ARMA modely
cast 1. autoregresné modely (AR)

Beata Stehlikova
Casové rady, FMFI UK, 2012/2013

ARMA modely c¢ast 1: autoregresné modely (AR) — p.1/76



ARMA modely

o Terminoldgia:
o AR - autoregresny model niekotko nasledujucich hodin

o MA - moving average, kavé priemery
o ARMA - ich kombinéacia
o Najskor:autoregresny proces prvého raddiR(1)
o definicia
o stacionarita, ohranenie na parametre
o vypocet momentov a ACF
o simulovane data
o prakticky priklad s realnymi datami

o Potom:
o autoregresné procesy vyssich radov
o ako ucit vhodny rad procesu pre daneé data
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Autoregresny proces prvého rad R (1)
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AR(1) - definicia

e AR(1) proces
Tt = 0 + axi—1 + Uy,

kde s a«a su konsStanty aw, } je biely Sum
o Nech pret =ty Je dana hodnota,, :
Tto+1 = O+ Qg + Uge1,
Tto+2 = O+ QTpo41 + Utg42 =
0(1 4 a) + oz, + (g1 + ugypo)

Lto+3 —
VO vSeobecnosti:
1 —a” !
(1) Ttodr = @Tg[;to + 1— & ) -+ Z Q- Uty 41—
7=0
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AR(1) - stacionarita

e Zovztahu (1):

o Deterministické zéiatocné podmienkyhodnota
procesu \caset je xo— Proces nie je stacionarny

o Nahodné zéatacné podmienky
o Proces je generovany pre& R— hodnotaz;, je

nahodna.
o Ak -1 < o < 1, tak pretg — —oo dostaneme
1 =
(2) T = _a5—|—zooz]utj
J:

o Woldova reprezentaciai; = o’ preja| < 1—
proces je slabo stacionarny

ARMA modely c¢ast 1: autoregresné modely (AR) — p.5/76



AR(1) - vypocet pomocou operatotia

o ZAapis procesu:

(1 — CEL)ZIZt — 0 + Uy
o Vyjadrimeuz,:

ri=(1—al) 16+ (1—al) tu

» Vypocet inverzného operatordo je(1 — oL)~ ! (piSe
saajl/(1 —al))?

(1 — OzL)_l = ¢o + 1L + (/52L2 +
(1 —al)(¢g+ 1L+ ¢ol?+.....) =1

Roznasobime a porovname koeficientyy; = o/, t. j.

1
(1—04L)_1:1 L:1+04L+042L2—|—043L3—|—...
—
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AR(1) - vypocet pomocou operatotia

e Teda:

(1+al+ao’L*+.. )0+ (1 +al+o’L* + ..
= (I+a+ao®+..)0+ (w+ow—_1+a*u_o+...)

0 S
B 1 — « +Z@]Ut—j7
=0

pricom na sitanie nekonéneho radu potrebujeme
splnenie podmienkjn| < 1.

o Z oboch postupov teda vyim podmienka stacionarity
pre AR(1) procesla| < 1

o V d'alSich vypatoch predpokladame splnenie tejto
podmienky

Lt
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AR(1) - momenty, postup 1

o Pripoma&me si explicitné vyjadrenie procesu (2):

) = .
Ty = 1— o —|_ZOCV‘7U¢J'
j:
e Stredna hodnota
i 5 . i
E[th] = F 1—&+Z&JUt_j
- j:O —
) = . 0
_ ] _
_ 1_&+§%@ Elus_j] = —
]:

o FElx] = 0 prave vtedy, ked) = 0
© VO vSeobecnositi'[z;]| +# 0, ale maju rovnhake
znamienko (leboa| < 1)
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AR(1) - momenty, postup 1

e Variancia

g —
Varlxy] = Var +Zoz]ut_j

l—a 4
©.@) 0.
= g Varladu—;| = g a?Varug_ ]
7=0 7=0
0.
1
52 2&2] _ 52 :
, l -«
7=0

kde

o sme vyuzili, ze disperzia su nekorelovanych
premennych je stet disperzii

o o je variancia bieleho Sum{; }
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AR(1) - momenty, postup 1

o Autokovariancigvyuzijeme, ze“ov|uy, u;] = o pre
k=1laCovlug,u] =0 prek #1):

0 0
Cov|xy, xi—g] = FE <Z oziutz-> Z ozjut_s_j
\i=0 =0
0 oo
> Y a" Bl urs )

i=0 j=0

2

_ 2§ :&s+2]_ -
—

e Autokorelacie:

Corluy, my_] = Cor|xe, rs—g) .

Var|x)Var|x;_g]
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AR(1) - momenty, postup 2

o Alternativny postupnevyuzivajuci explicitné
vyjadreniez,;; uzitocny pri procesoch vyssieho radu
e Stredna hodnota

o vieme, Ze existuje konstantataka zer x| =
pre kazde (stacionarita)

o spravime strednu hodnotu favej aj pravej strany
rovnosti z definicie procesu:

Ty = 0+ axi_1+ uy /lﬂ]

p = o+au+0
0

1l — «
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AR(1) - momenty, postup 2

e Disperzia a autokovariancie

o akuz, je stacionarny proces (nielen AR(1)), tak
procesyx; az; — p maju rovnaké disperzie a
autokovariancie

o pre AR(1) proces teda mozeme predpokladat, ze

0 =0
o nechs > 0:
T = QTp—1 -+ uy / X Tp_g, ]
Blowwi—s] = aBri1wi—s) + Elugri—]
Z toho:
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AR(1) - momenty, postup 2

o Disperzia a autokovariancipokraovanie:
o (3) a(4) - dve linearne rovnice s dvoma
neznamymi— vyjadrime~(0), ~v(1):
0'2 o

