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]. INTRODUCTION

The concept of regular synthesis has been introduced by Bolt’anski in his
classical paper [1] (cf. also [2]) on the sufficiency of the Pontrjagin maximum
principle for time-optimal control problems. It has been used as an assumption
on a closed-loop control to generate open-loop optimal controls. Using the
theory of subanalytic sets it has been proved in [3] that every normal linear
system admits a regular time-optimal synthesis. Subsequently, in [8], Sussmann
has been able to dispose of the normality condition and to extend the theorem to
a certain class of nonlinear systems.

All of the mentioned papers deal entirely with the time-optimal control
problem for systems which are linear in the control, with polyhedral control
domains. The present paper constitutes an extension towards optimal control
problems with general performance criteria and general control domains. The
abstract theorem proved in this paper is modelled after an important class of
problems—linear-quadratic optimal control problems with linear control
constraints. This problem will be dealt with in a forthcoming paper.

An important requirement in Bolt’anski’s definition of regular synthesis
which is followed in [3, 4] as well as [8, 9] is that the optimal trajectories enter
the switching surfaces (called cells) transversally. This requirement has to be
dropped not only in the linear-quadratic optimal control problem but also in
the linear time-optimal control problem with a control domain having a piece-
wise smooth curvilinear boundary, as the following example demonstrates:

Consider the system

X =x,tu,

Xy = Uy 4y

with the control domain U = {(u;, %) | —1 + w,® < uy <1 — w7} (Fig. 1)
and the time-optimal control problem of steering this system to the target
state O.
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Given an initial state x, the maximum principle requires that the optimal
controls u(?), t € [0, T] satisfy the condition

Py(8) wy(2) + o) up(t) = I’E}Eal}‘(‘l‘l(t) Uy + o(t) ) )

for ¢ € [0, T], where (¢) is a non-zero solution of the adjoint system

‘)[’1 =0, ‘11'2 = —, (3)

the solution of which has the form ,(t) = ¢, ¥y(t) = —ct + d with ¢ £ 0
ord # 0.
The condition (2) can be rewritten in the form

u(t) == u  if and only if (z) € W(u),

where W(u) is the cone of outward normals to U at u.

The cones W((0, 1)), W((0, —1)) have a non-empty interior while the normal
cones at the points of the open arcs joining the points (0, 1) and (0, —1) reduce
to halflines. Furthermore, obviously the points of the arcs are continuous func-
tions of their normal vectors. As usual, we construct the synthesis by following
backwards the trajectories of (1) through 0, satisfying (2), for various solutions
of the adjoint equation. All the solutions of the adjoint equation with ,(0) =
¢ <0, $(0) =d >0 such that (c, d)eint W((0, 1)) stay in W((0, 1)) for
t < 0 sufficiently small and then leave it for some finite 7 << 0. The corre-
sponding control #(¢) will be equal to (0, 1) for # € [7, 0] and for ¢ < 7 it will
move continuously along the left boundary arc of U away from (0, 1). Therefore,
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Ficure 2

the corresponding trajectory will follow the trajectory of the equation %, = x,,
#, = 1 (which is the halfparabola x, = ix,2, x, >> 0) and at # = 7 leave it in
a tangent way. In the synthesis terminology the parabola constitutes a cell which
is joint by the optimal trajectories in a tangent way (Fig. 2).

In this paper we extend the concept of regular synthesis to problems in which
non-transversal meeting of switching surfaces by optimal trajectories cannot be
excluded (Section 2) and we formulate (Section 3) and prove (Section 4) an
existence theorem for such problems. The Appendix contains a transcription of
Bolt’anski’s proof of the optimality of a regular synthesis to general problems
under the extended concept of synthesis.

2. REGULAR SYNTHESIS FOR GENERAL PERFORMANCE CRITERIA

Consider the control system
% =f(x,u), xcR* ucUCR™ 4
J[: R?® X R™ — R" being C1, and the cost function
T
J= [ fo=ua, ()
0
where f%: R® X R™ — R is C Given an initial point x, and target point £,

by an admissible control we understand a piecewise continuous function,
[0, T]1 — U such that the solution x(f) of the equation

% = f(x, u(t)) (6)
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(called the response of u) satisfying x(0) = «x, exists on [0, T]. If x(T) = &,
we say that the control u(f) steers the system from x, to £ (in time 7))
An admissible control u: [0, T] — U will be called optimal if it minimizes J
among all admissible controls steering the system from x, to £.

It will be convenient at some places (as usual in optimal control theory) to
include the performance variable x° into the state variables of the system. That
is, we add to the system equations (4) the equation

2 =[x, ), 2%0) =0.

Also, we denote & = col(x?, x), f = col( 9, f).
A control u(t) and its response x(¢) will be called extremal (with respect to
a non-zero solution i(t) of the adjoint equation)

i — — (L, um) v )

(the asterisk standing for transpose) if the triple x, u, | satisfies Pontrjagin’s
maximum condition

0 = H(x(t), u(t), #(t)) = max H(x(z), u, (1)) (®)
where

H(x) u, ‘/’) = <‘/"f(x’ u)>

If for a given x there is a unique extremal control u, steering x to £ we denote
by ¥, the set of all non-zero solutions of (7) with respect to which #,, is extremal
and by ¥,(t) the set of their values at time ¢.

Let us also note that by a piecewise continuous function we understand a
function which is continuous except for a finite number of jump discontinuities.
As the value of the function at a point of discontinuity we shall always take its
right-hand limit.

Given a C* manifold M and two sets G C HC M, by a stratification of G in
H we understand a locally finite (in H) partition & of G into C! submanifolds
of M (called strata) such that if P,Qe?, PNQ # @ and P = Q then PCQ
and dim P < dim Q. By the dimension of a stratification we understand the
maximum of the dimensions of its strata. We shall call G a stratified set of
dimension m if it admits a stratification of dimension .

Let G C R” be an open domain such that £ € G. By a regular synthesis in G
of the control problem (5), (6) with target point £ we shall understand a 6-tuple
(% S, %, I, Z, v), where

@ is a union of the one-point set {£} and a locally finite (in G) partition of
G\{&} into C* connected submanifolds of R” (called cells),
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& is a disjoint union of & (cells of type I) and % (cells of type II),
II: &, - &, 2: %, — %, and v: G — U (the closed loop control) are maps,

such that the following properties are satisfied:

A. Theset G = J{Se & |dimS < n}\{£} is a stratified subset of G
of dimension <z (if % is a family of sets, we use the notation {} & =
U{SiSe&}={x|jxeSeF}).

B. The function v is C! on each cell. If S, € ¢, and x € S, then f(x, v(x)) €
TS, (the tangent space to .S, at x) and there exists a 7(x) such that the trajectory
¢, of the equation

& = f(x, o(x)) )

in S; with £(0) = x satisfies £,(t) € S; for t€[07(x)) and lim,,,(, £.(t) €
II(S,). If Sy % then v is continuous on S, U Z(S,) and for each x € S, there
is 2 unique trajectory &, of (9) such that £,(0) = x and £,(¢) € 2Z(S;) fort >0
small. The time 7(x) for which £, reaches II(S;) for x € S; and JI(Z(S,)) for
x€ S, is a C! function on S, , S, respectively and the trajectory £,(¢) and the
control u,(t) generated by

u,(t) = v(£2)) (10)

are C* functions of ¢, x for x € S; (x € S, respectively) and ¢ € [0, r(x)) and can be
extended to C! functions for ¢ > 7(x) close to 7(x).

