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ARMA modely - motivacia |.

o Odhadneme ACF a PACF pre data a nepodobaju sa ani
na AR, ani na MA proces

o Chceli by sme skusitkombinovat AR a MACleny
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ARMA modely - motivacia ll.

Majme stacionarny a invertovatelny proces:

AR(p) MA(¢g)
ACF(r) nenulova O prer > ¢
PACF({) O prer > p nenulova

AR(c0) reprezentacia koneny sicet | nekon&ny sicet
MA(o0) repr. (Wold) | nekoné&ny sicet | koneny sicet

o Ziadny z tychto modelov nepripistaoznost, Ze sa
ani ACF, ani PACF nevynulujpo kon€nom pa@te
Clenov

o Na to by sme potrebovali proceshnekonenou AR aj
MA reprezentaciou

o Tuto vlastnost majizmiesané ARMA modely
(zmieSané = AR aj MAClen
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VIL.
Model ARMA(1,1)
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ARMA(1,1) - definicia

o Nechu; je biely Sum, definujeme
Tt =0+ ari1 + ur — Bug1,

pricoma # (3. Proces:; sa potom nazyvARMA(1,1)
proces.

» ZApis pomocou operatora posunu

(2t —azxe—1) = 6+ (ug — Pug—1)
(1) (1—al)xy = 0+ (1—pBL)u
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A

RMA(1,1) - Woldova repr. a stacionarita

o Vyjadrime z (1) proces;:
2) z=0—-al) '+ (1 —al) (1 - pBL)u

o Vieme, ze(1 — o L)~ ! existuje, aka| < 1 a v tomto
pripade plati:

(1—al) t=14al+a*L*+...
o Dosadime do (2):
v = 0/(1—a)+ (1 4+al+a*L?+...)(1 - BL)uy
= /(1 —a)4+u+ (a— Blu—1 + ala — B)ug—2 + . ..
teda vo Woldovej reprezentaci

o = 1,91 = a(a—p), 12 = a*(a— 6),...,?%20/“(04—6),...

o Podmienka stacionarityy| < 1 sa da zapisat aj tak, ze
Koren polynomul — oL musi byt mimo jednotkoveho
Kruhu
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ARMA(1,1) - k podmienkex = 3

o Mame Woldovu reprezentaciu):
v = 6/(1—a)+ (1 +al+a*L?+..)(1—-BL)w
= /(1 —a)4+u+ (a— Blu—1 + ala — B)ur—2 + ...

o Ak by boloa = 3, tak
Tt :5/(1—04)—|—ut,

teda nas proces je iba konstanta + biely Sum
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ARMA(1,1) - invertovatelnost

o Vyjadrime z (1) proces bieleho Sumy aby sme
dostali proces; vyjadreny pomocou jeho starsSich
hodnoOt + aktualnej hodnoty bieleho Sumu:

—0+(1—al)ryy = (1— L)y
—(1-8L) %+ 1—-pL)"11 —al)zy = w

» Vieme, Ze inverzny operatdr — 5L) ! existuje, ak
Bl <1

o Tatopodmienka invertovatelnossa da zapisat aj tak,
Ze koren polynomul — 8L musi byt mimo
jednotkoveho kruhu
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ARMA(1,1) - zhrnutie

o Pripoméme si proces (1):

(1—al)ry =0+ (1—BL)w

e Podmienka stacionarity:

o koren polyndmul — oL je mimo jednotkoveho
Kruhu

o zavisi teda iba od ARasti procesu

e Podmienka invertovatel nosti:

o koren polyndmul — 5L je mimo jednotkového
Kruhu

o zavisi teda iba od MAasti procesu
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VIII.
Model ARMA(p,q)
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RMA(p,q) - definicia

o Nechu, Je biely Sum, definujeme

Ty = 0+a1Ti—1+. .. FopTi—p+us—Lrug—1—. .. — Belt—q,

tento proces sa potom nazy&&MA(p,q) proces.
e Zapis pomocou operatora posunu

(1—a1L—...opLP )2y = 0+ (1—p1L—...— B, L)y
(3) a(L)xy = 0+ B(L)uy

pricom pozadujeme, aby polyndmy’), 5(L) nemal
spolany koreh (podrobnejSie o tejto podmienke
neskor)
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ARMA(p,q) - Woldova repr., stacionarita

e Zrovnice (3) vyjadrimer;:
a(L)xy = 0+ B(L)uy
ry = a(L)'+ (L) B(L)w
o Potrebujemey (L) '38(L):

(L) 'B(L) = o+ 1L +pl?+ ...

B(L) = a(L)(to+ 1L +hol? +...)
(1—61L—...—6qu) — (1—041L—...Cvpr)><

x (o + V1L + o L? + ..)

