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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMotivécia
L Priklad: Ceny kakaa

Data
Ben Vogelvang: Econometrics. Theory and Applications with EViews., Pearson Education Limited, 2005.

Chapter 14.7. - The Box-Jenkins Approach in Practice

> Mesacné data, januar 1960 - september 2002

» pcocoa - cena kakka, zlogaritmujeme a kvoli stacionarite
budeme pracovat s diferenciami

» Modelujeme teda percentudlnu zmenu ceny

Aln(pt) = In(pt) —In(pe-1) =In (Pf;)

— <1+ pt—pt1> Pt — Pt
Pt—1 Pt—1

(lebo In(1 + x) =~ x pre x malé)
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ARMA modely Il. - moving average modely (kfzavé priemery, MA)
LMotiva’cia
L Priklad: Ceny kakaa
Data
Priebeh dat - pévodné, zlogaritmované, diferencie logaritmov:

pcocoa log(pcocoa) diff(log(pcocoa))

200
L

150
L

peocoa
difflog(peacoa))

T T T T T T T T T T T T T T T
190 1970 1980 1990 2000 1960 1970 1980 1990 2000 1960 1970 1980 1990 2000

Time Time Time
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMotivécia
LPrl’kIad: Ceny kakaa

Odhadnuta ACF
» Odhadnuta ACF diferencii logaritmov:

Series: diff(log(pcocoa))

0.3 0.4
I

ACF
0.2

0.1

...l|.|l,,ll.l,,lllw.H.|||,,.||,|,,|,,,.

T T T T T
0 1 2 3 4
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMotivécia
LPrl’kIad: Ceny kakaa

Odhadnutd ACF

» Prva vyrazne nenulova, ostatné skoro nulové
> Nevyzera to ako typicky priebeh pre AR proces:

» tam klesala ACF postupne
» priebeh tohto typu mala PACF
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ARMA modely II. - moving average modely (kizavé priemery, MA)

[ Motivacia
|—Pn’klad z prvej prednasky
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8/61



ARMA modely II. -

moving average modely (kfzavé priemery, MA)
[ Motivacia

LPrl’kIad z prvej prednasky

» Nech u; je biely Sum, definujme

Xt = U + Up—1

> Vypodcitali sme:

E(x:) = 0,D(x;) = 202

o2
Cov(xt, X1+ k) = 0

pre k =1,
pre k =2,3,...

1/2 re k=1,
COT(Xt,Xt+k) = { O/ gre k e 2 3 N

» ACF je nulova pre k = 2,3,... - presne ta vlastnost, ktori
potrebujeme
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ARMA modely II. - moving average modely (kizavé priemery, MA)

[ Motivacia
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ARMA modely II. - moving average modely (kfzavé priemery, MA)

LMotivécia

LZovéeobecnenie prikladu a plan prednasky

» Priklad zovseobecnime tak, aby

» sa zachovala nulovost korelacii okrem prvej
> prva korelacia mohla nadobiadat aj iné hodnoty ako 1/2 =
MA(1) procesy

» Procesy, ktoré maji prvych g nenulovych a ostatné nulové =
MA(q) procesy
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ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy

MA(1) procesy
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e
ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy
|—Defim’cia, stacionarita, momenty, ACF, PACF

Definicia, stacionarita, momenty, ACF, PACF
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy

LDefinl’cia, stacionarita, momenty, ACF, PACF

» Nech u; je biely Sum, potom
Xt = p+ ur — fur1

sa nazyva moving average proces prvého radu - MA(1)
> Woldova reprezentacia: x; =y + >_7%g 1jur—j, pre MA(1)

proces: 19 = 1,91 = —[3,1); =0 pre j = 2,3,... — vzdy
stacionarny

» Momenty a ACF:
E(xt) = p,D(x;) = (1 + 5%)o”

— 0’2 rek:]-,
Cov(xt, Xt k) :{ 06 gre k=23,...