(6) /7(0) — 1 — o2’ /7(1) — 1 — o2

o (5) je potom rekurentny predpis, pom (6) dava
zaCiatocnu podmienku:

CEO'2

(7) /7(1) — 9

l -«
(8) Y(s+1) = ay(s)pres>1

o Autokorelacierovnice (7) a (8) vydelime(0):
p(1) =a, p(s+1)=ap(s)pres =1
atedap(s) = a”.
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Priklad - simulované data

o AR(1) proces
Tt = 0 + axi—1 + Uy,
kde biely Sum:; ma normalne rozdelenié,- 0,
o’ =1
o Postupne zoberieme= {0.9,0.6, —0.9}

e Zobrazime:

o teoretickl autokoretnu funkciu
o realizaciu procesu

o vyberovu autokorelanu funkciu odhadnutu z dat

ARMA modely cast 1: autoregresné modely (AR) — p.14/76



Priklad - simulované data, = 0.9

o Teoretickd autokoretma funkcia:

1

] IIIIIII |
ot III

-0.5

o

Teoreticka ACF

12 2 4 B B 7 & 9 10

Kontrolna otazkaComu sa rovnaju jej hodnoty?
o Vygenerovany proces a jeho vyberova ACF:

= (FR=] B_gtu.oue MIQ, 1) nezarizka

& : : - - 1
4.
LIPT!
r
z 4
£ ol
ol e
[u]
L
) g -05}
P — R R —
o 20 40 3 &0 1m0 1 2 3 4 5 B 7 & 9 10
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Priklad - simulované data, = 0.6

o Teoretickd autokoretma funkcia:

1

=2
in

Taorsticka ACF
=
[ |
[ ]
[]
[
[

1
=
in

i 2 & 4 5 6 7 & 9 10

Kontrolna otazkaComu sa rovnaju jej hodnoty?
o Vygenerovany proces a jeho vyberova ACF:

= 0.5 B_gbuUou M0, 1) nezavizls

dhadnuta z dat

o

(] mm

——
.I
I
.I
|
1
I |
|
|
1

-0.5F

ASF o

' L L L _1 1 1 1 1 1 1 1 1 1
o 20 40 & a0 10 1 2 3 4 FE 6 7 & 9 10
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Priklad - simulované data, = —0.9

o Teoretickd autokoretma funkcia:

1

) I I I I |
_n.5I I I I 1

Teoreticka ACF
=]

12 3 4 & 6 F & g9 10

Kontrolna otazkaComu sa rovnaju jej hodnoty?
o Vygenerovany proces a jeho vyberova ACF:

=-09 B_gHu.ou M(D,1) nezavizk

1

DE-I I I

o 0 40 B &0 1m0 " 4 2 3 4 FE B 7 & 9 10

AZFodhadnuta z dat

| I
[m)] + Fa (] [ ] + [m)]
= =
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Priklad - realne data

e G. KirchgéassnerCausality Testing of the Popularity Function: An Empirical
| nvestigation for the Federal Republic of Germany, 1971-1982, Public Choice 45
(1985), p. 155-173.

e [Kirchgassner, Wolters], example 2.2

o Nemecko, januar 1971 - april 1982
e CDU; = volebné preferencie CDU/CSU

Peteent

56 -
54 -
57 4
50 -
48 4
46
44 -
47 -

40 T T T T T T 1 T T T T toyear
1971 1973 1975 1977 1975 1981

a) Populanty ol the CDL/CUSLT, TU71 — TUK2
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Priklad - realne data

o Odhadnuty AR(1) model:

CDU, = 8053 + 0834CDU_, + i,
(3.43) (17.10)

R® = 0683, SE = 1.586, Q(11) = 12.516 (p = 0.326).

The estimated t values are given in parentheses. The awtocorrelogram, which is
also given in Figuwre 2.4, does not indicate any higher-order process. Moreover,
the Box-Ljung O Statistic with 12 correlation coefficients (i.e. with 11 degrees of
freedom) gives no reason to reject this model.

pit)

1
0.8
0.6
0.4

0.2-
0 AbaU,vg,Av&.‘,Q__, .
0.2 Jreitentt G 10 15 20

e | |

0.4 -
0.8 4
08 ¢} Estimated autocorrelation function of the

residuals of the estimated AR({])-process

with confidence intervals

.

ARMA modely cast 1: autoregresné modely (AR) — p.19/76



Priklad - realne data

o Je odhadnuty model stacionarrg€oho to vyplyva?

o Rezidua modelu by mali byt bielym Sumom:

o Na grafe su pri autokorelaciach zostrojené
Intervaly. Naco sluzia? Vypaoitajte pomocou
znamych udajov ich hranice.

o V texte sa spominaju autokorelacie rezidui a
Ljung-Boxova Q Statistika - aké hypotézy sa testuju
(a preo), akym spdésobom a s akymi zavermi?