Roznasobime a porovname koeficinety jpri
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ARMA(p,q) - Woldova repr., stacionarita

» Pre koeficinety); Woldovej reprezentacie dostaneme:
o diferercnu rovnicu

Y —o1Pp—1— ... — pr_p =10
o zeClatacné podmienky

» Kvoli konvergencii radu * ¢ musia byt korene

charakteristického polynédmv — a; APt — .. a), = 0
vnutri, t.J. korenea(L) = 0 mimo jednotkového kruhu
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ARMA(p,q) - invertovatelnost

e Zrovnice (3) vyjadrimey;:
a(L)xy = 0+ B(L)uy
B(Luy = —0+ a(Ll)xy
ut = —6([1)_15 -+ B(L)_l&(L)CIft
o Toto sa da spravit, ak existuje inverzny operator

B(L)~t, €o je vtedy, kedkorenes(L) = 0 s mimo
jednotkového kruhu
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ARMA(p,q) - momenty

o Stredna hodnotai:

Ty = 0+oxi—1+. .. FapTi—p+ur—Lrus—1—. .. — Byui—q
0
p=0-+aip+...+apu=p=
l—a3—...—qy
e Variancia, autokovarianctenechs = 0:
Ty = Q1T—1 + ... FopTi—p + U — Prug—1 — ... — Byti—gq

/ X z4_s. El]

v(s) = a1y(s—1)+...+apy(s —p)
—I—E[utmt_s] — 51E[ut_1£€t_3} — ... 5qE[ut_q$t_S]
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RMA(p,q) - momenty

o Pres > ¢ su vSetky stredné hodnoty
E[Utﬂft—s], E[Ut—lxt—s]a ce aE[ut—pxt—s]

nulové=- pres > ¢ A s > p (lebo na pouzitie
nasledujucej diferainej rovnice potrebujeme aspp
zaCiatacnych hodnot) mame diferénu rovnicu pre
autokovariancie:
(4) v(s) =aay(s —1) + ...+ apy(s — p)

o ACF - vydelenim (4) varianciod(0) dostaneme

diferercnu rovnicu pre autokorelacjgs),
s > max(p, q):

(5) p(s) = arp(s —1) + ... + app(s — p)
- rovnaka difereona rovnica ako pre proces bez MA
casti, z&latacné pomienky vsak MA koeficienty

(V4
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Priklad: ARMA(L,1)

o Podrobnejsi vyptet pre ARMA(1,1)
e Stredna hodnota:
ry = 0+ ari—1 +ur — Bus—_q / E|.]
0

1l — «

W = o+au+0=pu=

e Variancia, autokovarianckepred = 0:

Ty = axp—1 +up — Pus—y / X xp_g, L]
Blriri—s) = ab|\vi—17i—s) + Eluwi—s) — BE[u—171—]
(6) ~(s) = ay(s—1)+ Eluxri—s| — BE|u—120—s]

Stredna hodnot&/[u;2; | je nenulova len pre = 0,
Elu; 12| Je nenulovalen pre =0 apres =1
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Priklad: ARMA(L,1)

o Konkrétne hodnoty|usz; | @ Blus 124
vypocitame z Woldovej reprezentacie

Ti—s = Ut—s T (CV - 6)ut—s—a T O‘(CV - 6)ut—s—2 T ...

Dostaneme:
2
o preT =10
E[utZCt_S] =
0 preT=1,2,3,...
(a — B)o? pre 7 = 0
Blug_ 12— = o2 pre T = 1
0 preT =2.3,...

a dosadime do (6).
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Priklad: ARMA(L,1)

o Nakoniec z (6) dostaneme pye- 0, s = 1:

s=0 = ~(0) =«
s=1 = (1) =ay(0) - fo°
— SUstava 2 rovnic s 2 neznamymi, jej rieSenim je
_ 14+p2-208 , _(a=pB)A —ap) ,
7(0) = 0 ()= 2O

o Pres =2,3,... dostaneme rekurentny predpis pre
d'alsie~(s):
v(s) = ay(s — 1)
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Priklad: ARMA(L,1)

o Pres=23.... mame

1
v(s) = ay(s—1) / ~00)

p(s) = ap(s—1)
— ta ista diferenna rovnica pre ACF, ako by bola pre
proces bez MACasti

o alesinou z&iatocnou podmienkod zo vztahu (7)

mame

,0(1) _ @ _ (Oé o 5)(1 - @6)

v(0) (14 5% —2ap)

- zavisi aj od MAcCasti

ARMA modely cast 3: zmiesané modely (ARMA) — p.20/30



PACF

o PACF pocCitame rovnako ako predtym pomocou
determinantov:

[ 1 p(1) ... p(1) )

I ey 1 p(2)

(8) Prr =

det

\p(k—1) plk—2) ... 1)

o Priklad: pre ARMA(1,1) proces dosadzujeme

plk) = ¥ (1), p(1) = 55505
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Priklad - vyp@itana ACF a PACF

NEPLATI , Ze ACF (k) = 0 prek > gaPACF (k) = 0 pre
k > p (minulé rokycCasta chyba pri komentovani ACF,
PACF), priklad ARMA procesu:

R R Console (= =[]
> barplot (ARBMAaeT iar=0(1.2,-0.8) =g (-1.2,-0.9) Jdeg.max=20, pacif="false™} )

> barplot [ABMApceT {iar=0(1.2,-0.8) sma=c [-1.2,-0.9) /lag. mex=20 pecif="troe™})

s L

% R Graphics: Device 2 (ACTIVE)
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Priklad - realne data

[Kirchgassner, Wolters], example 2.15

o USA, marec 1994 - august 2003
o USR;=3-mes&na urokova miera

Percent

\

S

1 T T T T T T T
1894 1986 1898 2000 2002

=D = MW st R =
1 1 1 1

year

a) Mew York three months money market rate,
1994 - 2003
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Priklad - realne data

Odhadnuty model pre diferencie prementigjR:

The following ARMA(1,1) model has been estimated for this time series:

AUSR, = —0.006 + 0.831 AUSR,, + @, — 0.457 {i....
(-0.73)  (10.91) (-3.57)

R® = 0351, SE = 0.166, Q(10) = 7.897 (p = 0.639).

The AR(1) as well as the MA(1) terms are different from zero at the 0.1 percent
significance level. The autocorrelogram of the estimated residuals. which 1s also
given in Figure 2.10, as well as the Box-Ljung Q statistic, which is calculated for
this model with 12 autocorrelation coefficients (1.e. with 10 degrees of freedom),
do not provide any evidence of a higher order process.
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0.8 1 ¢) Autocorrelation function of the residuals
R of the estimated ARMAJ(1,1)-process
with confidence intervals
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Priklad - realne data

Otazky k vystupu:
o Je odhadnuty model stacionarny? Je invertovatelny?
o "The autocorrelogram of the estimated residuals... not

provide any evidence of a higher order process"
vysvetlite

o "...the Box-Ljung Q statistic, which is calculated for
this model with 12 autocorrelation coefficients (l.e.
with 10 degrees of freedom)..."

o sformulujte nulovu hypotézu, ktora sa tu testuje
o zdOvodnite poet stumov volnosti
o aky je zaver testu?
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A

RMA(p,q) - spola&ne AR a MA korene

o Pripomene si definiciu ARMA(p,q) procesu:

(1—041L—...—Cvpr)ZCt = 5—|—(1—61L—...—5qu)ut
a(L)xy = 0+ B(L)uy
pricom pozadujeme, aby polynomyL), 5(L) nemal
spolané korene
e Pre&o nemodzu mat polynomy(L), 3(L) spolacné
korene?

e ZovSeobecnenie toho, ze pre ARMA(1,1) musi byt
o # 3, iInak mame trivialny proces "konstanta + biely
sum"
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ARMA(p,q) - spol@&né AR a MA korene

o Uvazujme "ARMA(2,2)" proces
(1 — oL — aol®)ay =0+ (1 — B1L — BoL*)uy,
kde 1—ail—asl? = (1—~L)(1—9L)
1 =Bl — Bol? = (1—7L)(1—2L)
t.J. AR a MA polynomy maju spolony koren ~
o Potom sa proces da zapisat nasledovne:
(=L)X =mL)zr = 0+ (L —~vL)(1—2L)us
(1—mL)zy = (1—yL) "0+ (1—y2L)u
teda je to ARMA(1,1), a nie ARMA(2,2) model

o Prakticky -ak dostaneme velmi blizky AR a MA
koren, treba namiesto ARMA(p,q) skusit
ARMA(p-1,9-1) model
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RMA(p,q) - priklad

o PrRIKLAD: ARMA(1,2) model pre diferencie
zlogaritmovanych cien kakaa (data z predchadzajucej
kapitoly):

> p=read.table ("pcocoa.txt™)
> p=tz(p, frequency=12,s=tart=c(1260,1))

> garima (log(p),1,1,2,detail=s=FALSE)
Efitc
Call:
stats::arima(x = xdata, order = c(p, d, g}, =seasonal = list (order = c(P, D,
2), period = 5), Xreg = constant, optim.control = list(trace = trc, REPORT ==&

reltol = tol))

Coefficients:
arl mal 11T P constant
0.8708 -0.5174 -0.3030 0.0025
2.2, 0.3563 0.3622 0.1401 0.0038
s2igma”™2 estimated a=s 0.003887: log likelihood = 883.&2, aic = -13T77.24
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A

RMA(p,q) - priklad

o Kontrola rezidui:

p value

04 08

0.0

ACF of Residuals

-
=0
b —
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ARMA(p,q) - priklad

o CVICENIE:
Vypocitajte korene AR a MAasti procesu

o DostanemeAR koren je bizko jedneho z MA koreov

o Mali by sme tedanamiesto ARMA(1,2) skusit
ARMA(O,1) = MA(1) model a ten naozaj na minulej
prednaskerysiel ako dobry model pre tieto data
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