C. The trajectory £,(¢) of (9) which is uniquely defined by B until it
stays in G, is extremal and reaches £ in finite time 7'(x) passing only finitely
many times from one cell to another.

D. The value
T(x)
Jx, 1) = f FED), ualt)) dt

is a continuous function of x in G.

The point where the definition of regular synthesis had to be substantially
altered with respect to [3] is B. The fact that the transversal entering of I7(.S)
by the trajectories of (9) cannot be required in general has been demonstrated
by the example in Section 1. Consequently, it cannot be required that » can be
extended to a C? function in a neighbourhood of S since the trajectories of (9)
could then never enter JI(S) tangentially (this would violate the uniqueness
theorem for ordinary differential equations). Because of this lack of uniqueness
the maps I, ¥ are not automatically defined by & and v and we had to include
them into the definition of the synthesis (note that we require only the uniqueness
of the distinguished trajectory £, satisfying the requirements of B for a given x).
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Let us note that the transversality assumptions in Bolt’anski’s definition are
needed to establish the C? dependence of J(x, #,) and some estimates on a cell
of dimension # in the sufficiency proof. Nevertheless, as shown in the Appendix,
the assumptions of B are still sufficient for carrying out the proof.

The formulation of B is rather cumbersome and one may wonder how its
C! dependence requirements can be verified. However, there is a standard
way to do this (via an auxiliary partition in the product space of the state space
and the space of adjoint variables) which will become clear in the proof of the
existence theorem.

3. THe THEOREM
We consider the optimal control problem (4), (5) with the target point %.

THEOREM. Let G C R" be open and let % € G. Assume that

1. The functions f, f° are analytic in x, u.

2. There exists a covering of G x (R*1\{0}) by closed in R* x (R*\{0})
sets Ny ,..., N, with conical x-sections such that for every 1 = 1,..., r there exists
an analytic function w,(x, }) in some neighbourhood of N satisfying Pontrjagin’s
maximum condition

H(x, w(x, ¥}, §) = max H(x, w9)  for (w$)eN;, (1)

(by saying that N, has a conical x-section we understand that for any fixed x the
set of points (x, ) € N; completed by the point (x, 0) is a cone).

3. Forevery x € G U {&} there is a unique extremal control u,(t), t € [0, T(x)]
steering x to X and such that its response &, with £,0) = x satisfies £,(t) € G for
t€[0, T(x)). Further, for each x € G there exists a unique u(x)e{l,...,r} such
that if y €V, , then (£,(2), Y(t)) is a solution of the system

* = f(x, u),
b= (Lwuw) v (12)
u = wyx, §),

with i = p(x) satisfying (£,(t), $(£)) € N, for t = 0 from some neighbourhood of 0.

4. The number of points (which we shall call switching points of u,) t such that
p(EA5)) # p(€x(2)) for s << t mear t is uniformly locally bounded in the following
sense: for every compact K C G C{Z} there exists a v = v(K) > O such that u,
has not more than v switching points for x e K.
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5. The value J(x, u,) of the performance index J, computed along the
extremals, is a continuous function of x in G.

6. For every compact KC G U {%} there exists a y(K) >0 such that
T(x) < ¢y(K) for xe K.

7. There exists an v > 0 such that the solution (x(t), y(t)) of the system
(12) with x(0) € G and (x(0), (0)) € N, exists on the interval [—n, 0] and satisfies
x()e G for te[—n,0] foranyi = 1,...,r.

Then, the problem (4), (5) with the target point £ admits a regular synthesis in G.

This theorem differs from that of [8] in several ways. While in [8] it is assumed
that the optimal control can be found among finite concatenations of controls
generated by a collection of closed-loop controls # = v,(x) (which is natural
for the class of problems linear in the control, which are studied there) we do
not assume a priori that the extremal controls u,, are optimal—their optimality
follows from the regularity of the synthesis by Bolt’anski’s theorem. Further,
in the class of problems we have in mind the solution of the maximum condition
(11) as a rule depdns on the adjoint variable too.

On the other hand we assume unique covering of G by the extremals which
is a rather restrictive condition. Although formally we do not exclude singular
extremals (we do not assume that w,{x, ) is the unique solution of (11)), they
are often excluded by Assumption 3.

Due to the linearity of H in i we may without loss of generality assume that
the functions =; are constant along the rays of N;, i.e., wi(x, cp) = wy(x, )
for ¢ > 0. Finally, let us note that Assumption 7 can be slightly relaxed: it
suffices to have an % > O satisfying the requirements of this assumption for
each compact subset of G U {&}.

The assumptions of the theorem (2, 3 in particular) are rather complicated.
However, they are based on an abstraction of those features of the linear-
quadratic optimal control problem with a polyhedral control domain which have
been found to be essential for the existence of the regular synthesis. This
abstraction has been slightly modified in order that the theorem could be applied
to other problems, including some particular ones with singular extremals.
We complete this section by two examples on which we shall illustrate the
hypotheses of the theorem, the first example being the linear-quadratic problem.

It is not claimed that the theorem contributes to the proof of the sufficiency
of the Pontrjagin maximum principle in these particular problems—the suffi-
ciency follows immediately from the existence of optimal controls and the unicity
of extremals. Indeed, it cannot be expected that the theorem, in which the
unicity of the extremals is assumed, would contribute significantly to the suffi-
ciency problem. Rather, it justifies the idea about the structure of the optimal
feedback (piecewise smoothness with regular switching surfaces) one gets from
the simple examples in which the latter can be constructed explicitely.
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Unlike in the formulation of the general optimal control problem, the time T'
is fixed in both the examples. However, the case T' = T fixed can be reduced
to the case of T free by including the time into the state variables, the equation
f = 1 into the system equation and the equality #(7') = 7 into the definition
of the target point. Of course, this means that the synthesis will be constructed
in R*1, ¢ becoming time-dependent in general.

ExampLE 1. Consider the problem (4), (5) with f(x, ¥) = Ax + Bu, 4, B,
constant and fOx, u) = x*Qx 4+ u*Ru, O, R, symmetric constant, Q > 0,
R >0, # =0, T =0. We assume that U is a convex compact polytope,
U={u|<c;,uy <d;, i =1,..., p} containing the origin in its interior and
that the system (4) is controllable, i.e., rank(B, 4B,..., A" 1B) = n.

For G we take the interior of the domain of controllability to (0, 0), which
is the set of those points (f, x) from which the system can be steered to (0, 0).
It follows from [10] that G is non-empty, for each (¢, x) € G there is a unique
extremal joining (¢, x) with (0, 0) and this extremal lies entirely in G. Also,
iy << 0 holds for such an extremal.

The expression which is to be minimized in the maximum condition (11)
reduces to L(u, y) = u*Ru + (', Bu), where ¢ = (i, ,...,4,). Let I be a
subset of the set {l,..., p} of cardinality <{m. Then, P, == {u|<{c;,u> = d,,
tel} is the affine hull of the face W, ={u|{¢c;,u> =d;, iel,{c;,u) <
d;,i ¢ I} of U (provided there are no redundant constraints). We define w; by

Lawi(d), ¥) = min L(x, §).

Using the Lagrange multiplier rule it can be proved that the functions w, are
affine. We define

Np =R™1 X clf | gy <0, wy(h) = w(ih)}

(the closure to be taken in R"+1\{0}) where w(¢) is uniquely defined by

L(w(4), $) == min L(u, ).

