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The C! stability of slow manifolds for a system
of singularly perturbed evolution equations
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Abstract. In this paper we investigate the singular limiting behavior of slow invariant
manifolds for a system of singularly perturbed evolution equations in Banach spaces.
The aim is to prove the C! stability of invariant manifolds with respect to small values
of the singular parameter.
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1. Introduction

In this paper we consider the following system of singularly perturbed evolution
equations

ut + Acu = Ge(u,v)
evy + Bev = Fe(u,v)

(1)e
where € > 0 is a small parameter, {A; }.>0, { B: }s>0 are continuously depending
families of sectorial operators in Banach spaces X and Y, respectively; G :
X¥x VP 5 X, F.: X*xYP 5V, a8 € [0,1); are smooth and bounded
functions, G. — Go, F: — Fy ase — 01,

In the qualitative analysis of evolutionary differential equations, the theory of
invariant manifolds plays an important role. It is well known that the proof of
existence of center-unstable invariant manifolds carries over from the ODE setting
to abstract semilinear evolution equations in Banach spaces (see, e.g. Chow & Lu
[1] and references therein). Under suitable assumptions on the spectrum of A,
and B it has been proven that the dynamics of solutions of (1) resembles the
behavior of a a dynamical system generated by some ODE when restricted on
so-called inertial form (Foias, Sell & Temam [2]). Such inertial manifolds are even
shown to be C* smooth embedded submanifolds of the phase-space, provided that
the nonlinearities G, Fr are of the same regularity class (Chow & Lu [1]). In fact,
they are usually constructed as a C* smooth graph over some finite dimensional
space.

The aim of this paper is to investigate the singular limiting behavior of invariant
manifolds for the system (1) when e — 0F. More precisely, the question to be
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considered below is whether the inertial manifold M, for (1), 0 < e < 1, is close
in the C'! topology to the inertial manifold My corresponding to the quasidynamic
approximation of (1), ¢ =0, i.e.

ut + Agu = Go(u,v)

(Do Byv = Fy(u,v).

In the geometric singular perturbation theory, such a manifold of solutions is
referred to as a slow manifold. We prove the existence of an inertial manifold M.
for the perturbed system (1)¢, 0 < € < 1, as well as the inertial manifold M.
Such an invariant manifold is constructed as a graph of a C'' smooth function, i.e.
M. = Graph(®.). The main goal is to show that & — & in a C! sense. The
invariant manifolds are shown to be exponentially attractive and the semiflow S;
when restricted to the manifold M. is generated by solutions of the inertial form
which is an ODE

(2) pt=G:(p), peE™

in the Euclidean space E™. The main result of this paper (Theorem 8) implies
that the vector field G, : E™ — E™ is continuous at £ = 0 with respect to the
CY(E™, E™) topology. Therefore such a result can be a useful tool, e.g. in the
local bifurcation analysis when one is interested in extension of various bifurcation
phenomena arising in the reduced system to the perturbed system of governing
evolution equations.

In order to construct an inertial manifold Mg, € > 0, we follow the classical
Lyapunov-Perron method of integral equations. We first treat the singularly per-
turbed equation vy + B:v = Fz(u,v) and we show that there is a nonlocal solution
operator v = ¢.(u) acting on a Banach scale of functional spaces consisting of all
globally defined solutions of this equation. It should be emphasized that the de-
rivative D¢, becomes continuous with respect to e — 07 only when ¢, operates in
a subclass of Holder continuous curves. By contrast to the usual choice of a func-
tional space (e.g. Chow & Lu [1], Foias, Sell & Temam [2], Marion [4] or Miklavci¢
[5]), our setting involves scales of spaces of Holder continuous curves growing ex-
ponentially at —oco. The Holder exponent depends merely on a € [0,1). In order
to prove the existence of an inertial manifold M, = Graph(®.), 0 < ¢ < 1, for the
semiflow S¢ generated by solutions of (1), (cf. [1]) we set up an integral equation
for the nonlocal equation u+ Asu = G (u, ¢ (u)). We then show the convergence
®, — B in the C'! topology. To this end, we apply a two parameter contraction
principle due to Mora & Sola-Morales [6] covering differentiability and continuity
of a family of nonlinear mappings operating in a scale of Banach spaces.

The methods used in the proof of the main theorem are similar, in spirit and
technique, to those of the paper [8] where the author has studied the problem
of C' smoothness of the singular limit of finite dimensional invariant manifolds
in the case when the nonlinearity F' depends on the wu-variable only. The last
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assumption makes the analysis of the singularly perturbed equation considerably
easier. Moreover, the exponential attractivity of invariant manifolds has not been
proven in [8], and the results obtained in [8] cannot be applied to some problems
arising e.g. in the theory of so-called Sobolev’s equations.

The outline of this paper is as follows: Section 2 is devoted to preliminaries.
We introduce the notion of a scale of Banach spaces of Holder continuous curves
parametrized by their growth at —oo. We also recall some useful results regarding
properties of a family of sectorial operators. In Section 3 we are interested in
the problem of the existence, C'' smoothness and continuity w.r. to e — 0% of
a family of inertial manifolds M. for the system (1)s, 0 < & <« 1. The main result
of this paper is contained in Theorem 8. As an example we consider the following
equation of Sobolev type

(A - ,u(g))wt + A%w = fw),

where p(8) = u(0) as € — 0T, In the case of resonance, i.e. Ker (4—pu(%)) # 0 and
Ker (A - ,u(g)) =0, 0 < & <« 1, the aim is to show, under suitable assumptions on
A, that the semiflow generated by the above equation is C'! stable in the singular
limit &€ — 0F.

