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1. INTRODUCTION

In [4], we have studied the one-dimensional reaction—diffusion equation
u,=u,+ f(u), xe€(0,1) (1.1)

with Dirichlet boundary conditions
u(1, 0)=wu(1, 1)=0. (1.2)

We have obtained a partial answer to the following question:

(Q) Given a stationary (ie. time-independent) solution of (1.1), (1.2},
which other stationary solutions does it connect to?

To recall, we say that a stationary solution v connects to a stationary
solution w # v if there is a solution u(¢, x), te (— o0, o) of (1.1), (1.2) such
that

lim wu(r)=v, lim w(t)=w (1.3)
1 —o0 =0
{when there is no danger of misunderstanding we shall drop the argument
x in u(t, x)).
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For the history and motivation of the problem we refer the reader to
[4]. For additional motivation, not mentioned in [4], note that under
mild growth conditions on f at infinity (cf. (1.5) below), (1.1), (1.2) has a
unique maximal compact invariant set .o/ which consists of stationary
solutions and their connections. Knowing the flow on .« is instrumental for
the understanding of the dynamics of (1.1}, (1.2) [7].

Following [8] we can consider (1.1), (1.2) as an abstract differential
equation

dujdt + Au= F(u) (1.4)

with (Au)(x)= —u,,(x), Fu)(x}= f(u(x)).
As in [4] we assume that fis C? and

lim sup s~ 1f(s) < % (1.5)

|sf — =

By & we denote the set of fe C? satisfying this condition endowed by the
C? (weak or strong) topology. For fe %, (1.1), (1.2) define a strongly
continuous semiflow S,,1>0 on X=H?>n H/}. All trajectories of S, stay
bounded in the H*norm |-| for 1> 0 and are relatively compact [8].

In addition we shall assume that all stationary solutions v of (1.1), (1.2)
are hyperbolic; i.e., 0 is not in the spectrum of 4 — F'(v) or, equivalently,
y=0 is the only solution of the linearized problem

Yot [0(x) y=0,  p(0)=p(1)=0. (1.6)

The set of those f for which (1.1), (1.2) has the above hyperbolicity
property we shall denote by %. Let us note that this additional condition
on fis not very restrictive—% is open dense in # [2, 9, 11].

Recall that by the zero number z(v) <« of a continuous function v on
[0, 1] we understand the number of its strict sign changes in {0, 1). By the
instability (Morse) index i(v} of a stationary solution v we understand the
dimension of the eigenspace of 4 — F'(v) corresponding to the part of its
spectrum lying in the left open complex halfplane. If v is hyperbolic, i(v) is
the dimension of the unstable manifold W*(v) of v and the codimension of
its stable manifold W*(v) [8].

In [4] we have developed several principles for establishing and exclud-
ing connections. We have used them to identify stationary solutions w
which v connects to. It turned out, however, that those principles have not
been powerful enough to carry out this identification completely in all
cases.

It is the purpose of the present paper to answer question (Q) completely
by closing this gap (see Theorems 1.3, 1.5 below). To this aim we had to
develop new tools to establish additional connections. These tools rely on



108 BRUNOVSKY AND FIEDLER

the fact that, by [1,9], S, is a Morse-Smale semiflow for fe¢ 4 and on
detailed information on the relative ordering of initial slopes of stationary
solutions with particular zero numbers and instability indices.

We will not need any additional principles for excluding connections
beyond those used in [4]. In fact, we have been able to reduce the number
of exclusion principles to two, which we formulate as Propositions 1.1 and
1.2 below. By E we denote the set of stationary solutions of (1.1), (1.2).

1.1, ProprosITION. If v, we E satisfy i(w)=z (v}, v#w, then v does not
connect to w.

This proposition is an immediate corollary of the fact that the semiflow
S, is Morse-Smale: since W*(v) intersects W*(w) transversely and since
dim W*v)=i(v) = i(w)=codim W*(w), we have dim W*(v)n W (w)<0.
Since v# w, it follows that v cannot connect to w (cf. Lemma 3.4 (1)).

1.2. PropPOSITION [4, Lemma 4.1.] (Blocking Lemma). Suppose
v,w,weE are such that w'(0) is strictly between w'(0) and v'(0) and
z(w—w) = z(v— w). Then, v does not connect to w.

In the situation of Proposition 1.2 we shall say that w blocks the
connection from v fo w.
We are now able to formulate our main result.

1.3. THEOREM. A given ve E connects to all those we E which are not
excluded by Propositions 1.1 and 1.2. Specifically, these are the stationary
solutions w with i(w) <i{v) for which there is no w with w'{0) between v'(0)
and w'(0) satisfying z(v — w) < z(w —w).

As in [4], we denote
Q(v) := {w # v: v connects to w}.

Theorem 1.3 has a simple formulation but it does not give an explicit
description of 2(v). Rather, it gives conditions for a particular stationary
solution to belong to Q(v). The following two theorems (the first of which
is in fact the main theorem of [47]) describe 2(v) explicitly in terms of zero
numbers of solutions and their initial slopes.

For 0 <k <i(v) we denote by

7, the stationary solution w with z(w) =k such that w'(0)> |v(0)] is
minimal,

v, the stationary solution w with z(w) =4k such that w'(0) < — |v'(0}|
is maximal.

We rephrase the main theorem of [4] as
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1.4. THEOREM. Let f €% and let v be a stationary solution of (1.1), (1.2},
Then v connects to other stationary solutions as follows:

(i) Ifv=0or if v#0 and i(v)=2(v) then
Qv) = {vs, B: 0 <k < i(v)}.
(i) If v'(0)>0 and i(v)=z(v)+ i then
Qn)=0,UQ,UQ,,
where

Ql: {5k'0<k<i(l))},
ch{yk:0<k<i(v)“‘1},

and either Q5= {v,,,_ ;) or 8, consists of one or several stationary solutions
with —v'(0) < w'(0) < v'(0) and i(w) <i(v).

We skip the explicit formulation of the case v'(0)<0, i(v)=z(v)+1
which is symmetric to Case (ii) and formally can be obtained by passing
from f{u) to —f{—u).

From [4, Lemma 5.1] we know that
i(v)e {z(v), z(v) + 1}. (1.7

Therefore, the only cases not settled completely by Theorem 1.4 are
0'(0)>0,i(v)=z(v)+ 1, 25 # {v,,,_:}, and the symmetric case v'(0)<
0, i{(v)=z(v)+ 1, 2, # {7, _,}. Note that Q,(v) consists of those we Q(v)
which satisfy w'(0) <v'(0) and z(v — w) = z(v).

To identify 2, we need even more notation. By I, we denote the set of
those v e £ with i(v) =n. Further we denote

Z,={veEz(v)=norv=0}

if f(0)=0, nis even, and 0el, U1, . In all other cases we put

Z,={veE z(v)=n}.

This definition will be motivated in Section 2. In fact, the presence of the
zero solution in the nongeneric case f(0)=0 complicates the arguments
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and requires special attention. Therefore, we suggest the reader ignores this
case at first.

The stationary solutions v are naturally ordered by their slope v'(0) at 0.
Referring to this ordering we shall freely use the expressions “below”,
“above”, “between” for stationary solutions in their natural sense. We call
v, v, adjacent (or neighbors) in M < F if there is no we M between v, and
v,.
Given J = R, by EJ we denote the set of those we FE for which w'(0)e J.
Given veE[0,©), by »,v we denote the maximal element of
E(—v'(0),v(0)nZ,,, E(—c0,—v'(0)]nZ,,, respectively (provided it
exists).

1.5. THEOREM. Let v'(0)>0 and n=z(v)=i(v)— 1.

(iy If E(—v'(0),v'(0)) =, then 25 := {v}.
(i) If E(—0'(0),v'(0)) # I, then

Q={wtu Y w,

k<n

where
We:={weZ,v'(0)<|w(0) <v'(0)}.

