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Abvtruct The purpose of th is paper is to co nstruct the early exerci se bo undary for
a class of non linear Black-Scholes equa tions with a volatility function dependi ng
on the optio n price, \Vc reviev..· and revisit a method how to transfurm the pro blem
into a so lution of a tim e depe nd ing non linear parabolic equat ion defi ned on a fi xed
domain . An examp le of numerical computa tion of the early exerci se boundary for a
nonlinea r Hlack- Scholcs eq uati on is also presen ted.

I Black-Scholes Equations with a Nonlinear Volatility
Function

T he main purpose of thi s paper is to review and revi sit the fi xed domain transfo r­
mation met hod adopted for so lving a class o f nonlinear Black- Scho les equatio ns
having the [ann :

av av I a' v
- + (r - il )S - + - " ' (S 'a's' V. S. T - I )S ' , - r V = O. S > 0 . 1 E (0 . T) .
ill as 2 ilS -

(1. )
A so lution V = V(S . t) can be identi fied with a price V of the option co ntrac t in
the future mat urity time T > 0 (c .g . call or put ) where S > 0 is the underly ing asset
va lue at the present time 1 E 10.T ). Here. r > °is the riskless interest ra te.lj ?: 0 is
the d ividend yield rate o f the unde rlying asset. For American sty le o f a call optio n.
the free bo undary problem cons ists in constructi o n of the early exerci se positio n

Sf = Sf {l ) and the so lut io n V = V(S . I ) to ( I) de fi ned o n the time de pendent
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domain 0 < S < S l (t ). 0 < / < T (cf. Kwok [ 13D. V is subjec ted to the bo undary
conditions yie lding C I smooth past ing o f V(S. / ) and V(S . T) at S = S1 (1):

and the term inal pay-o ff co nd itio n at expiry I = T.

V(S . Tl = (S - E)+ .

where £ > 0 is the exerci se price.
\Ve hriefly mention a motivat io n for studying the non linear Black-Scho les

eq uat ion having the form o f ( I). Such equations with a vo latility func tio n

a (S 2{)l V. S. T - 1) a rise from m odeling the optio n prices by taking in to account

nontrivia l transact io n co sts (cf . Leland [1 4}. Hoggard et Ol io [I O} . Avellaneda and

Paras [J ]). market feedbacks ami effects due to large traders c hoo sing given stock­
trading stra tegies (Frey 17 1. Frey and Patie 181. Frey and Stremme 19J, Du ring
er a l. 16 1. Schonb ucher and Wilmott 11 5]), the risk adjusted pricing methodology

•
model due to Kratku [ 121 and its modification developed hy Jandacka and Sevl'ovic
[I I , 17}) . As an example fo r a pp licat io n o f the numerical method, we consider a
nonlinear m odel taking into account im perfect rep lication and investor ' s prefe rences

which has been proposed hy Burlcs and Soner in [4} . If investor's pre fe rences are

charac te rized by an exponent ial utility func tion they de rived a non linea r Black­

Scholes equa tion with the volatili ty func tion o give n by

(4 )

Here 0' 2 > 0 is a constant historical volatili ty of the asset price returns, ljJ is
the un ique so lution to the OD E: rJt '( x ) = (rJt( x) + 1)/ (2 jx rJt (x ) - .v). ~/ (O) = 0
and a 2: 0 is a constan t dependi ng tran saction co sts and Investor 's risk aversion

par ameter (sec 14J for deta ils). T he fun ct ion rJt sa tisfies: rJt( x) = 0 (...1) fo r x ~ 0
and rJt (x ) = O(x ) fo r x -+ 00 . For p ractical p urposes. the so lutio n rJt(x) can be
constructed from an im plic it equa tion obta ined in [51.

\Ve revisit an iterative numerical a lgo rithm fo r solving the free boundary problem
•

( I )-( 2) developed by Sevcovic in [ 17J. The key idea o f this method consists in
truns fo rm ution o f th c free boundary problem into a semi linea r pa rabolic equat io n
defined o n a fixed spa tia l domain co upled wi th a non local algebraic co ns tra int

eq ua tio n for the free bo undary position . Th is method has been ana lyzed and utilized

in a se ries o f papers I J. 2. 16- 19 1 by Ehrhardt and Ankudinova and the author, The
di sadvan tage of the orig ina l method cons is ts in the necessity o f so lving a n algebra ic

constra in t equ at io n. In thi s approach. high ly acc ura te e va luation o f the de riva tive of

a so lution at o ne point enter ing the a lgebraic co ns traint is needed (cf. [1 7]). In th is

note. we present a new efficient way how to overcome this d iffi culty by considerin g

an equivalent intcgrured rorm o f the a lgebraic constraint. We also present results
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of numerica l calcu la tion of the free boundary position for the Burlcs and Soncr
nonlinear extension of the Black-Sc ho les model.