The sets NV, and the functions w; are the sets and the functions the existence
of which is asserted in Assumption 2. Under certain “normality”’ conditions it
can be proved that Assumptions 3 and 4 hold (the normality condition consists
in certain polynomial inequalities which are satisfied for almost all problems).
The proofs (expecially that of the boundedness of the number of switchings)
are rather complicated. They will be carried out in detail in a separate paper
dealing with this problem. The remaining hypotheses either follow immediately
from the formulation of the problem or can be obtained by simple arguments
based on the standard theory.
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Exampri 2. Consider the optimal control problem

By = Xg,

Xy = 1y — Uy — kiy,

fox, u) = 2y,

U={u=(u,u) uecl0 B ue0, ]}

k, o, B > 0 with target point 7' = 0, £ = 0 and G being the intersection of the
set F = {(¢, 2, ,25) [ <0, % <0, >0} with the set of points that can
be steered to the target point along a trajectory lying entirely in F. This problem
is a simplified model of the minimum energy control problem of a train on an
ideally straight line where x, stands for distance, x, for velocity, #, and u, for
the tracking and braking force respectively. The term —kx, represents resistance
and x,u, (the integral of which is the work of the tracking force) is assumed to
be proportional to the energy consumption (cf. {11]).

From the standard existence theory it follows that the optimal control exists
for each (¢, ») € G. The solution of the maximum condition (11) is unique except
for ¢, = 0 or by = —4fiyx, . It is given by the formula

u=(B0) if > —fpr,
=(0,0) if 0 <ty < —dix,
=(0,0) if 4, <O.

As shown in [11] no optimal control can contain a singular interval with ¢, = 0
but for ¢, = —iyx, a singular control can occur, namely % == (kx,, 0). Also,
it can be proved that for every (¢, x) € G there is precisely one extremal control
steering the system from (¢, x) to (0, 0) and that this control acquires the values
(8, 0), (kx,, 0), (0, 0), (0, @) in this order (some of them possibly missing).

Therefore, if we denote N; = {(x,4) |, = —ihgxy}, Ny = {(%, ) |y =
~ho%e}s Ny = {(% ) [0 < i < —dhoxa}, Ny ={(% ) [¢ <O} (note that
NoC Ny, NyCNy), oyl ) = (B, 0), wylo, ) = (kxy, 0), wyx, ) = (0,0),
wy(x, ) = (0, o), then Assumptions 2, 3, 4 are satisfied. It is not difficult to
verify that this is the case also for the remaining assumptions.

4. Tue Proor

As in the proof of similar theorems in [3, 8] some results of the theory of
subanalytic sets [5, 6] will be used. For the necessary material the reader is
referred to [7-9]. where it is summarized in a form which is most convenient for
our purposes.

The proof follows a similar pattern as the proof of the similar theorem in [3].
Following the extremal trajectories backwards we construct inductively the
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cells of the partition . In each induction step we show that they are CASA
sets (i.e., connected analytic submanifolds of R* which are subanalytic) satisfying
the conditions B-D. After that we prove that they cover G locally finitely from
which it immediately follows that & has property A (a locally finnite union of
subanalytic sets is subanalytic and thus a stratified set). However, in order to
prove B we have to construct an auxiliary partition of the subanalytic set D(S)
in R?"+1 (to be defined below) associated with a cell S € & into CASA sets which
are met transversaly by the entering and exiting trajectories of the system (12).

The terms ancestor and descendant will be used for the cells as in [3, 4].
That is, a cell S will be said to be an ancestor of S if the extremals starting in S
pass S’ before reaching #; S will be called a descendant of .S” if S’ is an ancestor
of S. The cells constructed at the kth induction step will be called cells of order £,
the unique cell of order 0 being {£}. By % = %! U %2 we denote the set of
cells of order <k and by G, we denote their union. Among the cells of %,
we distinguish a certain class of cells, called border cells, the set of which we
denote by ;.

Let x€ G. We denote E(x) = W,(0), i.e., E(x) is the set of those ¢ ¢ R*+1
which are initial values for the non-zero solutions of the adjoint equation with
respect to which #, is extremal; further, we denote E(£) = R*1\{0}, E%x) =
{feE(x)||¢| =1}, ]| | standing for the Euclidean norm. Under the assump-
tions of the theorem the set E(x) has the following properties:

El. E(x) U {0{is a convex cone for any x€ G.

E2. 1If € E(x) and (x(), (¢)) is a solution of (12) on [r, 0], 7 < O (or,
[0, 7], > 0) such that x(0) = x, ¥(0) = ¢, (x(t), $(£)) e N;, x(t) e G U {#}
for ¢ € [, 0] (or, t € [0, 7], respectively) then ¢(r) € E(x(7)).
Assume now that &, = %1 U %2 (and the restrictions of I1, 2 and v to .%)
has been constructed in such a way that the following induction hypotheses
are satisfied:

I1. %, is a finite partition of G, into relatively compact CASA sets.

I12. For every Se &, the set D(S) = {(x, ¢) | x€ S, € E%x)} is sub-
analytic.

I3. For every cell Se %, p(x) is constant over S and the formula
(%) = wuw(x )  for e Ex) (13)

defines uniquely an analytic function v: S — U (we shall occasionally use the
notation u(S) instead of u(x) for x € S).

I4. &, (together with the restrictions of I7, 2, v on G,) has the properties
B-D on G, .

I5. The set {t == 0| £,(f) € G4} is closed for every x € G.
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I6. If £,(8) € Gy, for some t; €0, 9], p(£(2)) = i for some | i <7
andall) <t <#,thenxeG,.

I7. If Se F\Fi, &(t)e Sforsome x € Gand t > 0, p(£,(s)) = p(€L2))
for all s < t from some neighbourhood of ¢ then £.(s) € Gy for s <C ¢ from some
neighbourhood of ¢ then £,(s) € G, for s < # sufficiently near ¢.

18. If '€ F\Fpa»r & = Eft) for some xe G, t > 0 then x ¢ Gy,

I9. If Sis of order i < &, its descendants are of order =7, its immediate
descendant being of order <7 + 1; if S” is a descendant of S of order 7, then

w(S’) = u(S).

Let S be a cell of order 2 and 1 < 7 < r. We shall call (S, 7) an admissible
pair if either S is a border cell or i 5 u(S). The cells of order £+ 1 will be
obtained by the construction described below as descendants of the cells S
of order % associated with i € {l,..., 7} for all admissible pairs (S, {).

Let (S,7) be an admissible pair. Depote by F¢ the flow of the system of
equations (12). Since w,(x, af) = wy{x, ¥) for ¢ > 0 and E(x) U {0} is a cone
for x € G, if (x(2), $(t)) is a solution of (12) and (0) € E(x), then the same is
true for (x(t), c(2)) for all ¢ > 0. It follows that if we consider (12) as a differ-
ential equation on G X (R**1\{0}) (which we can—because we deal only with
non-zero adjoint vectors) there exists an analytic flow @ on G X S" (the
n-sphere) which is the radial projection of F%. By this we mean that if y: G X
(R*1\{0}) > G X S* is the projection y(x,¢¥) = (x, || 1¢), then &% o
x(%, ¥) = x o Fiyx, ) for each ¢ for which F%; is defined (cf. [3, Lemma 7]).

