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Dynamic M odel of Pension Savings M anagement
with Stochastic I nterest Rates and Stock Returns

Igor Melichercik and Daniebeviovie

Abstract In this paper we recall and summarize results on a dynamahagiic
accumulation model for determining optimal decision betwstock and bond in-
vestments during accumulation of pension savings. The hiwdebeen proposed
and analyzed by the authors in [8]. We assume stock pricesdoizen by a geomet-
ric Brownian motion whereas interest rates are modeled tlansef a one factor
interest rate model. It turns out that the optimal decisapresenting stock to bond
proportion is a function of the duration of saving, the lesesavings and the short
rate. We furthermore summarize the results of testing theeian the fully funded
second pillar of the Slovak pension system.
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1 Introduction

The ongoing demographic crisis has motivated pensionmef@cross the world.
One can observe a shift from public pay-as-you-go systewartts funded defined-
contribution (DC) ones. The DC system is considered to beemesistant to the
demographic change. On the other hand, the risk of assenhsetluring the ac-
cumulation phase is charged to members. A natural questiorhéther a future
pensioner should invest savings to assets with low risk awd¢turns (bonds with
low duration and money market instruments) or to assetshiggher risk associated
with higher expected returns (stocks). Conventional wisds that stock returns
should outperform bond ones in the long term run. Consetyysmung people
should invest their savings to stocks. On the other hanagbebse to the retire-
ment age, it is too risky to invest the savings to stocks beeaf the high risk
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of fall in the asset value without a sufficient time to recgvén [9, 11], Merton
and Samuelson showed that when one considers a model witthménvestment
with maximizing the expected CRRA utility function of the dinvealth, the stocks
to bonds proportion is independent of the time to maturitgt depends only on
the savers risk aversion. However, if one considers a sefigsfined contributions
throughout a lifespan a fall in the asset value early in lif@sinot affect value of
accumulated future contributions, while if it occurs cldseretirement it affects
all past accumulated contributions and returns on themiricst of one’s pension
wealth. Therefore, in the case of successive contributilo@snvestment decision
should depend on the time to maturity of saving. A similauangnt was used in [2]
by Bodie et al. They concluded that pension saving becomes numservative as
retirement approaches. In [3] the authors investigatedtibehastic dynamic accu-
mulation model with stochastic wages and its applicatiaoptiimal asset allocation
for defined contribution pension plans. The dynamic accatian with stochastic
interest rates (following CIR process) with no contribngdchas been studied by
Deelstra et al. [4] in which the authors were able to derivelieit formulae for
optimal porfolio decisions. A model for a defined-contribatpension fund in con-
tinuous time with exponential utility was investigated In 7]. In [5] Kilianovéa and
the authors developed a simple dynamic stochastic moderdipn fund manage-
ment with regular yearly contributions. Future pensiorar choose from finitely
many funds with different risk profiles. The bond investnsemére supposed to have
independent in time and normally distributed returns. kn pinesent paper we im-
prove the simplified model proposed in [5]. We describe batdrns by means of
one factor short rate model. Furthermore, instead of cingdsom a finite number
of funds, the decision variable is the weight of the pordafivested to stocks.

2 Thetwo factor dynamic stochastic accumulation model

Suppose that a future pensioner deposits once a yepea of his/her yearly salary
w; to a pension fund with &-part of assets in stocks andk— 0)-part of assets in
bonds where € [0,1]. Denote byy, t = 1,2,...T, the accumulated sum at tinte
whereT is the expected retirement time. Then the budget-cons&gumtions read
as follows:

Vo1 = 0% exp(R(t,t+ 1))+ (1— &) yexp(RO(t,t+ 1)) + W 1T (1)

fort =1,2,...,T — 1, wherey; = wyT. RS(t,t + 1) andR°(t,t + 1) are the annual
returns on stocks and bonds in the time intefuak-1). When retiring, a pensioner
will strive to maintain his/her living standards in the leeéthe last salary. ¢, From
this point of view, the saved supa at the time of retiremerit is not precisely what a
future pensioner cares about. For a given life expectaheydtio of the cumulative
sumyr and the yearly salarwr is of a practical importance. Using the quantity
d: = yt/w: one can reformulate the budget-constraint equation (19!kmfs:
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Sexp(RS(t,t+1)) + (1— &) expR°(t,t + 1))