» Comu sa rovna stredna hodnota premerine|/;?
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Predikcie

o Proces je stacionarny ma konstantnu strednu
hodnotu

o Ma vSak zmysel poitat aj podmienenu strednu
hodnotu
o V predchadzajucom priklade:

o Mame stacionarny proces ako model pre volebne
preferencie

Nasli smenepodmienenu strednu hodnotu procesu

&

- je
Poo
oCa

Konstantna
mienena stredna hodnetaapr.:Aka je

Kavana hodnota preferencii nasledujucom

mesiaci, ak dnesné preferencie su 40 perc€iu?
ak su dnesne preferencie 55 percentgipovede
budu rézne
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Predikcie v AR(1) modeli

o Intuitivne (presnejSie pri zlozitejSich modeloch, kde
postup nebude zrejmy)

o Prex; := CDU, mame model

Ty = 8.003 + 0.834x:_1 + uy

o Biely Sumu,; nahradime jeho strednou hodnotou -
nulou

o Zax, 1 dosadime
o skuta@nu hodnotur; 1, ak ju mame k dispozicii
o predikciu hodnoty:; 1, ak sa eSte nerealizovala
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Predikcie v AR(1) modeli

= Vd Vd Ao
o Prakticky vypaet:
A | B | A | B | A | B |
delta 8,053 delta 8,053 delta 8,053
alfa 0,834 alfa 0,834 alfa 0,834

o
2
| 3 |
[ a0 | 4 | 40 40
5
6
T

ool

=}BH +FE52"A4 41 ,413| 41,413
=§B§1+5B52"A5| 42 59144
4357426
44 39394
45 07754
45 BAYET
46 12316
46 51971
46 BE044

| 47 12627
=§B51+3E52%A14|

i il il

.|_‘|. S
IIU'.I (5]
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Predikcie v Al

R(1) modeli

o Predikcie pre dve rozne ziatacné hodnoty:

A | 8 | e | B | E 1 Fr | & | H |
1 |delta 8,053
2 lalfa 0,834
3 . |
4 40 55 |
5 41413 53923 &0
1B | 4259144 5302478 B
T | 4357426 5227567 50 —
8 | 4439394 5165091 - e
9 | 4507754 51,12986 40 5
10| 4564767 506953 %
S 4612316 5033288
12| 4651971 5003062 20
13| 4685044 4977854
14| 4712627 49,5683 10
15 4735631 4939296
E I'_-:I T T T T T T T T T T T
A7 1 2 3 4 5 6 7 8 9 10 11 12
18
o K akej spol@nej hodnote tieto predikcie konverguju?
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Motivacia k zlozitejsim modelom

Mills, Markellos: The Econometric Modelling of Financial Time Series. Cambridge University
Press, 2008

Data: http://www.lboro.ac.uk/departments/ec/cup/dhdial

o Stvrtrotné data, 1952Q1 - 2005Q4

o Premenne:
o kratkodoba urokova miera (3 mesiace)
o dlhodoba urokova miera (20 rokov)

o Budeme modelovat rozdiel dlhodobej a kratkodobej
urokovej miery
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Motivacia k zlozitejsim modelom

o Priebeh modelovanej premennej a jej vyberova ACF:

Sample; 195201 200504
SPREAD
Included ocbservations: 216
=
e Autocarrelation
al |
| |
2 |
| 1
0 |
I
s | [
|
L4} |
G |:|
BT B R P I R ) DR PR LS R R ] B e S PR U e O U
55 G0 g5 TO TS5 280 85 490 95 00O 05 |:|
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Motivacia k zlozitejsim modelom

o Odhadnuty AR(1) model:

Dependent Variable: SFEEAD

Method: Least Sguares

Oiate: 08721412 Time: 12:52

Sample (adjusted): 2 216

Included observations: 215 after adjustments
Convergence achieved after 4 iterations

Coefficient  Std. BError t-Statistic Frob.
Z 0865133 0583571 1482482 013487
AR 0915752 0.027343 a3 48074 0.0000
F-sguared 0840408 Mean dependent var 1.016B36
Adjusted R-sguared 0839656 3.0 dependent var 1.792653
S E. of regression 0.717832  Akaike info criterion 2.184096
Sum squared resid 1089.7552 Schwarz criterion 2215451
Log likelihood -232.7903  Hannan-CQuinn criter. 2. 196765
F-statistic 1121630  Durbin-‘“atson stat 1463300
Frob(F-statistic) 0.0000o0
Irverted AR Hoots N
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Motivacia k zlozitejsim modelom

e Kontrola rezidui:

Correlogram of Residuals

Date: 082112 Time: 12:43

Sample: 2 216

Included observations: 214

C-statistic probahbilities adjusted for 1 ARMA termis)

Autocarrelation Fartial Correlation AC FAC C-Stat Prob

1 = T 0267 0267 15434

l 2 0014 -0.061 15540 0.000
3 -0.113 -0.118 168852 0.000
4 -0.024 0.043 18784 0.000
5 -0.004 -0.011 18.787 0.007
6 0.004 -0.008 168.781 0.002
7 -0.114 -0.121 21850 D.001
6 -0.058 0005 24448 0.002
§ -0.153 -0.151 27.726 0.007
10 -0.036 0.018 258016 0.001
i 11 0081 0103 28881 0.001
[ | 12 0123 0.041 35382 0.000
l 13 0055 0.011 34.081 0.0M
l 14 0032 0028 34321 0.0M
[ | 15 0.031 0.040 34559 0.002
l 16 -0.0V3 -0.138 35780 0.002

