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1. INTRODUCTION

The aim of this paper is to investigate the singular limit behavior of inertial manifolds of the
following singularly perturbed system of evolution equations in Banach spaces

Ut = Gs(Uy S)
SSI + AS = F;(U, S);

(1.1)

where ¢ = 0 is a small parameter, X, Y are Banach spaces, A is a sectorial operator in a Banach
space Y, Y“ is the fractional power space and F,: X X Y* = Y; G,: X X Y* — X; are smooth
bounded functions, « € [0, 1), F, = Fy, G, = G, as € = 0. It is well known that the above
system of equations generates a C' semi-flow $, in the phase-space X x Y* for any & > 0
(cf. Henry [1]). According to Marion [2] the semi-flow 8, possesses an invariant attracting
manifold I, (inertial manifold) provided that the Lipschitz constant of F, is sufficiently small.
This manifold can be constructed as a Lipschitz continuous graph over the Banach space X,
i.e. M, = {(U, ®,(U)), U € X} (see [2]). From the results due to Chow and Lu [3] it follows
that O, is a C* manifold whenever F and G are C* bounded functions. Notice that, in
contrast to the usual definition of an inertial manifold (see, e.g. [4]), we allow I, to be an
infinite dimensional Banach manifold.

In the geometric singular perturbation theory much effort is being spent in order to justify
the continuity of the singular limit € tends to 0* (see, e.g. Sviridyuk and Sukacheva [5]). The
purpose of this paper is to examine the smoothness of the singular limit behavior of inertial
manifolds M, as ¢ — 0. The main goal is to show that, for small values of ¢ > 0, the inertial
manifold 9, is C' close to the manifold 9, = {(U, S), AS = Fy(U, S)} corresponding to
the quasi-dynamic problem U, = Gy(U, S) with the constraint AS = Fy(U, S). Notice that the
C! stability of inertial or centre unstable manifolds is a useful tool in the theory of
Morse-Smale vector fields (cf. Mora and Sola-Morales [6]). We hope that C? stability result
can be also applied in the theory of linearization at a steady state like, e.g. extension of the
Hartman-Grobman lemma from the reduced problem, ¢ = 0 to the perturbed system with ¢ > 0
small enough. Neverthless, such applications of the results obtained are not discussed here.

The idea of construction of an inertial manifold for (1.1) is based on the well-known
Lyapunov-Perron method of integral equations. This method is combined with a nonlocal
approach using the graph transform which is applied to solutions of the singularly perturbed
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equation in (1.1). We then seek an inertial manifold as the union of all solutions of (1.1)
growing exponentially at —oo, By contrast to the usual functional space setting (see, e.g. Chow
and Lu [3], Foias et al. [4] or Miklav{i¢ [7]) an essential rdle is played by better smoothing
properties of integral kernels enabling us to operate with Holderian spaces of curves instead of
usual continuous ones. We first study the singularly perturbed equation &S, + AS = F,(U, S)
and prove that there is a solution operator S = ¢,.(U) in the space of globally defined
solutions. It, however, turns out that the derivative of this mapping becomes continuous at
& = 0 only when the mapping ¢, operates on the space of Holder continuous curves growing
exponentially at —c (see lemma 3.2). To construct an attractive invariant manifold 9, as a
C' graph of ®,: X » Y* we then apply the method of integral equations to the equation
U, = G,(U, ¢.(U)). In order to prove that M, is C' close to M, for 0 < & < 1 we make use of
the two parameter contraction principle due to Mora and Sola-Morales [6, theorem 5.1]
covering differentiability and continuity of a family of nonlinear mappings operating between
a pair of Banach spaces.

(1.1) is a semilinear equation U, + BU = G(U, §) and the nonlinearity F only depends on the
U-variable. The last assumption makes the analysis of the singularly perturbed equation
considerably easier. The results obtained in [8] are not capable to cover some applied problems
like, e.g. a flow of viscous media governed by a constitutive equation of differential type.
Such an application is discussed in Section 4 of this paper.

The paper is organized as follows. In Section 2 we recall some useful results regarding
properties of functional spaces of Holder continuous curves growing exponentially at —oco.
In Section 3 we prove that ®, = @, in the C' topology as ¢ = 0*. The main result of this
paper is contained in theorem 3.9. Section 4 is devoted to an application of the results obtained
to a singular perturbation problem arising in the study of the so-called Johnson-Segalman-
Oldroyd model of shearing motions of a non-Newtonian fluid. Following the paper by Malkus
et al. [9] the motions of the channel Poisseule flow of a highly elastic and very viscous fluid
(like, e.g. a polymer) can be described, in a satisfactory manner, by a system of parabolic-
hyperbolic equations of the form

&V — Uy, =0, + f
g,=-0+ (1 + v, (1.2)
gy = —Z — OUy,

where v = v(¢, x), x € [0, 1], is the velocity of the channel flow between two parallel plates,
o is the extra shear stress, z is the difference of normal stresses, fis the pressure gradient driving
the flow. The number £ > 0 is proportional to the ratio of the Reynolds number and Deborah
number and according to rheological experiments due to Vinogradov ef a/. [10] this number is
very small, of the order of magnitude O(107'2). It gives rise to the inertialess approximation
& = 0. Based on such an approximation, Malkus ef al. [9] were able to explain several striking
phenomena like spurt, hysteresis, shape memory and latency observed in rheological experi-
ments (see also [11, 12]). Using the new variable S := v, + o + fx, S is the total stress tensor,
system (1.2) can be rewritten in the general form (1.1) with F, = O(¢) as ¢ — 0*. In [13],
Nohel and Pego have justified the inertialess approximation by a clever application of the
Morse-Conley theory. They proved that any solution of (1.2) converges pointwise for x € [0, 1]
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to a solution of the inertialess approximation as ¢ = 0%, The purpose of Section 4 is to give
another justification of the inertialess approximation by means of C' closeness of infinite
dimensional inertial manifolds. It is hoped that the C! stability result of inertial manifolds
can be also applied to the problem of a piston driven flow studied recently by Malkus
et al. [11]. Based on careful numerical simulations, their results indicate the Hopf bifurcation
phenomenon in a piston driven Johnson-Segalman-Oldroyd fluid. Any information about C
stability can be a useful tool in order to prove that the Hopf bifurcation extends to the full
system of governing equations with ¢ > 0 sufficiently small.