Ghy1 =0 115
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fort=1,2,...,T — 1, whered; = T andf3 denotes the wage growt% .1 = w (1+
Bt). We shall assume that the term structure of the wage grgwth=1,....T, is
known and can be externally estimated from a macroeconanmetdel. Notice
that for a future pensioner it might be also reasonable toesspher post retire-
ment income as a percentage of the yearly sakaryor this purpose assumptions
concerning the annuization rate should be introduced. Mae in many countries
(including Slovakia, where the model is tested) the anmaiibn is not compulsory
immediately after reaching the retirement age. Thereftie problem of optimal
annuization time arises. This problem, however, can beedeseparately and this
is why we do not discuss this issue in the present paper. Titegéems are inves-
tigated by many authors. We only refer to the paper [10] anathgrs.

The term structure development is driven by one factor slatetrate model:

drt :u(rtat)dt+w(rtat)dzlv (3)

wherer; stands for a short rate aiZglis the Wiener process. Suppose that the bond
part of the fund consists of 1-year zero coupon bondBP{f,t + 1) is the return
on a one year maturing zero coupon bond at tintleen it can be expressed as a
function of the short rate;, R°(t,t + 1) = Ry(ry,t). Using a discretization of the
short rate process (3) we obtain 1 = g(rt, @) where® ~ N(0,1) is a normally
distributed random variable. We shall assume the stoclep8care driven by the
geometric Brownian motion. The annual stock retB?(t,t + 1) = In(S;1/S) can

be therefore expressed &(t,t + 1) = u°+ o°¥ whereu® and o® are the mean
value and volatility of annual stock returns in the time img [t,t + 1), ¥ ~ N(0,1)

is a normally distributed random variable. The random \deis®, ¥ are assumed
to be correlated with correlation = E(®¥) € (—1,1). Based on historical data,
the correlation coefficient has typically negative values.

Suppose that each year the saver has the possibility to eteolevel of stocks
included in the portfolioX (1), wherel; denotes the information set consisting of
the history of bond and stock returR8(t’,t’ + 1), RS(t',t’ + 1), and wage growths
By, t' =1,2,...,t — 1. We suppose that the forecasts of the wage groWths=
1,2,...,T — 1 are deterministic, the stock returR&(t,t + 1) are assumed to be
random, independent for different times=1,2,..., T — 1, and the interest rates
are driven by the Markov process (3). Then the only relevafurimation are the
quantitiesd: and the short rate;. Henced (i) = &(d;,ri). One can formulate a
problem of dynamic stochastic programming:

masE(U (dr)) (4)

subject to the following recurrent budget constraints:

Gir1=FR(d,re, &(d,r), W), t=12....T—1, whered; =T, (5)
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4O+ O]+ (- S)exRi(rt)]

d,r,d,y) = 6
Ft( b )y) 1+ B[ ( )

and the short rate process is driven by a discretization)of (3
rtJrl:g(rt5¢)7t:1727"'7T717 (7)

with rq = rinit. In particular, a general form of the AR(1) process (7) idelsivarious
one-factor interest rate models like e.g. the Vasicek mod&ox-Ingersoll-Ross
model (CIR). In our calculations the term structure is dnibg the one factor CIR
model, where equation (3) has the form

dry = k(0 —1¢) dt + a® || 2dZ. 8)

HereZ stands for the Wiener proceds;> 0 is the long term interest ratg,> 0 is
the rate of reversion anal® > 0 is the volatility of the process. In this case