2. Preliminaries

Let X be a Banach space. For any p > 0 we denote the Banach space

C, (X):={u:C(R,X), and ||u|| ~—, 4, := sup e’ ||Ju(t <00 .
1 (X) { ( ) luller 2y tSlg lu®)llx }

For any ¢ € (0,1], a € (0,1] and g > 0 we furthermore introduce the Banach
space C;, , ,(X) of Holder continuous curves growing exponentially at —oo,

11,0,a
Cﬁ,g,a(X) =
= {“ < C;(Xﬁ [ulp,00 = sup et utt) - e“h(:_h)u(t — Wl < oo}
£<0,he(0,a]
endowed with the norm H“HC;,Q,Q(X) = HUHC;(X) +[u]p,0,0- The space C (X) is

continuously embedded into C;; (X)), v > u, through a linear embedding operator

(3) Tuw 2 O (X) = CF(X)
with norm ||Jy,,|| = 1. At the same time, the operator J,, when restricted to
Clroa(X)s Juw : Cppa(X) = Oy o(X) is again an embedding, its norm is less

or equal to max(1, (v — pu)a'~9) (see [8]). Hence the families {C (X)}us>o as well
as {C, 5 4(X)}u>0 form scales of Banach spaces.

Jo
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As usual, for Banach spaces Eq,E2 and n € (0,1] we denote L(E, E2) the
Banach space of all linear bounded mappings from Fp to Es, C(}dd(El,Eg) the
Banach space consisting of the mappings F' : E1 — FE» which are Fréchet differ-

entiable and such that F, DF' are bounded and uniformly continuous, the norm
being given by ||F||1 := sup |F|+sup |DF]|. C;(Zin(El, Ey) will denote the Banach
space consisting of the mappings F' € C’l}dd(El, Es) such that DF is n-Holder con-
tinuous, the norm being given by ||F[[1,;) := || F||1 +sup,4, [|DF (z) — DF (y)||l|z —
y||7". If F: By — E» is a bounded and Lipschitz continuous mapping, then the
Nemitzky operator

F:C;(E)) — Cy (Ey), F(u)(t) := F(u(t))

is bounded and Lipschitzian as well, sup |F| < sup|F| and Lip(F) < Lip(F).
Let us emphasize the known fact: if F' € C(}dd(El,Eg) then the mapping F' :
Cy (E1) — C, (E2) need not be necessarily differentiable. However, it becomes

C' smooth after composition with the embedding operator Juw, V> 1,
Lemma 1 ([12, Lemma 5], [8, Lemma 2.1]). Assume F € C(}dd(El,EQ). Then,
for any v > pu > 0, we have F € C’l}dd(Cﬁ(El),C,j(EQ)) and

Fe C’,}dd(C;’g’a(El), C; (Ey)), the derivative being given by DF(u)h =
JupdF (u)h where dF (u)h = DF (u(.))h(.).

In what follows we recall some useful perturbation results for a family of sec-
torial operators (see [8, Section 2]). Let {A:}.>0 be a family of closed densely
defined linear operators in a Banach space X. Consider the following hypotheses:

D(4g) = D(A.) and Ag'AZ' = A71ASY, £ €]0,e0);
(H1) 0€ o(A:), € €[0,e0], and AgAZ! - T as e = 0" in L(X, X);

Ap is a sectorial operator in X and Re o(4g) > w > 0.
We refer to [3, Chapter 1] for the definition of a sectorial operator. According
to [8, Lemma 2.1] the operator A is also sectorial in X and Re o(4:) > w >0

for any ¢ > 0 sufficiently small. Besides the hypotheses (H1) we also impose the
assumptions:

Aal : X = X is a compact linear operator;
H2
(H2) there are 0 < A_ < Ay < oo such that o(4g) =0’ U 03_ where
ol ={\€o(4Ag); Re A=Ay}
Under the assumptions (H1) and (H2) we have

o(A:) =02 Uo%, forany 0<e < 1 small,
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where 05 = {A € 0(A4:); Re A 2 Ay} (cf. [8, Lemma 2.2]). Denote by P; : X —
X the projector associated with the linear operator A: and the spectral set o= .
We also denote Q¢ := I — Pe; Ay = P:Ag; Ag e = QcAc and let

XI,E = PEX7 X2,E = QEX7

be the complementary subspaces invariant with respect to Ac. Since Ay x>
X is assumed to be compact and Ag is a sectorial operator we conclude that the
set 0¥ is finite. With regard to [8, Lemma 2.2], we have P. — Py as ¢ — 0.
Hence P:|x,, : X1,0 = X1 is a linear isomorphism, dim X; ; = dim X7 9 < o0
and there exists an inverse operator

_1 1
(4) Pl = (PE|X1’0) L X1 o X1

of the projector P: restricted to X7 g (see [8, Lemma 2.2]). Further, PE(_I)PE -1
as € = 07 in the space L(X1,0,X1,0)-

If A is a sectorial operator then —A generates an analytic semigroup of linear
operators exp(—At),t > 0. If Re o(A) > 0 then the fractional power operator
A% a € R, can be defined (see e.g. [3]). As the spectral set o€ is bounded the
operator Aj . is a bounded linear operator on X and hence exp(—Ajct) can be
extended to a group of operators on X, t € R. The operator As . is sectorial as
well. Suppose that a family {A¢}.>¢ fulfills the hypotheses (H1). Then, by [8,
Lemma 2.5], there are constants My > 1 and g9 > 0 such that, for any € € [0, g¢],

lexp(=Act)l| < Mpe™'; >0
|AG exp(—Act)|| < Mpt™%™“; > 0.

(5)

Henceforth, we will suppose that the families {A:}o<.<e, and {B:}o<e<e,
fulfill the hypotheses (H1)—(H2) and (H1) in the Banach spaces X and Y, respec-
tively. Denote

X“=[D(AY); YP=[DBY); apelol)

the fractional power spaces endowed with graph norms of Af and Bg e ||ullxe =
14gull, l[vllys = IBEv] (cf. [3, Chapter 1]).

