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ARMA modely
LARMA procesy, motivacia ku kombinacii AR a MA ¢lenov

ARMA procesy

> ARMA procesy

> obsahuji autoregresné (AR) €Eleny typu x;—1, X¢—2, ...
» obsahuji moving average (MA) €leny typu us_1, Us_o, ...

» ARMA(p,q) ma tvar

Xt =0+ 1Xe—1+ -+ QpXe—p + U — Bur_1 — -+ — Bglit—q

» Odhadovanie v baliku astsa:

sarima(data, p, 0, q) # ARMA(p,q) pre data
sarima(data, p, k, q) # ARMA(p,q) pre k-te diferencie
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ARMA modely
LARMA procesy, motivacia ku kombinacii AR a MA ¢lenov

Ukazka pouzitia ARMA modelov

D. Rawat et al.: Modeling of rainfall time series using NAR and
ARIMA model over western Himalaya, India. Arabian Journal of

Geosciences, 15(23), 2022.

Himachal Pradesh

Month/season/year  Model

Jan ARIMA (1,1, 1)
Feb ARIMA (3,1, 1)
Mar ARIMA (2, 1,4)
April ARIMA (1,1, 1)
May ARIMA (1, 1, 1)
June ARIMA (1, 1, 1)
July ARIMA (4,1,0)
Aug ARIMA (2,1, 1)
Sep ARIMA (1, 1, 1)
Oct ARIMA (1. 1. 1)
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|—Rea’lne data: vymenné kurzy

Realne data: vymenné kurzy
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ARMA modely

LReélne data: vymenné kurzy

> Data o vymennych kurzoch z prednasky o MA procesoch
» Zoberieme vymenny kurz s CZK v rokoch 2020-2021.
» Znovu modelujeme diferencie logaritmov

library(astsa)

load ("ARMAprednaska.Rdata")

head (dataCZK)

##
##
##
#t
##
#it
##

946
945
944
943
942
941

Date
2020-01-02
2020-01-03
2020-01-06
2020-01-07
2020-01-08
2020-01-09

25.
25.
25.
25.
.265

25

25.

CZK
411
360
301
276

253
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L Reslne data: vymenné kurzy

plot(dataCZK$CZK, type = "1")

dataCZK$CZK

26.0
I

Index
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ARMA modely

|—Rea’lne data: vymenné kurzy

x <- diff (log(dataCZK$CZK))
acf2(x)

Series: x
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ARMA modely

LReélne data: vymenné kurzy

Co v takejto situacii:

» Odhadneme ACF a PACF z dat a nepodobaji sa ani na AR, ani
na MA proces

» Ziadny z AR a MA modelov nepriptéta moznost, ze sa ani
ACF, ani PACF nevynuluje po kone¢nom pocte Clenov

Konkrétne v nasom pripade:

» Tu by sme odhadovali AR(5) alebo MA(5)
» Otazka je, ¢i by sa nedal najst model v inom tvare s mensim
poctom ¢lenov
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ARMA modely

LReélne data: vymenné kurzy

» Pripomenme si:

AR(p) MA(q)
ACF(k) nenulova nulova pre k > q
PACF (k) nulova pre k > p | nenulova
MA(o0) - Wold | nekone¢na suma | kone¢na suma
AR(o0) kone¢nda suma nekoneénd suma

» Ziadny z tychto modelov nepripti$ta moznost, ze ani ACF, ani
PACF sa nevynuluje po kone¢nom pocte ¢lenov

> Na to by sme potrebovali proces s nekonecnou AR aj MA
reprezentaciou

» Uvidime, Ze tdto vlastnost majd zmieSané ARMA modely
(zmieSané = AR aj MA Zleny)
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ARMA modely

LReéIne data: vymenné kurzy

» Pre nase data - testujeme rezidud Ljung-Boxovym testom:
> AR(1), AR(2), AR(3), AR(4) majti zlé rezidu4
> AR(5) je v poriadku
> MA(1), MA(2), MA(3), MA(4) maji zlé rezidua
> MA(5) je v poriadku
» ARMA(3,1) je tiez dobry model

» Porovname Bayesovo informaéné kritérium — ARMA(3,1) je

najlepsi
BICkrit <- c(sarima(x, 5, 0, 0, details = FALSE)$BIC,
sarima(x, 0, 0, 5, details = FALSE)$BIC,
sarima(x, 3, 0, 1, details = FALSE)$BIC)

names (BICkrit) <- c("AR(5)", "MA(5)", "ARMA(3,1)")
sort (BICkrit, decreasing = TRUE)

## AR(5) MA(5) ARMA(3,1)
## -8.320808 -8.325124 -8.330932
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ARMA modely
LRea’Ine data: vymenné kurzy

» Odhadnuté koeficienty:

arma31 <- sarima(x, 3, 0, 1, details = FALSE)
arma31$fit$coef

## arl ar2 ar3 mal
## -7.533214e-01 1.361270e-01 2.511709e-01 7.051347e-01

» Ak predpokladdme stacionaritu (podmienky odvodime neskér),
odhadnuty model je

xt =0 —0.753x¢—1 + 0.136x¢—2 4+ 0.251x;_3 + ur + 0.705u; 1,

pricom ¢ je taka, aby platilo, ze E(x;) = —0.753
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L Model ARMA(1,1)