—l

1 el i B IS

o Rezidua nie su bielym Ssumom AR(1) model nie je
vhodny=- treba iny model
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1.
Autoregresny proces druhéeho radAR(2)

ARMA modely cast 1: autoregresné modely (AR) — p.29/76



Predch. priklad - modelovanie spreadu

o Zistilisme, ze AR(1) proces
Tt = 0 + Qw1 + Uy,
nevyhovuje (rezidua odhadnutého modelu nie su biely
sum).

o Skusme okrem zavislosti od ; pridat’ aj zavislost
od Tt_9.
Tt = 0 + Q1T—1 + T2 + Uy
o Takyto proces sa nazywaitoregresny proces druheho
radu
o Analogickyautoregresny procesteho radu:

Tp =0+ 01T4—1+ ...+ pTi—p + Uy

o Najskor sa budeme zaoberat AR(2) procesom
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A

R(2) - definicia

o AR(2) proces:

Tt =0+ a1r—1 + Qa2 + Uy
o Pomocou operéatora posunu:
(1 —a1L — oszQ)xt = 0+ uy
a(L)xy = 0+ uy
o Woldova reprezentacia a stacionarita
ry=o YL+ o D)y

— potrebujeme inverzny operator!(L); znovu ho
najdememetodou neuitych koeficientov:

o ML) =g+ 1L+l + ..
pricom
(9) 1 = (1 — 1L — OéQLQ)(w() -+ QplL -+ ¢2L2 -+ .. )
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A

R(2) - stacionarita

» Porovname koeficienty pfi’ na oboch stranach (9):
Y — a1 — agpj_9 =0,
Yo =1, ¥1 =
o Podmienka stacionarit)Kvoli splneniu podmienky
2%2. < oo musia byt korene charakteristickej] rovnice
2\ — 1A — g = 0
v absolutnej hodnote mensie ako 1
o Inak povedanékorene rovnice
(L) =1—o1L —asl?=0
musia byt v absolutne] hodnote ¢ste ako 1, t. j.
mimo jednotkového kruhu

o Toisté vyslo predtym pre AR(1): konev(L) = 0 mimo
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Priklad - modelovanie spreadu

o Odhadnuty AR(2) model a kontrola stacionarity:

Dependent Yariable: SPEEAD

Method: Least Squares

Diate: 08/14/08 Time: 13:10

Sample (adjusted): 195203 2005034
Included observations: 214 after adjustments
Convergence achieved after 3 iterations

Coefficient Std. Error t-Statistic Frob.

i 0961125 0442747 2170820 0.031
AR(1) 1.182326 0065794 17.97022 0.0000
AR(Z] -0.288833 0065714 -4 3952088 0.0000
F-sguared 0854028 Mean dependent var 1.012180
Adjusted R-sguared 0852675 5. 0. dependentwar 1745864
= E. of regression 0689185  Akaike info criterion 2107305
Sum sguared resid 1002198 Schwarz criterion 2.154491
Log likelihood -22248168 Hannan-Quinn criter. 2126372
F-statistic B17.34939  Durbin-Watson stat 1.890773
Frob(F-statistic) 0.000000
Inverted AR Hoots a4 a4

o EViews davagprevratené hodnoty konev = ich
absolutne hod. musia byt vnutri jednotkového kruhu
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Priklad - modelovanie spreadu

o Kontrola rezidui~ AR(2) model vyhovuje

Correlogram of Residuals

Date: 08/14/08 Time: 13:72  stupne volhosti sa znizia o 2

Sample: 1852043 20050G4 /(t_ j. 0 pocet ARMA Elenov)
Included observations: 214

J-statistic probahilities adjusted for 2 ARMA termi(s)

Autacarrelation Fartial Carrelation AL FAC O-Stat Prob

| 1 0004 0004 00044

| 2 0013 0015 0.0386

g! 4 -0.082 -0082 18783 0.170
i 4 0049 0050 24030 0.507

[ | 2 0033 0035 26381 0451

i B 0.070 0061 3.7315 0444

g #-0.080 -0.084 55329 0.354

[ | 8 0044 0049 53734 0448
| g -0.127 -0120 46004 0212
| 10 -0.006 -0.026 HB073 02594

il 11 0078 0086 110068 0275

il 12 0102 0081 13405 0202

|
]
g |

O

pEEy [

I
O !
I
I
I

|

» OPAKOVANIE: Co testujeme pri reziduach - aké

hypotézy a pomocou akych Statisti&€® dostavame v
tomto pripade, p@ model vyhovuje?
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AR(2) - momenty

o Slabo stacionarny AR(2) proces:
Tt = 0 + Q1Ti—1 + T2 + Uy

e Stredna hodnota
o ozn&mep = Elx;]; potom

fo= 0+ aip+ oz,
0

1l — a1 — a9

ILL p—
o Podobne ako pre AR(1): stredna hodnota sa

nerovna parametrai(okrem pripadu = 0), ale
maju rovnaké znamienko
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A

R(2) - momenty

o Autokovariancie AR(2) procesu - motivacia
o pre pripomeniutie - vyberova ACF pre spread.:

Sample: 195241 200504

SPREAD :
Included ocbservations: 216

Autocorrelation

LIS LI L L L L 1L L O LN LN L L LI LB |
45 60 ©5 FO ¥5 80 &85 90 95 00 05

ST
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AR(2) - momenty

o Autokovariancie AR(2) procesu - motivacia

&

vyberova ACF pre spread sa podobala na AR(1)
proces

napriek tomu AR(1) proces nebol dobrym
modelom, ale AR(2) ano

aky priebeh ma ACF pre AR(2) proces?

moze mat podobny priebeh ako AR(1)? (zda sa ze
ano)

moze mat aj "uplne iny" priebeh? (t.j. "tototite

nie je AR(1), ale AR(2) to moze byt™")

ARMA modely cast 1: autoregresné modely (AR) — p.37/76



A

R(2) - momenty

o Autokovariancie - vypoet: znovu mozeme
predpokladat nulovu strednu hodnotu, t. j.