B rek=1
Corlxe: xek) = { o Ere k=23
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

» Pripomenme si PACF:

1 p(1) p(1)
et P 1 p(2)
O — plk—1) pk—=2) ... p(k)
1 p(1) p(k —1)
dot p(1) 1 oo plk=2)
plk—=1) p(k—2) 1

» Pre MA(1) proces dosadzujeme p(k) =0 pre k = 2,3, ...
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ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy
|—Defim’cia, stacionarita, momenty, ACF, PACF

Cvicenie: Odvodte dalsi ¢len PACF:

. —p(1)*
4= T (1022 — (1)
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Priklad 1: vypocet PACF v R-ku, x; = us + 0.7u;_1

plot (ARMAacf(ma = c(0.7), lag.max = 10),
type = "h", col = "blue", lwd = 3)

1.0

=10)
08
Il

¢(0.7), lag.max
0.6

0.4
I

ARMAacf(ma

0.2
I

0.0
I

2 4 6 8 10 18/61
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

plot (ARMAacf(ma = c(0.7), lag.max = 10, pacf = TRUE),
type = "h", col = "blue", lwd = 3)
abline(h = 0, col = "grey", 1lty = 2)

10, pacf = TRUE)

=¢(0.7), lag.max

ARMAacf(ma

Index 19/61



ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Priklad 2: simulované data, x; = u; + 0.7u;_1

set.seed(123)
x <- arima.sim(model = list(ma = c(0.7)), n = 200)
plot(x)
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Odhad ACF a PACF

acf2(x) # naraz ACF (bez lagu 0) a PACF, balik astsa

Series: x

0.4
I

0.2

Al
0.0

LAG 21/61



ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LDefinl’cia, stacionarita, momenty, ACF, PACF

Priklad 3, 4: vypocet rucne
» Nech u; je biely Sum s rozdelenim N(0,4) , definujme

Xy = Ut + U1

2
Potom: E(x;) =0, D(x) = (1 + (1/2)?) x4 =5

12 _
COI"(Xbe_k) e 1+1/4 2/5 pre k 17
0 pre k=12,3,...
» Nech u; je biely Sum s rozdelenim N(0, 1) , definujme
Xt = Ut -+ 2Ut 1

Potom: E(x;) =0, D(x;) = (1+2%) x1 =5

=2/5 pre k=1,
COI’(Xt,Xt—i-k) - { 6+4 / gre k=223 ...

22/61



e
ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy
|—MA(l) procesy s danou ACF, invertovatelnost

MA(1) procesy s danou ACF, invertovatelnost

23/61



ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
L MA(1) procesy s danou ACF, invertovatelnost

MA(1) procesy s danou ACF

» Zovseobecnime predchadzajice dva priklady (vysla pre ne
rovnakad ACF)
» Majme MA(1) proces, teda ACF tvaru

. re k=1
Cor(x¢, Xe+k) = { 0 1+p2 Ere p 2’3

» Predpokladjme teraz, ze madme dand hodnotu p; = p(1) a
chceme z nej spatne urdit koeficient 3:

___B
p1 = 11 32

= 0=

24/61



ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy
LMA(I) procesy s danou ACF, invertovatelnost

» Mame teda rovnicu

g

1+52:>52+ Lsi1=0

P1L ==

0.4

0.2
I

korelacia rho_1

-4 -2 0 2 4
25/61
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LMA(I) procesy s danou ACF, invertovatelnost

» Rovnica 3° + iﬁ +1 =0 ma pre [p1| < 1/2 dve rieSenia
/81762. ktoré Spl'ﬁajl_,] 61/82 =1
» Procesy

Xt = p+ U — Bue 1,Xe = pi+ Ut — — U1

B

majd rovnakd ACF

» Ak chceme jednoznalnil parametrizaciu, potrebujeme dodat
dalSiu podmienku
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
LMA(I) procesy s danou ACF, invertovatelnost

Invertovatelnost
» Budeme sa snazit zapisat proces v tvare AR(oc0):
Xe = i+ Ut + P1xe—1 + Paxe—2 + P3xe—3 + . ..

Ak sa to da spravit, proces sa nazyva invertovatelny
» Pre MA(1) proces:

xe = p+(1-pL)u
1-8L""% = Q=L utu
inverzia (1 — BL)~! existuje pre |3| < 1, vtedy

(1+BL+52L2+...)xt:$+ut
2 __H

Xt + Bxe-1+ Xt—2+"‘—ﬂ+ut

Xt:ﬁ%—ut—ﬂxt_l—ﬁzxt_g—...
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy
L MA(1) procesy s danou ACF, invertovatelnost

» Dostali sme teda podmienku invertovatelnosti MA(1) procesu:

1Bl <1

» Iny zapis tejto podmienky:

»> mame proces x; = j1+ (1 — SL)u;

> koren polynému 1 — 5L je 1/

» podmienka invertovatelnosti teda hovori, Ze koren polynému
1 — SL musi byt v absolttnej hodnote vacsi ako 1, pri zakresleni
do komplexnej roviny mimo jednotkového kruhu
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ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(l) procesy

|—Rea’nlne data: ceny kakaa zo zaciatku

Realne data: ceny kakaa zo zaciatku
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy

LReélne data: ceny kakaa zo zaciatku

» Odhadneme MA(1) model pre diferencie logaritmov cien (teda
percentudlne zmeny cien):

#i#t Estimate SE t.value p.value
## mal 0.3520 0.0402 8.7585 0.0000
## xmean 0.0024 0.0037 0.6501 0.5159

» ZapiSeme model pre premenn( x; = Aln(pcocoa;):

Xt = 00024 + U —+ 0.3520Ut71
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
|—MA(l) procesy

LReélne data: ceny kakaa zo zaciatku

» Rezidua st v poriadku - model je dobry

02 04 06 08 10

oo

ACF of R
= ]
o
u_'-"!_
o
e 4]
o Ll IT Ll s |
o T T 1 ' T I TT
)
=
' T T T T T
0.0 05 10 1.5 20 25
LAG
p values for Ljung-Box statistic
o o
o
] ° °
o o o o
a o o o o )
o
o
o
T T T T
5 10 15 20
lag
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(l) procesy

LReélne data: ceny kakaa zo zaciatku

» Predikcie z R-ka na nasledujdci rok.

> VSimnime si, ze nie st konstantné. Preco nie sii konStantné
predikcie z modelu x; = p + uy — fur_1- k tomu sa vratime.

diff(log(pcocoa))
0.00 0.05 0.10
| | I
—o
o
o
)
b

-0.05

-0.10

T T T T T T T
1994 1996 1998 2000
Time

20‘02 20‘04
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ARMA modely II. - moving average modely (kizavé priemery, MA)

[ MA(q) procesy

MA(q) procesy
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e
ARMA modely II. - moving average modely (kizavé priemery, MA)

|—MA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

Definicia, momenty, ACF, PACF, invertovatelnost
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

» Nech u; je biely Sum, potom

Xt = p+ Uy — Brug_1 — Patp_2 — -+ — BqUt_q

sa nazyva moving average proces radu g - MA(q)

> Woldova reprezentacia: x; = 1+ > % Yjur—j, pre MA(q)

proces: Yo = 1,91 = —f1,...,0g = —Pq¥j=0prej>q —
vzdy je stacionarny

> Momenty a ACF:
E(xe) = p, D(xe) = (14 67 + ... 85)0”

Cov(xe,xe1k) =0pre k=q+1,g+2,...
Cor(x¢, x¢1xk) =0pre k=q+1,9g+2,...
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

» Vypocet prvych g autokorelacii:

Cov(xe, xe1k) = El(ur — frue—1— -+ — Bqlir—q) X
(Ut+k'_'_51Ur+k—1‘—"‘—’ﬁqut+k—qﬂ
» Postupne dostaneme
k=1 = (1) = (P14 B1f2+ -+ Bg-184)0°
k=2 = ~(2)= (P24 B1fs+ -+ Bg_2Bq)0°

2
k=g = (q)=(-Pq)o
» Pre konkrétny model je praktickejsie pocitat to priamo,
namiesto dosadzovania do tychto vztahov (tie sii uzitocné kvoli
postupu)
» ACF: autokovariancie vydelime disperziou

» PACF: ACF dosadzujeme do vSeobecného vzorca
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LMA(q) procesy
Definicia, momenty, ACF, PACF, invertovatelnost

Cvicenie
Uvazujme proces x; = 10 + vy + 0.5u; 1 — 0.2u; 5 + 0.1us_3

> Ukazte, Ze je invertovatelny.
» Vypoditajte jeho ACF
» Vypoditajte prvé tri hodnoty jeho PACF

Na kontrolu:

ARMAacf (ma=c(0.5,-0.2,0.1), lag.max = 4)[-1]

## 1 2 3 4
## 0.29230769 -0.11538462 0.07692308 0.00000000

ARMAacf (ma=c(0.5,-0.2,0.1), lag.max = 3, pacf = TRUE)

## [1] 0.2923077 -0.2195911 0.2093677
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ARMA modely II. - moving average modely (kizavé priemery, MA)

L Priklad: dlhodobé drokové miery

Priklad: dlhodobé Grokové miery
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Priklad: dihodobé trokové miery

Rakuske dlhodobé Grokové miery

> long_term_Rats.csv na stranke predmentu, do konca roka
2021

T T
1995 2000 2005 2010 2015 2020
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ARMA modely II. - moving average modely (kfzavé priemery, MA)