Model ARMA(1,1)
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ARMA modely
L Model ARMA(1,1)

Definicia

» Nech u; je biely Sum, definujme ARMA(1,1) proces ako
Xt =0+ axe—1 + ur — Bup1,

pricom « # [ (k tej podmienke sa eSte vratime)

» Zapis pomocou operatora L:

(1—al)xt =30+ (1—p4L)
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ARMA modely
L Model ARMA(1,1)

Woldova reprezentacia a stacionarita

> Vyjadrime proces x;:

(I—al)xx = 0+ (1 —pL)u
xx = (1—al) 6+ (1 —al) (1 - BL)u,
> Inverzny operator (1 — aL)~! existuje pre |a| < 1 (podmienka
stacionarity pre AR(1) proces), v tom pripade

(1—al)t=1+al+a??>+...
» Podmienka stacionarity ARMA(1,1) procesu

> je teda rovnaka ako pre AR(1) proces

> je fiou nerovnost |a| < 1

> to sa da zapisat aj tak, ze koren polynému 1 — «L je mimo
jednotkového kruhu
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ARMA modely
L Model ARMA(1,1)

» Woldova reprezentacia potom je

)
X = l_a+(1+aL+a2L2---)(1—5L)”1‘

)
- 1T+Ut+(01 Bur—1 + ala — B)ug—2 + ...
teda jej koeficienty su

po=1,¢1=a—B,¢2=c(a—p),..., 0 =" Ha—B)
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ARMA modely
L Model ARMA(1,1)

O podmienke o # f3

» Mame Woldovu reprezentaciu

1)
Xt = f‘i‘ut‘i‘(a Bur—1 + (o — Bup—z + .

» Ak by bolo oo = 3, tak mame

Xt = ?‘i‘Ut

a teda nas proces by bol iba biely Sum posunuty o konstantu.
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ARMA modely
L Model ARMA(1,1)

Invertovatelnost

» Vyjadrime z proces u;, aby sme dostali proces x; vyjadreny
pomocou jeho starSich hodnét a aktualnej hodnoty bieleho
Sumu

(I—al)xy = 0+ (1—pL)us
-0+ (1—al)xx = (1—pL)u:
~(1-80)7%+ Q-8 M1 —al)x = u
> Vieme, Ze podmienkou pre existenciu (1 — 3L)~! je nerovnost

1Bl <1

> Tato podmienka invertovatelnosti sa da zapisat aj tak, ze koren
polynému 1 — SL musi byt mimo jednotkového kruhu
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ARMA modely
L Model ARMA(1,1)

Zhrnutie

» Uvazujeme proces

(1—al)xt =0+ (1—5L)u;

» Podmienka stacionarity

» koren polynému 1 — oL mimo jednotkového kruhu
P zavisi teda iba od AR Casti

» Podmienka invertovatelnosti

» koren polynému 1 — L mimo jednotkového kruhu
» zdvisi teda iba od MA Casti
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L Model ARMA(1,1)

Cvicenie 1. Odvodte (t. j. spravte vSetky kroky odvodenia,
nedosadzujte do. ziskanych vSeobecnych vysledkov) Woldovu
reprezentaciu ARMA(1,1) procesu

Xt = 2+ O.5Xt_1 + ur — 0.7Ut_]_
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L Model ARMA(p,q)

Model ARMA(p,q)
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ARMA modely
L Model ARMA(p,q)

Definicia
» Nech u; je biely Sum, definujme ARMA(p,q) proces ako
Xt =0+ o1Xe—1+ -+ apXe—p + Uy — PUp_1 — -+ — BqUi_q,
teda v operatorovom tvare
(I—ail—...aplP)x =6+ (1 — BiLl — - - — BqL9)uy,
resp. po oznaceni polynémov

a(L)xy =0 + B(L)uy

» Pozadujeme, aby polynémy «(L), 3(L) nemali spolo¢né korene
(k tejto podmienke sa vratime, ide o zovSeobecnenie
podmienky o # 3 z ARMA(1,1) procesu)
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ARMA modely
L Model ARMA(p,q)

Woldova reprezentacia a stacionarita

P> Vyjadrime proces x;:

Xp = a(L)flé + a(L)flﬁ(L)ut,

» Potrebujeme (L)~ 3(L):

a(L)7IB(L) = o+ i+l + ...

(L) (o + 1L + pl® +..)

B(L) = (1—ail—---—aplP)
X(¢0+¢1L+¢2L2+...)