Ty = OQT¢—1 + QT2 + Ut / X Ti_g, B.]
Elrvi—sve] = a1B[ri—svi—1] + aoFlrisvio] + Elri—suy)
o Pres=0,1,2 dostaneme:

7(0) = a1y(1) + a2y(2) + 0
(1) = a17(0) +az2y(1)
7(2) = a1y(1) +a2v(0)
- sUstava rovnie- v(0) = Var[x], v(1), v(2)
o Pres > 2 - diferertna rovnica:
(10) Y(s) —ary(s — 1) —ay(s —2) =0,
zaCiatocné podmienky z predchadzajuceho bodu
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A

R(2) - momenty

» Autokorelaciediferercnu rovnicu (10) a je] 2aatoCne
podmienky vydelime/(0):

p(s) —aip(s —1) —azp(s —2) =0

p(0) =1,p(1) = -— -

a1
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R(2) - ACF - priklad 1

o Spread AR(2) procesom:

Dependent Variable: SFREAD

Method: Least Sguares

Date: 08/14/09 Time: 1310

sample (adjusted): 1895208 200504
Included ohservations: 214 after adjustments
Convergence achieved after 3 iterations

Coefficient Std. Errar t-Statistic Frob.

C D9R1125 0449747 2170820  0.0311
AR(1] 1182326 | 00B5794 1797022 00000
AR(Z)

- 288843 0.065714 -4 345246 0.0000

o Ziskany proces:
xr = 0+ 1.1823626x;_1 — 0.288833x+_9 + uy
(6 nie je konstanta C z vystupu - podrobnejSie o
vystupe na cuaeni)
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AR(2) - ACF - priklad 1

o Diferencna rovnica pre autokorelacie:
p(s) — 1.1823626p(s — 1) 4+ 0.288833p(s —2) =0

zabiatainé podmienkyp(0) = 1, p(1) = (215226

o Priebeh autokoretane| funkcie:

alfal 1 182326 k 0 1 2 3 4 5 3] 7 8 9 10
alfa2 -0 288833 rho(k) 109170796\ 0676|0569 0478|0401 033602810235 0,197
1
08 L
06 [ —
04 + [ ] —
02+ g ——
0
1 2 3 4 5 6 7 8 g 10
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A

R(2) - priebeh ACF

o ACF je rieSenim diferetnej rovnice
p(s) —aip(s —1) —azp(s —2) =0
= priebeh zavisi o&korenov charakteristickej rovnice
2\ — 1A — g = 0
o A\, )\ -realne(ardzne). ACF matvar
p(s) = c1A] + 25

Z0 stacionarityj); o| < 1

o A, Ao - komplexné ACF je timena kombinacia sinusu
a kosinusu

p(s) = 1r°(cy cos(ks) + cosin(ks))
Z0 stacionarityr < 1
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AR(2) - ACF - priklad 2

o PrOceSZEt = 1.4513t_1 — 0.855615_2 + Uy
o korelacie sfiaju difere@n( rovnicu
p(t) — 1.4p(t — 1) +0.85p(t —2) = 0
o |ej vSeobecné riesenie
p(t) = 0.922"(c1 cos(0.709t) + co sin(0.709¢))
o ¢1,c9 20 z&Iatatnych podmienok(0), p(1)
o cos(kt),sin(kt) — periéda%

v naSom pripader = 27 = 8.862 ~ 9

= v datach generovanych tymto procesom sa da
oCakavat takato perioda
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A

R(2) - ACF - priklad 2

o Na obrazku:
o realizacia procesy; = 1.4x;_1 — 0.85x4_9 + wy
o vyberova ACF

=14 2 -0.8A BobU LU M0, 1) nezavisk

: .:,Il _____ = | | [

-y

AZFodhadnuta 2 dat
[
|
|
| i
|
|
|
|
-
]
|
|

1 | | "
m) ] - ] o a2 + ]

ARMA modely cast 1: autoregresné modely (AR) — p.44/76



AR(2) - realne data

[Kirchgassner, Wolters], example 2.6

o 3-mesa&na urokova miera, Nemecko, 197091-1998g4

Percent

16 -

14

12

10 4

8 -

@ \j ﬂ\—u//\\\

4 e
.

