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In this paper, we investigate a system of geometric evolution equations
describing a curvature-driven motion of a family of planar curves with mutual
interactions that can have local as well as nonlocal character, and the entire
curve may influence evolution of other curves. We propose a direct Lagrangian
approach for solving such a geometric flow of interacting curves. We prove local
existence, uniqueness, and continuation of classical Hélder smooth solutions to
the governing system of nonlinear parabolic equations. A numerical solution to
the governing system has been constructed by means of the method of flowing
finite volumes. We also discuss various applications of the motion of interact-
ing curves arising in nonlocal geometric flows of curves as well as an interesting
physical problem of motion of two interacting dislocation loops in the material
science.
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1 | INTRODUCTION AND PROBLEM DESCRIPTION

In this paper, we investigate a system of geometric evolution equations describing a curvature driven motion of a family
of plane curves with mutual interactions.

LetI™*,k =1, ... ,n be a family of plane curves evolved in their respective outer normal directions n* by the velocities

W= bk + FR&EK T LT, €))

where ¥ is a curvature of the curve of I'¥, and tX, k = 1, ... , n, are their unit tangent vectors. The diffusion coefficient
k

a

= afx¥,t") > 0 is assumed to depend locally on the position vector x* and the tangent vector t“. The nonlocal
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functional F* is assumed to depend locally on the position and tangent vectors x¥, t¢, and globally on the entire family of
curvesT*. k=1, ... ,n. Asan example, one can consider evolution of two (n = 2) interacting curves, where

FixLT?) = [ i X3 sH)ds?, F2x3TYH = [ 2(XN(sh), x2)dst.
1?2 !

The curve I'* is parametrized by the mapping X¥; ie, I'* = {X¥(s¥), sk € [0, L(T'*)], where s* is the arc-length parametriza-
tion of I'*, x* € T, and f* are smooth functions for k = 1, 2. It means that the force 7! depends locally on the position
vector x! of the curve I'! and nonlocally on the entire curve I'2, and vice versa for the source term 72. As another example,
one can consider a simple nonlocal geometric flow of two interacting curves with external source terms given by
Fla %) = 22 P2,y = 22
L(I?) LIt

and L('*) = [, ds* is the length of the curve I'*.

We follow the so-called direct Lagrangian approach in which the geometric evolution problem (1) for closed or open
curves is treated by means of the parametric description. The direct Lagrangian approach was applied for planar curve
evolution by many authors, eg, Deckelnick,' Benes et al.,>* Mikula and Sev¢ovi¢,*° and others. In a previous article,’
Paus et al. compared the direct approach and other interface-capturing methods, such as the level-set method or the
phase-field method. In the paper’ by Paus et al., the approximate algorithmic approach for handling topological changes
(like self-intersecting) was proposed and analyzed. Concerning some of the drawbacks of the direct method, a problem of
tangential redistribution was analyzed in previous studies®® by Sev¢ovi¢ and Yazaki. An application of the direct approach
to the system of geometrical flows (1) results to a system of degenerate parabolic equations for particular parametrizations
of individual curves belonging to the family {T", T2, ... ,T"}. The system of governing equations is solved numerically
to provide an information about the behavior of solutions to (1). The numerical approximation scheme is based on the
flowing finite volume method that was proposed by Mikula and Sev¢ovi¢ in their previous article* for curvature driven
flows of planar curves.

Applications of the investigated motion law described by (1) can be found in material science, especially in the models of
discrete dislocation dynamics (see previous studies>!%!1) or in the models of phase transitions (see previous studies!?1)
or in the models of recrystallization, in particular (cf Halberg!®).

The paper is organized as follows. In the next section, we recall principles of the direct Lagrangian approach for solving
curvature-driven flows of a family of interacting plane curves. We derive a system of nonlocal partial differential equations
for parametrizations of evolving curves. Local existence, uniqueness, and continuation of classical Hélder smooth solu-
tions is shown in section 3. A numerical discretization scheme based on the flowing finite volume method is presented
in section 4. Examples of evolution of interacting curves are presented in section 5. First, we present a simple flow of two
interacting curves in which nonlocal functionals depend on the total length of other curve. Next, we present an impor-
tant physical application of evolution of open curves describing motion of interacting dislocation curves arising in the
material science.

2 | LAGRANGIAN DESCRIPTION OF A MOTION OF INTERACTING CURVES

In the direct parametric Lagrangian approach, evolution of a family {I"; C R?, ¢ > 0} of planar time-dependent curves is
described by the position vector X = X(u, t) = (X1(u, t), Xo(u, t))T € R?, where u € [0, 1] is a parameter from the interval
I =[0,1]. Then, the curve I'; is given by

= {Xw b =Xwb),Xw ), uelo,1]).