Note that 2, # & by Theorem 1.4. Therefore, v always exists in Case (i).
On the other hand, v may not exist in Case (ii). Then, we understand
(v} =@, i€, 23= Ui, Wi and W= {we Z,: [w(0)| <v'(0)}.

Comparing Theorem 1.5 to Conjecture 6.2 of [4] we see that the latter
has not been correct. In particular the definition of v (denoted by v in [4])
had to be altered.

For the convenience of the reader we reproduce Fig. 1.2 of [4] in which
Conjecture 6.2 is illustrated (Fig. 1.1). For v in the right part of the
diagram the candidates for the elements of £; have been marked by
question marks. By Theorem 1.5 all those solutions except the one marked
by the cross indeed belong to €2;.

The rest of the paper contains the proof of Theorems 1.3 and 1.5 and a
discussion of the results. Sections 2 and 3 prepare the proofs of the
theorems, which are then given in Section 4. Section 2 deals with the time
map associated with (1.1), (1.2) [12, 13]. Via the time map we clarify the
relations between zero numbers, instability indices, and the ordering by
initial slope. In Section 3 we use a Conley index argument and the
Morse-Smale property of S, as building blocks establishing additional
connections (Lemmas 3.4, 3.6, 3.8). In Section 5 we discuss extensions to
the nongeneric case and to the Neumann problem.
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Fic. 1.1, Time map for flu)= —{(u+102)-u-({u—4)2+175%)(u~10), Dirichlet
problem.

2. THE TIME-MAP AND THE LOCATION OF STATIONARY SOLUTIONS

Throughout this section we assume fe %, see (1.5).

In [12, 13] a useful tool has been introduced for the study of stationary
solutions—the time-map. In this section we use the time-map to obtain
some information about the possible orderings of initial slopes of station-
ary solutions with particular zero numbers and instability indices. We
suggest the reader makes himself familiar with the discussion of the time-
map in [4, Section 1] before reading this section.

The time-map is associated with the family of boundary value problems

v+ f(v)=0 (2.1)
v(0)=v(L)=0 (2.2)

with L > 0. Stationary solutions of (1.1), (1.2) are the solutions of this
problem for L=1. We extend the definitions of zero number, instability
index, and hyperbolicity to solutions of (2.1), (2.2) for L # 1 in the natural
way.

505/81/1-8
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The nth time map T, associated with (2.1), (2.2) is defined as follows:
T,(n) is the nth positive zero of the solution v(x) of (2.1) satisfying

0)=0,  v(0)=1, (23)

whenever this zero exists.

The domain of definition dom T, is an open interval («,, f§,) with
possibly some isolated points removed [2, Lemma 4.1]. These points can
be determined from the associated planar system

v'=w, w=—f(v) (2.4)

(cf. [4, Figs. 3, 4, 6 ] for typical phase plane diagrams). Then ne(«,,, §,,)\dom 7T,
iff the trajectory of (2.4) through (0, n) is

— a separatrix of a saddle point in one of the halfplanes +v >0 for
n=1 and, respectively, +# >0,

— a separatrix of a saddle point with v #0 for n>1 [2, Lemma 4.1],
— the origin.

It follows that dom 7, >dom T,,=dom 7, for m,n>1. Note that
T,n)<T,(n) for m<n and O0#nedom T,. Moreover, T,(n)— « for
n->n*ela,, B,1\dom T, (see [2, Lemma 4.27). For v'(0) %0 all the zeros
of the solutions of (2.1) are simple. The implicit function theorem then
implies that T, are C? in dom T,\{0}.

The collection of the graphs of T,,n>1 is called the time-map diagram
of the problem (1.1), (1.2) (Fig. 1.1). In this diagram veZ,,v#0 is
represented by the intersection point n=v'(0), L=1 of the graph of T, , ,
with the line L = 1. In order to emphasize this representation we shall write
n(v) =v'(0).

By [2, Theorem 2.5], v is hyperbolic precisely if the intersection of the
graph of 7,,, with the line L=1 at the point (n(v), 1) is transverse, i.e.,
T,,1(n{(v))#0. Moreover, the instability index of v can be determined
from the sign of T, (n(v)) as follows:

2.1. LeMMA. Let f€9 and let vy be a stationary hyperbolic solution of
(2.1), (22) at L=L, with n,=v4(0)#0. Put n=z(vy). If 1,7, ,(15)>0
then i(vy) = n, otherwise i(vg)=n+ 1.

Proof. By [2, Theorems 2.5-2.7], T, (o) #0 because v, is hyper-
bolic. Moreover, i(vy)e {n,n+1} by [4, Lemma 5.1]. Let »(-, n) denote
the solution of (2.1) with ©(0,7)=0, v,(0,n)=#. Differentiating
(T, . (1), n)=0 with respect to n we obtain

Ul Ty s (1)) Ty i () + 0, (T4 1 (1), 1) =0,
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Because sign v,.(T,, (1), n)=(—1)"*"! sign n, this implies

sign(nT,, (n))=(—1)"signv, (T, (1), n). (2.5)
Since
U,,(O, ’7)=05 vxn(09 ’1)=17

we have v,(x,n)>0 for x>0 small. Moreover, v,(-, %) has only simple
zeros. Therefore, by (2.5),

sign(n T, 1 ()= (— 1) = (- 1)zt +=tn, (2.6)

Let r =i(vy). Let o< -+ <4,_, <0< 1, be the first r+ 1 eigenvalues of
the problem

YVax L (Wo(x)) + A1y =0 (2.7)
Y(0)=y(Ly)=0 (2.8)

and let ¢,.., ¢, be respectively their eigenfunctions. From the
Sturm—Liouville theory we know that z(¢,;) =i for all i. Differentiating (2.1)
with respect to n we see that  :=v,|,_,, solves (2.7) with A=0. The
Sturm-Liouville comparison theorem implies that between any two zeros
of  there is a zero of ¢, and between any two zeros of ¢, _, there is a zero
of .

Therefore r—1 <z(y)<r, ie, z(§)=r=i(vy). Together with (2.6), this
proves the lemma. |

For the remainder of this section we assume that f e 4. As an immediate
consequence of the properties of the time map and of Lemma 2.1 we have

2.2. LeMMA. Let ve Z, and let w be a neighbor of v in E, n(v) n(w)>0.
Then v and w can be related in the following alternative ways:
(1) weZ,, i(w)#i(v)
(i) weZ,_ ,,i(w)=iv)—1
(ili)) weZ,,,, i(w)=iv)+1.
To find out the possible relations between adjacent stationary solutions
with opposite signs of # we need some information about bifurcation of

stationary solutions at 5 =0 which we shall briefly call the 0-bifurcation.
First note that whenever v is a solution of (2.1), (2.2) then so is

B(x) :=v(L — x).

It follows that T, is even for n odd. Now, suppose f(0) <0, 0edom T,. Let
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v be a solution of (2.1), (2.2) at L=L, with v,(0)=2(»,)=0. Since
v5(0)= —f(0)>0, vy(x)>0 for xe (0, Ly). The trajectory of (2.4) repre-
senting v, passes through the origin and is periodic with period L,. For
small n>0 the closed trajectory passing through (0, n) represents four
solutions of (6.1), (6.2) with L near L,:

— one solution v, with z(v,)=0, L=T,(n), v1(0)=%>0,

— two solutions v,,d, with z(v,)=2z(6,)=1,05(0)= —55,(0)=n,
L=T,(M=To(—n)=T,(m)+T,(—1n),

— one solution vy with z(v;)=2, L=T5(—n)=T,(n)+ 27T,(—#) and
v5(0)= — <0 (Fig. 2.1).