0 . . . . . year
1970 1875 1880 1985 1990 19395
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A

R(2) - realne data

o Odhadnuty AR(2) model:

GSR, = 0577 + 1.407GSR,, — 0498 GSR_, + {,
(2.82) (17.49) (-6.16)
R* = 0.910, SE = 0.812, Q(6) = 6.431 (p = 0.377)
p(x)
1-
0.8+
0.6+
0.4 -
0.2
0 ll\ - ‘/\\‘\ — - T
—_ "\\_\‘lr,l' T T "wf 1
-0.2- 5 10 15 20
0.4
-0.6-
-0.81 ¢) Estimated autocorrelation function of the
-1- residuals of the estimated AR(2) process

with confidence intervals

ARMA modely cast 1: autoregresné modely (AR) — p.46/76



A

R(2) - realne data

o Otazky k odhadnutému modelu:
o Je stacionarny?
o Analyzujte rezidua - autokorelogram, Q-Statistika
(aky je paet stumov volnosti?).
o Aka je stredna hodnota odhadnutého procesu?
o AKky je priebeh jeho autokoretae) funkcie?

o Vysvetlite nasledovné tvrdenie z knihy (str.49) a
vypocitajte uvedené hodnoty:
"The two roots of the process are 0.70 +/- 0.061, I.e.
they indicate cycles ... the frequenty- 0.079
corresponds to a period of 79.7 quarters and
therefore of nearly 20 years."
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1.
Autoregresny proces-teho radu - AR(p)
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A

R(p) - uvod

o Videlisme AR(1) a AR(2) proces, ich ACF moze byt
podobna - ako ich rozlisit'?

o Analogicky sa da definovat AR(p) proces - ako vyzera
jeho ACF?

o Ako urcCit spravny rad?

o AR(p) proces ukazeme:
o stacionaritakorene mimo jednotkového kruhu
o ACF: dana diferebnou rovnicow-teho radu
o prvychp autokorelaci(zaCiatocné podm.
diferercnej rovnice): zo sustavy linearnych rovnic;
uzitocny postup, este ho budeme potrebovat
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A

R(p) proces - stacionarita

o AR(p) proces:

(11) 2t =0+ apxy—1 + oaxi—2 + ... + QpTy—p + Uy,
t.). o(L)zy =6 +w, kKdea(L) =1 —ag L — ... — a, LP
o Woldova reprezentacia a stacionarita:

ry = o L) (8 4+ w),
inverzny operaton(L)~! hfadame v tvare

L)' =14+ YL+l +...
» Pre koeficienty); dostaneme difer&mu rovnicu

U —oa1hp_1— ... —app_p =0
= kvoli konv. 3~ ¢¢ musia byt korene charakt. rovnice
AP — N — ) = 0 vn(tri jednotkového kruhu,

t. j. korenea(L) = 0 musia byt mimo jednotkového
kruhu
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AR(p) proces - momenty

e Stredna hodnota:
ozn&imey = E|x;] a spravime strednu hodnotu z
[ave] aj pravej strany (11):

0

-1 —...—qy

p=0-+aip+...+apu = p=

aj teraz: stredna hodnota ma rovnaké znamienko ako
parameten

e \ariancia, autokovarianckenechs = 0

T = a1%—1+ ...+ apTi_p + / X Tp—g, F|.]
v(s) = ary(s—1)+...opy(s —p) + Elugi—|
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AR(p) proces - momenty

o Variancia, autokovarianctepokracovanie:

o s=0,1,...,p— sustava + 1 rovnic s neznamymi
7(0),7(1), ..., v(p):

¥(0) = a1v(1) +a2y(2) + ...+ apy(p) + 0
(1) = ay(0) +a2y(1) + ... +oypy(p — 1)

ory(p— 1)+ an(p—2) + ... + a7(0)

v(p)
(12)

o ostatné autokovariancie z dife@rej rovnice

(13) A1) —ary(t—1) ... — apy(t —p) = 0
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AR(p) proces - momenty

e ACF:
o diferercna rovnica pre autokorelacie - rovnicu (13)

vydelime disperzioy(0):
p(t) —aip(t —=1) — ... —app(t —p) =0
o zeClatacné podmienky - poslednyghrovnic zo
sustavy (12) vydelime(0):
p(1) = a1+asp(l) +...+app(p — 1)
p(2) = a1p(l) +az+ ...+ app(p —2)

a1p(p—1)+ap(p—2)+ ...+

>

/N

=
|

(14)
- nazyvaju sarule-Wolkerove rovnice
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AR(p) proces - ACF - priklad 1

o Yule-Wolkerove rovnice a ACF pre konkrétne procesy
(na lepsSie pochopenie postupu) - nacani

o Vypocet ACF v softvéri R:
o funkciaARM Aacf z balikastats
o pocitali sme ACF procesu

e = 1.4xi_1 — 0.85x4_9 + uy
o teraz v softveéri R:
ARM Aacf(ar=c(1.4,-0.85), lax.max=20)
o Alternativa: funkciaar maTrueacf z balikafArma
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R(p) proces - ACF - priklad 1

R R Console
> aefi=ARWiacf (ar=c (1. 4,=0
> gl
0 i
1.00000000 ©O.T567567T6 0
3 4
—-J.35000000 -0.66804054 -0
& T
-9.32502500 0.08705824 0O
9 19
0.48341440 0.33835020
1z i3
—-0.199659432 -0.3325415%8 -0
b e ié
-9.131928936 0.06722071 0O
18 18
0.23161083 0.14B54383 0

> barpiot{acfi)

>

20945946

5

LBITTEETE

=3
iy

38815278

296378601

17

20624895

20

01165188

T2 R Graphics: Device 2 (ACTIVE)

1.0

&

0.0

-0.5

8 2 4 8 B

O

=l e s

e ollE
LIUUU

10 12 14 16 18 20

ARMA modely c¢ast 1: autoregresné modely (AR)

— p.55/76



AR(p) proces - ACF - priklad 2

o AR(3) procesy; = 15241 — 084 9+0.2x2;_3+

R R Conscle [ElE]EE]

b
> oacf2=RARMaact (ar=c(l.5,-0.8, 0.2 lag. mak==u)

> ‘barpliot (acE?]

