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Goals

e study a flow of curves on a given two dimensional surface M in R3
where normal velocity V of a curve G on M is a linear function of its
geodesic curvature K4 and external force F:

V:’Cg+f

A surface curve G C M (left). Its vertical projection to a plane curve
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e Show how the flow of curves on a given surface driven by the
geodesic curvature and external force can be reduced to the flow of
curves in the plane driven by the normal velocity

where k,v,x are the curvature, tangential angle and position vector
of transversally projected planar curve [

-
T
v
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e Represent the flow of plane curves by a solution to the geometric

equation
ox =8N + ozfl:l

for the position vector z € R? representing a curve ' = Image (z).

e Reduce the problem to solution of a system of parabolic PDEs for
the curvature, angle and local length of a curve. Analyze qualitative
behavior of solutions and stability of closed stationary curves on a
surface.

e Suggest a suitable tangential velocity functional « vielding a uniform
grid point redistribution along the evolved curve. Compute the flow
of curves on various complex surfaces.
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Outline

e Transformation of the flow of surface curves to the flow of vertically
projected planar curves satisfying v = G(x, k,v)

e Link between the geodesic flow and the edge detection problem in
the theory of image segmentation

e Derivation a governing system of PDEs describing the evolution of
plane curves satisfying v = B(x, k,v)

e Qualitative aspects of solutions like existence and their limiting
behavior. Lyapunov functionals

e Dynamical theory point of view. Closed geodesic curves and their
stability.

e Numerical approximation of the geodesic curvature driven flow of
surface curves.
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Projection of a flow of surface curves to the plane |

We consider a flow of surface curves G; C M,t > 0, driven by the
geodesic curvature K4 and external force

where M = Graph (¢), ¢ : Q2 C R2 — R is a surface in R3, V is the
normal component of the velocity, K4 is the geodesic curvature of G;
relative to M and F is the normal component of a gravitational like

external force
Cj — __(()7()7ﬂy) |
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e the geodesic curvature K4 for a curve G = {(z,¢(x)) € R3, z e}

on a surface M = {(z1,z2,¢(x1,22)) € R3, (x1,z2) € Q} can be
expressed as a function of the curvature k of its projection to the
plane, position vector x and the angle v.

e The external vector field G is assumed to be perpendicular to the
plane R? and it depends on the vertical coordinate z = ¢(z) only, i.e.

where v = ~v(z) = v(¢(x)) is a given scalar " gravity” functional
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e taking the normal component of such an external force we obtain
expression for the driving term F = GN

. 1(6()) Vo

(1 + VoD (1+ (V4.T)?))

N

e N C Tx(M) is the unit inward normal vector to the surface curve
G relative to the surface M

—_  —

e N.,T are unit inward normal and tangent vectors to the projected
planar curve [ .
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e the flow of surface curves G; C M fulfills V = Ky + F iff the normal
velocity v of the flow of planar curves [, t > 0, satisfies the geometric
equation

v=0B(z,k,v) =alz,v) k — bz, v) Vad(z).N

where T = (cos(v),sin(v)), N=T%, and a,b: QCR2x R —R

a(z,v) = 1
14+ (Ve.T)?
(o) = L ( . TTV%T )
14 |Vel? T (V. T)2
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Image segmentation - link to the flow on a surface

geometric flow of curves on surfaces driven by geodesic
curvature and external force

] linked to

edge detection in the theory of image segmentation

e In image segmentation, detection of image silhouettes plays an
important role. An image is represented by a given intensity function
up 1 R2 — [0, 1].

e [ he problem is to detect edges of the image, i.e. planar curves on
which the gradient Vug is very large.
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e [ he idea is to construct an evolving family of planar curves con-
verging to an edge of the image according to the normal velocity

Bz, k,v) = 8¢(m)k—V¢(w).]\7|

where ¢(z) = h(|Vug(x)
e.g. h(s) =e=*

), h is a suitable image contrast function,

e (Caselles et al 1997; Kichenassamy et al. 1996)
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The image intensity function ug (top left) and its density plot (bot-
tom left). 3D plot of Casseles’ functional ¢ (bottom-right) and the
corresponding vector field —V¢(x) (top-right)
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Governing equations and tangential velocity functional

e AN embedded regular plane curve I' can be parameterized by a
smooth function z: ST — R?, i.e. T =Image(z) ;= {z(u),u € S1}

e \We represent the flow of plane curves by a solution x to the

geometric equation
Orx = ﬁ]\_f +aT \

for the position vector z € R? representing a curve ' = Image ().