9(r,x) = 6+ (r—0)+a®|r|Ze* (& — l)/ZK)% X 9)

andRy(r,t) is an affine function of the short rate In the dynamic stochastic op-
timization problem (4) the maximum is taken over all noni@pative strategies
0 = & (d,rt). We assume the stock part of the portfolio is bounded by angiye
per barrier functiory; : 0 < &(dk,rt) < 4. The function4; : {1,...,T —1} — [0,1]

is subject to governmental regulations. In our modeling hallause the constant
relative risk aversion (CRRA) utility functiob (d) = —d*~2 d > 0 wherea > 1
is the constant coefficient of relative risk aversion. Letlasote by (d,r) saver’'s
intermediate utility function at timedefined as:

Vt(d,r):ogszgt]E(U(dTﬂdt:d,rt:r). (10)

Then, by using the law of iterated expectations we obtairBglenan equation

Vt(d,r) :ngsi)étE[VtJrl(Ft(dvra5vw)ag(r7 (D))] (11)

foreveryd,r >0andt =1,2,...,T —1. Usingvr(d,r) = U(d) the optimal strategy
can be calculated backwards. One can prove (see [8]) that éxists the unique
argument of the maximum in (18) = & (dk, rt). An efficient numerical procedure
how to solve the recurrent Bellman equation (11) and detegrtiie valueX (d,r)
has been also discussed in [8].

Remark 1. At the end of this section, we shall discuss the dependentieedével
of savingstk and the optimal stock to bond ratd with respect to the contribution
ratet > 0. Let us denote by;(d,r; T) and(d, r; T) the value function and the opti-
mal stock to bond ratio corresponding to the contributida ra> 0. One can prove
the identity: Vt(Ad,r;A1) = A3 (d,r; 1), for any constank > 0, provided that
U(d) = —d'~2. The statement is obvious foe= T whereVr (Ad,r;A1) =U(Ad) =
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AlaVr(d,r;1). AsR(Ad,r,8,y;AT) = AR(d,r,d,y;T) the statement easily fol-
lows from the backward mathematical induction foe T,T —1,...,2,1 with the
optimal stock to bond ratio satisfying the relationsidgAd,r; A1) = &(d,r; 7).
As a consequence, by a forward mathematical induction, anepcove that the
stochastic variabld, defined recursivelg .1 = Rk (d,rt, & (dk, re; 7),¥; 1) depends
linearly on the contribution rate and corresponding decisia® is invariant with
respect tar.

3 Computational results

Since January 2005, pensions in Slovakia are operated bgexfillar system: the
mandatory non-funded® pay-as-you-go pillar, the mandatory funded dillar

and the voluntary funded®pillar. The old-age contribution rates were set at 9%
for 1% and 2Y pillars, i.e.T = 0.09. The savings in the second pillar are managed
by pension asset administrators. Each pension admimstra@nages three funds:
Growth Fund, Balanced Fund and Conservative fund, eacheoif thith different
limits for investment (see Tab. 1). At the same time instawess may hold assets
in one fund only. In the last 15 years preceding retiremeisg\er may not hold
assets in the Growth Fund and in the last 7 years all assetsomdeposited in the
Conservative Fund.

Table1 Governmental limits for investment for the pension funds

Fund type Stocks Bonds and money
market instruments
Growth Fund up to 80% at least 20%
Balanced Fund up to 50% at least 50%
Conservative Fund no stocks 100%

Table2 Expected wage growths from 2007 1) to 2048 (t=40) in Slovakia. Source: [6]

1<t<4 5<t<9 10<t<14 15<t<19 20<t<24 25<t<29 30<t<34 35<t<40
B 7% 7.1% 6.4% 5.9% 5.6% 5.2% 4.9% 4.5%