T
= |

T2 R Graphics: Device 2 (ACTIVE) o[ B ) ﬂ
= | 17
(=] S
ry _
2
o0 2 4 6 €& 10 12 14 16 186 20
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R(p) proces - ACF - priklad 3

o AR(3) procesy; =12x; 1 —04x4_9—0.1x4 3+ w
o Daju sa cakavat komplexné korene.

& R Console (|
> goid=RBMRacf (ar=c|l.Z;=0.9,=0.1) ; lag.ma=z=20)
> barplot [acfE]l
) "
% R Graphics: Device 2 (ACTIVE) E=8[E0R "%
o
b

0.4

I
L
[ |
[ ]

[]

|

[

[

I

I

I

I

|

I

I

I

I

-0.2
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R(p) proces - ACF - priklad 3

o Vypocet koréov v R:
o funkciaarmaRoots z balikafArma
o vrati hodnoty koraov - musia teda byt mimo
jednotkoveho kruhu

o CVICENIE: napiSte polyndm, ktorého korenegimme

> armaRoots(c(1.2,-0.4,-0.1)) Roots and Unit Circle
re im dist
1 1.0884 0.6381 1.2703
2 1.0884 -0.6381 1.2703 0 —
3 -6.1%69 0.0000 &£.13618
=+ -
@
] —
o
oo ®
= N e
L)
LY (9 [
C i
q’ L
o
]
| | | | | |
5 4 2 0 2 4 i
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A

R(p) proces - ACF - priklad 4

a
F agfs=aMiacT (ar=c{1.5,-0.8,<0.32) 1dg.max=20)
> barplot (acts)

::.. |

2 R Graphics: Device 2 (ACTIVE) ==

% : DDDDEDUUDEDUHD HH

o 2 4 6 10 12 14 16 168 20

o Ako je to mozne?
o absolutna hodnota ACF ¢aia ako 1
o maximalna absolutna hodnota sa eSteCauie
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A

R(p) proces - ACF - priklad 4

R R Consaole

> armaBoots |cil.5,-0.8,=-0.
re im dist

I 8.7811 8.5712 0.9515

2 B.78IY -0.5712 D.8515

3 -5.5221 0.0000 5.52721

F

TR R Graphics: Device 2 (ACTIVE) E=mEoE

Roots and Unit Circle

"q.' pa
=
1] e [MLon
E T
Faaty
i) (o | &
£ Lo
£ o=
s e

Real Part

o Proces nie je stacionarny predchazajuci vypoet

nema zmysel
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AR(p) proces - ACF - priklad 5
2 : L HHHHHHHDHHHHDI‘IW z ] | HHHHDHHmmDﬁﬁE____

o ACF pre dva procesy: jeden feR(2) a druhyAR(3)
o Nevieme ich takto na prvy pohlad rozlisit

o Pripraci s realnymi datami sa navyse pridava
nahodnost, nemame presnu ACF, ale odhadujeme ju
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V.

Parcialna autokorelacna funkcia - urcovanie
radu AR procesu
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PACF - motivacia

o Uvazujme nejaky nahodny process nulovou
strednou hodnotou a modelujme jeho hodnotu
pomocou prechadzajuciéhhodnot:

Ty = 1T4—1 + Boxe—2 + ... + Brry_i + wy

o Ozna&me koeficientyd,;, kdek je pactet pouzitych
starsich hodnot procesua: je koeficient priv;_;

e Teda:

rr = Prix—1 + wy

Ty = DPorxr—1 + Pooxi_o + uy

Ty = Pg1ap-1+ P3oxt—2 + P33:_3 + Uy

Ty = Ppiri—1 + Ppoxi—2 + Ppsri—3+ ... + Prrri_i + wy

o Ak z Je AR(p) proces, takb,, = 0 prek > p.
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PACF - definicia a vypoet

o Koeficient®,, sa nazyvaarcialna autokorelacia
raduk

o Postupnost tychto koeficientov vytvaparcialnu
autokorelanu funkciu (PACF)

o Vypocet: vyjdeme zo vztahu
T = Cp1xp—1 + Prowi—2 + Pp3xri—3 + ... + Prpri—_p + uy
a rovnako ako pri odvodeni Yule-Wolkerovych rovnic
dostaneme

p(1) = Q1+ Pr2p(l) + ...+ Py p(k — 1)
p(2) = Pp1p(l)+ Pra+ ...+ Ppi p(k — 2)

plk) = Pp1p(k —1)+ Ppa p(k —2) + ... + Py
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PACF - definicia a vypoet

o Maticovy zapis:

1 p()) o pk—1) | [ @ | [ o)
p(1) 1 oo plk—2) Dk2 _ p(2)
plk—1) plk—2) ... 1 Okk | p(k)

o Zaujima nas ib@,,., pouzijeme Cramerovo pravidlo:

det

(15) Prrp =

det

Kp(k—n plk —2) ... 1)
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PACF - priklad: Al

R(1) proces

o Postupne paitame:

) _ 2 =p)* _

p(1) ) L= p(1)?

o Z def. PACF vyplyva, ze aj nasledujude;, = 0

e Prea =0.9:

1

bt
in

Teoreticka PACF
=)

=
in
T

|
-y

i

1
1

1
2

1
3

1 1 1 1 1 1
4 L] ] 7 & =] 10
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PACF - priklad 1

o PACF pre konkrétne procesy (na lepsSie pochopenie
postupu) - na caeni

o Vypocet PACF v softvéri R - znovu funkci@RM Aacf
z balikastats

o Pre proces; = 1.4x;_1 — 0.85z;_9 + uw; SMe pa@ital
ACF, teraz PACF:

ARM Aacf(ar=c(1.4,-0.85), lax.max=20, pacf="true")
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PACF - priklad 1

RIR Console

— T L

> pacti=ABEMAacY igr—c{l1.4, -0

> berplot {pacti)

-Ba) dag max=20 pacr="trus")

.