Furthermore, by [2, Lemma 4.3], T,(n) < Ly and T5(—#n})> L, for >0
small. Also, note that by [2, Lemma 4.3], T, (n) is discontinuous at n=0
and T,(n)— 0 for n > 0— (Fig. 2.2).

We leave the description of the zero bifurcation for the analogous cases
f(0)>0 and z(vy) >0 to the reader.

We finish our discussion of the O-bifurcation by considering the case
f(0)=0. If f(0)=0 and f’(0)>0, then by [8, 5.3] the solution v=0 of
(2.1), (2.2) satisfies i(v)=n precisely if there are n O-bifurcation points
O<L,< --- <L, left to L. In addition we have lim, ., 7,,(n)= L, for each
n>0 (cf also [4, Section 1]). If f(0)=0 and f'(0) <O, the origin is a
saddle point of (2.4). Then, all 7,, if defined near =0, satisfy
lim, ., T,(n)= co.

We are now able to motivate the definition of Z, for n even in case
f(0)=0. Since f € ¥4, v=0is a hyperbolic solution of (2.1), (2.2) with L= 1.
Therefore, it has a unique local continuation to a family of solutions {v*}
of the problem

vi +g(v¥)=0,v50)=v4(1)=0

FiG. 2.1. Trajectory of a solution with zero initial slope (—) and with nonzero initial slope

(-=-)
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nd

FiG. 2.2. The O-bifurcation.

for ge & near £ If g(0) #£0, from the time map diagram we immediately
conclude

véeZ,iffnisevenandvel, 1, (2.9)

(cf. Fig. 2.3). Therefore, it is natural to extend (2.9) to g=f.

We also note that for ge % there is always an n even and a solution
ve Z, separating w and w for any we Z,, k odd. If f(0)=0, this is of
course the zero solution.

The following conclusions are now immediate (recall that we assume
fe% just above Lemma 2.2.)

2.3. LeMmMa. If f(0)#£0 then for each ve E we have n(v) #0.

24. LemMa. IfveZ,,weZ,, are neighbors in E such that n(v) n{w) <0
then [n—m| < 1, li(v) —i(w)| = 1 and at least one of the integers m, n is even.

2.5. LEMMA. Let v, w be neighbors in Z,,. Then i(w) # i(v) unless n is odd
and n(v) n(w) < 0; in the latter case w=7.

2.6. LEMMA. Let ve Z,, n(v) = 0. Denote

a, :=max{0, max{n(w): we E(—o0, n(v))nZ,}},
B, :=min{n(w): we E(y(v), ©)NZ,}.
(i,) If ilvy=n then Z,NnE(on, ,n(v)=F for k<n and Z,n
E(n(v), B,)= for k=n.

(ii,) If {v)=n+1 then Z,n E(x,,n(v))= for k=n and Z, A
E(n(v), B.)= for k<n.
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T2
T1

3

Fic. 2.3. Time map diagram: (a) g = f; (b) g(0)#0.

Similarly, let ve Z,,, n{v) €0,

a_ :=min{0, min{n(w): we E(n(v), ©)nZ,}},
B_ :=max{n(w): we E(— o0, —n(v))nZ,}.

G_) If ilv)=n then Z,nE(nv),a )= for k<n and Z,n
E(B_,n(o))=D for k=n.

Gii)_) Ifilvy=n+1 then Z,nE(n(v),a_Y=C for k=n and Z, n
E(B -, n(v))= for k<n.
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3. COMPONENTS OF THE PROOF

Throughout this section we assume f€ 9. If v connects to w # v we shall
briefly write v w. We recall that for ve E we write n(v) =v'(0).
First, we recall three facts from [4].

3.1. LeMMA. Ifv#we E and z(v — w) 2 i(v) then v does not connect to w.

This lemma is not formulated explicitly in [4] but is in fact proved in
the initial paragraph of Section 5.

3.2. LeMMA [4, Lemma 4.27]. If v,#v,eE and |n(v,)| = |n(vy)| then
z(v, —v,)=2z(v,) and all zeros of v, — v, are simple.

3.3. LeMMa [4, Corollary 3.277. Let ve E. Then, for each k <i(v) and
ce{—1,1}, v connects to a solution weE with z(v—w)=k and
o - (n(v) —n(w))>0.

Since S, is a gradient semiflow [8, 13] the stabie and unstable manifolds
of the stationary solutions are imbedded submanifolds of X. By [1, 9] they
intersect transversely, so S, is a Morse-Smale semiflow [7, Section 10].
Therefore, we have

34. LemMma [7, Section 10; 97.

(i) Ifv_Nv,€E then i(v_)>i(v,) and W*(v_)n Wi(v, ) is an
imbedded submanifold of X of dimension i(v_)—i(v.).

(i) Ifv,Nv,Nvs€E then v, Nvs5.

(iii) Let v_~v,eE Then cl(W“(v_)n W*(v, ))consists of v_,v,,
all we E such that v_~wv_ , and their connections.

Now we collect additional auxiliary results which will be used in the
proofs of Theorems 1.3 and 1.5.

3.5. LeMMa. Let v_,v, € E i(v_)=i(v,)+ 1. Then, there exists at
most one trajectory connecting v_ to v, .

Proof. Let W*(v_)nW(v, )# &. Then, dim(W*(v_)n W'(v, ))=1
by Lemma 3.4 (i). Since trajectories connecting v_ to v, lie in W*(v_)n
W*(v ) they are isolated (i.e., any point u of any of the connecting trajec-
tories admits a neighborhood U such that no other trajectory connecting
v_,v, passes through U except of the trajectory of u).

Let u;(t) be solutions such that

lim wu/(t)=v,,

r— too
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i=1, 2. Since n(u;(t)) depends continuously on ¢, there are ¢,, ¢, such that
n(u,(1,)) is between n(v_) and n(v, ) and n(u,(1,)) =n(u,(1,)).

Let w(t)=u,(t, +t)—u, (¢, + t). Then 7(w(0)) =0 and w(z) is a solution
of the linear equation

w,=w,, +a(t, x)w, w(t, 0)=w(t, 1)=0, (3.1)
where

a(t, x) =f01 LU= 0) uy (1, + 1, x)+ Ous (£, + 1, x)) dO.

Write (3.1) in the abstract form
w,+ Aw= B(t)w (3.2)
with Aw= —w__, (B(t)w)(x)=a(t, x) w(x). Note that

lim B(t)=F'(v,),

t— too

F defined by (1.4).
Now, we indirectly prove w(¢)=0. Suppose w(?) #0. We have w(t) -0
for t - 40, and, therefore,

,_l.iToo w(t)/|w(t) =¢ .

where ¢_, ¢, are eigenvectors of some negative eigenvalue of A — F'(v_)
and some positive eigenvalue of A—F'(v,), respectively (cf. [9,
Theorem 3] or [1, Lemmas 6, 7]). Thus, z(w(¢)) <i(v_) for ¢ near — o
while z(w(#))=2i(v,)=i(v_)—1 for ¢t near +co. Since w(¢) solves (3.1),
z(w(t)) does not increase with ¢ [4, Section 1]. Hence z(w(z))=i(v, ) for
all +. This contradicts n(w(0))=0 since by [4, Lemma 7.4] z(w(t)) drops
at t=0 in such case.
Therefore, w(t)=0, or, u,(t) and u,(t) have the same trajectories. ||

3.6. LemMA. Let vsw,nweE, i(w;)=i(v)—1=i(w)+ 1. Then, there
exists a wy€ E such that w,#w,, i(w,)=i(w,), and v~ w,\w.

Proof. Our original proof used the A-lemma [10, 7] to show that the
intersection of W*(v) n W*(w) with a small sphere I’ in W*(v) around v is
a continuous curve with two distinct limit points #, and u,, with u, lying
on the orbit connecting v to w,. The existence of w, then followed from
u, e cl(W*(v) n W (wh\(W*(v) n W*(w)) and Lemma 3.4 (iii).