If we are dealing with closed curves for which X is 1-periodic in the u variable, we will identify the interval [0, 1] with
R/Z = S'. Furthermore, we assume the parametrization of a closed curve I' is oriented anticlockwise, and the periodic
boundary conditions at u = 0 and u = 1 are imposed; ie, X|,—¢ = X|,=1, and 9,X|,=0 = 9,X]|,=1. In the case of evolution of
open curves, we prescribe Dirichlet boundary conditions at u = 0, 1. That is, X(0) = a,X(1) = b where a, b are prescribed
endpoints a # b.

Geometric quantities such as the unit tangential vector t and the outer unit normal vector n can be expressed in terms
X as follows:

t=0,X/|0,X| and n = t* = 9,X*/]9,X|,
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where x* = (x;, —x;)T denotes the vector that is perpendicular tox = (x1,x,)”. Notice that the choice of the normal vector
in the outer direction is in accordance with the rule det(n, t) = 1. Let us denote the arc-length parametrization by s. Then,
ds = |0,X(u,t)| du. The Frénet formulas yield d;t = —xn and d;n = kt, where the curvature x is given by the inner

product:
o1 o (aXx)
 10uX] ou \ |0.X]|

Here, a - b stands for the Euclidean inner product of vectors a and b in R2.

Next, we derive a system of evolution equations for position vectors Xk, 1) describing curves '“ k=1,...,n. The
family of planar curves {I'',T?, ... ,I"} evolves according to the system of geometric equations (1) provided that the
parametrization X (u, t) satisfies the following system of nonlinear parabolic equations:

1 0 ([ aX*
0,Xk = a* — = + Frnk 4+ aftk, XM =XE 2
‘ |0, X¥] ou < 10.XE| =0 = i @
fork = 1,2, ... ,n. Here, a¥ is the tangential component of the velocity of the curve I'*. It is well-known that any tangen-

tial component of the velocity of I'* does not change its geometric shape (see e.g., Epstein and Gage'”), and therefore, it
is not important from the analytic point of view. However, concerning a numerical solution of (2), a suitable choice of a
tangential velocity functional a* plays an important role in construction of a stable numerical computational scheme. Var-
ious nontrivial choices of a* have been proposed in the literature. We refer the reader to papers by Mikula and Sev¢ovic,>®
Benes et al.,>”1® and references therein. A general framework yielding the so-called curvature adjusted tangential veloc-
ity has been proposed by Sevcovi¢ and Yazaki in a previous article.® This approach takes into account variations in the
curvature as well as the necessity of uniform or asymptotically uniform redistribution of points along evolved curves.

3 | LOCAL EXISTENCE AND CONTINUATION OF CLASSICAL SOLUTIONS

In this section, we prove local existence, uniqueness, and continuation of classical Hélder smooth solutions to the system
of governing PDEs (2). To this purpose, we employ the so-called tangential velocities a’;m preserving the relative local
length proposed and analyzed by Hou et al.,'° Kimura,?® and Mikula and Sevcovi¢.” Suppose that the tangential velocity
a’;ni(X") nonlocally depends on the parametrization X¥ of the curve I'* and it is given by

auak = (_Kkvk + <Kkvk>l"k) |auXk|a asni|u=0 =0, (3)

uni

where (kv)r = % erVdS is the curve average of the quantity xv. It can be shown that, for such a tangential velocity, we
have the following identity:
k - k
L) LT

(cf Mikula and Sev¢ovi¢®). It means that the relative local length |9, X*(u, t)| /L(Fﬁ‘) is constant with respect to time ¢ > 0.

Note that .
& iy = @k Juco + / duat du = /F (R (s ) dst =0,
0 t

It means that there is no tangential motion of the endpoints X*(0, t) and X*(1, t).
Now, using the tangential velocity a,,; and inserting the term |9, X*(u, t)| from (4) into (2), the governing system of
PDEs for evolution of the family of interacting curves (2) can be rewritten as follows:

, foralluel,t>0, 4)

k kN2 k
akL(r*) d
OxXF = —— | ox* - —”f" 0, X" | + Fin* + af t*
(85 (WL(I'k))? &
ki ok gk k k 0ugy k Kk |k 4k
= a*u, x5, Lah) | o3x - ——0X" | + F'n* +a t, (5)
8o
Xk|l=0 = Xi'{m'»
where ak(xk, t5) L(F’é)z