> |
5 R Graphics: Device 2 (ACTIVE)

0.5

-0.5

(oo e

ARMA modely c¢ast 1: autoregresné modely (AR)
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PACF - priklad 2

o AR(3) procesy; = 12241 — 084 9+ 0523+

> |

- - - =

o By B8y plagimaE=15pacf="trae"} } |

R3 R Graphics: Device E".I[jﬂ-:i'i IEI'EI'.'E";I:

04 08

-0.2

=
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PACF - priklad 3

o AR(4) proces
Tt — 1.2 Tt—1 — 0.8 Ti—92 + 0.4 Ti—3 + 0.15 Ti—4 + Ut

R R Conscle E=HINEE (S
> barplot (ABMAacT (er=c(l.2,-0,8,0.4,0.15) , lag.max=20,pacf="trua™) ) =
T R Graphics: Device 2 (ACTIVE) = e =

04
=
[ ]

]

-0.2
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PACF - priklad 4

o Pripomeéime si:
ACF pre dva procesy, jeden feR(2) a drunyAR(3),
nevieme ich takto rozlisit

00 02 04 06 08 1.0

ML T

Hﬂﬂﬂﬂﬂmmmgﬁﬁz____

Iinn=

0 2 4 6 8 10 12 14 16 18 20

00 02 04 06 08 10

0 2 4 6 8 10 12 14 16 18 20
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PACF - priklad 4

o PACF tychto procesov:

o
o
o
o

o
<

|

00 02 04 06 08

=

e Tuje jasné, zelavo je AR(2)avpravo je AR(3)
proces
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PACF - odhadovanie z dat

o Zateoretické autokorelacie vo vztahu (15) dosadime
ich konzistentné odhady: dostaneme konzistentny
Odhad(i)kk

o Pre AR(p) proces |@,, = 0 prek > p, pre tietok
asymptoticky plati

1

Var[@kk] ~ ?
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Odhadovanie PACF - priklad 1

e V jednom z prikladov sme modelovali spread (rozdiel
dlhodobej a kratkodobej Urokovej miery)

o ACF a PACF:

Correlogram of SPREAD

Date: 08/14/09 Time: 13:06
Sample: 185201 200504
Included ohservations: 216

Autocorrelation Fartial Correlation AL FPAC O-Stat FProb

I— 0814 08914 18282 0.000
0.740 -0.270 32017 0.000
0671 0007 418,75 0.000
0577 0070 43373 0.000
0443 -0.064 54793 0.000
0413 -0026 58618 0.000
0.336 -0.033 B11.64 0.000
0252 0086 B2460 0.000
0.240 -0.017 B42.72 0.000
0227 0125 B5446 0.000

0.221 -0.010 EBBSGY 0.000

|
ml
N
Wil
Ig |
I
I
Wil
NN
| [
]

uUUUUUUHHHH

S T o T O o Y - o Y 0 R

L 4 JFITT

o Vidime, zetreba odhadovat AR(2) proct sme a|
spravili)
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Odhadovanie PACF - priklad 2

o Z predchadzajucich prikladov s realnymi datami:
o volebné preferencie (viavo) - AR(1)
o Urokové miery (vpravo) - AR(2)

plr)

08 b) Estimated Autocorrelation (—) and partial (=)
. o autocorrelation functions with confidence -0.8-
intervals -1

b) Estimated autocorrelation {—) and partial
autocorrelation () functions with confidence
intervals
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Na d'alsich prednaskach

Correlogram of X4

Cate: 09/14/41 Time: 10:30
Sample: 1 200
Included observations: 200

Autocorrelation Fartial Correlation AC PAC Q-Stat Prob

E— === -0.578 -0.578 67.767 0.000
I A E= 0.134 -0.300 71.426 0.000

(- -0.077 -0.247 ¥2.631 0.000

C 0.072 -0.120 73.703 0.000

B -0.093 -0.172 75453 0.000
(092 -0.079 ¥7.270 0.000
-0.059 -0.072 78.006 0.000
0.028 -0.162 78.172 0.000
0016 -0.178 78.229 0.000
0.056 -0.081 78.903 0.000
-0.026 -0.028 79.052 0.000

-0.025 -0.072 73188 0.000

g 1
| [
g1
[
g1
i O
11 ]
Ml 1]
It L]
It 1]

oo e TR 3 T Y S P T 5, TS

—h
k.

)

o AR(p) proces - ACF rychlo klesa (monotdonne alebo
oscilujuco), PACF sa po p hodnotach rovna nule

o Tu je to v podstate naopak nebude to AR proces

o Na d'alSich prednaskach: realne data s podobnou ACF,
modely pre takéto data,
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