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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMotivécia
L Priklad: Ceny kakaa

Data
Ben Vogelvang: Econometrics. Theory and Applications with EViews., Pearson Education Limited, 2005.

Chapter 14.7. - The Box-Jenkins Approach in Practice

> Mesacné data, januar 1960 - september 2002

» pcocoa - cena kakka, zlogaritmujeme a kvoli stacionarite
budeme pracovat s diferenciami

» Modelujeme teda percentudlnu zmenu ceny

Aln(pt) = In(pt) —In(pe-1) =In (Pf;)

— <1+ pt—pt1> Pt — Pt
Pt—1 Pt—1

(lebo In(1 + x) =~ x pre x malé)
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ARMA modely Il. - moving average modely (kfzavé priemery, MA)
LMotiva’cia
L Priklad: Ceny kakaa
Data
Priebeh dat - pévodné, zlogaritmované, diferencie logaritmov:

pcocoa log(pcocoa) diff(log(pcocoa))

200
L

150
L

peocoa
difflog(peacoa))

T T T T T T T T T T T T T T T
190 1970 1980 1990 2000 1960 1970 1980 1990 2000 1960 1970 1980 1990 2000

Time Time Time
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ARMA modely II. - moving average modely (kfzavé priemery, MA)

LMotivécia

LPrl’kIad: Ceny kakaa

Odhadnutd ACF

» Odhadnuta ACF diferencii logaritmov:

0.3 0.4
I

ACF
0.2

0.1

0.0
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMotivécia
LPrl’kIad: Ceny kakaa

Odhadnutd ACF

» Prva vyrazne nenulova, ostatné skoro nulové
> Nevyzera to ako typicky priebeh pre AR proces:

» tam klesala ACF postupne
» priebeh tohto typu mala PACF
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ARMA modely II. -

moving average modely (kfzavé priemery, MA)
[ Motivacia

LPrl’kIad z prvej prednasky

» Nech u; je biely Sum, definujme

Xt = U + Up—1

> Vypodcitali sme:

E(x:) = 0,D(x;) = 202

o2
Cov(xt, X1+ k) = 0

pre k =1,
pre k =2,3,...

1/2 re k=1,
COT(Xt,Xt+k) = { O/ gre k e 2 3 N

» ACF je nulova pre k = 2,3,... - presne ta vlastnost, ktori
potrebujeme
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ARMA modely II. - moving average modely (kfzavé priemery, MA)

LMotivécia

LZovéeobecnenie prikladu a plan prednasky

» Priklad zovseobecnime tak, aby

» sa zachovala nulovost korelacii okrem prvej
> prva korelacia mohla nadobiadat aj iné hodnoty ako 1/2 =
MA(1) procesy

» Procesy, ktoré maji prvych g nenulovych a ostatné nulové =
MA(q) procesy
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy

LDefinl’cia, stacionarita, momenty, ACF, PACF

» Nech u; je biely Sum, potom
Xt = p+ ur — fur1

sa nazyva moving average proces prvého radu - MA(1)
> Woldova reprezentacia: x; =y + >_7%g 1jur—j, pre MA(1)

proces: 19 = 1,91 = —[3,1); =0 pre j = 2,3,... — vzdy
stacionarny

» Momenty a ACF:
E(xt) = p,D(x;) = (1 + 5%)o”

— 0’2 rek:]-,
Cov(xt, Xt k) :{ 06 gre k=23,...

B rek=1
Corlxe: xek) = { o Ere k=23
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

» Pripomenme si PACF:

1 p(1) p(1)
et P 1 p(2)
O — plk—1) pk—=2) ... p(k)
1 p(1) p(k —1)
dot p(1) 1 oo plk=2)
plk—=1) p(k—2) 1

» Pre MA(1) proces dosadzujeme p(k) =0 pre k = 2,3, ...
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ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy
|—Defim’cia, stacionarita, momenty, ACF, PACF

Cvicenie: Odvodte dalsi ¢len PACF:

. —p(1)*
4= T (1022 — (1)
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Priklad 1: vypocet PACF v R-ku, x; = us + 0.7u;_1

plot (ARMAacf(ma = c(0.7), lag.max = 10),
type = "h", col = "blue", lwd = 3)

1.0

=10)
08
Il

¢(0.7), lag.max
0.6

0.4
I

ARMAacf(ma

0.2
I

0.0
I

2 4 6 8 10 18/42
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

plot (ARMAacf(ma = c(0.7), lag.max = 10, pacf = TRUE),
type = "h", col = "blue", lwd = 3)
abline(h = 0, col = "grey", 1lty = 2)