2. PRELIMINARIES

As usual, for Banach spaces E,, E, and 7 € (0, 1] we denote Cf,;(E;, E,) the Banach space
consisting of the mappings F: E, — E, which are k-times Fréchet differentiable and such
that F,...,D'F are bounded and uniformly continuous, the norm being given by [|F|, :=

-0 supID F|. CEHNE,, E,) will denote the Banach space consisting of the mappings
F € ded(El, E,) such that D*F is n-Halder continuous, the norm being given by

DFF(x) — D*F
1Pl im [Flle + sup H2F) = DFO

x#y [lx — y||”
x,yekE,

Let % be a Banach space and u € R. Following the notation of [3, 6, 7] we denote
C.(X) = {M : C((=, 0], X), and [[u]l ¢ (o) := sup e [u@)ily < °°} .
<0

The linear space C, () endowed with the norm |- ”c () 1s a Banach space. If u < v then the
embedding operator J, ,: C,(X) = C, (X) is continuous and I, = 1.
For any p € (0, 1], a € (0 1] and u = 0, we furthermore denote

() — =Ry . p
lle*u(t) — e u{ )||<

(X) = Jue CAX); {ul =

Cipa pop.a it We
he(,al
Let
||u||c‘ LX) = ||u||C‘(sr) + [ul,, .0 for any u € C, , ,(X).
The space C,,.(X) endowed with the norm ||-]c- , is a Banach space continuously

embedded into C, (X) with an embedding constant equal to 1. Furthermore, the space
C, p.a(X) i contmuously embedded into C, , (%) for any 0 <= p =<v and p € (0, 1],
embedding constant being less or equal to max{l, (v — g)a' ™} (see [8]).
Let F,, E, be Banach spaces and F:E, = E, be a bounded and Lipschitz continuous
mapping, E,, E, be Banach spaces. Denote

FiC (E) ~ C(Ey)

a mapping defined as Fu)) := F(u(r)) for any 1 <0 and u € C,_(E,). By [6, lemma 5.1],
for every u = 0, the mapping F is bounded and Lipschitzian w1th sup|F| < sup|F| and
Lip(F) < Lip(F). If F: E, = E, is Fréchet differentiable then F C,(E) — C, (E;) need not be
necessarily differentiable. Nevertheless, the following result holds.
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Lemma 2.1 [8, lemma 2.8, 14, lemma 35). If F:E, — E, is Fréchet differentiable with
DF:E\ — L(E, E;) bounded and uniformly continuous, then, for every v>u, v> 0,
the mapping F: C.(E) - C(E) F:c wo.aE) = C (Ey) is Fréchet differentiable, its
derlvatlve being glven by DEwh = DF(u( Yh(-) and DE: C,(E) — L(C,(E), C,(Ey)
(DF: C o ED) > L(C, , (E)), C,(E,))) is bounded and unlformly continuous.

Throughout Sections 2 and 3 we adopt the following hypothesis

X, Y are real Banach spaces:
A is a sectorial operator in Y, Reg(4) > w > 0;

(H) there exist « € [0, 1) and 7 € (0, 1) such that
G, e Chu(X XY*; X), F, € CLil(X x Y, Y) for any ¢ € [0, &;
F,— Fy, G, = Ggas ¢ ~ 0" in the respective topologies.

We refer to [1, Chapter 1] for the definition of a sectorial operator, fractional power spaces
Y*, a = 0, and their basic properties. We denote ||- ||, the norm in Y * given by [[u[, = [A%ul,
ueY®=DA%.

By a globally defined solution of (1.1), ¢ > 0, with initial data (U,, Sp) € X X Y* we mean
a function (U(+), S(*)) € C([0, T X xY*)N C'((0, T); X x Y*) for any 7 > 0 such that
(U(Q), S(O)) = (U, Sp); U(@), S(1)) € X x D(A) for t > 0 and (U(+), S(-)) satisfies (1.1) for any
t > 0. The global existence and uniqueness of solutions of (1.1), for initial data belonging to the
phase-space X x Y follow from [1, theorems 3.3.3 and 3.3.4].

In case the function Fy satisfies the condition |DgFy|[|A*7Y| < 1 the set M, = {(U, S),
AS = Fy(U, S)} is an embedded Banach manifold in X X Y*. More precisely, there is a
C}aa-function ®,: X — Y such that

N, = (U, DU e X xY* Ue X|J. (2.1)

By a solution of (1.1), ¢ = 0, we mean a function U e C([0, T]; X) N C((0, 7); X) for any
T > 0, U(0) = U, and U(") satisfies the equation U, = Gy(U, ®o(U)). Since G, is assumed to
be Lipschitz continuous the globai existence and uniqueness of solutions to (1.1) with & = 0 is
again assured by the above references to Henry’s lecture notes.

In summary, we have shown that the system (1.1),, € > 0 generates a semi-flow $,(¢), £ = 0;
$.()(Uy, Sp) = (U(2), S(2)), on the phase-space X X Y. The system (1.1), defines a semi-flow
So(f), t = 0, SN Uy, ®(Up)) = (U(2), ®p(U(2))), on the embedded manifold My C X X Y.