Now, using the estimates (5) one can easily follow the lines of the proofs of
global existence and continuity of solutions of abstract semilinear evolution equa-
tions due to Henry [3, Theorems 3.3.3, 3.3.4] in order to prove that the system
(1)¢, 0 < e < g, generates a semiflow S:(t), t > 0, defined by solutions of (1) on
the phase-space X% x YA, By a global solution of (1). with the initial condition
(ug,v0) € X x YP we understand a function (u,v) € Cje([0,00); X x YP) N
CL ((0,00); X* x YP) such that (u(t),v(t)) € D(Ae) x D(B:), t > 0 and (u,v)

loc

solves the system (1) on (0,00) (cf. [8, Section 3]).

Jo
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In case the function Fy € C’l}dd(Xo‘ x Y8 V) obeys the condition

||B€71|| sup || Dy Fol|| < 1, there exists a Cl}dd function ¢g : X® — Y such that
Byv = Fy(u,v) iff v = ¢g(u). By a solution of (1)¢ with the initial condition
ug € X% we understand a function u € Cj,.([0,00); X*) N Clloc((O, 00); X%) such
that u(t) € D(Ap), t > 0 and u solves the equation us + Agu = Go(u, ¢p(u)) on
(0, 00). Again due to the above references to Henry’s lecture notes it follows that
the system (1)o generates a semiflow So(t), t > 0, on X®. The semiflow Sy can be
naturally extended to a semiflow Sy acting on the manifold {(u, ¢g(u)),u € X*}
by So(t)(u, o (u)) := (So(t)u, ¢po(So(t)u)) for any u € X*. Henceforth, we will
identify the semiflow Sy with its extension Sp.

Let S(t), t > 0, be a semiflow in the Banach space X'. We say that the set
M C X is an inertial manifold for the semiflow S if: (1) it is an invariant finite
dimensional submanifold of X'; and (2) M attracts exponentially all solutions, i.e.
there is a > 0 such that dist (S(t)ug, M) = O(e™"!) as t — oo for any ug € X

(cf. [2]).

3. Existence and the Cl stability of inertial manifolds

First, we will be concerned with solutions of the linear nonhomogeneous sin-
gularly perturbed problem

(6)< evg+ Bev = f
where € > 0, f € O (Y), and solutions of the unperturbed problem
(6)o Bov = f

belonging to the space C}; (Y5).

Denote by Vi, Vv,p,a and Xy ga, v > 0,0 < 0 < 1, a € (0,1], the following
Banach spaces of bounded linear operators
Vo= L(Cy (V),Cr (V) Vupa = L(Crpa(V),Cpy (V7))

Xujo,0 = L(C, (X), Cu_,g,a(Xa)) .

Lemma 2 ([8, Lemma 3.1]). Assume that the family {B:}o<c<e, fulfills the
hypothesis (H1). Then, for any € € [0,g9], 0 < v < wsal, and f € C,;(Y) there
is the unique solution v € C;; (Y?) of (6). given by v = L. f where

(7)

t
Lf) =2 [ exp(-Bult=9)/2) f(s)ds. >0 Lof(t) =B;' (1) ¢<0.

The linear operator L. belongs to the spaces Vy, and Vy,pq, 0 < ¢ <1, and there
is a Ko > 0 such that ||L¢||y, oa S ILelly, < Ko(w — veo)8=1 for any ¢ € [0, &0],
O<v] < wsal. Moreover, L — Lg as € — 0% in the space Yy p,a-

According to the previous lemma, if u € Cp (X®) then any solution v €

N (Y,g) of the equation evy + Bsv = F;(u,v) can be written as v = Lo F:(u,v).
The next lemma deals with unique solvability of such an equation.
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Lemma 3. Assume F; € C’;;T(X“ xYBY) e [0,&9], for some n € (0,1],
and F. — Fy in C’;;Z’(Xa xYP V) ase — 0. Let pu, k be fixed and such that
0< (1+nu <k < wso_l. Suppose that there is a § < 1 with the property
I Lelly, 1D Fe (u, )l (ya,yy < 6 for any u € X, v € V8 and e € [0,9]. Then,
for any u € C,; (X?) and ¢ € [0,e0], there is the unique solution v = ¢:(u) €
C. (Y8 of the equation v = L. F.(u,v) satisfying,
@) N16=(m) = 6= ()l 0y < Kallir — wall g
(i) lm,_ o+ de(u) = ¢o(u) in C) (Y®) uniformly w.r. to u € B where B is
arbitrary bounded subset of C, , ,(X);
(iii) ¢e € C’,}dd(C’;(Xa),C,;(Yﬁ)), llgcll1 < K7 and there is
doe € L(CJ(XQ),C;I(Y'B)) with the property Doe = Jy kde, ||dge|| <
Ky;
(iv) liHllE_>0+ e = ¢g in Cl}dd(B, C,. (Y3)) for any bounded subset B of

i p.a(X®), where Ky := ||Le|ly, | Fe]l1 (1 - 6)~".

ProOF: Under the assumption ||LE||yu||DUFE||L(ngy) < § < 1, the existence of
the solution operator v = ¢ (u) as well as its Lipschitz continuity (i) follows from
the parametrized contraction principle.

Obviously, for € = 0, we have v = BO_IFO(u,v) and ||Lolly, = ||Bg_1||. To
prove (ii), we first find an estimate of the norm of ”QSU(U)HC;,Q (v8) in terms

of u € Oy, o(X?). To this end, we put v(t) = ¢o(u)(?). Then,, for any t < 0,

h € (0,a], we have
etlo(t) — eFEMy(t — h) = (e — R B Ry (u(t), v(t))
+e =M BEL (R (u(t), v(t)) — Folu(t — h), v(t — h))).
Notice that
lw(t) —w(t - h)||g
(8) < emMlettw(t) — et M w(t — h)llg + (1 — ™M) lw(t — h)|lg

—ut
< Kae™# “wHC‘zg,a(E)hg

where E stands either for X® or Y? and Ky = Ko(p) > 0 is a constant. Thus

e (t) — MMyt — B)|lys < Kol (xayh?