10, pacf = TRUE)

=¢(0.7), lag.max

ARMAacf(ma
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Priklad 2: simulované data, x; = u; + 0.7u;_1

set.seed(123)
x <- arima.sim(model = list(ma = c(0.7)), n = 200)
plot(x)
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
I—MA(1) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Odhad ACF a PACF:

acf2(x) # naraz ACF (bez lagu 0) a PACF, balik astsa

Series: x

0.2

ACF

0.0

LAG

PACF

LAG 21/42



ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Priklad 3, 4: vypocet rucne
» Nech u; je biely Sum s rozdelenim N(0,4) , definujme

Xy = Ut + U1

2
Potom: E(x;) =0, D(x) = (1 + (1/2)?) x4 =5

12 _
COI"(Xbe_k) e 1+1/4 2/5 pre k 17
0 pre k=12,3,...
» Nech u; je biely Sum s rozdelenim N(0, 1) , definujme
Xt = Ut -+ 2Ut 1

Potom: E(x;) =0, D(x;) = (1+2%) x1 =5

=2/5 pre k=1,
COI’(Xt,Xt—i-k) - { 6+4 / gre k=223 ...
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ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy
|—MA(l) procesy s danou ACF, invertovatelnost

MA(1) procesy s danou ACF, invertovatelnost
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
L MA(1) procesy s danou ACF, invertovatelnost

MA(1) procesy s danou ACF

» Zovseobecnime predchadzajice dva priklady (vysla pre ne
rovnakad ACF)
» Majme MA(1) proces, teda ACF tvaru

. re k=1
Cor(x¢, Xe+k) = { 0 1+p2 Ere p 2’3

» Predpokladjme teraz, ze madme dand hodnotu p; = p(1) a
chceme z nej spatne urdit koeficient 3:

___B
p1 = 11 32

= 0=
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LMA(I) procesy s danou ACF, invertovatelnost

» Mame teda rovnicu

g

1+52:>52+ Lsi1=0

P1L ==

0.4

0.2
I

korelacia rho_1

-4 -2 0 2 4
25 /42
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LMA(I) procesy s danou ACF, invertovatelnost

» Rovnica 3° + iﬁ +1 =0 ma pre [p1| < 1/2 dve rieSenia
/81762. ktoré Spl'ﬁajl_,] 61/82 =1
» Procesy

Xt = p+ U — Bue 1,Xe = pi+ Ut — — U1

B

majd rovnakd ACF

» Ak chceme jednoznalnil parametrizaciu, potrebujeme dodat
dalSiu podmienku
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LMA(I) procesy s danou ACF, invertovatelnost

Invertovatelnost
» Budeme sa snazit zapisat proces v tvare AR(oc0):
Xe = i+ Ut + P1xe—1 + Paxe—2 + P3xe—3 + . ..

Ak sa to da spravit, proces sa nazyva invertovatelny
» Pre MA(1) proces:

xe = p+(1-pL)u
1-8L""% = Q=L utu
inverzia (1 — BL)~! existuje pre |3| < 1, vtedy

(1+BL+52L2+...)xt:$+ut
2 __H

Xt + Bxe-1+ Xt—2+"‘—ﬂ+ut

Xt:ﬁ%—ut—ﬂxt_l—ﬁzxt_g—...
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
L MA(1) procesy s danou ACF, invertovatelnost

» Dostali sme teda podmienku invertovatelnosti MA(1) procesu:

1Bl <1

» Iny zapis tejto podmienky:

»> mame proces x; = j1+ (1 — SL)u;

> koren polynému 1 — 5L je 1/

» podmienka invertovatelnosti teda hovori, Ze koren polynému
1 — SL musi byt v absolttnej hodnote vacsi ako 1, pri zakresleni
do komplexnej roviny mimo jednotkového kruhu
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ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy

|—Rea’nlne data: ceny kakaa zo zaciatku

Realne data: ceny kakaa zo zaciatku
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy

LReélne data: ceny kakaa zo zaciatku

» Odhadneme MA(1) model pre diferencie logaritmov cien (teda
percentudlne zmeny cien):

#i#t Estimate SE t.value p.value
## mal 0.3520 0.0402 8.7585 0.0000
## xmean 0.0024 0.0037 0.6501 0.5159

» ZapiSeme model pre premenn( x; = Aln(pcocoa;):

Xt = 00024 + U —+ 0.3520Ut71
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy

LReélne data: ceny kakaa zo zaciatku

» Rezidua st v poriadku - model je dobry

02 04 06 08 10

oo

ACF of R
= ]
o
u_'-"!_
o
e 4]
o Ll IT Ll s |
o T T 1 ' T I TT
)
=
' T T T T T
0.0 05 10 1.5 20 25
LAG
p values for Ljung-Box statistic
o o
o
] ° °
o o o o
a o o o o )
o
o
o
T T T T
5 10 15 20
lag
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LReélne data: ceny kakaa zo zaciatku

» Predikcie z R-ka na nasledujtci rok.
» Vsimnime si, Zze nie st konstantné. Preco nie st konstantné
predikcie z modelu x; = p + uy — fur_1- k tomu sa vratime.
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e
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[ MA(q) procesy

MA(q) procesy
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ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

Definicia, momenty, ACF, PACF, invertovatelnost
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

» Nech u; je biely Sum, potom

Xt = p+ Uy — Brug_1 — Patp_2 — -+ — BqUt_q

sa nazyva moving average proces radu g - MA(q)

> Woldova reprezentacia: x; = 1+ > % Yjur—j, pre MA(q)

proces: Yo = 1,91 = —f1,...,0g = —Pq¥j=0prej>q —
vzdy je stacionarny

> Momenty a ACF:
E(xe) = p, D(xe) = (14 67 + ... 85)0”

Cov(xe,xe1k) =0pre k=q+1,g+2,...
Cor(x¢, x¢1xk) =0pre k=q+1,9g+2,...
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

» Vypocet prvych g autokorelacii:

Cov(xe, xe1k) = El(ur — frue—1— -+ — Bqlir—q) X
(Ut+k - _/Blut+k—1 = ﬁqut+k—q)]
» Postupne dostaneme
k=1 = (1) = (P14 B1f2+ -+ Bg-184)0°
k=2 = ~(2)= (P24 B1fs+ -+ Bg_2Bq)0°

2
k=g = (q)=(-Pq)o
» Pre konkrétny model je praktickejsie pocitat to priamo,
namiesto dosadzovania do tychto vztahov (tie sii uzitocné kvoli
postupu)
» ACF: autokovariancie vydelime disperziou

» PACF: ACF dosadzujeme do vSeobecného vzorca
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

Cvicenie
Uvazujme proces x; = 10 + vy + 0.5u; 1 — 0.2u; 5 + 0.1us_3

> Ukazte, Ze je invertovatelny.
» Vypoditajte jeho ACF
» Vypoditajte prvé tri hodnoty jeho PACF

Na kontrolu:

ARMAacf (ma=c(0.5,-0.2,0.1), lag.max = 4)[-1]

## 1 2 3 4
## 0.29230769 -0.11538462 0.07692308 0.00000000

ARMAacf (ma=c(0.5,-0.2,0.1), lag.max = 3, pacf = TRUE)

## [1] 0.2923077 -0.2195911 0.2093677
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[ MA(q) procesy

Readlne data

Reéalne data

38/42



e
ARMA modely II. - moving average modely (kfzavé priemery, MA)

|—MA(q) procesy

Readlne data

library(quantmod)
data <- getSymbols.oanda("GBP/USD", auto.assign=FALSE)

data 2020-03-21/ 2020-09-15 diff(log(data)) 2020-03-21/ 2020-09-15
\‘ 0.025 0.02:
A,v‘h/ 0.020 .02
1.30 r 1.30
\‘ 0015 o001
t v/ 0.010 0.01¢
125 A 125
r‘\ D ‘/‘\ / \‘ 0.005 H I | 0.00¢
0.000 o
120 120
0.005 l W ‘ I ‘ ‘ ‘ -0.00

mar 212020 m&j042020 jun152020 jil272020  sep 07 2020 mar 212020 maj042020 jin 152020 il 27 2020  sep 07 2020
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ARMA modely II. - moving average modely (kfzavé priemery, MA)

LMA(q) procesy

Readlne data

Budeme modelovat percentudlnu zmenu vymenného kurzu
acf1(diff (log(data)))

Series: diff(log(data))

0.4

ACF

0.2
I

0.0
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(q) procesy

Readlne data

Odhadneme MA(2) model:

#it Estimate SE t.value p.value
## mal 0.5164 0.0725 7.1242 0.0000
## ma2 0.1303 0.0750 1.7384 0.0839

## xmean  0.0006 0.0005 1.1641 0.2460
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ARMA modely II. - moving average modely (kfzavé priemery, MA)

|—MA(q) procesy

Readlne data

Rezidud nam potvrdia vhodnost modelu:

ACF of R
=
o
™
39 ______________________________
o1 | | |
= L L L L
o frmmmmm e e
q_ T T T T
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LAG
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Q.
o} o o
o . 6 o o © e e ° o
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= s
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