1
ak(u, x*, 5, L(rk)) = . gw =10.Xkw,0)], LIY= / 10Xk (u, )| du.
0

(g5 (WLIT*))?
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In the case of evolution of closed curves, we identify the interval I = [0,1] with R/Z = S', and we impose periodic
boundary conditions, ie,
U Xk(u, t) is a 1-periodic function, k=1, ... ,n

In the case of evolution of open curves, we prescribe Dirichlet boundary conditions at u = 0, 1, ie,
xk0,n) =a* X1,H=b" k=1,...,n,

where a* # b* are given endpoints of an evolving open curve I'*.
In order to introduce underlying function spaces, we first introduce the shift function C* and the shifted solution X*

Kk — Xk _ Ck
where Ck =0, for closed curves evolution, (6)
CK(w) = a¥ + u(b* — a¥), for open curves evolution.

In what follows, we will identify the entire curve I'* with its parametrization, I'* = {X*(u),u € I} where the shifted
parametrization X¥ = X* — C* belongs to the function space E2. Here, bc € {Pbc, Dbc} stands for either periodic (Pbc)
or homogeneous Dirichlet (Dbc) boundary conditions depending on whether closed or open curves evolution is studied.
Here,

Efbc ={X e **(,R?»), I=R/Z=S"X isl-periodic}, [=0,1/2,1,

Ef)bc ={X e 2*(,R?), I=1[0,1], X(0)=X1)=0}, [=1/21, (7)
Dbc _ 51 2

EPbe = cl+e(1, R2),

Here, c?+1%,1 = 0,1/2,1,0 < € < 1 is the little Holder space consisting of 2] + 1 + ¢ Holder continuous functions (cf.
Angenent??).

We will assume F¥ = FExK, t5, T, ... , "),k =1, ... ,n, is a mapping from the space R? x R? x E'f/"’z into R where

EX=EFx ..xE* 1=0,1/2,1, bce {Pbc,Dbc}.
e ——

n—times
Henceforth, we will suppose that a* and F* satisfy the following smoothness assumptions:

d“e CCR?>*xR%LR), FreCR?>xR?x &

1/2,R), k=1, ...,n (8)

The system of equations (2) can be rewritten as an abstract evolution equation:
0D = H(®), D) =Dy = X0, 9)

in the space & where ® = ()N(k)l';l. The mapping H : & — & defined by the right-hand side of (2) is C! smooth in the
open neighborhood O, of the initial condition ®;,; € ©O; C &, where

={®dee&” |0,X>0k=1,..,n}, X=XF4+cCk 1=01/21.

Clearly,
H(®) = Ho(P) + H1(D),
where Hy(®) is the principal part of H(®), and H; = H — H, contains lower order terms, ie,

go (0X5Y ¢ 0,XK

9,XF + Fk at . s
|0, XK| 10, XK]

HE(®@) = a*(u, x5, t5, L") a2X*, HY@) =

go
where FK = kK ¢4, T, ... ,T™), t¢ = 9,X¥ /|0, X¥|.

Lemma 1. Let ® € O; C &. The mapping H : O; C & — & is C! differentiable at(i) The linearization of the
principal part Hy at ® in the direction ® € &, has the form: [H (D)D) = AX* + BXK, k = .., h, where

AX = a(u,x,t, L)X,

ByX = <(a )(OX—n)

|a Xl L(F)/ (() X(u) t(X(u)))du> 62X

where @ = @%, X = X*, i1 = af, t = t-.
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Proof. Let X = X* € O, be a parametrization of the k-th curve I' = T* and X € E;. Denote g(X) = |9, X| and
t(X) = 0,X/|0,X|. Then, linearizations of g and t at X in the direction X have the form:

FXX=0,X-t, X)X =0,X/g—-(0.X-10,X/8* = é(aux -n)n.
Moreover, the linearization of the total length functional L(I') = /.ds = /01 |0, X(w)|du = fol g(X)(u)du is given by

1
LI'X = / (0.X(w) - tX(w)))du
0

and the proof of lemma follows. O

Remark 1. Let gX) = g(X) where X = X + C. Then, the mapping g : ©; — c'*¢ is C! differentiable. Indeed, for any

2 el [ld _ 71 (astb)b
a,b € R?, we have [a +b| — |a| = /] d§|a+§b|d§ =/ gl dé. Hence,

1 N . N .
gk +3) - g% - g (X = [ OELE AR A Ay,

0 IauX+ fauxl |auX|

3 /1 (€10.X]0,X + (|0, X| — |0, X + £0,X[)0.X) '6uXd€
0 |auX + fauxl Iauxl

The little Holder space E; = Ef"’ is a Banach algebra, ie, there exists C > 0 such that [|¢py ||z, < Cl|llg |lw]lE, for any
¢,w € E,. For any ¢ € [0, 1], the ¢'* norm of the integrated function is uniformly bounded in terms of the square
of the norm ||X||.+. Hence, there exists a constant Cy > 0 such that [|§X + X) — 3(X) — & X)X||a+ < CO||X||]251/2.