We denote by N0 = y(N,), ¥.? = {{ (") 4(") | p € ¥,}. Because of the
homogeneity of the condition (8) in ¢ the trajectories of the system of equations
(12) can be replaced in the formulation of the theorem by the trajectories of
@' in an obvious way, N;, ¥, replaced by NSO, W, respectively (cf. [3,
Remark 1]).

Denote

H' = (@' ,(x,$) | (v, #) € D(S) and & (x, $) € NS for — < s < O},
H” = (@i, ) | (x, $) € D(S), —n < t < 0 and Biy(x, ) e N, for t < s < O}.

Since £ ranges over a bounded interval in the expression for H’, it follows from
the characterization of subanalytic sets in [9] that H', H" aswellas H = H' U H”
are subanalytic. We define further K" = 7 (H"), K = m(H'), K = K'U
K" = @,(H), where w, is the natural projection on the x-space. Since S* is
compact, 7, is proper on R® X S”, which implies that K’, K" and K are sub-
analytic. Also, since S is relatively compact and ¢ in the expression for H’
ranges over a bounded interval, K is relatively compact.

The descendants of S associated with i will be obtained by a sequence of
partitions of the sets K, K’ into CASA sets, the subsets of K’ becoming the
border cells.
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Let X be a vector field on a manifold M. A submanifold 4 of M will be called
parallel (transversal) to X (or, to its its flow) if X(x) € T4 (X(x) ¢ T4 respec-
tively) for all x € 4. A collection & of submanifolds of M will be called com-
patible with X if each member of &7 is either parallel or transversal to X.
A partition &/ of a manifold M will be said to be compatible with B C M,
if, for every A € o/, either AC Bor AN B = @ ; & will be said to be compa-
tible with a family of subsets % of M if it is compatible with each B € 2.

Let A, B be subsets of analytic manifolds M, N respectively. By a CASA
stratification of an analytic map f: 4 — B we understand a pair (£, %), where
P is a CASA stratification of A, # is a CASA stratification of B such that
f(P)eZ and rank f |, = dim f(P) for each Pe Z.

Note that it is important to indicate the set B in the last definition as the set
which is stratified by #. Further, note that it follows immediately from the defi-
nition that if ReZ# and f-Y(R) # =, then there exists a Pe % such that
f(P) = R. We shall call (#, #) a CASA quasistratification of f: 4 — B if it
satisfies all the conditions for a stratification but for the rank condition which
is replaced by the following weaker condition: for each Re# such that
fYR) # @ there exists a P € & such that f(P) = Rand rank f |, = dim R.

‘We shall need several lemmas for the proof of the theorem.

LemMA 1. Let 4 be a subanalytic subset of an analytic manifold M and let
D be the flow of a wvectorfield X such that @yx) is defined for all xe A
and t € [—, 0]. Then, there exists a CASA stratification of @;_, ,1(4) such that
the function o: @_, i1(A) — R defined by o(x) = inf{t | D(x) € A} is analytic
on each stratum of 2.

Proof. By [9, Corollary 2] it suffices to prove that the graph of o is subanalytic.
This follows from the fact that the point (x, ¢) belongs to the graph of o if and
only if xe @, g(A) A (V)0 <5 <t => Px)eM\A)A (V&) [0 <e< 1=
(A0 < 7 < e A D, (x)€.A. The subanalyticity of this set follows from
the characterization of subanalytic sets given in [9].

LemMA 2. Let, M, N be analytic manifolds, A C M, BCN and let (&, T)
be a CASA stratification of the analytic map f: A —> B. If P, & are CASA
stratifications of A, B compatible with #, T respectively such that f(P)e R for
every P e P then (P, R) is a quasistratification of f: 4 — B.

Proof. Let Re A, f~YR) +# @. Then, there exist T€.7, Se€ & such that
RCT = f(S). Denote dim § =5, dim T = ¢, dim R = r. Because of the
rank condition, the set f ~}(R) N S is a submanifold of S of dimensions — ¢ 7.
On the other hand, f~1(R) N .S is a locally finite union of members of #. Let P
be the one of them with the highest dimension which has to be s — ¢ 4.
If rank f|p, <7 then rank f|; <rankf|, +dimS —dimP <r +s5—s -
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t — r = ¢ which contradicts the assumption that (&, ) is a stratification of

f:A— B.

LemMa 3. Let M, N be analytic manifolds, N compact, HC M X N sub-
analytic and let X be an analytic vector field on M X N. Let €, D be locally finite
collections of subanalytic subsets of M X N, M respectively. Then, there exists
a pair of CASA stratifications P, R of H, K = my(H) (where =, is the natural
projection of M X N on M) respectively such that

1. m(P)eZR for every Pe P,
2. P, R are compatible with €, Z respectively,
3. P is compatible with X.

This lemma we obtain by induction from the following

LemMma 4. Let M, N, H, K, X, €, © be as in Lemma 3. Assume that H, K
are CASA and dim K = k. Then, there exist CASA stratifications P, Z of H, K
respectively, satisfying 1, 2 of Lemma 3 and

Y. P ={Pe P|dim my(P) = k}is compatible with X.

Proof. By [7, Theorem 8] there exists a CASA stratification & of H com-
patible with X and %. Further, there is a CASA stratification & of K compatible
with QU{m E)|Ec&}. Denote % ={FeZ |dimF =k}, P =
{Enmi(F)|Fe#,Ee ). For Fe®', the set m{F)n H is open in H,
so E N 73/(F) is an open submanifold of E for E € &, and therefore remains
compatible with X. Thus, &’ is compatible with X.

There exists a CASA stratification (#",#") of =,: H\U% — K\U#'
such that 2" is compatible with & and {D N (H\yZ')| Pe P’} and &#" is
compatible with Z. Since cl(H\UZ')NU ¥ = g, (K\UZ)NUZ = o,
the pair (Z, %), # =P" VP, & =R" VA will satisfy the requirements
of the lemma.

Proof of Lemma 3. As the induction statement we employ the following one:
There exist CASA stratifications (., %) of H, K respectively satisfying
conditions 1, 2 and

3.. {PeP,|dimmy(P) = k} is compatible with X,

By [7, Theorem 4] there exists a CASA stratification (&, ) of m,, : H - K
such that .% is compatible with %, and 7 is compatible with . Since condition
3, is trivially satisfied for £ > dim K, we can take Z,, = &, %, = T fork =
dim K + 1. We prove that from the existence of (%, , #,) the existence of
(ZPr-y s #;_y) follows by Lemma 4.

By Lemma 4, for each B € &%, such that dim B = k — 1, there exist CASA
stratifications Py, #5 of H N 73,Y(B) and B respectively such that wy,(P)e %,
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for each Pe #pand 2, = {P e P} | dim m(P) = k — 1} is compatible with X.
By [7, Theorem 4] there exists a CASA stratification (#', %) of n, : J{P € 2, |
dim m(P) <k — 1} - Y{ReZ, | dim R < k — 1} such that 2’ is compatible
with 2, and all P for P € % and %’ is compatible with #, and all Rfor Re %, ,
for all Be#,, dmB=+k— 1. Since 4;,N4; = @ and B,NB, = &
for By,Bye#,, dmB, =k — 1, dmB, >k~ 1, 4,,A4,¢P,,
dim my(4,) = & —1 and dim my(4,) = k& — 1, if we denote Z,_;, = {Pe &,
dim my(P) > R}V J{Zp | Be %k, dmB =k — 3 UP' %, ={ReP,)
dmR 2 RV Y{#p|Be,, dmB ==k — 1} U, then (#,_, , %,_,) will
satisfy conditions I, 2 as well as 3, .