The following more elegant topological proof was suggested to us by
K. Mischaikow. For a background see {6].
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It follows from Lemma 3.4 (iii) that S =cl(W*(v) » W*(w)) is an isolated
invariant set admitting a Morse decomposition S= M, U M, U M, where
M, ={v}, My={wivnwNw}, M;={w}. By Lemma 34 (i) all the
elements of M, have the same instability index i(w,). Hence, they do not
connect to each other.

The proof now proceeds indirectly. Assume M,= {w,}. From the
uniqueness and transversality of the orbits connecting » to w, and w, to w
it follows that the connection matrix [6] corresponding to this Morse
decomposition has the form

M, M, M,
M, 0 1 7
M, 0 O 1
M, 0 0 O

with coefficients in Z,. This matrix, however, cannot be a connection
matrix since its square does not vanish. This contradiction proves the
lemma. |

3.7. LEMMA. Let v, w,, w,, w be connected as in Lemma 3.6. Assume n=
iw))=iwy))=2z(v),weZ,_uvZ,, and n(v)>|n(w)]. Then w,, w, are
below v and w is between w, and w,.

Proof. The proof is indirect. Assume #n(w;)>n(v) for j=1 or 2. By
Lemma 2.1 we have w;e Z, _, U Z,. By Lemma 3.2, z(w;,— v) <max{z(w,),
z(v)} = n and, because n(v) > |n(w)|, z(v — w) = n. Hence v blocks wiNw, a
contradiction.

So both w; and w, are below v. Next we suppose 1(v) > n(w,) > n(w,) >
n(w). By Lemma 3.2, z(v—w,) =z(v)=n, z(w,—w) 2 min{z(w,), z(w)} =
n—1. Therefore, by Proposition 1.2, vNw,, w,Nw imply z(w, —w,) <n,
z(w, — w,) = n, respectively, a contradiction.

Finally, suppose #(v) > n(w)>n(w,) > n(w,). Since z(v—w,) <n,
z(wy—w)=n—1, and v\ w,, w, v w, Proposition 1.2 implies z(w, —w,)<n,
z(w —w,) = n respectively, a contradiction.

This completes the proof since, up to interchanging w, and w,, the only
possibility left is the one mentioned in the lemma. |

38. LEMMA. Let wv_~v,€E i(v,)<z(v,—v_)=i(v_)—1. Then,
there exists a we Encl(W*(v_)n W*(v_)) such that v_~wNv, .

Proof. The existence of w follows from Lemma 3.4 (i) provided we
prove that the set {v_} U (W*“(v_)n W, ))u{v,} is not closed. We
introduce the proof of this latter fact by a short outline.

Denote n=z(v, —v_), m=i(v,). Further, denote by AiF<
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Af <., &, 05, .., respectively, the eigenvalues and the corresponding
normalized eigenvectors of 4 — F'(v,). We consider a small sphere I’
around v_ in W*(v_) which is crossed transversely by the trajectories and
show that the restriction to W*(v_)n W*(v,)n T of the orthogonal
projection X — span{¢,. ..., ¢, ,} is a local difftomorphism. This will
prove that W*(v_)n W*(v,)n I, and, therefore, also {v_} U (W (v_)n
Wi, ))yu {v,} is not closed.

Next, we give the details. Let u(¢) be a solution connecting v_ to v .
Since W*(v_), W¥(v,) are C!, we have

T yW“v_)—span{¢; :j=0,..,n}fort— —oo, (3.3)
and
Tyn W (v, )= Ty Wi(v,,)
=span{¢;:j=0,..,m—1} for t—

(orthogonality understood in L, (0, 1)).

Now, fix 7, and consider the sphere X7~ ' =T W v, ) {Yo: (Yol =
1}. By [9] we have z(y,) <m for each y,e 2" It follows from [9]
that, for all ¢, T, W*(v, ) is spanned by the vectors y(¢), which are, by
definition, the solutions of the adjoint equation

¥ —Ay=—F'u@)y (3.4)

with ¥(z,)e 27",

Note that the zero number of the solutions of (3.4) does not increase
with decreasing ¢. Therefore, z(y(¢)) <m for all t <1, and we can associate
with (3.4) a continuous essential map y: £ ' —» 5™~ ! as in [4, Section 2]
but with ¢ replaced by — 1. Specifically, the map y is defined as follows. For
0 <k <m, let t* denote the first time 7 < 1, such that z(y/(z)) drops to k or
below. Let t, :=tanh(z,— t*). The sign o, :=sign (¢, 0) is constant for ¢
between t*~' and t*; put ¢,=0 in case *~!=t* The components
y= (Yo, s Ym—_1) of the map y are defined as

Va0 =1t — 1) O0<k<m,

with the convention tr_, :=1. By construction, y maps into $™ '< R™.
Observe that y is indeed essential since [4, Lemma 2.27 extends to the
time-dependent equation (3.4).

By [9, Theorem 4], for each solution ¥/(¢) of (3.4) there exists an eigen-
vector ¢, j >0 such that

lim Yy =4, (3:5)



CONNECTING ORBITS 121

Since z(y(1)) <m for all t near —oo and z(¢;” )= j, we have j < m. Since y
is essential, it is surjective. In particular, for each 0 < j<m there exists a
{;eZ™ ' such that y,=1, y,=0 for v+ j, where y={(yg, ..., Yn_,). This
implies in particular that the solution ¥ (1) of (3.4) with ¢ (1,) = {, satisfies
(3.5). Using (3.3) and the fact that ¢, j>0 are orthogonal we obtain for
L 00

Tun(W o ) nWv,))
=Tun W0 INnT,( Wi,)
= T WHv_ ) (span{y,(1): j=0, .,m—1})*
~span{¢; 1 j=0,.,n}n(span{g; : j=0,.,m—1})*
=span{¢; m<j<n}. (3.6)
Since w(t}—v, for t-+c0 we have z{u(t)~v_Y=z(v, —v_)=n for

large ¢ and, consequently, z(u(f)—v_)=n for all £, By [3, Theorem 2.1]
this implies

lim (u(t)—v_ )/u(t)—v_|= ¢, . (37

A sufficiently small neighborhood of v on W¥(¢_} can be considered as
an open subset of R"*!, the coordinates y = (x, .., ¥») chosen in such a
way that y. (w)=<u—v_,¢; > where {-,-> is the scalar product in
L,{0, 1). Then, locally at v, the restriction of S, to W*(v_} is generated
by the ordinary differential equation

dy/dt = Cy + g{(x), (38)
where C=diag{~1y,.., —4; }, gis C', and
g'(0)=0. 3.9}

Denote I'(p)={ue W )yl <p}, where [x]={x x> for
xeR* L By (3.9), gl =ollixll) for y - 0. There exists a py>0 such
that if y(z) is a solution of (3.8} and 03 | x{£)}l < pe, we have

V2dide [yl =~ Y A7+ <x gn)>

J=0

= [ =47 2@l = TeGONN T Ix()) > 0.

This means that {I'(p): 0< p< po} is a nested family of C' cylinders con-
taining v_ which is crossed transversely by the trajectories W*(v_). Note
that 7,1 (p) - span{ds , .. ¢, } for u=pg , p 0.
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The set M(p):=I(p)n W(v,) is a manifold of dimension n—m. We
finish the proof by showing that for sufficiently small p the assumption of
M( p) being closed leads to a contradiction. Note that if M{p) is closed for
some p € (0, po] then it is closed and compact for all such p.