e The curvature k, tangential angle v and position vector z satisfies

|Ouz|
(cosv,sinv) = 8sz = g~ LOuz
Osx N\ 882:10 = g 30z A 8533

> M
I
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e Straightforward calculations using Frenet's formulae vield the fully
nonlinear system of governing parabolic PDEs

Ok = 928 + adsk + k°

O = ﬁé@QV + (o + 6,//)831/ -+ Vxﬁ.f
Otg = —gkf + Oua

oxr = BN + aT

where 38 = B(x,k,v) and « are the normal and tangential velocities,
T = (cos(v),sin(v)), T L N,

g = g(u,t) = |0uz(u,t)| is the local length element,
ds = gdu is the arc-length parameterization, (u,t) € Qp = S1 x [0,T).
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e A solution is subject to initial and periodic boundary conditions
corresponding to an initial curve and is searched in the functional
space

Ek — CQk—|—5(Sl) > 62k+5(51) > Cl—|—5(Sl) > (62k+5(31))2

k v g x

where k =0, 3,1, and c¢2#+e = c2kt+e(S1) is the "little” Holder space,

i.e. the closure of COO(Sl) in the topology of the HOlder space
CQk—I—g(sl)
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Theorem. Assume that &g = (kg,vg,90,209) € E1 wWhere kg is the
curvature, vg is the tangential vector and gg = |Ouxg| > O is the
local length element of the initial regular curve g = Image (xqg). If
8 = B(xz,k,v) is a C* smooth function such that

minr, 61 (zo, ko, o) > 0
and o is an admissible tangential velocity functional. Then there
exists a unique classical solution

&b = (k,v,g,2) € C([0,T], E1) nCY([0,T], Ep)

of the governing system of equations defined on some small time
interval [0,T], T > 0. If ® is a maximal solution defined on [0, Timaz)
then either Tyqe = 400 or liminf minr, 8;.(x,k,v) = 0 of Tinaz <

t—Tmax

~+o00 and maxr, |k| — oo as t — Tmax.

e Consequence of the abstract theory of fully nonlinear parabolic
equations due to Angenent (1990) and Lunardi.
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Review of numerical aspects of tangential velocity functional

e usual choice of the tangential velocity a = 0 fails and may lead to
serious numerical instabilities

Merging of numerically computed grid points in the case a = 0 (left).
Impact of a suitable tangential velocity functional o defined as:

8804 — kﬁ — <k6>|—

on enhancement of the spatial grids redistribution (right). (Hou et al
in '94, K.Mikula and D.Sevcovic in 1999, 2001).
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Qualitative behavior of solutions

e General function B(xz,k,v)

d ot _q st _
LT )—I—/I_tkﬁds =0, —A(r )—I—/I_tﬁds =0

where L(I") and A(I') denote the length and enclosed area of I

e (asseles’ functional in the image segmentation

B(x, k,v) = a(¢)k — b(¢)Vap(z).N

d

G @ as+ [ H(9)

2ds =0
ta(ﬁb)ﬁ ’

where H = H(¢) is a solution to: H' = gH.
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e General first integral for the flow driven by the geodesic curvature
on a surface

d

r //CVdSzo
dt tt Gt I

It is a Lyapunov functional if 7 = 0. Then VK, = K3

e Flow driven by the geodesic curvature V = K4 + F on a surface
M = Graph(¢). Then vertically projected planar curves have the
normal velocity 8(z,k,v) = a(z,v)k — b(z,v)Ved(x).N and

d

- L,t H(g(x)) dS+ /g H(g(@)V2ds =0

where H' = ~vH (v is the vertical component of the gravitational like
external force G = —(0,0,~)
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Stationary solution. Closed geodesic curves on a surface

e GGoal is to analyze stationary surface curves with respect to the
normal velocity V = K4+ F, i.e. surface curves satisfying K4+ F = 0.

e Motivation

e Construction of closed geodesic curves (K4 = 0)

e Analysis of stability of resolved edges in the image
e V=0on M iff v=0(x,k,v) =0 in the plane