3. EXISTENCE AND SMOOTHNESS OF THE SINGULAR LIMIT
OF INVARIANT MANIFOLDS

Before proving the existence and smoothness of the singular limit of inertial manifolds of
(1.1) we need several auxiliary lemmas. First, let us examine solutions of the following linear
equation

&S+ AS = f (3.1,
belonging to the space C,, ,(¥'*). We will also study the limiting case of (3.1), when ¢ = 0, i.e.
AS =f 3.1),

and examine behavior of solutions when ¢ — 0.
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Denote by X, and &«
bounded linear operators

X, =LICX),C X)), X, ,=LC,,. (1), CT%). (3.2)

wpr V>0, 0<p=<1, ae(0,1] the following Banach spaces of

LeMMA 3.1 [8, lemma 3.1]. Assume that the operator A4 fulfils the hypothesis (H). Then, for any
ee0,g)], 0<v<we!, and fe C, (Y) there is the unique solution S € C, (Y*) of (3.1),
given by S = L, f, where

t
L.f@) = % S exp(—A(l — 8)/e)f(s)ds, (€>0);  Lof(t) = Af(t) (¢=0).

for ¢t < 0. The linear operator L, belongs to the space &, as well as to X, ,, 0 <p =<1,
and there is a K, > 0 such that ILllx, , = ILclly, < Ko(w — vegg)*~! for any ¢ € [0, g,
0 < vgy < w. Moreover, L, —>L0ass*O*lnthespacefryp,0<p< 1.
LeMma 3.2. Let 0< (1 + Pu=<k <wg', 0<p=1and 0<a=<1. Assume that there
is a 0 <1 such that |[L,[ly |DsF(U, S)||L(Ya n <06forany Ue X, SeY* and ¢ € [0, &)].
Then, for any U e C,(X) there is the unique solution S = ¢,(U) € C,; (Y®) of the equation
S =L,F,U,S). Moreover there exists a K; > 0 such that, for any ¢ € [0, g(],

@ 16:0) - 6, Ul g, < I IEIL — 81Uy = Ualeg, :

(i) lim, o+ #,(U) = ¢o(VU) in C (Y"‘) uniformly w.r. to U € @, where ® is an arbitrary
bounded subset of C, , ,(X);

(i) ¢, € Cpaa(C, (X) C(Y"), lé.ll; = K, and there is a d¢, € L(C, (X), C,(Y")) with
the property D¢, = J, «d%., ldeell < Lol 15N, = )7

(iv) lim, 4+ ¢, = d)o in Clya(®, CI(Y®)) for any bounded and open subset & of C, , ,(X).

Remark 3.3. It follows from the proof of [8, lemma 3.1] that ||L, — LOHQC = O(e') as
¢ = 0% for any 0 < r < 1. The author was able to prove neither C' dlfferentlablhty nor
Lipschitz continuity of L, with respect to € at ¢ = 0.

Remark 3.4. We remind ourselves that in the case ¢ = 0 the mapping ®, defined in (2.1)
coincides with ¢, in the sense that ¢o(U)(¢) = ®y(U(?)) for any U € C, (X) and ¢ < 0.

Proof of lemma 3.2. Under the assumption | L, Hm |DsF,ll1cy=,y, = 8 < 1 the existence of
the solution operator S = ¢,(U) as well as its LlpSChltZ continuity (i) follows from the
parameterized contraction principle.

To prove (ii), we first find an estimate of the norm of I|¢O(U)||C ,a(ve in terms of
Ue C, , .(X). To this end, we put S(t) = ¢o(U)?). Then, for any ¢ < 0, % € (0, a], we have

e*S(t) — e* U PS(t — h) = (e — e*""MAF(U(®), S(t))
+ "D ATV EF(U(), S(t) — Fy(Ult — h), S(t — h))).
Notice that, for any t <= 0, h € (0, al,
W)y - Wit - Wl < e e W) — e*“™PW(t — W)l + (1 — e™*MHIWE - B)lg
< Ky e Wz, o, (3.3)
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where E stands either for X or Y and K, = K,(¢) > 0. Thus,
le's) - e*“™PS(t — Wly- < K Ulle, 00 h”
+ A Ds FlIS@) = SEE = Bl yee ™.

Since Sz =< (A% IFllo and [ILolly, [ DsFoll <= 6 < 1 the above inequality yields the
estimate

u¢o(U)“c—, G = K+ “U“C’V L0 (3.4

Arguing similarly as above one can show |Fy(U, S)IIC- o = Ka o+ ||U||C a0
IS¢, ,cre)- Hence,

IF(U, do(UD e, 000 = Ki(1 + [Ulles, 00)- (3.5)
As ¢,(U) = L,F,(U, ¢,(U)) we obtain
(1 = Blie, (V) = ¢o(Wllcz vy = 1L = Lollx, ,IF(U, do(ONles, 0
+ LM, IF (U, ¢o(U)) — Fo(U, So(UN ey -
By lemma 3.1, (H) and (3.5) we obtain lim,_, o+ ¢,(U) = ¢4(U) in C, (Y*) uniformly w.r. to
U € ® where ® is arbitrary bounded subset of C, , ,(X).
(iii) For any U, W € C, (X) we denote
Do (U)W := [ = L,DsF(U(+), 6,(U)(- N 'L Dy F,(U(), ¢, (U DW. (3.6)
A straightforward calculation yields
¢.(U+ W) = ¢,(U) = Do ()W = B, [F,(U+ W, ¢, (1) — F(U, ¢.(U)) = DyF (U, ¢.(U)W]
+ B[F(U + W,¢,(U+ W) - F(U+ W, ¢,(U))

— DgF AU, ¢, (XU +W) — ¢ (UD] =1, + L,
where
B, := [I — L DsF(U(), ¢(U)(- D] "'L,.

Obviously, 1B,y = (1 — )7 '|L|y, for v =u or v =, €€ [0, &]. Furthermore, by
lemma 2.1, we have 4]l e- ey = o WIIC o) as |[W| — 0. On the other hand, as F, € Cpqf
and 0 < (1 + n)u < k we have

IBlleqgrey = OUW I + [6,(U + W) = 8L, + W) = 6.(Dlle;
— o(lWllc.).