Let ue M(p) for some p. Then lim, , , S,(u)=v,, hence z(S,(u)—v_)
=z(v, —v_)=n for t large. Consequently, z(S,(u)—v_)=n for all 1.
Since e W*(v _), we also have z(S,(y) —v)<n=i{v_)—1 for all r. Hence,
z(S,(u)—v)=n for all «.

By [3, Theorem 2.1], there exists an n-dimensional submanifold W, _,
of W*(v_) through v_ such that for all ue W*(v_\W,_,, u(t) :=S,(u),
one has (3.7). It follows that if M(p) is closed, then M(p) is a disjoint
union of the compact sets

M*(p):={ueM(p): lim (S(w)—v_)IS{u)—v_|=£4, 2

at least one of which is non-empty.

Let N(p) be any of the sets M *(p) which is not empty. It is a sub-
manifold of I'(p) of dimension n—m. Let Y :=span{g,, .., ¢, ,} and let
P be the spectral projection X — Y. Since N{p,) is compact, (3.7} holds
uniformly for #(z) = S,{(u), ue N{(p,). Therefore,

T, I'(p)—span{¢ :0<j<n} for p—-0,ueN(p)
Hence, by (3.6), it follows that
T Np)=T, W NnTI(p)-span{¢, :m<j<n}=Y

for p =0, ue N(p). This means that for p>0 sufficiently small and
ueN(p)

P| 1, n(py is an isomorphism. (3.10)

Since N{p) is compact, so is P(N(p)). On the other hand, by (3.10),
P(N(p)) is open in Y, a contradiction. |

3.9. LemMa. Let vwe E. Suppose
(i) iv)=2z()+1, i{w)<z(v).
i) In(v)] = In(w)l.
Then there exists a w such that |n(w)| < |g(v)], i{w)=n, and vwNw.
Proof. Let n=:z(v). Without loss of generality assume #(v)>0. By

Lemma 3.2, z{(v — w) = z{(v) = n. Hence Lemma 3.8 applies (v_, v, replaced
by v, w, respectively), ie., there is another stationary point
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w, ecl(W*(v) » W*(w)) such that v w, N~ w. Note that by Lemma 34 (i),
iw))<n.
We claim that z(w, —v) =n. Indeed, z{(v - w)=n=1i(v) — 1 implies

zZ(u—v)=n for all ue W*(v) n W¥(w). (3.11)

Also, Lemma 3.2 implies z(v — w)=z(v) = n. The zeros of w, — v are simple
by Lemma 3.2 and w,ecl(W“(v)n W*(w)), hence (3.11) implies
z(w, —v)=n. On the other hand z(w,—v)<n=i(v)—1 by Lemma 3.1.
This proves the claim.

Next we claim that |n(w,)| <#n(v). Indeed, suppose n(w,)>#n(v). Then v
blocks w,w by Proposition 1.2 because z(w, —v)=n=2z(w—v). On the
other hand, suppose that n(w,)< —n(v). Then z(v—w)=n=z(w,—w)
since Lemma 3.2 yields z(w, —w)=z(w,)=z(w, —v)=n. Hence w blocks
v~ w,. These two contradictions prove our claim.

Since vNw,;~w we have i(w,)<n and, therefore, also z(w,)<n. If
i{w,)=n, we put w:=w,. Suppose therefore that i(w,) <n. Then we can
repeat the argument given above, with w replaced by w,, to find a solution
w, such that vNw,Nw, and |7(w,)| <#(v). By Lemma 3.4 (ii) we also
obtain w,\w. Since i(w,)=i(w;)+ 1 by Lemma 3.4 (i) it is now obvious
that after a finite number of steps we arrive at a solution w with the
required properties. |

Synthesizing Lemmas 3.6, 3.7, and 3.9 we obtain

3.10. CorOLLARY. Let vNnweE be such that
(1) iv)=z()+ L iw)=z(v)—1,
(i) [n(w)l <n(v).

Then there exist w,, w, such that i(w;)=z(v), n(w,) <n(v), vNW,Nw, j=
1,2, and w is between w, and w,.

4. ProoFs OF THEOREMS 1.3, 1.5

Proof of Theorem 1.5

We first carry out the proof under the additional assumption f(0)# 0.
Note that in this case Z, = {we E: z(w) =n}. We postpone the discussion
of the (non-generic) case f(0)=0 to the end of the proof.

We proceed by induction on n = z(v) = i(v) — 1. Recall that as before 5(v)
denotes the initial slope v'(0) of v. We also recall that the stationary solu-
tions v, v are defined immediately before Theorem 1.5.

Consider n=0 first. By Lemma 3.3, v connects to some element
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we E(—o00,7(v)) NIy E(— o0, n(v)) nZ,. From Proposition 1.2 (or the
maximum principle) it follows that w is the maximal element of
E(—oc0,n(v))nZy. If E(—n(v),n(v))=¢J then w=p by definition of p.
Any solution w, from E(—#(v), n{(v)) blocks the connections from v to any
solution w, below. Indeed, z(v — w,) =z(v) =0 while trivially z(w, —w,) >
0. Thus, if E(—n(v), n(v))# & then we E(—n(v), n(v)). In that case w=yp
by definition of v.

Assume now that n> 0 and that the statements of Theorem 1.5 (and of
its counterpart for #(v)<0) hold for all ve Z, 1, ,, k=0, ..,n— 1.

So we consider the case veZ,n1,,.,, n(v)>0. If E(—n(v), n(v))= O,
Theorem 1.4 (ii) reduces to the alternative 2,=yp, or 2,= {w}, where
weE, n(w)= —n(v). To prove Q,= {v} we have to show that if Q;=yp,
then v, is the maximal element of E(— 0, n(v))nZ,, ie., there is no w
such that n(w)= —n(v).

This claim we prove indirectly. If w exists then by Lemma 3.2 z(v —w) =
z(v)=z(v,)=z(v,—w). Hence w blocks v\vp,, a contradiction to Q,=
{va}-

Assume now E(—#(v),n(v))# . Denote L:={v}uUi., W, and
recall that Q, is the set of those w e (v) which satisfy z(v — w)=n, n(w) <
n(v). In four steps we prove that Q;=L. First we prove that if
wé¢ L, n(w)<n(v) and z(v —w)=n then v does not connect to w. In other
words, 2, < L. Using the induction hypothesis, in Step 2 we prove that v
connects to all elements of L provided v is known to connect to all
elements of

K=Ln(Z, vZ,)

In Step 3 we prove that v connects to some element of K. Finally, using the
induction hypothesis once more, we conclude the proof in Step 4 by show-
ing that if v connects to some solution from K then it connects to its
neighbors in K as well.

When using the induction hypothesis we shall sometimes refer to solu-
tions and sets of solutions (like v, L, etc.) in the definition of which v is
replaced by another solution w. In such cases we shall write respectively
v(w), L(w), etc.

Step 1. If we¢ L, z(v—w)=n and n(w) <n(v) then v does not connect
to w. In other words, Q, < L.
Let w be as above. By Lemma 3.2 and the definition of L we have the
following possibilities:
1) n(w)< —n(v), z(w)=n,
(ii) In(w)l <n(v), z(w)=n, w#uv,
(i) [n(w)l <n(v), z(w)<n.
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In case (i), any element w, e E(—n(v), n(v)) satisfies z(v —w,)=n=
z(w—w;) by Lemma 3.2 and therefore blocks v xw by Proposition 1.2.

In the cases (ii), (iii), we have n(w)<n(v)<#n(v); in both cases
Lemma 3.2 implies z(v—p)=n=z(w—yp). Therefore, v blocks v\w by
Proposition 1.2.

Step 2. If v connects to all elements of K then v connects to all
elements of L.

Let we L\K, ie., we L, z(w) <n— 1. We distinguish two cases, recalling
that #(w)+#0 by Lemma 2.3.