HIBE M IIDy Folll|o(t) — v(t — h)|lysett=h).

-1
Because ([0, (ys) < 185 Il Follo and IZolly, IDuFoll < & < 1, the above

inequality yields the estimate

) ol oy < Ko+ llulle . xay)-

,a

J
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Arguing similarly as above one can show ||Fo(u, v)||~- () <
H,0,a

K2(1 + ||’u’||C‘ZQ (Xa) + ||’U||C;,g (Y’G)) Hence

s @

(10) 1o b0l oy < KoL+ llull )

a

As ¢z (u) = LeFe(u, ¢ (u)) we obtain

(1 = )¢ () = ¢o (W)l (yoy < 1Le = Lolly, o0l F0(u ol vy
HILelly, 1= (u, do (u) = Fou, do ()l o= vy -

By Lemma 2, (H1) and (10) we obtain lim,_,y+ ¢ (u) = ¢o(u) in O (Y#3) uni-
formly w.r. to u € B where B is an arbitrary bounded subset of C; , ,(X%).

(iii) For any u,w € Cp (X%), we denote

(1) Dée(ww := [I = LeDyFe(u(.), ¢e(u)()] ™" LeDuFe (u(.), ¢ (u) ()w .

A straightforward calculation then yields

e (u + w) — ¢e(u) — Dope(u)w
= Re[Fo(u+w, ¢e(u)) — Fe(u, ¢ (u)) — DuFe(u, e (u))w]
+ Re[Fe(u + w, ¢ (u + w)) — Fe(u + w, de (u))
— Dy Fe(u, ¢ (u)) (e (u + w) — ¢e(u))]
=L+
where
Re := [T — Le Dy Fe(u(.), e (u) ()] ™' Le -
Obviously, || Relly, < (1 —68)"Y|Le||ly, for v = por v = &, € € [0,g9]. Further-
more, by Lemma 1 we have “IlHC;(W’) = O(HWHC;(Xa)) as ||w|| = 0. On the
other hand, as F; € C;;;in and 0 < (1 +n)p < k we conclude

12l (ysy = 0(||W||g; + e (v + w) — ¢E(U)||g;)”¢a(u +w) = el

= ofllull,-) -

Hence ¢, € Cl}dd(Clj (X2, 0 (YP)); Doe(u)w = Jy xdee(u)w where dpe(u)w is
defined by the right-hand side of (11) and so [|d¢e|| < [|Lel|y, | Fell1 (1 - 5)~L
Finally, we prove the assertion (iv). Let B C C;,,(X%) be an arbitrary

1,0,a
bounded set. With regard to (ii) it is sufficient to show the uniform convergence

Doe(u) — Deg(u) as e — 0 for u € B. For any u € Cl0,0(X?) we have

D¢ (u) — Doo(u) = (R: — Ro) Dy Fo(u, do(u))
+ Ra[DuFa(U, ¢E(U)) - DuFO(U: ¢0(U))] .



1The C~ stability of slow manifolds for a system of singularly perturbed evolution equations
Now one can readily verify that
R: — Ry = R:[Dy Fe(u, < (u)) — Dy Fo(u, ¢o(u))]Ro
+[I = Le Dy P (u, ¢e (u))] " (Le = Lo)(I + Dy Fo(u, do(w) Ro) -
Furthermore,
D’UFE(UH ¢5(U)) - DUFO(ua ¢0(U))
= Dy[Fe(u, de(u)) — Fo(u, ¢=(u))] + Dy [Fo(u, de(u)) — Fo(u, ¢o(u))] .

Thus

1Dy Fe (u(t), @< (u)(t)) — Dy Fp(ult), do(u) ()l pyve vy
< 1Fe = Foll + 1Fo gl ée (u) () — do(w) (1]

Because 0 < (1 + n)u < k we obtain

| Dy Fe (u, e (u)) — Dy Fo(u, ¢o(u ))”L = (YB),Cr (V)

< [[Fe = Foll1 + [|Foll1,nllde (u) — ¢o(u )||77 —(¥h)

But the right-hand side of the above inequality tends to 0 as € — 0 uniformly
w.r. to u € B. Similarly one has

| DuFe(u, ¢e(u)) — Dy Fo(u, do(u ))HL T (X9),C5(Y)) —0 as e > 07"

u.w.r. to u € B. Notice that ||RgDyFo(u, po(u ))||L < Kj and

i (X2),Cu (YR))

Il + Dy Fo(u, po(u))Ro] Dy Fo(u, ¢0(u))||L(C;,g,a(Xa);C;,g,a(Y))

<KL+, )

Indeed, let us denote

A(t) := [T+ Dy Fo(u(t), ¢o(u)(t)) Ro] Dy Fo(ult), go(u)(t)), ¢<0.
Then, by (8) and (9)
IA®) = At = P) |l L xe,v)
< Ki([lu(®) = u(t = W)%a + ldo(w)(t) = ¢o(u)(t = R)I}5)

< Kye Hntpne(1 + ||u||” (Xa)).

JI
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As 0 < (1 4+ n)p < k we obtain ||A(‘)w”0,§,,,g,a(Y) < K1||w”0;,g,a(Xa)(1 +

[|u ||77, (Xa)) for any w € C,o(X®). According to Lemma 2 it is now ob-

vious that Dée(u) = Dgg(u) as e = 07 u.w.r. to u € B. The proof of Lemma 3
is complete. a

We are in a position to construct an inertial manifold M. for the semiflow S,
as the union of all Hélder continuous curves growing exponentially at —oo, i.e.