Our model is applied to the"® pillar. According to Slovak legislature the per-
centage of salary transferred each year to a pension furtd {g 2= 0.09). We have
assumed the period = 40 of saving. The forecast for the expected wage grgiwth
in Slovakia has been taken from [6]. The term strucfet = 1,..., T} from 2007
to 2048 is shown in Tab. 2. Stocks have been represented I3&RAB00 Index. The
stock returns were assumed to be normally distributed. Ashie calibration, we
chose the same time period (Jan 1996-June 2002) as in Kiagical. [5] with av-
erage returmu® = 0.1028 and standard deviatia¥ = 0.169. The model parameters
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describing the Slovakian term structure of the zero coumarb have been adopted
from the paper bisevéovit and Urbanova Csajkova [12]. We assumed thgterm
interest rateéd = 0.029,0° = 0.15,k = 1 andA = 0. The correlation between stock
and bond returns was setpo= —0.1151 (the same as in [5]).

In Fig. 1 we present a typical result of our analysis with tis& aversion coef-
ficienta= 9 and the timel = 40 years of the pension savings. It contains optimal
decisions (without governmental regulatioids)d, r) with fixed short rate = 4%.
One can see that pension saving becomes more conservathve iEirement ap-
proaches. The reason for such a behavior is that more cotitnits are accumulated
and higher part of the future pension is affected by assatinet The dependence
of the decision on the level of savings gradually decreales.is due to the fact
that less amount of forthcoming contributions is expectedhe case of no future
contributions, a decision based on a CRRA utility functierindependent of the
level of savings (see e.g. Samuelson [11]).

r=0.04

1
012345678 9101112
d

Fig. 1 3D and contour plots of the functicﬁ?@(d, r) for r = 4% with no limitations. Source: [8]

One can see the impact of governmental regulations in Fignd?Tab. 3. The
mean wealtiE(d;) and standard deviations were calculated using 10 000 simula
tions with the risk aversion coefficiemt= 9. It is clear that the average wealth
achieved is higher without governmental regulations. Twilations reduce stan-
dard deviations of the wealth achieved. The values of theageefinal wealth and
standard deviations for various risk aversion parametean be found in Tab. 3.
One can observe that the higher the risk aversion, the loneexpected wealth
associated with lower risk (standard deviation).

Even before the financial crisis, pension asset managedsvesg conservative
investment strategies. In March 2007 growth funds conthiidy up to 20% of
stock investments. In this case the difference between ¢nsipn funds was in-
significant. In our calculations we have supposed that thopgrtion will be lin-
early increased up to 50% in the next 3 years. After that tbpgntion of the stock
investment in the balanced fund will be 30%. The developroétite average level
of savings and average proportion of the stock investmetht standard deviations
for such a cautious investment strategies can be found irBFigd Tab. 3. In order
to demonstrate that these strategies are still too cornseryave have considered
very high risk aversion coefficiemt= 12. One can observe that even in this case, it
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Fig. 2 The average valug(d; ) for the risk aversion parametar= 9. No governmental limitations
on the optimal choice of (left); governmental limitations imposed (right). The@rbars show
the standard deviation of. Source: [8]
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Fig. 3 The average valuds(d;) (left) andE(&) (right). Error bars depicts standard deviations for
the cautious investment strategy. The risk aversion caefiie = 12. Source: [8]

Table3 The average valuB(dr ) of dr and its standard deviatiam(dr ) for various risk aversion
parameters. Source: [8]

a | 3| 4|5 6|7 ]8]9]10]11]12

Governmental limitations

E(dr)|5.2645.261]5.2475.2035.1094.9664.79 4.6 |4.427/4.275
)

2.0332.0261.997/1.9281.8091.6441.4621.2881.1431.023
No limits

E(dr)[9.8729.574 9.04(8.402/7.7397.1126.5616.0895.697/5.375
o(dr)[3.0793.0243.0022.912/2.7362.4962.2331.968 1.718 1.505
Cautious investment

E(dr)|3.8183.8183.8183.8183.8183.817/3.8143.806 3.7
o(dr)[0.8480.8480.8480.8480.8480.8460.8390.8250.8

o ©

3.774
0.78

is optimal to stay in the growth and balanced funds as lon@asible (according to
governmental regulations). If we compare the cautiousegjias with the ones that
undergo just governmental regulations, the level of savisgsignificantly lower
(see Fig. 2 (right) and Tab. 3). Therefore, the stock investishould be soon in-
creased to higher levels.