Definition A closed C?2 smooth planar curve I = Image(Z) is called a
stationary curve with respect to the normal velocity 3 iff 3(z,k,v7) =0
on I© where z, k and U are the position vector, curvature and tangential
angle of the curve .
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Principle of linearized stability

e Tangential velocity functional in the system of governing equa-
tions has no impact on the shape of evolving curves. For o« = 0O the
governing system of equations reduces to:

g_lau(g_lauﬁ) + kzﬁ
g_lauﬁ

LR
NI
Il

e In order to analyze stability of T we have to investigate the behavior
of infinitesimal variations of k,v,g and x
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e O0k,0v,0g and ox satisfy the linearized system

Ok = g 'ou(g 1oudpB) + k258
Opdv g 16,88

0t0g
Otdx

—gkop
BN

where

03 = B(z+dx, k+d6k,v+6v)—B(z, k,v)+h.o.t.
= V8.5 + B.5k + B,,6v
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e the total variation 6 = (3 satisfies the scalar parabolic equation

A6 = PO25 + ROu + Q6 |

subject to periodic boundary conditions at © = 0,1 where

P=g28,  R=7B,+7 5ot Q=PFk+ VBN

Functions P,Q and R are l-periodic in w and depend on the ™ only.

Definition. A stationary curve ' = Image(z) is called linearly stable
if the zero solution is exponentially asymptotically stable in the space
L?(S1), i.e. there exist constants M,w > 0 such that [|6(.,t)[|;2(g1) <

Me_Wt||5(.,O)||L2(Sl) for any initial condition §(.,0) € L2(S1).

Daniel Sevcovic www.iam.fmph.uniba.sk/institute/sevcovic



Lemma. Suppose P,R,Q € C1(s1),P > 0. If [} %du = 0 then

the linear operator A : D(A) c L?(S',w) — L2(Sl,w),D(A) =
W2’2(Sl), is selfadjoint operator in the weighted Lebesgue space
L2(S1,w) with the weight defined as: w(u) = P(u)~Lexp(J¢ %dv}.

e Notice fol %du = 0 if and only if [ g—:”ds =0

k

Proposition. Let 3(z,k,v) = a(z,v)k — b(z,v)Vé.N where a,b cor-
respond to projected flow of surface curves and ¢(x) is C2 smooth
function. Then

/I=§—’st:O

for any closed stationary curve T = Image(z) where 3 = B(z,k, D).
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Theorem. Suppose that I is a stationary curve with
respect to the normal velocity corresponding to the pro-
jected flow of surface curves, i.e. T is a vertical projec-
tion of a stationary surface curve ¢. Then

e [ is linearly stable if suprQ < 0;

L

o [ is unstable if [ Quwdu > 0

where Q = B1k2 4+ V,3.N and w is the weight in L2(S1)

e Proof follows from selfadjoint property of the parabolic equation
for the variation 638 and analysis of the Rayleigh quotient.
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Geodesic flow on Casseles’ functional surface drives evolved curves
to the boundary of the image (left). Time evolution of the quantity
Q= B,{CEQ-I—V;,;B.N (right). It eventually becomes negative when t — oo
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Flow on a surface driven by the geodesic curvature

e Left: Evolved curve passes through the hill and then selfsimilarly
shrinks to a point in finite time.

e Right: Evolved curve passes through both hills and then selfsimilarly
shrinks to a point in finite time
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V:Kg

Evolved curve tries to pass through equally high humps. They con-
stitute an obstacle for the evolution. The curve approaches closed

geodesic curve on the surface in infinite time
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V=K9+F

A surface flow on a wave-let like surface driven by the geodesic cur-
vature and strong external force F. Surface curves converge to the
stable stationary circular curve with smallest radius (left) and second
smallest radius (right).
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Geodesic flow with external force. Edge detection

Intensity function Iy (left) and the Casseles’ functional surface,

¢(x) = h(|VIp(z)|) (right)
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Gravitational-like external force drives the evolved curve towards a

narrow valley. Geodesic curvature smoothes evolution in the infinite
life-span
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Geodesic flow on Casseles’ functional surface drives evolved curves to
the boundary of the image.
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Conclusions

e T he flow of curves on a given surface can be reduced to a planar
flow with the normal velocity depending on the curvature, position
and orientation.

e [ he geometric problem can be transformed to a fully nonlinear
parabolic system of equations for the curvature, position, orientation
and local length. Local in time existence of smooth solutions.

e Impact of a nontrivial tangential velocity functional on grid points
redistribution has been emphasized.

e Various first integrals decreasing along trajectories have been con-

structed and analyzed. Closed stationary curves have been identified.
Criterion for their linearized stability has been derived.
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