We will now return to the proof of the theorem.

From Lemma | and [7, Theorem 4] it follows that there exists a CASA
stratification 2, of H, compatible with the partition {H’, H"} and such that the
function ¢: H — D(S) defined by ofx, ) = inf{t > 0, Dj(x, )e D(S)} is
analytic on each stratum of &, . Further, there exists a CASA stratification
(Zy, &,) of m,: H— K such that &, is compatible with Z, .

It follows directly from the definitions of H, K and from E2 that for every
x€ K we have { | (¢, ¥) € H} C E%x) and that for (i, x) € H the control u(t)
defined by

u(t) = w(D(x, $)) for 0 <t < olx, )
=t —o(x,¥)) for o(x,¢) <t < olx,¥) + T(y),

(14)

where y = m(D(, ,(x, ¥)), is an extremal control steering x to % From
Assumption 3 it follows that wu(t) = u(t) for 0 < ¢ < o(x, ) + T(»),
m(DPix, ) = €Lt) for O <t < o(x, ), independently of  such that
(b, ») € Hj also, it follows that p(x) =7, {§ | (x, ) € H} = E%x) for x € K and
that o is independent of ¢ on A. This means that the formula

o(x) = wix §) = w0 ¢)  for (v y)eH (15)

defines uniquely a function v: K — U.

If Red,, there exists a Pe P, such that =, (P) = R. Since rank 7, [, =
rank R, for any point (x, ) € P there exists an analytic submanifold Q of P
containing (x, ) such that =, |, : Q—m,(Q)is an isomorphism and =,(Q) contains
a neighbourhood of x in R. We have 9(x) = (=, 1) wi(x, ) in some neighbour-
hood of x in R from which it follows that  is analytic in this neighbourhood.
Thus, v is analytic on each stratum of %, .

By Lemma 3 there exists a pair of CASA stratifications (%5, #;) of H, K
respectively such that #; is compatible with £, and &%, #, is compatible with
Z, and (consequently), v is analytic on each stratum of #,. By Lemma 2,
(#, , #;) is a CASA quasistratification of m, : H — K.
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To obtain the descendents of S associated with 7 we have to split %, further
in such a way that each member of the resulting partition of K has uniquely
defined ancestors.

In order to do so we project the members of &, on I(S) along the trajectories
of @, i.e., we consider the sets p(P), P € &, , where p(x) = @: ,)(x, ¢) (we have
p(x) € D(S) because of I5 and £,(¢) = m,(Pi(x, ¥)) for 0 < ¢ < ox). From

the expression

p(P) = mu{(t, Piylt, %, ) [ (x, ) € P, O < 2 <, i, )
€ D(S), @ (x, $)¢ D(S) for 0 < s < £},

where m,, is the natural projection of the (¢, x, Jj-space on the (x, )-space,
it follows that the sets p(P) are subanalytic. Therefore, there exists a CASA
stratification € of p(H) compatible with @? and the family of the sets {p(P) |
Pe?} v {DnN D(S)| PeP}. Since no point of a parallel member of € can
be the first point at which a trajectory of @¢ starting in H meets D(S), all the
members of ¥ have to be transversal and this will remain true for each strati-
fication of p(H) compatible with .

Denote p, the projection of K on S along the trajectories £, i.e. p(x) =
m{p(x, ¥)) = €(o(x)) for (x, )€ H. By [7, Theorem 4] there exists a CASA
stratification (4, A7) of =, : p(H) — p,(K) such that # is compatible with €.
We now denote &, Z the partitions of H, K respectively, the members of which
are connected components of the sets PN pY(M), PeP,, Me.# and
RN p7Y(N), ReR,, N e N respectively. Obviously, Z is compatible with @,
Further, we have p(P,) = p(P,) if p(Py) N p(P,) # @, Py, Py € Z and, similarly,
Pi(Ry) = py(Ry) if py(Ry) N py(Ry) # @, Ry, RyeZ. Also, if Pe P, Pe Py N
p (M), then =, (P) is obviously contained in some connected component of
7o Pg) O py (o M)).

It is obvious that the members of &, Z are subanalytic. We prove that they
are analytic submanifolds and that for each x€ ReZ there exist pc Pc Z
such that x = #,( p) and rank =, |, (p) = rank R (consequently, m,(P) covers
a neighbourhood of x in R.

First, take a Pe 2, Pe Py N p Y (M), Pye P;, M € # with P, transversal,
Since # is compatible with € and {p(P) | P € #,}, @, is transversal also to M
and we have M Cp(P,). This means that for any pe P, ge M, p| P, has a
local right inverse at p that maps ¢ onto p and is analytic. Consequently, p |,
is a local analytic isomorphism of P and M at p, which means that P has to be
an analytic submanifold of P, and, thus, also of R2"+1,

If P, is parallel, for a given p € P we take an analytic transversal submanifold
T of P; of codimension 1 in P; through p. The same argument as for P, trans
versal proves that TN P (and, consequently, also P) is an analytic submanifold.

Let now xe Re®, R = RyNp;'(N), Rye#,, Ne A . Since (F;,%Ry)
is a quasistratification of =, : H — K, there exists a P, € %, such that | p, =Ry

505/38/3-2
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and rank =, | p, = rank R;. Therefore, there exists an analytic submanifold
P’ of Py such that (m, |p-)1is a local isomorphism of Ry and P’ at x. Further-
more, since the diagram

H—"—> p(H)
”’J« lu (16)
K —— py(K)

commutes we see that ¢ = 7, o p o (7 |p-)~1 is an analytic map of a neighbour-
hood of x in R; on a neighbourhood of py(x) in p,(R,). On the other hand, since
(A, A"} is a stratification of =, : p(H) — p,(K), there exists a submanifold
M’ of some M e .#, M C py(P,) such that m, |, is a local isomorphism of M’
and py(R) = N at ¢(x).

Assume first that Py is transversal. Since both Py and p(P;) are transversal,
p~Y(M') N P, is isomorphic to M’ and from the commutativity of (16) it follows
that m, o p=1 o (m, |5)" is locally at ¢(x) analytic and equal to p~!. This means
that ¢ is a local isomorphism of R and N at x which proves that R is an analytic
submanifold of R, and, thus, also of R".

If P, is parallel then f(x, ©(x)) is obviously parallel to R, for xe R;. We
consider an analytic submanifold R; of R, of codimension 1 in R, through x
which is transversal to f(x, ©(x)) for x € R, . As in the case of P, transversal we
can prove that R N R; is a submanifold of R; from which it immediately follows
that R is a submanifold of R, and, thus, also of R”.

Keeping the meaning of », R, Py, R; let now Pe# be such that
dim(P N ;' (x)) = dim P, — dim Ry . Such a member exists since & is locally
finite and #;’(x) N P, is subanalytic. Then, there has to exist a p € P such that
dim(T,P N T (7} (x) N P,)) = dim Py — dim R, . By the dimension argument
used in the proof of Lemma 2 we obtain rank m; |, () = dim R.

The partition £ is the final partition of K, the members of which we take as
the descendants of S associated with 7. Those of the members which are subsets
of K' we take as border cells. We now show that by this construction the induc-
tion hypotheses remain valid for £ + 1, with I, 2 properly extended.