Case (i). n(w)>0. From Lemma 2.2 it follows that Z,_, has elements
between w and v; let w, be the minimal one. Note that w, € K because
z(w)=n—1,n(v)>n(w,)>n(w), and, by definition of L, n(w)>n(v) if v
exists. Therefore, v~w, by assumption. By Lemma 2.6 applied to w, we
have i(w,)=n, hence w,€ Z,_, n1,. Since there is no element from Z,_,
between w, and w, we have we L(w,;). Thus, w,\xw by the induction
hypothesis and v w by Lemma 3.4 (ii).

Case (ii). n(w)<0. From Theorem 1.4 applied to v it follows that Z, _,
has elements below w; let w, be the maximal one. Since z(w)<n—1 we
have Uxcn_1 Zi N E(n(w,), 0)# . Lemma 2.6 (i_) applied to w, yields
i{w;) > z(w,). Since there is no element of Z, _, between w, and w, we have
w;Nw by the induction hypothesis applied to w,. If n(w;)> —n(v) then
n(w,) <n(w)< —n(v), hence w, € K. Thus, v \vw, by assumption. If, on the
other hand, n(w,)< —n(v), then w,=p,_, and v\w,; by Theorem 1.4,
Since v w,; Nw, vw by Lemma 3.4 (ii).

Step 3. The solution v connects to some element of K.

By Lemma 3.3, v connects to some solution w below v with z(v —w)=n.
Since E(—n(v), n(v)) # J by assumption, n(w)> —n(v) by Step 1. f we [,
then weZ,_,nZ, by Lemma 2.1. Hence we K, v\vw, and we are done.
Next suppose w¢ [, i.e., i(w)<n=z(v). Then, by Lemma 3.9, v connects
to some solution we I, with [5(w)| <n(v). As before, weZ,_,UZ,. By
Step 1 it follows welLn(Z, ,uZ,)=K. Since vxw, this completes
step 3.

Step 4. If v connects to some we K then it connects to its neighbors in
K (provided they exist).
We begin with preparatory lemmas.

4.1. LEMMA. Let z(wy=n—1 and let vw. Then v\Ww, where w(x) :=
w(l — x).

Proof. 1f n—1 is even, the lemma is trivial since w=w. If n —1 is odd,
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then n is even, hence v=4. If u{s, x) is a solution which connects v to w
then d(t, x) =u(t, 1 — x) obviously connects v=175 to w. |}

4.2. LEMMA. Assume that v exists. Then

(i) dv)=n and
(ii) the upper (lower) neighbor of v in K is given by &, _,(v), (v, _;(v),
respectively) whenever this neighbor exists.

Proof. (i) By definitions of K and p, v and v are neighbors in Z, and
[n(v)] <n(v). In particular v # ¢ and, therefore, i(v) #i(v) by Lemma 2.5.
More precisely, i(v)=r since i(v)=n+1 and i(v)e {n,n+1}.

(ii) We note that v is the only element in Z,n K. Therefore, any
neighbor of v in K is from Z, _,. By definition of K, the lower neighbor of
v is the maximal element from Z, _, with n < |(v)| which is, by definition,
v,_(v). Similarly, the upper neighbor of v in K is 7, _,(v), provided
#(v) > 0. To verify that the upper neighbor of v is still 5,_,(v) in the case
n(v) <0 it suffices to prove that

Z,_ 1N E(n(p), —~np))=G. (41)

To prove (4.1) note first that n(v) <0 forces » to be even. This follows from
Lemma 2.5 since |#(v)| <#n(v) and, therefore, v # 6.

Suppose now that (4.1) does not hold. Since i{(v) = z(¢) =# and since v, v
are neighbors in Z, with n(v) n(z) < 0 we conclude from Lemma 2.6 (i) that

Z,_ N E(n(p), 0)= . (4.2)

Suppose now that there exists a weZ,_ ,nE(©, —y(v)). Then
n(w)e E(n(p), 0) since n—1 is odd. Hence weZ,_, n E(n(v),0), which
contradicts (4.2). This, together with (4.2), proves (4.1) and concludes the
proof of the lemma. |

43. LemMa. Ifw,w,eZ, _, are neighbors in K then they are neighbors
mZ, .

Proof. The statement follows immediately from the definition of X if
n(w,) n(w,)>0.

Consider now n(w,) > 0> n(w,) and suppose there exists a we Z,_\K
between w, and w,. Then n(w,) > #(v) > n(w) > —n(v) > n(w,) by definition
of K. Thus, ve X is between w, and w,, hence w, and w, are not neighbors
in K, contrary to our assumption. ||
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44, LeMMA. We have
Kel, (ul,. (4.3)
If w,, w, are neighbors in K then
i{(w,) # i(wy) (44)

unless w, =W,. If w =1, then n is even, z{w,)=z(w,)=n—1, and i(w,} =
i(w,).

Proof. First we note that (4.3) follows immediately from Kn Z,= {v}
together with Lemma 4.2 (1) and Lemma 2.1.

Consider the case w, =w,. Then, i(w,)=1i(w,) by symmetry. Since v is
the only element in Z,N K, z(w,)=z(w,)=n— 1. Since w, #w,, p(w,)=
—1(w,), and n—1 is odd. Therefore, n is even.

Next consider the case w, # W,; we prove (4.4). Since K& Z,_, v Z, and
since p is the only element in KnZ,, we are left with the following
possibilities (up to interchanging w, and w,):

(i} z(w)=n (ie, w,=1p) and z{w,}=n—1;
(i) z{w,)=z{wy)=n—1.

In Case (i) Lemma 4.2 (ii) implies that w, is either v,_,(w,) or
U, . (w.). In both cases w, v w, by Lemma 4.2 (i) and Theorem 1.4. Hence,
(4.4) holds by Lemma 3.4 (i).

In Case (ii) Lemma 4.3 implies that w,, w, are neighbors in Z,_,. Since
we consider the case w, #w,, (4.4) follows from Lemma 2.5. ||

For any given we K, we will denote by w,w its lower and upper
neighbors in K, respectively, provided it exists. When discussing any of
these neighbors we will tacitly assume, without further notice, that it
actually exists.

4.5. LeMMA (Snowball Principle I). Assume that v connecis to we K,
with i{w)=n. Then v connects to w and w.

Proof. First we consider the case z(w)=n. Then w=yp by definition of
K. By Lemma 4.2 we have w=yp,_,(w), w=10,_;(w). Since i(w)=z(w)=
nwNU, (w)=wand wNi, (w)=w by Theorem 1.4. Because v \xw by
assumption, Lemma 3.4 (ii) implies v~ w, v\ w.

It remains to consider the case z(w)=n—1. By Lemma 4.1, v connects
to a neighbor of w if that neighbor is . Below, we may therefore assume
that w# wsw. It is sufficient to prove w\w, w, because Lemma 3.4 (ii)
then implies v\ w, w.
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We may without loss of generality assume n(w)> 0 (since neighbors in
KnZ, | are neighbors in Z,_, by Lemma 4.3 the other case is
analogous). Then w=10,_,(w) and w\w by Theorem 1.4.

For w we distinguish two possibilities:

(a) In(w)l <n(w),  (b) n(w)< —n(w).

In Case (a) we have w=yp(w) by definition of v. Since i(w)=n=
z(w)+ 1, wNow by the induction hypothesis.

Now, assume (b) holds. In Lemma 4.6 below we prove that in this case,
under our standing assumption w # W, we have

E(—n(w), n(w))=J (4.5)

Using (4.5) we obtain w=p(w). Thus our induction hypothesis together
with (4.5) yields w~w. Then, v\ w follows by Lemma 3.4 (ii). [I

To complete the proof of Lemma 4.5 it remains to prove

4.6. LEMMA. Assume n(w)>0,i(w) =n = z(w) + 1, w is the lower
neighbor of w in Z,_,, nlw)<-—nw), and w #Ww. Then
E(—n(w), n(w))=.