Hence, ¢, € ded(C X), C (Y*); Do, (YW = J, do (U)W, where the mapping W~
d¢, (U)W is defined by the right-hand side of (3.6) and 50 [|d¢,ll < IILEI{XMHEEHI(I -9
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Finally, we prove the assertion (iv). Let 8 C C, , ,(X) be an arbitrary bounded set. With
regard to (ii) it is sufficient to show the uniform convergence D¢, (U) — D¢y(U) as ¢ — 0* for
Ue ®. Forany Ue C,_, ,(X) we have

Do (U) — Dpo(U) = (B, — Bo)DyFy(U, ¢o(U))
+ B [DyF.(U, $,(U) — DyFy(U, $o(U))].
Now one can readily verify that
B, ~ By = B, [DsF,(U, $.(U)) — DsFo(U, ¢o(U)1B,
+ I — L, DsF(U, $,(UN1 "ML, — L) + DsFo(U, éo(1))Bo).
Furthermore,
DsF.(U, ¢.(U)) — DsFy(U, $o(U)) = Ds[F,(U, ¢.(U)) — Fo(U, ¢.())]
+ Dg[Fy(U, ¢.(U)) — Fo(U, ¢o(U))].
Thus,
D5 F,(U2), ¢ (U)®) — Ds Fo(U(1), ool Lv=, v,
< |F, - Fl, + "F0||1+7,”¢8(U)(t) — do(O| 3=
Since 0 < (1 + n)u < k, we obtain
| Ds F,(U, ¢,(U)) — DgFy(U, ¢0(U))HL(C,;(Y“),C,;(H)
< |F, - R, + "FOHI+1;”¢s(U) - ¢0(U)“?:;(Y“)-

However, the right-hand side of the above inequality tends to 0 as ¢ = 0" uniformly w.r. to
u € ®. Similarly, one has

[DyF(U, ¢,(U)) — Dy Fy(U, o(U))l L oo.coay 0 ase > 0"
uniformly w.r. to U € &. Now we notice that | By Dy, Fy(U, ¢0(U))||L(C;(X),c,;(Yﬂ)) < K, and
I + DgFo(U, o(U))BolDy Fy(U, ¢0(U))”L(C‘

Ly 2

00, €, = Ki(1+ “U”?:,;p,,,(X))-
Indeed, let us denote
A(t) := I + DgFo(U(1), o(UYDNBolDy Fy(U(1), $o(UN1)), 1= 0.
Then, by (3.3) and (3.4),
lA@) — At - M. vy = K (IU@ — Ut = D% + ldg(UNE) — do(UE ~ %)
= Ky e™h(1 + |UIE;, o)

As 0 < (1 + mu = x we obtain [ACIW ¢, on = KllWlc;, o0 + IUIE;, o) for any
WeC,

.0.a(X). According to lemma 3.2 it is now obvious that D¢, (U) = Doy(U) as ¢ = 0*
uniformly w.r. to U € 8. The proof of lemma 3.2 is complete. W

We will construct an inertial manifold 9, for the semi-flow 8, as the union of all Hélder
continuous curves growing exponentially at —oo, i.e.

M, ={(Y(0), 1€ R, YeC, , (XXY), (U(-), S§(*)) = Y(*) solves (1.1)} (3.7
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for some > 0, p e (0,1) and @ € (0, 1]. The invariance property of 9, under the semi-
flow 8,(7), t = 0, generated by system (1.1) is obvious. According to lemmas 3.1 and 3.2
(UC), 8¢) e C,, (X xY?*) is a solution of (1.1) if and only if it satisfies the following

integral equation
t

Ut)y=x+ E G, (U(s), o, (UY)) ds =: T.(x, U)¥) foranyt < 0 (3.89)
0

for some x € X. Using the invariance property of 9l{, we can write the set M, as
M, =[x, 6, (U)O), x € X, U = T,(x, U) € C, o,(X)}. 3.9

In what follows we will investigate the existence and the limiting behavior of fixed points of the
two parameter family of mappings

7;()(, ) Cp,_,p,a(X) - Cu_,p,a(X)’ €€ [0: 80]’ X e X: (310)

defined by the right-hand side of (3.8). We are going to prove that T,(x, -) is a uniform
contraction. If ||, IlmuHDngH < 8§ < 1 then by lemma 3.2(i), we have

HGe(UU (bt:(Ul)) - GE(U2’ ¢£(U2))”C‘:(X)
= |GILA + Kol Fll (0 = ueg)*™'(1 = ) DU = Usllcz ey (3.11)

where K, > 0 is a constant independent of 0 < u < we;'. Assume that 0 < p < 1 and v > 0.
Then the linear operator

r

4
Jigw~ g(S) ds, 3: C,,_(X) - Cv?p,a(X)
0

Y

is bounded its norm being estimated by

< | N

(3.12)

“3 ”L(CV‘(X),C,;,,’H(X)) =

provided that ¢ = a(v) > 0 sufficiently small (c.f. [8, lemma 3.2,c]).
By the next lemma 3.5 we will show that under an additional assumption on DgF; the
following hypotheses are fulfilled

(1) there is 8 < 1 with the property | 7,(x, U}) — T.(x, Up)llo, = 8|U, — U, |4 for
any x € &, U, U, € U and ¢ € [0, g];

(2) there is a Q < « such that [ T,(x;, U) — T,(x;, U]l = Qllx; — x,llx for any
(T) X, X €X, UeUand ¢ e [0, g);

(3) for any bounded open subset B C X,
sup; ¢ | 72 G, Up) — Tolx, Upxllqy = 06 = 07
where U,(x), x e X, ¢ € [0, &], is the unique fixed point of 7;(x, U)=Uin U

on the Banach spaces
U:= C, , (X)), U= C7,X), 0<+ nNu<k<wg', (3.13)

where 0 < p < 1 is fixed and a € (0, 1] is such that the estimate (3.12) holds for both values
v=puaswellasv = k.
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LeEmMa 3.5. Assume that the hypotheses (H) are fulfilled. Then there is a positive number 6 > 0
such that if |DgFyll v« y, < & for any ¢ € [0, &] then there exists an invariant manifold 9,
e € [0, g], for the semi-flow 8, generated by the system of equations (1.1). This manifold
is a graph, 9, = {(x, ®,(x)), x € X}, where ®,: X —» Y* is a bounded Lipschitz continuous
function. Moreover, for any bounded subset B C X, lim,_ o+ ®,(x) = ®y(x) uniformly w.r. to
x € B.

If, in addition, the operator A4 has a compact resolvent A~': ¥ — Y then the manifold 9, is
also exponentially attractive, i.e. there is a 4 > 0 such that dist((U(1), S(#)), M) = O(e™"
when ¢ — o for any solution (U(*), S(-)) of (1.1), € € (0, &y].