In order to distinguish the induction hypotheses from the statements to be
proved we shall label them according to the order in which they are considered
(I1;, 11, , etc.). Further, henceforth we shall denote K, H, #, £, etc., the
unions over all admissible pairs (S, 7) of the sets K, H, 2, #, etc., respectively
which we have clnsidered for a particular admissible pair (S, 7). By K(S, 1),
etc., we shall denote that part of them which consists of descendants of Se %
associated with 7. By p, p, we denote the maps H — ) {D(S) | Se #}, K = G,
respectively, the restriction of which to H(S, i), K(S, 7) we have formerly denoted
by the same symbols.

To establish I1;,; we have to prove that two cells of ., ,; cannot intersect.
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LetS;, S, € Fprr,x€8;,N S, IS, € %, S, € F541\F then from Assump-
tion 3 it follows u(S)) = u(S,). Let S, € Z(S, ). Then, since x€ S;, S, is a
descendant of S of order k and by 19, , u(S;) = u(S) = wu(S,) = 7. Since (S, 7)
is admissible, S is a border cell, which violates IS, .

So, Sy, S, € P\ Fs - Since the members of #(S,7) do not intersect for
any admissible pair (S,7), if §; NS, % &, either u(S;) # pu(S,) or S, S,
are descendants of different cells of % . Both possibilities obviously contradict
Assumption 3. This proves I, .

By E2 we have for each S € %, ;)\

D(S) = H N 73%(S)

from which I2,,, immediately follows.

For the proof of Iy, assume S € Z(S5’, 7). Then, it follows directly from the
construction that u(S) = 7 and D(S) C N;. The analyticity of v on .S follows
from the compatibility of # with Z, .

Since D is trivially satisfied by Assumuption 5, in order to establish 14,
we have to prove that for II, 2 properly extended to %, , B, C are satisfied
over ¥, as well.

First we consider property C. Since % has property C and for each x € K(S, 7),
£, can pass from one cell of ¥\ to another only if D,i(x, ¢) for (x, ) e H
passes from one member of Z(SS, ) to another, it suffices to prove that the latter
can happen at most finitely many times. Since £(S, 7) is finite, if this were not
the case, there would exist a Pe 2(S,{) such that PN @Eo_o(x))(x, ) would
have an infinite number of connected components. This, however, is impossible
since P N Py ,)(%, ¥) as an intersection of two subanalytic sets is subanalytic
and therefore has finitely many connected components.

To verify B we note first that by 13,,, , which we have already established, v
is analytic on every cell. As the cells of type I we take those members of # which
contain the projection of at least one parallel member of &, the remaining cells
to become cells of type I1. It is obvious that for S; of type I every x € S, is covered
by a m,-projection of some parallel member of # and that f(x, v(x)) € T,S,
for each x S, .

Let S; (S, 7). We denote by [I(S,) = II(S;, ) that member of &,
which is met first by £,(z) after leaving S, , for x € S, . For a fixed x this member
is well defined because of C, which we have already verified. In order to prove
that the definition of JI(S,) is independent of the choice of x £ 5; it obviously
suffices to prove that for any x € S;, II(S; , y) is independent of y from some
neighbourhood of x in S, .

To prove this we take a p € P € & such that x = m( p} and rank = | o(p) =
rank S, . Obviously, P has to be parallel. We denote by P’ the first member
of # U.# met by ®/( p) for ¢ > 0 the =, -projection of which lies outside .S, .
P’ is well defined since, as we have shown when verifying C, @ p) can pass
from one member of & to another at most finitely many times before reaching
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D(S). We prove that the last member P” of 2, which @,( p) meets before meeting
P, is parallel from which it immediately follows that P’ is transversal.

Assume the contrary. From the transversality of P” it follows that there exists
at; > 0 such that @ (p)eP" and PF(p)e P’ for t >t near t. Denote
x = nx(QY (P))- There exist a Qe parallel and a point ¢€Q such that
7(q) = «'. Since Q is parallel, we have £.(t) = 7 (Di(g))e S, for t >0
small. On the other hand, we have also £,(t) = 7 (P} S, for t > 0,
which is a contradiction. 0 APl D) E 5%

Now let 74 be such that <Dio( D) eP, m (P p))e S, for t < 1. From the
transversality of P’ it follows that there exists an analytic function + defined
on some neighbourhood W of p in P such that +{ p) = 7, and @ (,(q) € P’
for ge W. Since rank =, |p(p) = rank S;, #{W) is a neighbourhood of w.
For every g€ W we have £, ((7(q)) € m(P"). Since my(P") e II(S, , x), we have
E(r(») e II(S, , x) for every y € m,(W), where ( y) = 7(q) for ge W N =7 ( ).
This means TI(S, , y) = TI(S, , ») provided we prove that £,(¢) does not meet
any ReZ, R # S, for 0 <t < 7(y). We prove that there exists a neighbour-
hood W, C 7 (W) of x in Sy such that the latter is impossible for y e ¥, .

Indeed, were this not the case, there would exist a Q € 2 transversal, sequences
B, P, € P,1,— 1%€[0, ( p)] such that ¢, = B (p,) €0, ¢ = B p) € O\0.
Let Q C Py Z;. From the construction of P from #, and from p,, pe S,
it follows g € P;\P; . Since 2, is a stratification of H, either ¢ belongs to some
member of Z; of dimension < dim P, or it belongs to P, N D(S) the dimension
of which is also < dim P;. Since .#(S, 7) is a stratification compatible with the
sets p(Py) and P, N S, Pye P, , in both cases p(g) cannot belong to the same
member of # as p(gq,), so p, cannot belong to the same member of # as p which
contradicts p, € P.

Now, let S, be of type II, x€ S, , x = m(p), pe PeP,, rank m, | p (p) =
rank S, . Then, P is necessarily transversal, so @( p) € P’ for ¢ > 0 sufficiently
small for some P’ parallel. Since P’ is parallel, = (P') N S, = & and, conse-
quently, £,(t) € m (P )T S, for t > 0 small. We denote by Z(S,) = Z(S;, x)
that member of 2 which contains 7,(P’). Again, in order to prove that Z(S,)
is well defined, it suffices to prove that for a given x & S, , Z(S,, y) does not
depend on y for y from some neighbourhood of x in S, . However, were this
not the case, it would be easy to conclude that there would exist a O € £ trans-
versal such that p e 0\Q and the contradiction could be obtained in a manner
similar to that in the case of II.

Next we show that the regularity requirements of B are satisfied.

Take a cell S} €%(S, i) of type I (the modifications for a cell of type II are
obvious) and any xe S;. Since there exist pe PeZ such that x = =, { p)
and rank =, |p ( p) = rank S, , as we have mentioned above, there exists a neigh-
bourhood W of x in S, and an analytic submanifold M of P such that w, |y :
M — W is an isomorphism. Thus, for y € ¥ there exists a unique %, depending
analytically on y such that { y, ¢,) € M.
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We have

(1) = m(Pi(» ) for 1[0, o(y)]

, (17)
uy(t) = ‘w-(‘p:"(y, ‘/‘y))

Since @/( y) can be extended beyond o( y), the required analytic dependence of
&, and u, on y and ¢ follows immediately from (17). The analyticity of 7 we have
in fact proved when verifying that IT is well defined.