L_Priklad: dlhodobé drokové miery

plot(diff(x)) # diferencujeme kvolt trendu

0.2
I

diff(x)
0.0

-0.4
I

T T T T
1995 2000 2005 2010 2015 2020

Time
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Priklad: dihodobé trokové miery

ACF a PACF diferencii
acf2(diff (x))

ACF

-01 00 01
I

PACF

-0.1 0.0 01

02 03

02 03

Series: diff(x)
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LPriklad: dihodobé tirokové miery

AR(3) a MA(1) pre diferencie, t.j. ARIMA(3,1,0) a
ARIMA(0,1,1)

Standardized Residuals

_Modul: 0.1.1) ized

o
N T T T T T T
1995 2000 2005 2010 2015 2020 1905 2000 2005 2010 2015 2020
Time Time
“ ACF of Residuals Normal Q-Q Plot of Std Residuals @ ACF of Residuals Normal Q-Q Plot of Std Residuals
o = o g™ -
2 Ex 3
o] -
[ - <}
s <35 .
£~
o] .E @
T T T T T ? T T T T T T T T T T
3 2 4 0 1 2 3 00 05 10 15 20 4 2 4 0 1 2 3
Theoretical Quantiles LaG Theoretical Quanties
p values for Ljung-Box statistic p values for Ljung-Box statistic
° Ex
o © 0 © o] s
s o ® gtn w08 0% a0 ®
23] e % o 5 @ 0
,,,,,,,,,, at-
S
T T T T T T
15 20 5 10 15 20
LAG (H)

LAG (H)
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
LPriklad: dihodobé tirokové miery

Bayesovo informacné kritérium

modelAR3 <- sarima(x, 3, 1, 0, details
modelMAl <- sarima(x, 0, 1, 1, details

FALSE)
FALSE)

modelAR3$BIC

## [1] -0.8535038

modelMA1$BIC

## [1] -0.8770151
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ARMA modely II. - moving average modely (kizavé priemery, MA)

L Predikcie

Predikcie
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e
ARMA modely II. - moving average modely (kizavé priemery, MA)

L Predikcie

I—Simulovan)" priklad - predikcie z MA nie si konstantné

Simulovany priklad - predikcie z MA nie s konstantné
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Predikcie

LSimulovan)’/ priklad - predikcie z MA nie si konstantné

set.seed(321)
x <- arima.sim(model = list(ar = c(0.6, 0.3)), n = 50)
sarima.for(x, n.ahead = 10, 0, 0, 3)
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ARMA modely II. - moving average modely (kizavé priemery, MA)

L Predikcie
LPredikcie - v8eobecny princip

Predikcie - v8eobecny princip
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ARMA modely Il. - moving average modely (kfzavé priemery, MA)
- Predikcie

L Predikcie - vSeobecny princip

» Sme v Case t, chceme predikciu hodnoty x;. ., t. j. hodnotu
procesu o 7 obdobi.

» Oznacme tito predikciu X:(7), teda

> index t oznacuje Cas, v ktorom konstruujeme predikciu
» argument 7 oznacuje, na kolko obdobi tato predikcia je

» Predikciou bude ocakavana hodnota procesu v tom Case, pri
danej informécii, ktord mame k dispozicii:

>A<t(7') = Et(xt+7')

(index t vo vyraze [E; znamena, Ze strednd hodnotu pocitame
v Case t)
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ARMA modely II. - moving average modely (kizavé priemery, MA)

L Predikcie
|—Predikcie v AR modeloch

Predikcie v AR modeloch

49/61



ARMA modely II. - moving average modely (kizavé priemery, MA)
L Predikcie
|—Predikcie v AR modeloch

» Majme proces x; = 1.4x;_1 — 0.85x;_» + u; a data:

2,297308

179321
-5,19365

-5 04636
7| -35133
8| -1,78753
9| 0.706783
190/ 1534983
1| 2447012
92| 1593168
3| -0,39105
-1,39968
85| -152184
5| -0,70644
0518625
3| 244298
4224192
3,797682
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Predikcie
LPlredikcie v AR modeloch

» Chceme predikcie pre hodnoty v nasledujiicich ¢asoch
» Intuitivne:

» do diferen¢nej rovnice dosadzujeme zname hodnoty procesu a
ked uz k dispozicii nie si, dosadzujeme predikcie
» biely Sum nahradime nulou

| -1,99968]
-1,62184!