Proof. According to lemma 3.2, for any u > 0, we can choose an &, = &(u) < 1 such that
||L£||x“ < Kp(w — uey)™™ ' < Ky(w/2)** for any ¢ € [0, gy(u)]. Let 0 < § < 1 be such that
Ko(w/2)*~'6 < 1. Now, if we suppose |DgF,|| < 4, € € [0, &), we obtain the estimate (3.11)
for the Lipschitz constant of the mapping C, (X) 3 U ~ G,(U, ¢,(U)) € C, (X) with some
6 = Ky(w/2)* 16 < 1. With regard to (3.12) one can furthermore choose u > 1 large enough
and such that the mapping T,(x, +): U — U fulfils the hypothesis (7). The Lipschitz constant
O of the mapping x — T.(x, U) is equal to 1. Let U, = Uy(x) be the unique fixed point of
U, = Tyx, Up). Then, for any bounded and open subset B C X, we have [|Uy(x)]ly < [x]x +
HSHL(C[(X),‘U)”GOHO < K,(B) for every x € B. Moreover,

HTe(xs Up(x)) — Tilx, Uo(x))”‘u = HSHNGe(Uo, ¢.(Up)) — Go(Up, ¢0(Uo))”C‘[(X)
< /WG, |¢.(Uy — %(UO)HC,;(X) + O(IG, — Gyl

Due to lemma 3.3(ii), we know that ||¢,(Uy(x)) ~ ¢o(Us(Dllc; vy — 0 as & = 0* uniformly
w.r. to x € B and so the hypothesis (T), is also satisfied.

Define ®,(x) : = ¢,(U,(x))(0). According to (3.9) we have that the set O, is a graph over the
Banach space X, i.e. M, = {(x, ®,(x)), x € X} and moreover, as the mapping x = U, (x) and ¢,
are Lipschitz continuous, ®, is Lipschitz continuous as well. Hence, 9, is an invariant
Lipschitz manifold for the semi-flow S, generated by (1.1), € € (0, &. Since [[Lollx, = 4% Y
we have |47 ||| DgFy| < 8 < 1 and so, by definition of a solution of (1.1), & = 0, the set M,
defined by (2.1) is an invariant manifold for the semi-flow §,. With regard to remark 3.4, we
again have ®@y(x) = ¢(Uy(x))(0).

Let B C X be a bounded subset. From (T), and (T), it follows that U,(x) = Uy(x) as ¢ = 0"
uniformly w.r. to x € B. Then by lemma 3.2(i),(ii), we have ®,(x) = ®y(x) in Y* as ¢ — 0t
uniformly w.r. to x € B.

The proof of exponential attractivity of MM, , & € (0, & is similar, in spirit, to that of the paper
by Chow and Lu [3, theorem 5.1]. In fact, it follows the lines of known proofs of existence
of stable invariant foliation to a centre-unstable manifold. Let ¢ € (0, g] be fixed. Given a
solution (T, S) of (1.1) we want to find a solution (U*, $*) € 9, with the property (U, S) €
C (X x Y*) for some u > 0 where U= U* - U, S = §* - Sand C,! is the Banach space

ClXXY®):= {fe CR*, X xY), || fllc; = sup e*|l fOlxxy= < w} .
tz0
Obviously, the existence of such a solution would imply that the 9, manifold has the exponen-
tial tracking property and as a consequence we would have dist((U(?), S(¥)), M,) = Ok ™)
when ¢ = o, i.e. M, is an exponentially attractive invariant manifold.
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Now, one easily verifies that (U, S) belongs to C,, # > | G,|,, if and only if the following
integral equations are satisfied

t

U@y = j G (U(s) + Us), Ss) + S(s) — G(ULs), Ss)) ds =: FYUU, S)2)

S() = exp(~Al/e)¢ + é j’ A C D
0

~ F(U(s),8(s))]ds  forany ¢t =0

for some ¢ € Y. The operator ¥ defined by the right-hand side of the first equation in
(3.14) is well posed on the space C,/ (X x Y*) with values in C,} (X). Moreover, the mapping
U~ FYU, S) is a uniform contraction in C, (X) provided that u > ||G,|/,. More precisely,
one has

”3:U(U1,S) - EFU(Uzwg)“c;(,\’) = “nglll_IHUl - Uz”c;()()
and, similarly,

IFYU, S) - FUW, Sz)”c;(X) < |Gl e7'IIS - Sz”c;(yu)-

By the parameterized contraction principle there is a mapping 4: C,/(Y®) = C, (X) such
that, forany § € C;(Y), U € C,/ (X) is a solution of U = FY(U, S)iff U = A(S). The Lipshitz
constant of the mapping 4 can be estimated as

(A

hS) — (S croy = ——
” 1) ( 2 ||C” [ 9] u _ ”Gslll

”S1 - Sz”c;(y"‘)- (3-15)

It means that (U, §) € C,’ is a solution of (3.14) iff U = h(S) and S solves the equation

!

S(2) = exp(—At/e)¢ + % S exp(—A(t — 5)/e)f(SHs)ds = F(E, S)
0

for any ¢ = 0, where £(S)(s) := F,(U(s) + A(S)(s), S(s) + S(s)) — F,(U(s), S(s)). Since
1/ = fS)llcr oy = IENNIAS) = Al er oy + IDsFIIS, ~ Sallcp vey
= (”E:“l”Gs”l(.U - ”05”1)—1 + ”DSFé”)Hsl - Sz”c,f(ya)

the mapping S — F5(&, S) is a uniform contraction on C,(Y*) with respect to ¢ € Y'*, provided
that 4 > 1 is large enough and |DgF,|| < & < 1 is sufficiently small for ¢ € (0, &), & < 1.