To wverify 15;,, assume x ¢ G,,, and denote t, = inf{t | £(¢) € Gy} We
have to prove £(t;) € Gy, - If £,(t) € G, for ¢ > #, close to ?, this follows from
I5; so we assume £,(?) € G, ;\Gy for t > 1, near t,. Then, there exists a cell
S € L1\ such that £,(f) € S and u(£,(t)) = w(S) for t > #, near ¢, . Since
N, 1s closed, we have u(€,(¢,)) = u(S) and from the construction of the cells
of order & 4 1 it follows immediately that £,(#)) € G, .

Because of IS5, we may, without loss of generality, assume for the proof of
16,4 that &' = £,(t;) € S C G, but £,(t) ¢ Gy for t < t; . From the assumption
and from E2 it follows that @,i(x, $) € N;, £,(t) = 7 (D, ) for 0 <t < ¢t
and <D§l(x, $) € D(S), provided ¢ € E%x). Since #; < v this means §,(t) € K(S, )
for t €[0, #,). Because of 17, either 7 5 u(S) or S € &}, which means that (S, 7)
is an admissible pair and therefore K(S,?)C G,, .

For the proof of I7,,, assume that Se€ %, \F 1, SEX(S, 1), (5,1)
admissible, S’ € %,.. Then, £,(s)e K(S', 1), p(é(s)) =7 for t <s <t + o,
£(t + o) e S’ From E2 it follows that (x’, ') € D(S") for ¢ € ¥, where ' =
ot + o) " = [(t + o) 71 (¢ + o). Since p(&y(s)) = ifort —8 <s <t +o
for some & > 0 we have @}, (x', ") = (&L5), | (&)L (sN e N, fort — 8, <
s <t-+ o and, consequently, £s) = (D}, (+",¢)) € K(S',i)C Gyyy for
t — 08, <s < t+ o, where §; = min{s, n — a}.

The properties I8;,, , 19, follow immediately from the construction of the
set K and the unicity of extremals. This completes the proof of the induction
step.

By induction it follows that & = {J;,o 3 is 2 regular synthesis provided we
prove that every C C G compact is covered by a finite number of cells of &.
This follows immediately from the following

Lemma 5. Let x € G. Then, x is contained in a cell of order < 71T (x) -+ H(x)
where B is the number of switchings of the extremal control u,, .

Proof. We prove this lemma by induction in the number »27'(x) + &(x).
If T(x) = 0, the statement is trivial. Assume that it holds for all ¥ € G such that
7717 (x) + Hx) < k. Let xe G be such that v 17T(x) + &x) <k + 1. Let ¢,
be the first switching point of ., 7 = min{, #,}. Denote &' = £,(r). Then,
N IT(£(7)) + 3(€u(7)) < k, 50 &(7) € G,,.. By 16, x € G, , which proves the

lemma.
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Now, take a compact C C G. By Assumptions 4 and 6 we have T(x) < y(C),
Hx) < v»(C), so 1T (x) + d(x) < n7y(C) + »(C) for any x € C. By Lemma 5,
x belongs to a cell of order < y~y(C) + »(C) which means that C is covered
by the cells of order <n~y(C) 4 »(C) the number of which is finite. This
completes the proof of the theorem.

APPENDIX

In this appendix we transcribe Bolt’anski’s proof of the optimality of the con-
trols generated by a regular synthesis to the case of a general performance index
and the modified definition of synthesis.

We consider the system

% = f(x, u)
x € R", u e R™ with the performance index
T
J=[ s,
0

the control domain U C R™ and the target point £ By J(x,, #) we denote the
value of the performance index for the control % and the initial state x, . We
assume that f and f° are C.

Lemma Al. Let GCR" be open, i€ G, and let V: G U {&} — R be conti-
nuous in G U {£}, C' in G and satisfy for every x € G, u € U the inequality

£ 0) + T2 @) 5, ) > 0. (A1)

Let u(t), t € [0, T] be a control steering the point xy€ G to & such that its response
x(t) starting at x, satisfies x(t) € G for each t € (0, T). Then,

TG0, 4) > Viso) — V() (A2)
Proof. We have
Jeso ) = [ 7000, o) de > — [ 5 (o) F (0, ) e
—— [ Z0eO)E = Ve - Vo).
Lemma A2. Let GCR” be open and let MCG. Let V: G U {&} — R be

continuous on G U {£}, C* on G\M and satisfy (1) for everyue U and x € G\M.
Let u(t), t € [0, T be a control steering the system from x, to & such that its response
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%(t) has a finite number of intersections with M and satisfies %(t) € G for t € [0, T).
Then, (A2) holds.

Proof. Let 0 <d; < - <8, ; < T be all the moments of intersection
of x(¢) with M, $y = 0, 3; = T. Then, we can apply Lemma 1 to the restrictions
of u(?) to the intervals [#;_, , #], i = I,..., s to obtain

B

—VE0) + VeO) < [ o), ut)

i

i = 1,..., 5. Adding these inequalities we obtain (A2).

Lemma A3. Let G, V be as in Lemma A2. Let u(t), t € [0, T steer the system
Jrom x to %, its response x(t) satisfying x(t) € G for each t€ [0, T). Assume that
in any neighbourhood of x, there exists an y,€ G such that the response of u{t)
starting at y, meets M at finitely many points on [0, T)]. Then, (A2) holds.

Proof. Lete > 0. There exist neighbourhoods W, W, of x, , £ respectively
such that | V({x) — V(xg)] <e | V(x) — V(%) < e for xeW,, xeW,NG
respectively and a 8 > 0 such that x(T' — 8) e W; N G and

T
f (), u(t)) dt > —e. (A3)
-8
There exists a neighbourhood W, C W, of x, such that the response y(t) of u(2)

starting at an arbitrary y,e W, satisfies y(T —8)e W, N G, y(t)e G for
te[0, T — 8] and

T-5 T—8
—L ﬂwm«mﬁ+L Fo(D), u(®)) dt > —e. (A4)

By the assumption of the lemma there exists a y, € W, such that y(¢) meets
M at at most finitely many points. According to Lemma A2 we have

T—8
— V(AT —8)) + V() < fo Fo(y(2), u(2)) dt. (A5)
Further, since y, € W, , we have (T — 8) e W, N G, so

—V(¥0) + Vixg) <€ (A6)
—V@#E) + V(3T —9)) <e. (A7)
Adding (A3)~(A6) we obtain

—V(xy) + V(xg) — 2¢ < jo T Foae), u(t)) dt + 2e.

Since ¢ > 0 may be taken arbitrarily small, we have (A2).
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Lemma A4. Let G CR™ be open and let M be a stratified subset of G of dimen-
ston <n. Let u(2), t € [0, T] be a control such that its response x(t, x, , u) starting
at x lies entirely tn G. Then, in every neighbourhood of x , there exists a y, such
that x(t, ¥, , ) has finitely many intersections with M.

MThie lam
L11i8 1

N N N
CIIT4a is P

A3, A4 we obtain

a

THEOREM Al. Let G CR" be open and let M be a closed stratified subset of G
of dimension <n.Let £€ G, V: G U {&} — R! be continuous on G U {&} and C1
on G\M, V(%) = 0. For each x € G let there exist a control ut), t e [0, T(x)]
steering the system from x to & such that x(¢, x,u,)€ G for te[0, T(x)) and
J(x, u;) = V(x). Then, in order that all u, be optimal for the initial state x, it is
necessary and sufficient that V satisfy (Al) in G\M.