4 Conclusions

We have applied a dynamic model of saving with incrementatrifautions to the
funded pillar of the Slovak pension system. Stock pricesvessumed to be driven
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by the geometric Brownian motion. Interest rates were el one factor short
rate model. The optimal decision strategy is dynamic anadeép on the duration
of savingt, the level of savingsg; and the short rate. In accord with [2] the results
confirmed that saving becomes more conservative close tetinement time. This
is a consequence of gradual saving. As the retirement apipesathe model resem-
bles the one with one-shot investment ([9, 11]) and theestioe decision becomes
less sensitive to the level of savings. We have used a farhiGRRA utility func-
tions with a parameter representing individual risk prefiees. In accord with intu-
ition, the higher the risk aversion, the lower the expeateellof savings associated
with lower standard deviations. Not surprisingly, the t&gées respecting the gov-
ernmental regulations have lower expected level of savasgeciated with lower
risk (standard deviation). Cautious strategies of penagset managers in Slovakia
imply that savers stay in the most risky funds as long as plesgiespecting the
governmental regulations). Such strategies could leaustdafficient pensions.

Acknowledgements This work has been supported by ERDF-017/2009/4.1/OPVEB®IOK and
VEGA 1/0381/09 projects.

References

1. Battochio, P. & Menoncin, F. Optimal pension managemeatstochastic framework. Insur-
ance: Mathematics & Economi&g, 79-95 (2004).

2. Bodie, Z., Merton, R. & Samuelson, W.F. Labor supply fldk§ypoand portfolio choice in a
life-cycle model. Journal of Economic Dynamics & Conti6l 427—449 (1992).

3. Cairns, A., Blake, D. & Dowd, K. Stochastic lifestylingp®mal dynamic asset allocation for
defined contribution pension plans. Journal of Economicddyigs & Control30, 843-877
(20086).

4. Deelstra, G., Grasselli, M., Koehl, P. Optimal investiretrategies in a CIR framework. Jour-
nal of Applied Probability37, 936-946 (2000).

5. Kilianova, S., Melicher€ik, I. &evcovi¢, D. Dynamic accumulation model for the second
pillar of the Slovak pension system. Czech Journal for Eodns and Financé1-12, 506—
521 (2006).

6. Kvetan, V., Mlynek, M., Palenik, V. & Radvansky, M.aé8tutie, zdravotny stav a determi-
nanty vydavkov na zdravie v podmienkach Slovenska. Rekesiudies of Institute of Eco-
nomics SAV, Bratislava, ISBN: 978-80-7144-160-1, (2007).

7. Ma, Q.-P. On "optimal pension management in a stochastiméwork” with exponential
utility. Insurance: Mathematics & Economid8, 61-69 (2011).

8. Melichercik, |. & Sevcovic D. Dynamic stochastic accumulation model witbleation to
pension savings management. Yugoslav Journal of Opesalesearcl20, 1-24 (2010).

9. Merton, R.C. & Samuelson, P.A. Fallacy of the log-nornpgraximation to optimal portfolio
decision-making over many periods. Journal of Financiar®enicsl, 67-94 (1974).

10. Milevsky, M. Optimal asset allocation towards the entheflife cycle: to annuitize or not to
annuitize? Journal of Risk and Insurar@e 401-426 (1998).

11. Samuelson, P.A. Lifetime portfolio selection by dynarsiochastic programming. The Re-
view of Economics and Statisti€d, 239-246 (1969).

12. Sevcovi¢, D. & Urbanova Csajkova A. On a two-phase narmmethod for parameter es-
timation of the Cox, Ingersoll, and Ross interest rate mo@ehtral European Journal of
Operational Researct8, 169-188 (2005).





