X, )2 (A.29)
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Further, for 0 << 1, by (24), (2.6), and (A.27) we have
t
)=, 023 = (|| Las) = Flst0), 3, ) s

> 1Ay 32> =1 || [lAalxafo) —xo| +2L(2n) ] ds

> t[y — | 45| tKy — L(n)In’.
Hence, for 1> (1/4)|4,| 'K 'y and L(n) <y/4 we have
Ceplt) = x5 x> 2 1(y/2)0, (A.30)
Substituting (A.30) into (A.29) we obtain
Cxp(t) = Xp, £ S [xpp(1) = x 0] — £297/4.
On the other hand, from (A.27) we obtain for 0<r<1
12 (Kyn) " [x(0) — x| = (Kyn) ™ [xpa(t) = x5,

which implies
{xpp(1) = X105 7K Ay |x00(0) — x5/ (A.31)

with 4, :=1—(1/4) K[ *y*< 1. From (A.28) and (A.31) it follows that

Cxa(t) = X142, X1 — X150 <A X — X)X 15(2) — X5

where A=A, +w(n'|x,,—x},]). If y, is chosen so small that w(y,)<
1—4,, we have A<1.

Case (b)

If t<1 and |x,,— x},| =y, we have

a0 = x| _ 2

|x12(2) — X7l \X1’1 —|xp() — x|
Further, by (A.27) we have
|x12(2) — x1o| < Kynt.

If t<(1/2) x, K", then
lx3(2) — x5 <4X1_1 1x12(2) = X1als

ie., (A.25) holds with g :=4y"
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Case (c)

Let 1< 1 be given. For 120, 0<s <t we obtain from (A.3) and the
variation of constants formula

[x5(2+5) =

e (1) + f e26-9 F(x(t + ¢)) do
0

<e P |x,(t)] + 25! Lin)y. (A.32)
In particular, for =1 we have

|x2(2) < 21 (A.33)

where y, :=e 7" +1e2 L(n) < 1 for > 0 sufficiently small.

Assume that (A.33) holds for r=4kt. We prove that for >0
sufficiently small (A.33) extends to all e [kz, (k+1)t].

From (A.32) and (A.33) applied to ¢ :=kr we obtain for 0 <s <1

x,(kT +5) e P yon+ se! N L{n)n < o,

provided e "y, +se™L(n) <y, for 0<s<1, ie, if (1—e )y~
se'*L(n)>0. Since 1—e~? is convex, this is true if #>0 is chosen so
small that 1 — e~ > el L(y).

By induction we obtain |x,(z)] < yx,# for ¢ = ©. Hence, for 1 > 1 we have

() =3 x5(0)] + 5] B
< <2(1 - .
() —xi] S ol — o)) S2E T %2)

Hence, (A.25) holds with g :=2(1 —x,).

A.5. Lemma

For n> 0 sufficiently small we have

lim A(¢)=0, (A.34)

where
|P3(S, 4 (x) = 8,(x))

40 =0 {5 S o s 70 ¥

@(x)e(n) for O<s<it+r, @ {x")e2(n) for O0<o<it,

13— x3] < lxlz—X’lzl}- (4.35)

865/2/3-6
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Proof

First, we note that by Lemma A4, for sufficiently small >0 there
exists a ¢ > 0 such that

[P3(@(x) = x) <qI(Py + Py)(@(x) —x')]

provided x, x" € I'(), and |x; — x5 < |xy, — Xial-
The assumptions of Lemma A.3 are satisfied for

WD) =@ o(x) = @ X'),
with L := L(n) and

p(1)=sup{ID,, Rs(s, (1= 9) 9, () + 99, (x))]: 120,  0<s<],
091, x, x' ecl Q(n)}.

To check that p(¢) satisfies (A.17), note that from (2.9) it follows that
D, ,Rs(s,x15,0)=0 and, since R is C', .D,,Rs(s,x)—>0 for x; -0
uniformly for 0<s<1 and xe®Q(y). Hence, (A.17) follows from
Lemma A.1(iii). Now (A.34) is an immediate consequence of Lem-
ma A3 |
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