Proof. The sufficiency follows immediately from Lemmas A3, A4, To prove
necessity, assume that there exists a point x, € G\M and »* € U such that

Fa» )+ 0 (x0) fa  4%) < 0. (a8)

Since G\M is open, there exists an ¢ > 0 such that x(¢, x, , #*) € G for t€ [0, €)
(here by u* we understand the constant control with value #*) and that (A8)
is satisfied with x, replaced by (¢, x, , #*), 7 € [0, ¢). We concatenate the constant
control * on [0, €) with the control #,(¢ ) and keep the notation #* for this
control. Its response x(t, %, , #*) we denote by x*(f). Then we have from (A8)
for te [0, €)

Fe), ) < — S @) fat) w) = — I ()
from which we obtain
—V(x*(e) + V(xg) > fo " Fo(x*(s), w¥(s)) ds. (A9)

If we denote by T = T(x*(¢)), we have from (A9)
T+e €
Jero, u¥)y = [ fo(e), u*) dt = [ fo(x(2), u¥)
o JOTf (2, x*(€)s Unia) dt < V(%g) — V(%*(e))

+ V(x*(e)) — V(&) = Vi(xo) = J(%0 » us,)s

which means that «, is not optimal.
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Now we use Theorem Al to prove

THEOREM A2. Let (&, v) be a regular synthesis in an open domain G, % € G.
Then, for every x € G the control ut), generated by the closed-loop conirol v
via the equation

uy(t) = v(&:(1)) (A10)
1s the optimal control for the initial state x.

Proof. Denote

Ve = [ " FEdD), ualt) de = Jix, ).

By D, V is continuous in G. By Theorem Al and Assumption A it remains to
prove that V'is C? in G\G" and satisfies (A1) there.

Obviously, v is C* on G\G' if it is C? on each of the cells of dimension #.
By induction in the number of the passings of £, from one cell to another we
prove that this is true for all cells. First we note that it follows from Assumption B
that given a cell S e & there is a unique sequence of cell S, ,..., S, ¢ = ¢(S)
such that every trajectory &, for x€.S passes precisely the cells Sy ,..., S,
(in this order) until it reaches £. The statement is satisfied trivially for ¢ =0,
since the only cell with ¢ = 0is {£}. Assume that V'is C" on each cell with ¢ < k.
Then, the C* dependence of V on x on each cell with ¢ = & + 1 follows imme-
diately from the expression

Ve = [ " FEL), ualt)) dt + V(EG))

(7 defined as in Assumption B) by B and the induction assumption.

Assume now that x € S, dim S = 7 and that .S ,..., S, are the cells of type I
passed by £, in this order before reaching £. Denote by 7,(x) the times for which
& enters S;, 7 = 1,..., . It follows from B that 7, are well defined and C? on
S and so are £,(7,(x)).

Since the controls u, satisfy Pontrjagin’s maximum principle, we have

G f(xw)> < < f(x, v(x))> =0 (All)

for each ¢ € E(x) and u € U. The proof will be finished if we prove

col (—1, - 632 (x)) e E(x) (A12)

since then (All) means (Al).
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We prove that if € E(x) then ¢, % 0 and for every he R»
4 ,
‘/‘0'&: Vix + eh)leeo = <§', B,
where ¥ = (g, ¥ 5.0 Un), ¥ = (P ..., $b,,). We have then
d —1p
de V(x + €h)le=0 = <¢'01l/} s 1>

for every ke R®, which implies (8V/ox(x))* = ¢ip"y’. Since by the maximum
principle i, << 0, it follows from El

col (1, = 27 () = eol(—1, —"¥") = —d™ € E(®),

which proves (Al2).

Denote 7 = 7i(x -+ eh) for i = 1,..., r. For € > O sufficiently small x 4 ehe S
and max{r, 7% < min{rj,,,70,,} for i =0,..,7, where 7 =0, 75, =
T(x + eh). For such e we define 4, = [max{r, 7., min{r{,, , ¥ ,}],7 = 0,...,, 7,
4; = [min{rg, 7%}, max{rs, 70}], i = 0,...,r + 1. By induction we obtain from
the C* dependence assumptions in B that £,,,(2), %, a(t), 75 7 = O,y 7 + 1,
are C? functions of ¢, uniformly in ¢. Consequently, if we denote x¢ = £, ,
U =ty g, T = T(x + eh), we have | #(t) — 2(t)| = O(e), | u<(z) — 4°(t)} =
Ofe), | Te— T = O(e), | 7£f — 7| = O(¢), i = 0,...,7 + 1, uniformly in 2.

Let first T« > T, Since x5(T¢) = a%(T°) = & we have

W+ eb) — V(2)
= bo[[[ P wor = [ ose) ) ]

=] " foee) we) de — [ " pote) e)
+ (T, 4T — ', & + ey — (H(T), &
— 0 8)) + G e+ H(TO), (T — (T
— 7 [ o 30 — 5 o) )

+ ] R S PR
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= [ [0, 0 — (w0 + (B 0~ 200 e

[T, w0, we) e + < >
0

— [[" L), 50, 0 — H(an0) 000, 0]

— [ T 0, 0, U — ) s

[ ), Ft), ) e G > = FlQ + .
From the maximum principle it follows that
HE(), w(0), $(2) — HE0), %0, $(e) <O for 1[0, 77
HE(T), w(T%), §(T%) = T, FT, (T <0,
from which we obtain
£t ) = H(x(e), wt), $(0) — H(), (0, $(0)
— 2 (w0, (e, w0 — 200
= H(0(), wt), $0) — HR(), 1800, 9(0)
+ H((), w(e), $02) — HA), 40) $00)
— B o), w), i) @) — ()
< (S (800, (e, $(e) — S (550, 10(2), $(2)

X (%(2) — #(t)) + ofe), (A13)

T, fle(8), w(2))y = H(T), f(TO), w(TO)))
+ T, fxe(T0, ue(T9) — f(x(T°), w(T°)))
+ TN fla(2), w(t)) — f<(T°), u(T))> < Oe)

(A14)
provided ¢ is so small that (7% e S, .
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From (A14) we have

[ <o, fest, w)y de < ofe).

O 0), w0, 902)) — 2 (9(1), w002, (2| = O

and, consequently, from (A13)

&t &) < ofe);
for t € 4, we have obviously

gty ) < Ofe)

From (A15)-(A17) we obtain

T r+1

F(e) < Y of) + ; L ,0(e) + o(¢) = ofe)

=0

from which we obtain
Po(V(x + ch) — V(x) < ', by + ofe)
Now, let T¢ < T°. Then, we obtain, as in the case T° < T*,

po(V(x + k) — V()

_ fo o [H Gy, (), o)

(A15)

(A16)

(A17)

(A18)

— H(A), 4400, §(8) — T2 (2(0), 4800, 9e)(e) — o2(e)]

yad .
X [ TS, (e de

and

T, f(), u0)> < Ofe),

50 (A18) holds also in this case.
Therefore we have

d
o e Vix 4 eh)lemg < '\ B
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for all 2 e R" and, consequently,

Yo o V(s + g = B B>

for all e R™.

If 4, =0, we have (', h) =0 for all heR", so ¢ = 0 which violates

¢ € E(x). Therefore, 4, 7 0, which completes the proof.
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