94| -1 9uYEH
[195| -162184

0518625 data
244238
[204]=1 3*A200.0 85°4155| 201

predikcie

predikcia
z predchadzajicehg
kroku

znama hodnota procesu
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ARMA modely II. - moving average modely (kizavé priemery, MA)
L Predikcie
|—Predikcie v AR modeloch

> Vysledok:
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Predikcie
LPredikcie v AR modeloch

» Vztah %(7) = E¢(x¢1-) sa zhoduje s touto intuiciou.
» Majme AR(p) proces

Xt =0+ ouXe—1 + -+ QpXe—p + Ut

»> Potom:
Xeyr = O+ QiXepr—1+ 0+ OpXtyr—p + Uttr,
Et(xt+7') = 0+ al]Et(Xt+7—_1) 4+ aPEt(xt+T_p) + Et(ut—i-’r)
——— —_———
)A(t(‘l') 0
pricom

Ee(xess) X¢(s), pres>0
X =
e Xt+s, Ppres <0

53/61



e
ARMA modely II. - moving average modely (kizavé priemery, MA)

L Predikcie
|—Predikcie v MA modeloch

Predikcie v MA modeloch
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Predikcie
LPredikcie v MA modeloch

» Majme MA(1) proces
Xt = p+ur — Bur

a pocitajme predikcie X:(7):

Xt+s = M+ Upps — But—l-s—l?
Ee(xtrs) = p+Ee(ues) =B Ee(uers—1)
N—— —— ——
X¢(s) 0 ur pre s=1, inakQ

Teda:
N uw— Pus, pres=1
(s) =
1 pre s=2,3,...

» Cvicenie: Dokazte, ze pre MA(q) model je %:(s) = pre s > g
a ze pre s < q predikcie obsahuji realizované hodnoty bieleho
sumu u
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ARMA modely Il. - moving average modely (kfzavé priemery, MA)
- Predikcie
L Predikcie v MA modeloch

» Predikcie pre MA(1) model teda su:

%(s) p— PBuy, pres=1
Xi(s) =
‘ Lt pres =2.3,...

» Obsahujd teda hodnotu bieleho Sumu u; - ta uz v Case
konstrukcie predikcii bola realizovana, nie sme vSak schopni ju
pozorovat.

» Cvicenie z predch. slajdu - podobna situéacia nastava pre
lubovolny MA(q) proces

» Ako teda prakticky pocitat predikcie? Myslienka: vyjadrime u;
pomocou hodnét procesu x.

» Tento vypocet si ukdzeme pre MA(1) model.
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ARMA modely II. - moving average modely (kizavé priemery, MA)

L Predikcie
L Predikcie v MA(1) modeli

Predikcie v MA(1) modeli
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Predikcie
L Predikcie v MA(1) modeli

» Vyjadrujeme teda vy pomocou xi, X, ..., X¢.
> Vyuzijeme pritom:
> Pre MA(1) sme odvodili:

%(1) = p— Bue (1)

» Pre predikénd chybu plati:

x¢ — Xe—1(1) = uy (2)

» Budeme postupne poditat X;(1) pre t =0,1,2,...
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ARMA modely II. - moving average modely (kizavé priemery, MA)
L Predikcie
L Predikcie v MA(1) modeli

» Pret =0: 0
f0(1) Y i — Bug (3)
» Pret=1:
R 1
%(1) W p— Buy
2

= p—Bx—%(1)]

= p—PBx—(p— Buo)]
= w(1+B) = Bx1— Buo (4)
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ARMA modely II. - moving average modely (kizavé priemery, MA)
L Predikcie
L Predikcie v MA(1) modeli

» Pret=2:

—~
—_
~

%(1)

= Buz

p— Bxo — %1(1)]

=B xe = (u(1+ B) = Bx1 — Buo)

p(l+ B8+ 8% —pxo— B2 —BPuy  (B)

—~
N
~

,\
Sl
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ARMA modely II. - moving average modely (kfzavé priemery, MA)
L Predikcie
LPredikcie v MA(1) modeli
;

» Pre vSeobecné t:

%(1) = p(l+B8+p52+--+59)
—Bx¢ — BPxe—1— - — Bx — B ug

» Pripomenme si podmienku invertovatelnosti 5| < 1.

» Jediny nepozorovatelnd hodnota v predikcii je ug, ale vplyv
¢lena 31 ug ide k nule pre t — oo (t je pocet dat) =
zanedbame ho a dostaneme predpis pre predikcie obsahujlci len
pozorovatelné hodnoty
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