For a given & € Y*, we denote S¢ e C;(Y") the unique fixed point of § = F5(, S). Again,
due to the parameterized contraction principle the mapping £ — S* is Lipschitzian and, hence,
the mapping Y* » & = (U%, §%) e CJ (X x Y*), U* := h(S%), is Lipschitz continuous as well.
Finally, if we denote

g = 0©0) + U0), ¢evY®,
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then the mapping g: Y* — X is also Lipschitz continuous. We recall that (U*(0), $*(0)) € I,
iff S*(0) = ®,(U*(0)). However, the last condition is satisfied if and only if

E=S5*0) - S(0)e Y™
is a solution of

D, (2(£)) — S(0) = ¢&. (3.16)

Now, if we suppose that 4 ': Y — Y is a compact linear operator than, by [1, chapter 1]
the embedding Y*® -~ Y* is compact whenever a < 8. We then claim that the mapping
X2 x+~ ®,(x) e Y has a compact range. Indeed, by lemmas 3.2 and 3.3 we know that

0

1
D, (x) = . exp(As/)F, (U, (x)(s), ¢, (U, (x))(s)) ds.

o

This yields the estimate

0
1@ )llys < Kol Filloe™ { (—s/e) P et ds =1 Ko(f) < o foranyxe X

—o0

for any o < 8 < 1. Then the mapping Y* 3 ¢ — ®,(g(¢)) — S(0) € Y* is compact and Lipschitz
continuous. Moreover, it takes a ball B(0, R) C Y into itself, R = Ky(a) + [|$(0)||y«. Due to
the Schauder fixed point theorem there is a solution ¢ € Y* of (3.16). In other words, there
exists a (U*(0), $*(0)) € M,, U*©0) = g(&), $*(0) = S(0) + &, such that |U(t) — U*@)|x +
1S(t) ~ S*(®)|ly« = O(e ") when ¢ — co. It completes the proof of lemma 3.5. W

Remark 3.6. In case the Lipschitz constants of ®, and g are less than 1, equation (3.16) can
be solved by means of the Banach fixed point theorem (see, [3, theorem 5.1]). Since we
have provided no bounds on the Lipschitz constant of ®, we cannot apply a contraction
principle here. This is why we have to turn to Schauder’s fixed point principle and therefore
the compactness of 4! is needed in our proof.

In the following we will show that this family of fixed points U,(x) and their derivatives
D, U, (x) depend continuously on & > 0 when ¢ tends to 0* uniformly w.r. to x € B, where
B C X is an arbitrary bounded subset.

The proof uses abstract results due to Mora and Sola-Morales [6] regarding the limiting
behavior of fixed points of a two-parameter family of nonlinear mappings. The main difficulty
is that the mapping (U, S) - (G,(U, S), F.(U, S)) from the space C, , (X xY®) into
C, ,(X xY) need not be generally C! differentiable and, therefore, 7,(x, *): C, (X))~
C, (X) need not be C' as well. According to lemma 3.1 one can, however, expect that it
becomes differentiable after composition with an embedding operator J, , for some
0 < u < k. This is why we need a version of a contraction theorem covering the case in which
differentiability involves a pair of Banach spaces.

Consider a two parameter family of mappings T,(x, -): U — U, & € [0, &), x € X, where X
is a Banach space. We assume that the Banach space U is continuously embedded into a
Banach space U through a linear embedding operator J. We also denote 7, := JT, and
U,(x) := JU,(x).

Now a slightly modified version of [6, theorem 5.1] reads as follows.
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THEOREM 3.7 [8, theorem 3.6]. Besides the hypothesis (T) we assume also that the mappings
T: X XU~ U, ¢ € [0, &) satisfy the following conditions:

(1) for any ¢ € [0, &), 7, is Fréchet differentiable with DT,: X x U — L(X x U, U) bounded
and uniformly continuous and there exist mappings

dyT; XX U= LA, U, dyT: XxU— LU, W); d,T: XX U~ LX, W)
such that
DyT,(x, U) = JdyT,(x, U) = dy T,(x, U)J, D, T,(x, U) = Jd, T,(x, U)
ldy T (x, U)”L(‘u,‘u) =46, ldy T, (x, U)”L('ﬁ,fﬁ) =4, ld, T2 (x, U)”L(X,‘u) =qQ;

(2) for any B bounded and open subset of X, DT, (x, U) = DTy(x, U) as ¢ = 0" uniformly
for (x, U) € {(x, U,(x)), x € B, ¢ € [0, g]}.

Then the mappings U,: X — U have the following properties:

(@) for any &€ [0,¢&); U.: X — U is Fréchet differentiable, with DU,: X — L(X, U)
bounded and uniformly continuous,

(b) for any B bounded and open subset of X, DU, (x) = DUy(x) as ¢ = 0* uniformly with
respect to x € B.

In order to apply theorem 3.7 we choose the Banach spaces defined in (3.13). The space U
is continuously embedded into U through the linear embedding operator
J=J,,:C L X)=U~C., . (X)="1U

If we suppose that the assumptions of lemma 3.2 are satisfied then the mapping ¢, is well
defined and, hence, we can introduce the mapping G,: U — C:(X )

G.(U)Xs) := G, (U(s), ¢, (UX$)) forany Ue U and s < 0. 3.17)
Now assume that B C X is a bounded subset and define the set
®Bp = {U,(x), x € B, ¢ € [0, g]}.
Since U, (x) = T, (x, U, (x)) = x + 3G, (U,(x)) and both G, and J are bounded, we obtain
®p is a bounded subset of U. (3.18)
Lemmas 2.1 and 3.2 enables us to conclude that
Ge '= 1ok Gs € Coaa(W, C7 (X)), €€ 0, &) (3.19)
and there exists a mapping dG,: U = L(U, C, (X)) such that DG, = J,.xdGes
dG (YW = DyG(U(:), ¢ (U)(-NDW + Ds G (U(+), ¢(U)(-)dob (U)W

We also remind ourselves that U < C,/(X) and so ¢£eC,,1dd(‘u,C(}+,,)u(Y")), Do, =

gy, (1m0, (see lemma 3.2(iii)).
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LeMMa 3.8. DG, (U) = DGo(U) as ¢ = 0" uniformly with respect to U € ®p.