Therefore, § € C}(O 2, c'*%). A similar argument enables us to conclude that X — t(X) is C' smooth mapping from
O/, to Eg and X +— L(I) is C* smooth as a mapping from O, to R. As a consequence, the mapping  is C! smooth
from O; C & to &, and its linearization is given by Lemma 1.

Now, we can state the following results on local existence, uniqueness, and continuation of solution.

Theorem 1. Assume the parametrization ®;,; = (X;‘m)le, of initial curves Fi.‘ni, belongs to the Holder space 8f”, and

[0.XE )| > Oforallu € Iand k = 1, ... ,n Assume ak(x*,t") and F¥ = F** 5T, ... T satisfies the
assumption™(8).

Then, there exists T > 0 and the unique family of curves {F’t‘,t € [0, T]} parametrized by X*(-,t) = X (-, t) + CK(-)
and evolving in the normal direction by the velocity v* given by (1) and such that their shifted parametrization ® satisfies
o = (f(k)z=1 € C([0, T], £2)n C1([0, T1, £Y°). Here, bc = Pbc in the case of evolution of closed curves and be = Dbc in the
case of evolution of open curves.

If the maximal time of existence Tyqy < o is finite then,

lim sup sup |c*(-, )| = oo.
=T, 0x k,I"f

Proof. The proof follows from the abstract resulting on existence, uniqueness of continuation of solutions to (9) due
to Angenent21 in the scale of Banach spaces & = é'lb", 1 =0,1. Itis based on the linearization of the abstract evolution
equation (9) at arbitrary ® € 0; C & and showing that the linear operator H'(®) belongs to the so-called maximal
regularity class M(Ex, &). To thisend, let ® € O; c & besuch that [0,X*(u)| > Oforallu € Tandk =1, ... ,n. Then,
a*(u, x*, tF, L(T%)) € ¢'**(I,R) and @ > 0. It follows from Angenent?! that the second order differential operator —.A
generates an analytic semigroup {e~!,¢ > 0} of operators in the Banach space & with the domain &,. Moreover,
A belongs to the so-called maximal regularity class M(€, &) consisting of all generators of analytic semigroups .A
such that the initial value problem for the semilinear evolution equation: d;¢p — A¢ = f(t), p(0) = ¢o, t € [0, T], has
the unique solution ¢ € C([0, T], &) n C*([0, T], &) for any right-hand side f € C([0, T], &) and an initial condition
¢o € & and such that the inverse operator (3, — . A)™! : C([0, T], &) X & — C([0, T, &) n CL([0, T1, &) mapping the
right-hand side f and the initial condition ¢, to the solution ¢ is bounded (cf Angenent?!-22).

The operator 53, is a bounded linear operator from &£ ¢ into &,. Furthermore, the curvature operator X)) =xkX) =
det(0,X, 9X)/|0,X|? is a C' mapping from the subset O/, C E?;Z of the Holder space E; ;, = ¢***(I,R?) into c¢*(I, R),
where Oy, = (X € E /2, 10uX| > 0} where X = X + C. Taking into account smoothness assumptions made on
coefficients a* and F*, we conclude that the operator X* — 9,a* (X¥)isa C! smooth mapping from E;, = ¢?*¢(I, R?)
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into c*(I, R). As a consequence, aﬁm € CY(Ey 2, c'*¢). Hence, the remaining lower order part operator H; € C!(€1, &)
- - 2
and its linearization B; = H{((I)) at ® is a bounded linear operator from £ into &. In summary, H € C}(&,, &) and
2

H'(®) = A+ Bwhere B = By+ B, A € M(&, &), B € L(& /2, &o). Taking into account the interpolation inequality
between the Holder spaces ¢!'*¢ and ¢3¢ spaces and the Young inequality ab < §a? + b?/(46) valid for any § > 0, we
conclude the following inequality:

1/2 1/2
1Bz, < Cill@lle, < Coll @I IDI” < SlIPlle, +Ks 1Dl

where Cy, C1,Ks = Cé /(46) > 0 are constants w.r. to ®. Hence, the linear operator /3, now considered as a linear
operator from &; into &, has the so-called relative zero norm, ie, it satisfies the aforementioned inequality for any
6 > 0. With regard to Angenent?! (Lemma 2.5) (see also Lunardi??), the maximal regularity class M(&}, &) is closed
with respect to perturbations by linear operators with the zero relative norm. Thus, H'(®) € M(&1, &). Then, by
applying the abstract theory on analytic semiflows due to Angenent?! (Theorem 2.7), we conclude local existence and
uniqueness of solutions.