(12) M.={(Y(r), TeR, Y eC x YP), Y = (u,v) solves (1)}

00 (X

for some p > 0, o € (0,1) and a € (0,1]. Since the system (1)e, € > 0, is
autonomous the invariance property of M, under the semiflow S:(t), ¢t > 0, follows
from the uniqueness of solutions of (1)c. By Lemma 3, (u,v) € Cp, o (X% x YP)is
a solution of (1) if and only if v = ¢¢ (u) and u € O}, ,(X ) satisfies the equation
ut(t) + Acu(t) = Ge(u(t), de(u)(t)) on (—oo,0]. Suppose that A- < p < Aj.

According to [1, Lemma 4.2], u € Cp, ,(X“) is a solution of the integral equation

t
u(t) = eXp(_Al,et)Peu(O) + /0 eXp(_Al,e(t — 8))P-Ge(u(s), pe(u)(s)) ds
(13) ¢
4 [ exp( o 9)QuGelu(s), - (w)(s) ds.
Let us define the linear operators K. : X719 — C

145050
Cro,a(X%),

(X¥) and Tz : Cp (X) —

Kex(t) := exp(—Ay ¢t)P-x; for any x € X1, t <0,
t
Te(0)(t) = [ exp(-Ai(t = s) Peg(s) ds
(14) 0
t
+ / exp(—A2(t — 5))Qcg(s)ds for any g€ C’;(X),t <0
— 00

and the mapping T: : X190 x O}, 5 o(X
side of (13), i.e.

Te(z,u)(t) := Kex(t) + Te(Ge(u(.), ¢ (u)(.))(1),
t <0, I‘EXL(), UEC;ga( C“).

) — O

11,0,0(X %) defined by the right-hand

(15)

For any 0 < € < 1 small, PE|X1,0 : X1,0 = Xj is a linear isomorphism. Then,
for any u(0) € X there exists the unique x € X such that P.x = P-u(0).
Now, using the invariance property of M. we can write the set M, as

(16) M = {(u(0), d-(u)(0)) € X* x VP, u=T.(z,u), z € Xi,0}-

The next lemma deals with the linear operators K. and 7.
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Lemma 4 ([8, Lemma 3.2]). Suppose that ¢ € (0,1—«). Then there is a constant
C1 > 0 independent of € € [0,e9] and A+ such that, for any p € (A—,\y), there
exists a number a(A+, ) € (0,1] with the property
() Ke € L(X10.CgaX): Kz, g0 ey < C1A% and
Te € Xupas | Tellx, 0 < C1E(A—, Ay, pi, @) for any € € [0,e0] and 0 <
a < a(A+, p), where
KO- A, p0) =2 (p =) T+ 2-a)(l—a) (A4 =)

(i) Ke = Ko in L(X1,0,C; 50(X*)) and Te — To as € — 0" in Xy, when
e— 0T,
Henceforth, we will assume that 0 < ¢ < 1 — «a is fixed and the positive
constants p, k,eq satisfy the inequality
(17) Ao <p<(l+np<k<ip and egory <w/2.
Let us define the Banach spaces U,{ and E™ as follows
(18) U= C;,g,a(Xa)) U= Cn_,g,a(Xa)) E™ = XI,O
where a := min{a(A+,p),a(A+,x)} and m = dim X7 9 < oco. Concerning the
nonlinear functions G¢ and F; we will assume the following hypotheses:
there exist «,3 €[0,1) and n € (0,1) such that
1+
(3) Ge € Clyy(X* xYF; X), F. € C ) (X x YAY)
for any € € [0,¢e0];
G: - Gog, F. — Fy as € = 07 in the respective topologies.

If, in addition to (H3), we suppose that F satisfies the assumption of Lemma 3,
i.e. there is a 0 < 6 < 1 such that

||LE||y;L||DUFE|| < Ko(w — ,USO)/B_IHDUFE“ < KO(W/Q)/B_IHDUFEH <9,

then the mapping U > u — Tr(x,u) € U is Lipschitz continuous. By Lemma 3 (i),
and Lemma 4, we have

(19)  [|Te(z, u1) — Te (2, uz)llu

< ||72||Xﬂ,g,a||éa(ula¢E(U1)) - éa(“?:(f)a(UZ))HC;(X) < Oflur — ualy
where 6 := CoK(A_, Ay, u,a) and C2 > 0 is a constant independent of A4,y €
(A—,Ay) and € € [0,£0]. On the other hand, from Lemma 4 we obtain the estimate
(20)  ITen,w) — Tl < IKell o oy < @l = walle

where ) := C1A%. Henceforth, we will assume that A+ and p € (A=, A}) are
chosen in such a way that the following inequality is fulfilled

(21) 0 := CQK()\_,A+,,U,,04) <1.

Then the family of nonlinear mappings T, (z,.) : Y — U undergoes the parametrized
contraction principle and so, for any € E™ and € € [0,&g], there is the unique
solution u = ug(z) of the equation u = T, (z,u) in U.
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Lemma 5. Let B C E™ be a bounded subset. Then

lim sup [|T=(z,uo(2)) — To(z,uo(x))lly = 0.
e—=0t rEB

PROOF: As ucs(z) = Te(z,us(z)) and Tz, K¢ and G¢ are bounded uniformly for
e € [0,e0], €9 small, we conclude that the set

(22) Bp = {us(z), € B, ¢ € [0,e0]}

is a bounded subset of ¢/. In particular, the set {ug(z), € B} is bounded in U.
Hence, by Lemma 3 (ii), we obtain lim,_,o+ ¢c(uo(z)) = ¢o(uo(z)) in Cp; (VP
uniformly w.r. to « € B. Since sup(y ) |Ge(u,v) = Go(u,v)|[[x = 0 and 7= = To
as € = 0T we infer that lim,_, g+ sup,ep [|T:(z,uo(z)) — To(z,uo(z))|lyy = 0. O

In summary, we have shown that the family of mappings T;(z,.) fulfills the
following hypotheses:

( (1) thereis a # < 1 with the property ||T:(z,u1) — Te(z,u2)||y
< O||luy —usg|ly for any x € E™, uj,up €U and e € [0,e9];

(T) % (2) thereis a @ < oo such that ||T:(z1,u) — Te(z2,u)|jy <
Q|lx1 — xz2||gm for any z1,2z9 € E™, u e Ud and € € [0,e9];
(3) for any bounded open subset B C E™,
[ limegs suppep 1T (7, u (@) — To(w, ug(@))l = 0.