Proof. Since w#w and n(w)n(w)<0,z(w)=n—1 1is even by
Lemma 2.5. Moreover, i{w)=n—1=z(w).

Suppose now  E(—n(w), n(w))=E(—n(w),0) U E(0, n(w)) # &. By
Lemma 2.6, all solutions from E(—#(w), 0) have z>n—1 while all solu-
tions from E(0, n{w)) have z <n— 1. By Lemmas 2.2, 2.4 the zero numbers
of neighbors in E canot differ by more than one. Therefore, if
E(0, n(w))# & then there exists a w,eZ,_ ,n E(0, n(w)). Similarly, if
E(—n(w), 0) # &, then there exists a w,eZ, n E(—n(w), 0). Since both
n—2 and n are odd, we conclude W, € E(—n(w), 0) in the first case, and
W, € E(0, n(w)) in the second case. Both cases lead to contradictions since
zWw,)=n—-2<n—1and z(w,)=n>n—-1. |

4.7. LeMMA (Snowball Principle II). Assume that v connects to we K
with i(w)=n— 1. Then v, w connect to the w-neighbors w, w in K.

Proof. Since i(w)e {z(w),z(w)+1} by Lemma 21 and since
KcZ, ,uZ, we have z(w)=n—1. By Corollary 3.10 there exist
wy, w,e E such that i(w,)=i(w,)=n, n(v)>n(w;)>n(w)>n(w,), and
vNwNw, j=1,2. We have z(w;)=n~—1, hence w;e K by Step 1. This
implies that w, w exist. We prove indirectly

w, =W, Wy = W. (4.6)
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Suppose w, #w. Then w is between w and w, and Lemma 3.2 implies
z(v—w)<n, zZ(w—w,)=n—1, ziw—w)zn—1 (4.7)

In order that w not block vw, we need z(w—w,)<n Hence
z(w—w,)=n—1. Then, however, z(w—w)=z(w—w,) by (4.7). Thus w
blocks w, \w, a contradiction.

Now, suppose w; = w. Then w is between w and w,. We distinguish two
cases:

(@) z(w))=n,  (b) z(w;)=n—1

In Case (a) we have z(w,)=i(w,). Hence Theorem 1.4 applies to w,.
Since w;\w, this implies w=up,_,(w;). Also, v\w, implies w, =y by
Step 1. Hence

n(w) < —In(w,)| (48)

holds (trivially for #(w,) <0 and by definition of K for n(w,) > 0). By (4.8)
and Lemma 3.2 this implies

2(w; — W) = z(W). (4.9)

Since w,=yp is the only element in KnZ, we have z(w)=n— 1. Since
z(w)=n-—1, also, Lemma 3.2 yields

Z(B—w)=n—1. (4.10)

By Proposition 1.2, (4.9) and (4.10) imply that w blocks w, ~w, a con-
tradiction.

In Case (b) we have z(w,)=z(w)=n—1, i(w,)=n>i(w)=n— 1. Hence,
by Theorem 1.4 and the induction hypothesis, the following alternatives are
possible:

v, _1(w;) (in case n(w,)<0)
(wy) (in case n(w;)>0 and E(—n(w,), n(w,))= &)
(wy) (in case n(w,)>0 and E(—n(w,), n(w,)) # &).

V=
w =
w

e i

In any case w and w, are neighbors in Z,_,. To prove that they are also
neighbors in K it remains to be shown that v ¢ E(n(w), n(w,)).

To this aim we first note that if ve E(n(w), n(w,)) then n(w,) > 0. Indeed,
nv)<n(w,)<0 contradicts Lemma 2.6(i_) since z(v)=i(r) by
Lemma 4.2.

Now, since i(w,;)=z(w;)+ 1, it follows from Lemma 2.6 (ii,) that
v¢ E(max {0, n(w)}, n(w,)). This proves the claim if n(w) > 0. Next suppose
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that n(w) <0 and v e E(n(w), 0). We will obtain a contradiction, separately,
for the cases that » is odd or even.

Indeed, suppose # is odd. Then v e E(n(w), 0) implies ¢ € E(0, —n(w)) <
E(0, n(v)). This contradicts the definition of v as being the maximal element
of E(—n(v), n(v))nZ

If n is even, on the other hand, then n— 1 is odd. Hence i(w,) # i(w) and
n(wy) n(w) <0 contradicts Lemma 2.5, |}

Having proved Lemmas 4.2, 4.5, and 4.7 we can easily complete Step 4
and, hence, also the proof of Theorem 1.5 for the case f(0)#0.

Indeed, if we K then i(w)e {n—1,n} (by Lemma 2.1 for we Z,_, and

hv Lemma 47(1] for w_n\ Now, QtpnA follows from Lemma 4.5 for

weI N K and from Lemma 47 for weI,,_1 nK
To complete the proof of Theorem 1.5 it remains to settle the case

Let fe.‘f S(0)=0. Let {f,} (¢ near 0) be a family of functions from F#
such that f,=f, f, — fin & for ¢ = 0, and f,(0) #0 for ¢ # 0 (one can take,
e.g., f.(u)=f(u)+e¢). Since ¢ is open dense in F, f,e¥ for & near 0.
By S° E® we denote the semiflow and the set of stationary solutions,
respectively, of the perturbed problem

w=u+fi(w),  u(t,0)=u(t, 1)=0. (4.11)

Since S°(=S) is Morse-Smale and since E°(=E) is finite, S°is still
Morse-Smale for ¢ from some neighborhood U of 0. Moreover, for each
v e E there exists a local continuation v® of v such that v®°=v, v°€ E%; for ¢
small enough all elements of E° occur as continuations of some element of
E and we have i(v°)=1i(v), v*e€Z,,,. The last inclusion simply means
2(v®) = z(v) for v 20; for v=0 it is a consequence of the definition of Z,
(cf. Fig. 2.3). The ordering of the elements of E by their initial slopes
extends to £#0; i.e., for every v,, v,€ E we have

n(}) <n(vy) it n(v,) <n(v,). (4.12)

Now let v satisfy the assumptions of the theorem; ie.,

i(v)= z(v)+1 n(v)>0. From (4.12) and the definition of the set L it
follows immediately that

L(v*)={w*we L(v)} (4.13)

for ¢ sufficiently near 0. Since S is Morse-Smale, for every v, we £ and ¢
sufficiently near 0 we have

€ 1€ prx g NG 1A
U W 111 U NnWw,

_—
£
—
a

N
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For |g] # 0 small we have f(0)#0 and E(—n(v°), n(v°)) # &, hence
Q,(v°) = L(v°). (4.15)

From (4.13), (4.14), (4.15) it follows that Q,(v)= L(v), and Theorem 1.5 is
proved. §

Proof of Theorem 1.3

We prove that if w¢ Q{v) and i{(w) < i(v) (ie., Proposition 1.1 does not
apply) then there exists a we E that blocks v\w (ie, Proposition 1.2
applies). We carry out the proof under the generic assumption f(0)#0.
The extension to the case f{0)=0 follows along the lines of the perturba-
tion argument used in the proof of Theorem 1.5.

Without loss of generality assume n(v)> 0. Note that i(w) < i(v) implies
z(w) < i(v) by Lemma 2.1. We distinguish three cases:

(@) In(w)l =n(v),
(b) I <n(v), i(v)=z(v)+ 1,
(©)  Inw)l <n(v), i{v) = z(v).

Case (a). |n(w)| =n(v). Let k :=z(w). By Theorem 1.4 and by defini-
tion of o, n(w)=n(v) and v#w¢Q(v) means n(w)>n(i,)>n(v). By
Lemma 3.2, z(w — 0, ) =k =z(5, —v), hence &, blocks v w.