Finally, suppose to the contrary that Ty, < o0 and sup,<Tmmk,r[k|z<k(-, )] < oo. For any closed curve I, it holds:
2r = /FKdS < L(I")maxr|x|. In the case of an open curve with endpoints a # b, the length L(I") is bounded from
below by |[a — b|]| > 0. In both cases, due to the definition and properties of the uniform tangential velocity al’jm.
(3)"the quantity |9, X*| is bounded from below in the lifespan [0, Tyuqy]. In other words, the solution @ does not attain
a boundary of the open set O;.

With regard to the results due to Mikula and Sev¢ovi¢* the curvature k = x*

is a solution to the parabolic equation
Ok = —02V — K2V + KOsy = 02(ak) — 02F + k{(kv)r, «(-,0) = Ko(-).

Because F = F(x,t,I'!, ... ,I"™) and 02t = —d;xn — x*t, we have —02F + x(kv)r = (F{-m)dsx + G(x. t,x, T, ..., T
where G is a smooth function that is bounded for x belonging to a bounded set. Because ko € c!*¢, the curvature « is
uniformly bounded in the norm of the space ¢} for 0 < £, < t < Tpqy. Using compactness of the embedding of the
space ¢! into ¢! for 0 < £ < €’ < 1, we conclude that the curvature x can be continued up to the time t = Ty, and,
consequently, there exists the limit lim[_,TWX(-, t) =: X in the space E’l’c C c3te. Starting from the initial condition X,
we can continue the solution X on some time interval [ Ty,qyx, Tmax + T), beyond the maximal time of existence Tiyqy, @
contradiction. The proof of theorem follows. O

4 | NUMERICAL APPROXIMATION SCHEME

Spatial discretization of (2) is based on the method of flowing finite volumes applied for solving general curvature driven
flows. It was introduced and analyzed by Mikula and Sev¢ovi€ in their article.* The basic idea of the method consists
in consideration of the discrete nodes x; = X(u;,t) fori = 0, ... ,M, Xg = Xy, and X; = Xpr41. The dual discrete nodes
Xi+1 = X(“iié’ t) for Uil = uixh/2,i=1, ... ,M —1,h =1/M are placed along the curve I" as illustrated in Figure 1.
Then, parametric equations (2) are integrated over the dual finite volume [u,_1,u

j—=
2

.+1] surrounding the discrete node x;,
2

i=1, ... ,M — 1. Integration results into the following expressions:
Ul Ul 0 Xk

/ * 0,X¥|0,X*|du = / dka, <“—k> + Fro,(XH* + a0, X du. (10)
u uiil |auX |

If we approximate the integrals in equation (10) by means of the finite volume method along the planar curve I'*,k =
1, ..., n, we obtain:

u.1 kadk +dk
2 k k i i+l i
0X* o, X" |du = — ——,

/ X0, X ar 5

Ltl._ %

FIGURE1 Discretization of a segment of a curve by flowing finite
volumes
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w Kk _ ok k_ ok
"ok 0. X* pf X X X TX,
a“oy, - du = a; k - - s
ui,l |auX | d di
2

i+1
U1 (x xF b
3 +1 1
/ F*0,X" du = FF— > Lt
u. 1
=3
k k
u.1 X =X
1 -1
/ * dk9, X du = af”T’, df = |xF - xF
u. 1