The set M, can be represented in the form (16). Let us therefore define the
mappings ¥, : E™ — X® &, : E™ — VP as follows

(23) Ue(a) = ue(2)(0),  Pe(@) = de(ue(2))(0).
Thus
(24) Me = {(Ve(z), ®c(2)), z € E™}C X x VP,

Since T: satisfies the hypotheses (T);, (T)2 we know by the parametrized con-
traction principle that the set M. is a Lipschitz continuous graph of the mapping
E™ 3z (U (z),®:(z)) € X* x YA, Furthermore, by Lemma 3 (ii), and (T)s,
we obtain the convergence (V. (z), ®.(z)) — (Vo(z),Pg(x)) as e — 0T ww.r.
to x € B, B is an arbitrary bounded and open subset of E™. In other words,
the invariant set M. is an embedded Lipschitz submanifold of the phase space
X% x Y8 and M, is Clooc close to M when ¢ is small enough.

By the next lemma we prove exponential attractivity of the invariant mani-
fold M.. It means that M. is an inertial manifold for the semiflow S;.
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Lemma 6. Suppose that the numbers K (A, Ay, u, a), sup||Dy,F¢|| and €y are
sufficiently small. Then dist (Sz(t)(ug,vp), M) = O(e #) as t — oo for any
initial condition (ug,vy) € X x Y5,

ProoOF: In the case ¢ = 0, the statement of the lemma is contained in [1, Theo-
rem 5.1]. Let € € (0,e9] be fixed. In this case, the proof is again essentially the
same as that of [1, Theorem 5.1]. A slight difference, in technique, of the proof
is caused by the fact that we have assumed no hypotheses on the spectral gaps
of the operator B.. Nevertheless, the lack of large spectral gaps for o(B;) is here
compensated by the assumption on smallness of the norm of D, F;. We therefore
only sketch the main ideas of the proof.

Given a solution (u,v) of (1) we are looking for a solution (u*,v*) lying on M,
and satisfying the property: (u,v) € C;[(XO‘ X Yﬁ) where u = u* — @, v =v* -0
and C}f is the Banach space

C(X*xYP):={f € O(RT,X* xY"), Il = iggeutnf(t)”)(axYﬂ < oo}

Following the lines of the proof [1, Theorem 5.1], one easily verifies that the
difference of solutions (u,v) belongs to C’l'f, if and only if the following integral
equations are satisfied:

t
u(t) = exp(—Ao )&y + / exp(—Az¢(t —5))Q:g(s)ds
0
t
(25) +/ exp(—A1(t —s))P:g(s) ds

1 t
olt) = exp(=Bet/2)6 + £ [ exp(=Belt = 9)/2)f(s)ds. 20,

for some & = (&,,&) € Xge x Y# where

)
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It means that u € C’IJ[ is a fixed point of the mapping u — G(u,v, ) defined by the
right-hand side of the first equation in (25). We will henceforth let C' > 0 denote
any positive constant independent of A+ and p. Analogously as in the proof of
[1, Theorem 5.1] one can show that the mapping G is a uniform contraction in
C,F(X®). More precisely, there is a C' > 0 such that

||g(u1,vl,£1) - g(u2702752)”c;r(xa)
< CKO- Aps10) {1t = w2l ot gy + 10" = 0l ) }

1_ 2
+ClIE = & lxg_xye -

1Uo
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By the parametrized contraction principle there exists the unique solution oper-
ator b : C;f (YF) x X§, x YF — CF(X®) with the property: u = G(u,v,¢) iff
u = h(v,§). Furthermore,

10", €5 = B2, )t

(26) <CEKA, A 12 C|let - €2
S CEKQA- A, pma)|v v”qj‘(yﬁ)"‘ 13 €||X2‘1,E><Yﬁ-

Hence v is a fixed point of the equation v = F(v,&) where F is defined by the
right-hand side of the second equation in (25) with f(s) := R(v,&)(s),

R(v,€)(s) := Fe(u(s) + h(v,€)(5), 5(s) + v(s)) = Fe(a(s),(s)), s 2 0.
Clearly,
IR, €Y) = R )l vy
< IEl A, €Y = h(©?, )l (xay + ID0 Il = 02l 309 -

We remind ourselves that the numbers K(A—, Ay, u, @), sup || Dy Fx|| and gg are
assumed to be sufficiently small. Then, taking into account (26) one can readily
prove that the mapping v — F(v,§) is a uniform contraction w.r. to £. Denote
v € C;[(Y*B) the unique solution of v = F(v,&). The mapping & — ¢ is
Lipschitzian and so the mapping XZO"E xYB 3¢ (u,v8) € C’:{(XO‘ X Xﬂ);
u = h(vg, £), is Lipschitz continuous as well. Now the rest of the proof is the same
as that of [1, Theorem 5.1]. If we define g(&) := P (@(0)+u¢(0)) then the mapping
g: X5, x vA X1, is Lipschitz continuous. Recall that (u*(0),v*(0)) € M. iff
u*(0) = ¥ (x) and v*(0) = ®-(x) for some x € E™ = X . Hence the solution
(u*,v*) belongs to M. iff & = (&, &y) solves the equation