For analogous reasons v, blocks v \w if n(w) < —5(v) and k < z(v).

If n(w)< —n(v) and k=z(v) (which is possible only if i(v)=z(v)+1)
then w ¢ Q(v) means that w is below any element w of 2,(v). The altenative
of Theorem 1.4 (ii) yields either n(w) < —n(v) and z(w) =k (if 2,;(v)=1,)
or [n(w)] <n(v). In both cases w is between v and w and, in addition,
Lemma 3.2 implies z{v — w) =k = z(w — w). Thus, w blocks v\ w.

Case (b). |n(w)| <n(v),i{v)=z{v)+1. In this case Theorem 1.5
applies: from w¢Q(v) it follows that w¢ L, and Lemma 3.2 implies
z(v—w)=1z(v). In this situation the existence of the blocking solution w is
proved in Step 1 of the proof of Theorem 1.5.

Case (c). |n(w)| <n(v), i(v)=2z(v). We denote n :=z(v) and distinguish
two cases:

(ca) nisodd (cb) niseven

Case (ca). n is odd. Let w denote the maximal element of Z,n
E(—o0,n(v)). Since n is odd we have Z,3w#w, n(W)= —n(w), i(W)=
i(w), where, as before, w(x)=w(1 ~x). Thus Lemma 2.5 implies nw}>0

unless w=1.
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If w=1¢ then Lemma 2.6 (i, ) applied to v and Lemma 2.6 {i_) applied
to W yield

i(w)Zz(w)>n=i) for w, e E(—n(v), n(v)). (4.16)

In other words, there is no w satisfying both (¢} and i(w) < i(v).

If #(w)>0 we have i(w)=n+1 by Lemma 2.2 and i(w,) > z(w,) > n for
all w, with n{w)<n{w,)<#(v) by Lemma 2.6 (i ).

Thus,

n(w) <n(w). (4.17)

Also, w and ¢ are neighbors in Z,, p{#¥)= —n{w)> —n(v)=n(f), and
i(6)=i(v)=n. Hence i(w,) = z(w,)>n for all w; with 5(w)>n(w,)>n(?)
by Lemma 2.6 (i_) applied to 6. Thus, n(w)> —n(w) and, because of
(4.17), |n(w)] < n(w). Since z(v — w) = n = z(w — w) by Lemma 3.2, w blocks
vNwW,

Case (cb). n is even. Again let w be the maximal element of
Z,n E(—o0, n(v)). By Lemma 2.5 we have i(w)=n+ 1, hence w# w. We
distinguish two possibilities:

{cba) n{w)>0 and {cbb) n(w)<0.

Case {(cba). n{w)>0. As in case (ca) we prove below that i(w,)>
z(v) = i(v) if w, € E(n(w), n(v))v E(—n(v), —n(w)), ie, |n(w)| <n(w). The
connection v\ w is then blocked by w.

By Lemmas 2.6 (i, ) and 2.1 we have

U Zin E(nlw), n(v)) = &. (4.18)

k<n

Consider now w, € E(—#n{v), —n{w)). We prove that i{w,) < z(v) leads to
a contradiction.

Suppose z(w;)=n—1. Since n—1 is odd, W, € E(n{w), n(v)). This con-
tradicts Lemma 2.6 (i, ).

Thus, we can suppose z{w,) <n~— 1. Indirectly we prove that Z,_,
E(niw)), n(w))# . From Z,_, n E(n(w,), n(w))= it follows that the
upper neighbor of the maximal element of U, ., Z, » E[n(w,), n(w)) in
E is from Z,,, m>=n> z(w,) + 1—a contradiction to Lemmas 2.2 and 2.4.

Since n—1 is odd, we have

Z, 1N EQ©, —n(w,))= {W3: wseZ, N E(n(w,), 0)}.
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In particular, both Z,_, n E(0, —n(w;)) and Z,_, n E(y(w,), 0) are non-
empty. On the other hand, using (4.18) we obtain

Z, NE(—n©),nv))=2Z,_ ;0 E(—n(w), n(w))
=[Z,_1nEQ, n(w))]
uiwywieZ, NnEQO,n(w))} (4.19)

Lemma 2.6 (i, ) applied to the maximal element w, of E(0, n(w))nZ,_,
implies i(w4) > z(w,). By (4.19), the minimal element of Z,_, n E{y(w,), 0)
is w,. Since i(Ww,)=i(w,)>z(w,)=z(Ww,), Lemma 2.6 (ii _) applied to W,
contradicts z(w,)<n—1=2z(W,).

Case (cbb). n(w)<0. We prove that no we E satisfying |4(w)| <n(v)
and i(w) < i(v) exists in this case.
Since z(v) = i(v), Lemma 2.6 (i, ) implies

U ZinE@©,n(v))= . (4.20)
k<n
Consider now E(—n(v),0). If we Up<cnZcn E(—n(v),0) then, by
Lemmas 2.4 and 22, either weZ,_, or Z,_,nE(n(w),nv)#. It
follows that Z, , n E(—n(v), 0)# & in any case. However, since n—1 is
odd, w,eZ,_ N E(—n(v),0) implies w, € E(0, 5(v)), contrary to (4.20).
This completes the proof of Theorem 1.3. ||

5. CONCLUDING REMARKS

Although we did not carry out the details we believe that, employing the
same tools as in the generic case, a complete answer to the connection
problem can be obtained without the genericity assumption on f. However,
we have restricted our attention to the generic case since we do not expect
the non-generic case to bring anything new except technical complications.

Propositions 1.1 and 1.2 hold analogously for equation (1.1) with
Neumann boundary conditions

u(t,0)=u,(s,1)=0. (5.1)

In [4, Theorem 6.1] and [5] a counterpart of Theorem 1.4 for the
Neumann case is presented. Employing the techniques developed in Sec-
tion 3 and the properties of the time map diagram for the Neumann
problem one can also complete Theorem 6.1 of [4]. We omit the proofs
which are analogous to the Dirichlet case.

Theorem 1.3 extends to the Neumann case without change. To formulate
the counterpart of Theorem 1.5 for the Neumann case we have to intro-
duce some notation.
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Let 9, be the set of those fe # for which all stationary solutions of
(1.1}, (5.1) are hyperbolic (by [9, 117 this set is also generic). Given a non-
constant C' function v on [0, 1] let /(v), the lap number of v, denote the
number of sign changes of the derivative of v in (0, 1) increased by one. In
other words, /(v):=z(v,)+ 1. Put /(v):=0 for v constant. As in the
Dirichlet case, F is the set of stationary solutions of (1.1), (5.1). Let N,
denote the set of stationary solutions with /(w)=n. Finally, for a given
ve N,, let M, denote the set of those solutions we N, satisfying range
wcrange v for which there is no solution we N, such that range
W& range w& range v.

THEOREM 5.1. Let fe%, and let veN,, v #constant, i(v)=n+1,
v(0)=max v. Then
Qy={weM, w0)y=maxw}u ] M,

O0sk<n
(for the definition of Q5 cf. [4, Section 6]).

Note that this theorem excludes the alternative Q,={p,} of [4,
Theorem 6.17]. Indeed, there is always a constant solution in range v which

blocks v yp,,.
In Fig. 5.1 (which is Fig. 5.1 of [4]), for v in the right part of the

1

v NEUMANN-
o—mfr——tt——r—tref e y —t v TIME
?
?
vy Vig
v Vo
L ----- 1% ----------------------- - - -

Fic. 5.1. Time map for fl(u)= —(u+102)-u-((u—4)*+175%) - (#—10), Neumann
problem.
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diagram the candidates for Q; not excluded by [4, Theorem 6.1] are
marked by ? By Theorem 5.1, v connects to all of them except the one
marked by X.
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