2 Fixed Domain Transformation or the Free Boundary
Problem

\Vc recall method how to transform the free bo undary pro blem (n-c~) into a
form of ..1 non li near parabolic equation delined on a fixed domain and satisfying
a non local a lgebraic constraint eq uat ion developed hy the a utho r in [ 17]. It is based
on the following change of independent variables and the transformed fun ct ion
n = Il (v. r) defined as fo llo ws:

r = T - I . X = In (p(r )/ S ) . Il tx, r ) = V(S.I ) - sas VIS . I) . (5)

where p( r ) = Sr( T - r ). Clearly. r € «(). T) and .v € «() . (0 ) iff S € (t). Sr (I) . The
boundary value .r = 0 co rresponds to the free bou ndary position S = Sf (r) whereas
x = + 00 correspo nds 1O the default va lue S ~ 0 of the underlying asset. Under the
struc tural assumptio n

O< ,/ '.:S.r

made On the interest and d ividend yield ra tes an d following der ivation of the
equation for Il , it turns out tha t the function Il and the free bou ndary position p
satisfy the following system nf parabol ic equation (6 ) with algebraic cons traint (7):

an ( "Z) an I a ( ,an )- + b( r) - - ---- ,, - - + ,. n = ().ar 2 ax 2 ax ax
mo.r ) = - E . Il !+00. r ) = O. .r> O. r € (0 . T) .

(6)

n (.r . O) = 1

1

- £ ,
() .

for x < In(,. / q ).

otherwise.

,-E <r ' ( il. n (O. r ).p(r ). r ) an
p(r) = - + -,- (0 . r) .

'I 2'1 dx

,-E
with prO) = -.

'I
(7)

.r
where <r ' = ,, ' ( il. Tl (x . r ). p ( r )e- ' . r). h( r) = dJ,;'\" + ,- - 'I (ef. [ 17]). Not ice that
(7) is not q uite appropriate for construction of a robust numerical approximation
scheme since any small inaccu racy in ap proximat io n of the value a~ n (0. r ) is
immediately transferred in to the enti re com putatio na l domain .r E (0. (0 ) throu gh
the free bo undary fu nction p( r) entering (6). Instead of (7), we present a new equi v­
a lent integrated equat ion fo r the free boundary posi tion p( r) . Indeed. integrati ng the
govern ing eq uatio n ((l) for x € (0 . co ) taking into acco unt the bou ndary cond itions
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n(o.rJ = - E . n (oo.r )= O (and co nsequently a, n (:<J. r ) = O). we obtain the
fo llowing spatia lly integrated form of the a lgebraic constraint:

I 1.'"'!"" ( E Inp(r ) + Il t; x . r) dx) qp(r ) - li E
d r II

1. ,., (' I • an )+ - o rr ' ( ;), [l tx, r) . p ( r )e-" . r ) -:-:- (x . r) + r Il tx . r ) dx = O. (S )
(I _ a.\

3 Numerical Scheme Based on Operator Splitting Technique

The idea of the iterative numerica l a lgori thm is based on the origi na l numerical
discrctizarion scheme proposed by the author in [ 17]. We modify this method
by considering the a lterna tive integrated form (X) of the constraint between n
and p. The spatial domain X E (0.00 ) is restric ted to a fi nite interva l of values
.r E (0 . L ) where L > 0 is suffici ently large. For practica l purposes one can take
I. '" 3 (see [1 7 ]). Lei us den ote by k > 0 the time step , k = 1'/11I and by II > 0
the spatial step. h = L /1I whe re 111 . 11 E N stand for the number of time and space
discretization steps , respectively. \Ve denote by n/ an approximation of Il ix ], Tj),

pl '" p( r i ) ' b! '" b(r i ) where Xi = i ll . r i = j k . We furthermore denote by Il j the

vec tor Il j =:n/ .i = 1, . . , .11: , \Vc approximate the value of thc volar ility (J at the
node (x; . Tj) hy the ti ni te di fference approximation as fo llows:

i - «n! n j )/I j , - " )(1; - (1 i + I - i I . p t . r j •

\Ve set n io(x ) = Il tx> .0 ), Nex t, following the idea of the operator splitting method
discussed in [ 17], \'..'e decompose: the abo ve problem into two parts- a co nvectio n

pan and a diffusive pan by in troducing an auxiliary intermediate step n j - !. Our
discretizat ion or (S) and (6) reads as foll ows:

(In leg ratedf orm of the algebraic part)

where ,o(n )stand, for numerica l trapezoid quadratu re of the integral j~OC tt ( ~ )" ~

whereas II (pi . n ) is a trapezoid quadrature of the second integral in (R). i.e .

(Convective part)

( 10)
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(D iffus ive part)

211

n i - n i - l
k

(O i) 2 ~ , I ~ ( " iJ ,) ,
- _ n J (o J j " _nJ + r Il ! =0.

" ) , ., '..... ( x .... uX u X
( J Il

The convect ive part can be approx ima ted hy an explicit solution to the transport
, I

equat ion iJ, iI + b ( r ) ~ ,iI = 0 , Thus the spa tia l approximation n:-' can be

constructed from the fonn ula

n 1- 1 = I n i- I( ~i ) .
, I - E• •

if~, = Xi - In 1" + In p1- t - ( r - 'nk > O.

otherwise ,
( 12)

where a piecewise li near interpola tion belween discrete values n/-1
• i = U. I . .... n .

is be ing used to compute the value n1 - I (x , - In pi + In pi - I - ( r - <n k ),
The diffusive part ca n he solved numerically by means o f fini te differences. Using

a ce ntral fini te diffe rence approximation o f the derivat ive a\ Il j we o bta in

, tt! _ n! )_ (o j )1 ; ; - 1
I -I h = 0 . ( 13)

Now, (9 ). ( 12) and (1 J) can be rewritten in thc ope rator form:

\vhere ~<J: (n j. pi) is the right-hand side of the integrated a lgebraic equa tion (Y).

T he ope rato r ..9' (n i . pi) is the transport equa tio n so lver given by the right-hand
side of ( 12} and .c1 = ,<."/ ( Il j • pi) is a tridi agonal matri x with coeffi c ients g iven

corresponding to ( 13). At each time level r i . j = I . .. .. m, the above system can be
solved approximate ly by means of successive iterations procedure . Given a di scre te
solution n r-' . we s ta rt lip ite ratio ns by defining n j,l l= n j - I • pj,o = p) - I . Then

the (p + l j-th approximation o f Il j and p! is obtained as a so lution to the system :

( 14)

\Ve re peat thc proced ure for p = O. I . . . . Pm<u . unt il the prescri bed to lerance is
ach ieved .

Al the end of thi s sec tio n, we p re sent a numerical exam ple o f appro ximat ion
o f the ea rly exerci se boundary fo r the Barles and Soner model by means o f a
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t"ig. I A comparison o f p( r ) = .')' , ( 7" - d (.m litiliflC' ) for the Had es and Soner model with
a =0 . 15 and for the Bleck - Scholes equat ion . i.e . a =0

so lution to the transformed system of equations. In this model the volat ility is
g iven by expressio n (4 ). A discrete so lutio n pai r (Il . p) has been computed by
our iterati ve a lgorithm for the model parumctcrs: E = 10. T = I (one year). r = 0. 1
( 10% p.a) . q = 0.05 l5% p.a.) and if = 0.2. As for the numerical parameters. we
cho se 1/ = 750 spatia l points and in = 22 5.000 time di scretizat ion steps . The step
k = TJ m represent s 140 s in the real time scale. In o rder to achieve the preci sion
10- ; we used p mll.\- = 6 micro-iterates in ( 14 ). A graphical plot of the early exercise
boundary p er ) = SI lT - r ) is shown in Fig . I. Taking a positive va lue of the risk
aversion coeffi cient a = 0 .1 5 results in a substantia l increase of the free bo undary
posi tion p { r ) in com parison to the linear Black- Scholes equation with consta nt
volnti litv a = iT . Not ice thai thc Barlcs and Soner model for (l = 0 coincides with

•

tho linear Black-Scho les model with constant vo la ti lity.
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