(27) § = (Qe(¥=(Pog(§)) — u(0)), Pe(Pog(€)) —v(0)) -

Arguing similarly as in the proof of [1, Theorem 5.1] the right-hand side of the
above equation if a contraction w.r. to £ € XZO‘ExYﬁ provided that K (A_, Ay, i, @)
is sufficiently small. Hence, under the assu’mptions of the lemma, there exists
a solution & of (27). But this yields that (u*(t),v*(t)) € Mg, t > 0, where
(u*(0),0%(0)) = (a(0) + u*(0),0(0) + v*(0)) and [|a(t) — u*(t)|xa + lla(t) -
u*(t)||ys = O(e™#t) as t — oo. It completes the proof of the lemma. O

The Banach space I is continuously embedded into I{ through a linear embed-
ding operator J := J, . Notice that ||J, k|| < 1 provided that the parameter
a € (0,1] is sufficiently small. Denote T; := JT: and . (z) := Jue(z) for any
e € [0,e0] and xz € E™. Now we can state a slightly modified version of the theo-
rem due to Mora & Sola-Morales regarding the limiting behavior of fixed points of
a two parametrized family of nonlinear mappings operating on a scale of Banach
spaces. Their result covers differentiability and continuity of such mappings with
respect to parameters.
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Theorem 7 ([6, Theorem 5.1], [8, Theorem 3.6]). Besides the hypothesis (T) we
assume also that the mappings T. : E™ x U — U, € € [0, 0] satisfy the following
conditions:

(1) for any € € [0,eq], T. is Fréchet differentiable with DT, : E™ x U —
L(E™xU,U) bounded and uniformly continuous and there exist mappings
duT- : E™xU — LU,U); duT- : E™xU — LU,U); dpTe : E™xU — L(E™,U)
such that
DT (2,u) = JdyTe(z,u) = dyTe(z,u)J, DiTe(z,u) = JdpTe(z,u)
lduTe (2, w)ll L@y < 0, llduTe(@, u)ll gz ) < 0, [|deTe (2, w)ll L mm 1)
<@
(2) for any B bounded and open subset of E™, DT.(x,u) — DTy(z,u) as
e — 0% uniformly for (z,u) € {(z,u:(z)), = € B, € € [0,20]}.
Then the mappings . : E™ — U have the following properties:

(a) for any e € [0,e0]; @ : E™ — U is Fréchet differentiable, with
Dig : E™ — L(E™,U) bounded and uniformly continuous,

(b) for any B bounded and open subset of E™, Duc(x) — Dug(x) as
e — 01 uniformly with respect to « € B.

In order to apply the above theorem we define the mappings
AT (2, 0) 1= To (duGie (1, ¢ () + doGe (u, 6-(w))d= (v)) , daTe(w,u) = K-,
AT (@,u) = Te (duGe(u, 6 (1)) + du G (u, ¢e(w)do: (u)

where the linear operators 7z € Xy pa, Te € X0, Ke € L(E™,Cpp o(X9))
were introduced in (14) and the linear mappings

duGe(u,v) € LU, C; (X)); duGe(u,v) € LU, CF (X)),
dyGe(u,v) € L(C, (YP),C (X));  duGe(u,v) € L(Cy (YP),Cf (X)),
dge(u) € LU, C; (YF)); dge(u) € LU, O (YF))

are such that D;G. = Ju,ndiég, i =u or i = v, where
Ge € C,}dd(u xCy, (Y3),C,. (X)) (see Lemma 1). From this we infer Dy, T: (2, u) =
Jyu ey Te(z,u) = dy T (z, u)Jy k- Arguing similarly as in the proof of the estimate
(19) one obtains that the family 7. (z,.) obeys the assumption (i) of Theorem 7
with the constants @ > 0 and 0 < 6 < 1 given by (20) and (21), respectively.
Finally, let B be a bounded and open subset of E™. By (22), the set Bg =
{ue(z), x € B, € € [0,e9]}, is a bounded subset of /{. According to Lemma 3 (iii),
we conclude that

| S D D _ =0
EirghueuBI’)BH ¢E( ) ¢0( )||LL[C(1+) (Y8))

1Uo
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where ¢, is considered as a Cl}dd function from U into C(_l—l—n)u(yﬁ)' Since

Ge € C,}dd(u x C, (YP),C, (X)) where v stands either for p or (1 4 n)p and
lim, g+ ¢e(u) = do(u) in C, (Y?) u.w.r. to u € Bp, we obtain the convergence
DG (u, ¢ (u)) = DGo(u, do(u)) as € — 0. Therefore the derivative

DT (2, u) = To (DuGe(u, 6-(w)) + DyGe (1, 6 () Db ()

converges towards Dy T(z,u) when ¢ tends to zero u.w.r. to u € Bg and z € B.
Obviously, DyT: (7, u) = JuxKe = DgTp(z,u) as e — 01, In this way we have
shown that the family of operators 7. fulfills all the hypotheses of Theorem 7.

Therefore ue € C’,}dd(Em,L_l) and, for any bounded and open subset B C E™,
we have u: — ug as ¢ — 0 in Cl,,(B,U). Taking into account (22) and
Lemma 3 (iv), we furthermore know that ¢z (ues(z)) = do(ug(z)) in
C’,}dd(B,C’R_(Y/B)) for some & > k uw.r. to z € B. Since ¥ (z) = us(z)(0)
and ®.(z) = ¢e(us(x))(0) we also infer that (¥, P.) € C(}dd(Em,Xa x Y#) and
(U, ®.) — (¥g, Pp) as e — 0T in the space C(}dd(B, X®xYP). Finally, we notice
that the usual choice for the parameter p € (A=, A1) is to set p:= (A= + A4)/2.