-3

Here, we assumed 0,X¥, 9,X¥, ak, F¥, ok are constant over the dual finite volume [u;_1,u;,1]. Evaluation of the terms
2 2

ak, ¥, a* is based on the following approximation of the curvature, x*, tangent vector t*, and normal vector n* = (t*)*:

k k k _ ok k k
K= 2 (Xi+1 - X _ X, — Xi—1> .ok th= X X (1)
ik k k k i T gk k-
d + dl+1 d1+1 di dl+l + di
The nonlocal functional 7* is approximated by 7-"‘ Fk(x tk [, ... ,[") where the curve I' entering the definition of
Fkis approx1mated by the polygonal curve I with Vertlces (x ey M) Finally, for the approximation of the tangential

velocity a ; introduced as in (3) we apply a 51mp1e integration rule (using the boundary condition a’ljmlu -0 = 0), ie,

af = Zj . (— V4 (V) ) df where Vf = alfk + Ff and () = <Zi\41 K} j>/L" and L is the length of the

approximating polygonal curve Fk ie, Lk = Y = dl-
In summary, the semidiscrete scheme for solving (2) can be rewritten as follows:

k gk k k k k _ ok
dxi dii, +di Y B B B B S 12)
a2 dk dk
i+1 i
L koL k k
k(Xi+1) - (Xi—l) i X
i 2 &; 2 ’
xf(0) = Xk (), fori=1,.. M. (13)

Systems (12)-(4) of ODEs are then solved numerically by means of the 4th-order explicit Runge-Kutta-Merson scheme
with the automatic time stepping control with the tolerance parameter 10~° (see previous studies'® or3). We chose the
initial time-step as 4h?, where h = 1/M is the spatial mesh size.

5 | APPLICATIONS IN NONLOCAL GEOMETRIC FLOWS AND
DISLOCATION DYNAMICS

In this section, we present two model examples of geometric flows of two interacting curves. The first example presented in
Section 5.1.1 is a generalization of the area preserving flow of a single curve introduced and investigated by Gage.>* We will
show that a formal generalization of the area preserving flow for two interacting curves lead to the total length shortening
and total area enlarging flow. This example also serves as a motivation for the flow of two interacting dislocation loops
with nonlocal interactions investigated in Section 5.2.

The purpose of the second example presented in Section 5.1.2 is to show that a nonlocal curvature driven flow of n
interacting curves with nonlocal source terms may exhibit the same complicated dynamics as the flow generated by a
system ordinary differential equations in R" including, in particular, chaotic behavior for n > 3.

5.1 | Geometric flows of interacting closed curves

5.1.1 | Length shortening and area enlarging nonlocal geometric flows
Recall that the flow of a single closed Jordan curve I" evolved in the outer normal direction by the velocity:

2r

V=—K+ﬁ
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is the area preserving and the total length shortening flow of planar curves. It was proposed and investigated by Gage.?*
These properties easily follow from the identities:

d d
EL(FI) = /r,w{ds’ EA(F‘) = /r,VdS’ /rthS =2r, (14)

where L(I';) and A(I';) are the total length and enclosed area of the evolved curve I';, t > 0.
In this section, we present and analyze an example of two closed interacting planar curves with the nonlocal interaction

source terms given by:

1 1 27 2 2 27
v K LI v K ) (15)

It means that the nonlocal source terms involve the total length of the other curve. In the following proposition, we
present basic properties of such a flow of interacting curves.

Proposition 1. Assume that {Fi, t > 0},i =1, 2 are two families of Jordan curves evolved in the outer normal direction
by the normalvelocities V' given as in (15). Then, the sum and product of their total lengths of both curves is nonincreasing
and the sum of the enclosed areas is nondecreasing, that is

%(L(r}) +L(I7) <0, dit(L(r})L(Ff)) <o, %(A(r}) +AT?) >0, forallt>D0.

Proof. We have

di(L(r})+L(rf)) = / victdst + / V2 ic2ds?
t Fl 1—~2
472 4r?
= (xM)?dst + — (k*)*ds® + <0,
r! L(FZ) r2 L(Iy)

due to the Cauchy-Schwartz inequality:

2
4r* = / Kidst | < / 1ds' [ (") ds' = LY [ («')ds, i=1,2. (16)
I I T} T

Similarly, for the product of total lengths we obtain

%(L(F})L(rf)) ~L(T%) /r l(l('l)zdSl +4x* — L(T}) /F Z(Kz)zdsz + 4x?

2 1 1y _ 2112
w5 KOO LTDY L)L)
LrYH LT LI'HLT?)

again due to the Cauchy-Schwartz inequality (16). Finally,

27L(T} 2zL(I?
L ATt +AT?) = / vids! +/ st = —am+ D) 20D
dt r 2 L(I?) LI}
LIy LIy (LI} = L))
=2z | -2+ + =o7r— 7 >
LTy LI LTHLI?)
as claimed. -
5.1.2 | Embedding of arbitrary finite dimensional dynamics into the flow
of interacting curves
It is well known that systems of autonomous ordinary differential equations of the form:
dr
@ o, 17
i f(r) a7
where f = (f1, ... , f)T € CY(R", R"), may exhibit complicated dynamics, eg, existence of a stable periodic orbit in the

phase space R? or chaotic dynamics including the strange Lorentz attractor in R3, etc.
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If the family of interacting curves evolves according to geometric equations (1) where

2r
L(Tk)

v = ik 4

+ fr L@, ..., LA™, k=1,....,n, (18)

then the dynamics of (17) is included in (18) in the sense that the evolving family of plane circles with radii ¢, have the
same dynamical behavior as solutions to (17).