Proof. First observe that
DG (YW = J, DyG(U(+), o (NYCWW + Ji11mp e Ds Go(U(), ¢ (UX() Db (LYW

for any U € ®5 and W € U. By lemma 3.2(ii), we know that llme_.0+(U ¢£(U)) = (U, ¢o(U))
in C,/ (X X Y®) uniformly w.r. to U € ®p. According to lemma 2.1, G, e CL(C. (X xY9),
C, (X)) for v=yu or v=(1+nu and DG,(U, o.(U)) — DGO(U oo(U)) as ¢ 07
uniformly w.r. to U € ®5. Now the proof of lemma follows from the fact that DG, (U, S) =
L.DG.(U,S). 1

Now we are in a position to apply theorem 3.7 to the family of operators {7;}. To do so we
define the following operators

dyTy: X XU = LU, U), 4T XxU->LX,U, duT: XxU— LA, W)
as follows
dyT,(x, U) := 3dG,(U);  d,T(nu):=1Iy  dyT(x, U):= 3dG.(U),
where the linear operators 3 € L(C,(X), W) and 3 € L(C(X), U) were introduced in (3.12),
v = porv = k, respectively. Furthermore, if we denote
TL:=J, :XxU->U and 0O,w:=J UK

then we obtain from (3.18), (3.19) and lemma 3.5,
T.e Clag(X XU, U)  and lim DT, (x, U) = DTy(x, U)
e~0*

uniformly for (x, U) € {(x, U.(x)), x € B, ¢ € [0, &]}. Under the assumptions of lemma 3.5 we
also know that the mappings d,T,, d, T, and d; T, satisfy all the hypotheses of theorem 3.7
with some 0 < # < 1 and Q = 1, provided that ¢ > 1 is large enough.

Finally, we recall that the mapping ®, was defined as ®@,(x) = ¢,(U,(x))(0) (see lemma 3.5),
With regard to theorem 3.7 and lemma 3.2(iii), (iv); the mapping X 5 x = ¢,(U,(x)) € C;(Y*)
becomes Cp,, differentiable, for some g > «, and ¢, (U, (x)) = ¢o(Ug(x)), x € B,as € — 0+ i
the respective topology. Hence, ®, = ®; as¢ — 0% in ded(B Y*®) where B C X is arbitrary
bounded open subset.

Summarizing all the preceding results we can state the main result of this paper.

THEOREM 3.9. Assume that the hypothesis (H) is fulfilled. Then there are constants § > 0 and
0 < g < g, such that if | DgF| =y, < 6 for any ¢ € [0, &,] then there exists an invariant
manifold I, for the semi-flow §, generated by the system of evolutionary equations (1.1),

={(U, ®,(U),Ue X}, where ®, € Ciya(X,Y"),
®,—® ase— 0" in Clyu(B, Y9

for any bounded open subset B C X.
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If dim(X) = « then 9N, is infinite dimensional Banach submanifold of the phase-space
X xY* If dim(Y) = o then codim(M,) = .

If, in addition, the resolvent operator A~':Y — Y is compact then the manifold M,
¢ € (0, g,] is also exponentially attractive, i.e. M, attracts exponentially any bounded subset
of X xY*.

Remark 3.10. One may ask whether the assumption that the F, and G, are globally bounded
in the respective topologies is not too much restrictive from the point of view of possible applica-
tions of the results obtained in theorem 3.9. In case of dissipative semi-flows one can, however,
prepare the nonlinearities F,, G, in such a way that they are vanishing far from the vicinity of a
globally attracting set (see, €.g. [4, 6, 8]). In Section 4 we present an example of such a modifica-
tion of the governing equations. Let us also emphasize that having modified the nonlinearities in
(1.1) by their truncation we are afterwards dealing with local invariant manifolds only.

4. AN APPLICATION TO THE JOHNSON-SEGALMAN-OLDROYD MODEL OF
SHEARING MOTIONS OF A PRESSURE DRIVEN NON-NEWTONIAN FLUID

Many striking phenomena like spurt or hysteresis were apparently observed in rheological
experiments involving the channel flow of highly elastic and very viscous non-Newtonian fluid
like some synthesized polymers. The interested reader is referred to the paper by Vinogradov
et al. [10] for details. Much effort has been spent to explain such and related phenomena
mathematically. In [9, 12, 13] Nohel et a/. have considered the Johnson-Segalman-Oldroyd
model of shearing motions of the planar Poisseule flow within a thin channel. The channel is
aligned along the y axis and extends between x € [—1, 1]. The flow is assumed to be symmetric
with respect to x = 0 and the fluid undergoes the simple shearing. Therefore, we can restrict
ourselves to the interval x € [0, 1]. Moreover, the flow variables (velocity and stresses) are
independent of y so v = (0, v(?, x)). In order to determine extra stress tensor as a functional of
the rate of deformation tensor we consider the Johnson-Segalman-Oldroyd constitutive law
(see [9]). In nondimensional units the system of partial differential equations governing the
motion of such a fluid is a system of parabolic-hyperbolic equations

g,=-0+ (1 + v,
3, =—2 — ovU, 4.1)
eV, = Uy + 0, + f

subject to boundary and initial conditions

v, (6,0 =v(t, 1) =0(,00=0 forany t = 0 2
(0, x) = vy(x), a(0, x) = gy(x), 2(0, x) = z4(x) for x € [0, 1]. ‘

We omit here the complete derivation of the initial-boundary value problem (4.1)-(4.2)
by referring to [9]. We only remind ourselves that ¢ is the extra stress, z is the difference of
normal stresses, f € R is a constant pressure gradient driving the flow. The parameter ¢ > 0 is
proportional to the ratio of the Reynolds number to the Deborah number and is very small
compared to other constants in (4.1), ¢ = O(107'%) (see [9]). It gives rise to treating 0 < & < 1
as a small parameter and investigating the singular limiting behavior of inertial manifolds of
system (4.1)-(4.2) when ¢ — 0*.
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For the purpose of the analysis, let us introduce the total stress function S = v, + ¢ + fx,
x € [0, 1]. Since the flow is assumed to be symmetric about the centerline the extra shear stress
function must be an odd function, i.e. o(¢,0) = 0. System (4.1)-(4.2) can, therefore, be
rewritten as

-0+ (1 +2)(S -0 - fx)

ag;
z,=—-2—-0(S~a—fx) 4.3),
&S, =Sy =e(—a+ 1 +2US — g — fX)
subject to boundary and initial conditions

S¢0)=S.¢1H=0 foranyr =0
(4.4)

S0, x) = Sy(x), a(0, x) = ay(x), z(0, x) = zZy(x) for x € [0, 1].