Summarizing the above results, we are in a position to state the main theorem
of this paper.

Theorem 8. Assume that the families { A¢ }: >0 and { B }.> satisfy the hypothe-
ses (H1)-(H2) and (H1) in the Banach spaces X and Y, respectively. Assume that
the nonlinearities G and F; fulfill the hypothesis (H3).

If the numbers A2 (A —A_)~L (A —A_)~ L, SUD; .y || DvFe(u,v)|| and g9 > 0
are sufficiently small, then, for any ¢ € [0,eq], there exists an inertial manifold
M. C X* x YP for the semiflow S.(t), t > 0, generated by the system (1)e.
Moreover,

(a) dim M. = dim My =m < oo;
(b) Me ={(¥c(x), ®c(x)), = € E™}
where (¥e, @) € Oy (E™, X x YP);
(c) for any bounded and open subset B C E™,
lim,_,q+(¥e, @) = (P, ®g) in the space Cly (B, X* x YF).

Remark 9. The assumption that the nonlinearities G and F; are smoothly
bounded functions is not too much restrictive in the case when we are dealing with
so-called dissipative semiflows. If there exists a bounded subset D of the phase-
space attracting any solution (D does not depend on ¢ and the phase-space admits
a C'* smooth bump function) then one can modify the original nonlinearities
by zero far from the vicinity of D in such a way that the modified nonlinearities
fulfill the hypothesis (H3). In such a case we have however constructed a local
center-unstable manifold M€ instead of a global inertial manifold. The existence
of such a uniform dissipative set has been verified, e.g. for a class of singularly
perturbed beam equations (see [8], [9]).
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Remark 10. The corresponding inertial form for (1). is obtained by taking P:
projection of the first equation in (1). The resulting equation is an ODE in
the finite dimensional linear space Xj .. With regard to (4) we then apply the

linear operator P(_l) : Xq1, = Xy, to obtain an ODE in the Euclidean space
E™ = Xl,(). Namely,

pr=-P VA4 Pp+ PUVP.GAT(p), 8. (p) =: Ce(p).

Hence the dynamics on the invariant manifold M. is governed by solutions of the
equation p; = G=(p) in a sense that (u,v) C Mc is a solution of (1) iff u = ¥ (p),
v = ®.(p) where p is a solution of the ODE p; = G¢(p) in E™. The vector field
G. belongs to the class C’,}dd(Em, E™) and, moreover, Gz — G as e — 07 in the
topology of C’I}dd(B, E™) where B C E™ is arbitrary bounded and open subset.

Example. We will apply the results obtained to certain resonance problem aris-
ing in the study of degenerate Sobolev’s equations. Let us consider the following
Sobolev equation

(28) (A — plwy + A%w = f(w)

where A : D(A) C X = X is a self-adjoint positive definite operator in a Hilbert
space X, A7l : X - X is compact, f € C’;;Z’(XO‘,X) for some a € [0,1) and
n € (0,1]. We are interested in the singular limiting behavior of solutions in
the case of resonance when u&) — i as &€ — 07 where i € o(4) = {pn,n €
N} and p(&) ¢ o(A) for any 0 < ¢ < 1. The existence of solutions and the
asymptotic expansions of equations of Sobolev type have been widely investigated
by Sviridyuk et al. in a general context in [10], [11] and references therein.

Denote P : X — Ker (4 — 1) the projector onto the kernel of (A — ) and put
Q:=I—Pande:=(a— ,u(g))/[ﬂ. Let us define the Hilbert spaces X = QX and
Y = PX. The operator (A — u(6)Q = (A — fi + efi?)Q is continuously invertible
in X and, moreover, for any 0 < e < 1,

A= [(A-p+ep”)Q) A%

is again a self-adjoint operator in the Hilbert space X. Taking the projections of
a solution w, u := Qw and v = Pw, the Sobolev equation (28) can be rewritten
as a system of equations

ut + Acu = Ge(u,v) € X

(29) I
evp+v=0 “Pflu+v)eY

where Ge(u,v) == [(A — i + ei®)Q]™' f(u + v). The operator A. need not be
positive definite. But it is bounded from below and this is why one can translate

10U/
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both the operator A; and the right hand side of the first equation such that
o(Aez) > 0 for any small 0 < ¢ < 1. Notice that X = [D(Af)] = QX*. Thus
G € C’;{;Z’(Xa xY,X) and G: — G as ¢ — 0. Further, AO_1 : X > Xisa
compact operator as well and AgA_ 1 — I = O(e) in L(X, X) when & — 0%,
Hence all the assumptions of Theorem 8 are fulfilled provided that the number
fi > 1is large and the spectrum o(Ag) = {An, An = p2/(pn—fi), n € N, pn # fi}
has sufficiently large spectral gaps. More precisely, A%/(Ap4+1 — Ap) < 1. If the

eigenvalues i, have the asymptotic pu, = cn? + O(1) the latter condition is
satisfied iff « < 1/2 and n € N is large enough. We remind ourselves that the
spectrum of the differential operator Au := —Au, A : H> N H}(Q) C Ly(Q) —

Ly(Q), Q = (0,1)V, has the above property for N = 1. In the dimension N = 2,
it is known (cf. Richards [7]) that the spectrum of A has arbitrarily large spectral
gaps. This yields that the condition A /(Ap+1 — An) < 1 is satisfied for some
n € N and the fractional power exponent a < 1 small enough.

Having assured the hypotheses of Theorem 8 we may conclude that the Sobolev
equation (28) has a C'' smooth finite dimensional inertial manifold M ¢ for any
0 < ¢ <« 1. Moreover, the semiflow generated by (28) is stable in the resonance
in a sense that the corresponding vector fields on Mg for § = 0 and 0 < { < 1
are C'l-close to each other.
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