As an example of embedding of the finite dimensional ODE dynamics into the interacting curves evolution, we present
a system of two interacting curves with prescribed Lotka-Volterra dynamics. In this system of evolving curves with
interactions, the outer normal velocities have the following form:

2r 2r

1 1 1 2 2 2 2 1
=-k + + LI )(a — L)), =—Kk"+ + L) (GLT™) — p). 19
v SIS I = PLI), v o I)GLI™) = y) (19)
Suppose that the evolving curves are circles with time dependent radii r;,i = 1, 2. Because —x + % = 0 for any circle I',
we obtain the system of ordinary differential equations for r;, ie,
irl = 27[7’1((1 - 27rﬁr2), irz = 27”'2(271’5?‘1 - )/), (20)

dt dt

which is the well known Lotka-Volterra system of ODEs describing the dynamics of the predator-prey system.

Periodically oscillating solutions of (19) for the initial 5-leaf shape and Ying-Yang shape curves is shown in Figure 2. Both
curves attain circular shapes and their radii converge to the periodic orbit with parameters a = 1/(2x), f = 2/(37%),y =
1/Q2n),6 = 1/(4x?).

5.2 | Dynamics of curves describing interaction of dislocation loops in different parallel
slip planes

In this section, we present an important physical application of a geometric flow of two interacting curves (1) describing
the motion of dislocation loops arising in the dislocation dynamics. It is known that real crystalline solids may contain
imperfections in their crystal lattice. Some of those imperfections can be represented either as closed curves inside the
crystal or as open curves ending on the crystal surface that evolve in time and are given slip planes.? Dislocations were
experimentally observed in 1950's (cf Hirsch et al.?®). Nowadays, the dynamics of dislocations is considered as one of
key elements for better understanding of crystal plasticity. For more references on the dislocation dynamics theory, we
refer the reader to, eg,?%?’. As a mathematical model, we can consider the motion of a pair of dislocation curves I'' and
I'> moving against each other in parallel slip planes with the fixed distance hy > 0. The dislocations are driven by the
uniform external stress, and they evolve inside the so-called persistent slip band channel.>?*2?° The channel represents
natural boundary for their motion, and mutual force interactions between both dislocations are considered. A geometric
flow of two interacting dislocation loops has the form of (1), ie,

Pt =yt + FL P = =it + F2
where f > 0 is the drag coefficient, and y* > 0 is the line tension approximated as
Jh = %szu — 2v + 3vcos2Eh),

where G, and v are material parameters, and &' is the angle between the x-axis and the tangent to dislocation T, k = 1, 2.
The parameter b is the magnitude of the so-called Burgers vector b = (b,0,0)7 (cf Paus et al.’° and Kolaf et al.3®). The
external source terms F*, k = 1, 2, have the following form:

+ 7k ),

k k k
P = bltgpp +7, int

wall

where Tzl‘pp + T‘I:)a” + TiI; , is the sum of resolved shear stresses considered in the model (cf previous studies®730). Here,
rfjpp is the external applied stress; T\I:)all denotes the elastic field generated from the walls of the channel of the respective
dislocation. It can be approximated by means of rational functions in the X{‘ variable of the parametrization X as it was
explained in previous studies,>*° where appropriate formulas can be found. Finally, Tl.l; .k = 1,2 represent interaction
stress fields from one dislocation loop to the another one. Because dislocations are represented as piece-wise linear curves,

one needs to determine the stress tensor af}B = alf‘}B(x), i,j =1,2,3,atx € R3 from a straight dislocation segment AB.
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Symbol Meaning TABLE 1 Table of symbols in the Devincre
T T = (T, T, T3)T,N=T! The unit tangent and normal vectors to I’ formula (5.2)
R R=x-A The vector from A to x
R R =|R|| Distance between x and A
U U=R-T Scalar projection of R to T
Y Y=R-RT An auxiliary vector
Q Q=R-UT The normal component of R
T
el X