Denote AS = -8, the selfadjoint operator in Y = L,(0, 1) its domain being the Sobolev space
D(A) = {S e W>2(0, 1), S(0) = S'(1) = 0}. The operator A is sectorial in Y, Re ¢(4) > 1 and
A™':Y - Y is compact. Moreover, Y2 = W% = {§ e W20, 1), S(0) = 0}. Let us consider
the Banach space X = (L.(0, 1))’. The problem (4.3)-(4.4) can be viewed as an abstract
problem (1.1) where the nonlinear functions G(U, S), F,(U, S), U = (g, z) are defined by the
right-hand side of (4.3), i.e. G(U,8) =[-6+ (1 + 2)(S — 6 — fx), -z — (S — o — )T
and F,(U,S) = &f—0 + (1 + 2)(S — ¢ — fx)]. Nohel et al. [12] proved global existence and
uniqueness of solutions of the initial-boundary problem (4.3)-(4.4) in the phase-space X x Y72
(cf. [12]). The inertialess approximation of system (4.3), when ¢ = 0 yields S = 0 and, hence,
(4.3), becomes a system of ordinary differential equations in the Banach space X = (L.(0, 1))*

g, =—-0- (1 + 2 + X
4.3),

z; = -2+ oo + fx)

extensively studied by Nohel e al. [9, 11, 13].

Let us emphasize that nonlinear functions F,, G do not satisfy the assumptions of the
hypothesis (H). In fact they are not smoothly bounded functions. Nevertheless, as is usual in
similar circumstances (see, e.g. [6]) we will smoothly modify the functions F,, G far from the
vicinity of some globally attracting bounded set. In what follows, we will seek a bounded
attracting set in X x Y2 independent of ¢ € [0, &,]. To do so, let us first multiply the first
equation in (4.3) by o and the second one by 1 + z. Their summation then leads to the estimate

sup (6%, x) + (1 + z(t, X)) = 1 + e sup (65(x) + (1 + Zo(x))?).
xe[0,1] x€[0,1]
We willlet Ky = Ko(|| 0l + 1zollw + |1So,]l,) denote any positive constant increasingly depending
on its argument. By C > 0 we will denote any generic constant independent of ¢ € [0, ¢] and
initial conditions. From the above inequality it should be obvious that a ball in X of the
radius 2 is an attracting set, i.e. for any (g,, 2y, So) € X X Y2 there is T = T(a,, Z,) > 0 such
that |o(t, ). + l1z(t, *)||l < 2 for every t = T. Now we observe that

-6+ 0 +2)S-—0c—-/,<Cd+Kye A + [|SI,) fort=0.
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Taking the inner product in L,(0, 1) of the third equation in (4.3) with —S,, we obtain

e d
2 SIS + ISl < ell—0 + (1 + 26 = & = A1l

< Ce(l + Koe ™)1 + [ISIDISel, = Ce1 + 1S, )3

for any ¢ = Ky(gy, z,). Since ||S|, = IS,/ < [|S.|, for any S € D(A) we obtain ed/d¢| S, |13 +
[S,13 = Ce provided that ¢ € [0, &) and &, is small enough. Then

1St I3 < [S,(T, )| exp((T - t)/e) + Ce  for any ¢t > T.

Furthermore, as the growth of the third equation in (4.3), is only linear in S one can easily
prove that the time-one map (a,, 25, Sp) — (o(1, *), z(1, ), S(1, -)) takes bounded sets into
bounded sets of the phase-space X x Y'2. This and the above estimates yield bounded
dissipativity of the semiflow generated by (4.3)-(4.4). More precisely, there is a constant Ry, > 0
independent of ¢ € [0,¢] and such that, for any bounded set of initial conditions
® C XxYY* thereisa T = T(e, B) > 0 with the property

latt, HIIZ + llzt, N2 + 1S, ), < Ry

for any (gy, 29, Sp) € ® and ¢ = T.
Let 8 € CZ;(R*, RY) be a smooth cut-off function with the property 8 = 1 on [0, 2R,],
0 = 0 on [3R,, ») and define the modified functions G?, ng as follows

GP(U, S)(x) := 0(lo()|* + |z00))* + |SI%1.GU, S)(x)
FAU, $)) = 0(a))? + |z)* + IS5 9F(U, S)(x)

for a.e. x€[0,1]. Here U = (0,2) € X = (Lo(0, 1))> and S € Y'? = W,’*(0, 1). Note that
W42 is a Hilbert space its norm squared being two times continuously differentiable and
Wi < Lo(0, 1). Recall also that the Nemitzky operator is C> smooth when considered as a
function from L0, 1) into itself. Thus

FPeChu(XxYV2Y) and  G®e Cly(XxY'? X).
For the norm of DgF? we have an estimate ||[DgF?| = O(e) as ¢ = 0*. Since
My, = (U, $),AS = F(U, S) = 0} = {(U,0), Ue X}

we have @, = 0. Now we can apply theorem 3.9 to obtain the following theorem.

THEOREM 3.11. There exists an g, > 0 such that, for any ¢ € (0, &) the nonlinear system of
equations (4.3)-(4.4) governing shearing motions of a Poisseule planar flow of the Johnson-
Segalman-Oldroyd fluid:

(i) possesses an infinite dimensional local invariant manifold 9, attracting any solution of
(4.3),~(4.4);

(ii) there is an R, > 1 such that any solution of (4.3),~(4.4) enters a ball of the radius R, in
the space (L(0, 1))* x W3*(0, 1);

(111) me = {(O', <y (DS(O', Z)), (O', Z) € BRO]’ (De € Cl;dd(BRos Wl;’z(os 1))s where BR0 = {(G’ z) €
(L0, DY, [ol2 + [1z]2 < Ry);

(iv) @, — 0 as ¢ = 0* in the topology of the space C j4q(Bg,, Wa%(0, 1)).
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