FIGURE 3 The stress field from a straight dislocation segment AB at a
position X. Vectors T, Q, and R are related to the Devincre formula (5.2)

The Devincre formula3! provides a stress tensor aﬁ(x) at a position x from an infinite dislocation half-line going from the
point A. It reads as follows:

G 1 1
_b-(QXxT) [5ij T+ QT +Q;T;i+UTiT)(U+R)  QiQ;(2+ U/R)”
1-v R? R(U+R)

All symbols appearing in formula (5.2) are explained in Table 1 (see also Figure 3).
Then, the stress tensor at the position x by a straight dislocation segment AB is given as the difference 633 = 6;} - 05.
The total stress crilj exerted by a piece-wise linear dislocation curve I'? is given as the sum over all linear segments of T'2, i.e.

= 3 o

ABel?

In the continuous limit when |AB| = ds?> — 0 the above sum of stresses converges to the integral over the second curve
2 ie.

ol (%) = / e P (X(s?))ds?,
i - ij

where 62 is the stress given by the infinitesimal segment of dislocation I'2. To determine the interaction part of the force

ij
we apply the Peach-Koehler formula3?
P

int

= (ofjb) x T*. (22)

In our model problem, we consider the Burgers vector b = (b, 0,0)T parallel to the x-axis and the slip planes parallel
with the plane y = 0 in the xzy coordinate system, and the unit tangential vector T¢ = (T%, 0, T’;)T and the unit normal
vector N = (T¥,0,-T¥)", k = 1, 2. Then, the acting force F¥ (22) can be expressed as follows:

Fk

— (K k _ 30k k ok _k ok k
int = (o-ijb) X T = bloy,t3, 01,1y — 07, T3, —o12TY),

and its normal component is given by:

Fk = F*

int int

-NF = b(e¥ (TS + 6k (TH?) = bok,, k=1,2.

12°

As a consequence, for the resolved interaction stress, we have rl.’; = afz. Because we investigate interactions of dislocations

in two parallel slip planes with a fixed distance hy > 0, it is clear that there is no singularity in the Devincre stress tensor
(5.2) because
R>hy>0, andU+R=R-T+|R]| >ho>0.
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FIGURE 4 An example of two stages of a flow of two interacting dislocation loops in parallel slip planes (top-down view) under applied
stress 7,,, = 20 MPa. In the left figures, both dislocation are drawn from top-down view. First, they evolve against each other and when they
get sufficiently close, they became attracted by the mutual interaction forces and eventually remain in a dipole position. In the right figures, a
single dislocation is depicted in white together with the color map of interaction stress (in megapascals) exerted by the second dislocation
[Colour figure can be viewed at wileyonlinelibrary.com]

Now, if we project evolving curves into the plane y = 0, then their normal velocities can be written in the form of (1) with
the external nonlocal source terms given by:

FI(XI, 1—*2) — / fl(Xl, XZ(SZ))dSZ, FZ(XZ, Fl) — fz(Xl(Sl), XZ)dSI’
12 In!

where f* : R2xR? — R are C* smooth functions. Hence, we can apply Theorem 1 to obtain local existence, uniqueness,
and continuation of classical Holder smooth solutions. Furthermore, we can apply a numerical discretization scheme
presented in section 4 in order to compute numerical solutions. An example of two stages of evolving dislocation loops
is shown in Figure 4. Two initially straight dislocations bow in their persistent slip band (PSB) channels under applied
stress 7qpp = 20 MPa. The loops evolve in parallel slip planes with the distance h = 50nm. Dislocations and their respec-
tive channels are slightly off-centered, and eventually they reach the stable configuration and form the so-called dipole
position. In the left figures, both dislocations are drawn from top-down view. In the right figures, a single dislocation is
depicted in white together with the color map of interaction stress (in megapascals) exerted by the second dislocation.

6 | CONCLUSION

In this paper, we investigated a curvature driven geometric flow of several planar curves with mutual interactions that
can have local as well as nonlocal character and the entire curve influences evolution of other curves. We proposed a
direct Lagrangian approach for solving such a geometric flow of curves. We also proved local existence, uniqueness, and
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continuation of Holder smooth solutions to the governing system of nonlinear parabolic equations for the position vector
parametrization of evolving curves. A numerical solution to the governing system has been constructed by means of
the method of flowing finite volumes. Finally, we provided applications of the motion of interacting curves in nonlocal
geometric flows of curves. We also demonstrated how the physical problem of motion of two interacting dislocation loops
can be solved by means of the geometric flow of curves with nonlocal interactions.
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