=

—~
~

N—r
I

roznasobime a porovndme mocniny pri [/
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L Model ARMA(p,q)

> Pre koeficienty 1); Woldovej reprezentacie dostaneme

» diferencnd rovnicu 1y — ontPr—1 — ... aptr_p =0
> zaciatoCné podmienky
» Kvoli poziadavke na konvergenciu sumy wa musia byt korene
charakteristického polynédmu AP — g \P~1 — o —a, 1\ —
v absol(tnej hodnote mensie ako 1, teda korene polynému (L)
musia byt v absolitnej hodnote vacsie ako 1
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ARMA modely
L Model ARMA(p,q)

Invertovatelnost
» 7 predpisu pre ARMA proces
a(l)xe =0 + B(L)u;
potrebujeme vyjadrit u;:

B a(L)xe = B(L) 6+ u;

» Analogicky ako pri odvodzovani stacionarity dostaneme, Ze toto
sa da spravit, ak korene polynému /(L) st v absoldtnej
hodnote vacsie ako 1

» Geometricky: korene polynému

BL)=1— 1L — - — Byl

musia byt mimo jednotkového kruhu
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ARMA modely
L Model ARMA(p,q)

Cvicenie 2. Overime stacionaritu a invertovatelnost ARMA procesu

Xt = 24+ O.5Xt_]_ — O.].5Xt_2 + Uy — 0.35Ut_]_ + O.6Ut_2

Riesenie: Proces prepiSeme ako
(1 —0.5L+0.152)x; = 2 4 (1 — 0.35L + 0.6L2)u;

abs(polyroot(c(l, -0.5, 0.15))) # -> stacionarita

## [1] 2.581989 2.581989

abs(polyroot(c(1l, -0.35, 0.6))) # -> invertovatelnost

## [1] 1.290994 1.290994

Cvicenie 3. Overte stacionaritu a invertovatelnost modelu, ktory
sme dostali na str. 10. Spravte tieto vypoclty s presnymi hodnotami. 2645



ARMA modely
L Model ARMA(p,q)

Stredna hodnota
» Zoberme stacionarny ARMA proces

Xe =0+ a1xe—1+ -+ QpXe—p + U — BUp_1 — - — Pgli_g

» Spravime stredn( hodnotu z oboch stran.
P> Zo stacionarity vyplyva, ze v kazdom Case s je stredna hodnota
rovnaka, oznacme ju ji:

J

p=0+aip+...0pp = p=—""—"
l—a1—...0p

Cvicenie 4. Comu sa rovna konstanta J v modeli pre dita
vymennych kurzov (str. 10)?
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ARMA modely
L Model ARMA(p,q)

Disperzia, autokovariancie

» Mbzeme znovu predpokladat, ze § = 0 (posun procesu o
konstantu nezmeni disperziu ani autokovariancie)

» Proces
Xe = o1Xe—1+ -+ QpXe—p + Uy — Pup_1 — -+ — Bgli_q

vynasobime x;_s (pre s = 0,1,2,...) a spravime stredn(
hodnotu:

Y(s) = ay(s—1)+-- +apy(s—p)
+E(uexe—s) — PrE(ue—1xe—s) — -+ — BqE(ur—gxe—s)
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ARMA modely

L Model ARMA(p,q)

vvyyvyy

Pre s > g st nulové vsetky stredné hodnoty

E(Utxt—s)a IE(Ut—lxt—s)a cee 7E(utqutfs)

Vtedy plati diferencna rovnica

Y(s) =ary(s = 1) + -+ (s — p) (1)

Tato diferen¢néa rovnica potrebuje p zacdiato¢nych podmienok
Zacdiato¢né podmienky sa pocitaju zo slstavy rovnic

Preto (1) budeme pouzivat pre s > max(p, q)

Zaciato¢né podmienky dostaneme z rovnic ziskanych pre
s=0,1,...,max(p, q)
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ARMA modely
L Model ARMA(p,q)

Autokorela¢na funkcia

» Rovnicu (1) vydelime disperziou (0) a dostaneme diferenénii
rovnicu pre autokorelécie p(s)

pls) = onpls — 1)+ + app(s — p)

pre s > max(p, q)

» Diferencna rovnica pre ACF nezavisi od MA Casti, od tej zavisia
len zaciato¢né podmienky
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ARMA modely
L Model ARMA(p,q)

Cvicenie 5. Uvazujme proces

Xt = =Xp—1+ U — S U1

2 3

Odvodime diferen¢ni rovnicu pre

» autokovariancie
» autokorelicie

Cvicenie 6. Rovnakym postupom ukazte, ze pre vSeobecny
stacionarny ARMA(1,1) proces x; = § + ax;—1 + ur — [Sup—1 plati:
» Jeho disperzia je D(x;) = Hfii;gaﬁaz,kde o2 je disperzia
bieleho Sumu u
» ACF je dand predpisom p(k) = «

p(1) =

k=1p(1), pricom
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ARMA modely
L Model ARMA(p,q)

Parcidlna autokorela¢na funkcia

» Dosadzujeme korelacie do véeobecnych vztahov pre ACF

> UPOZORNENIE: NEPLATI, e ACF(k) =0 pre k > q a
PACF (k) = 0 pre k > p (v minulych rokoch ¢asté chyba pri
komentovani ACF a PACF)

» Napriklad pre nasledovny ARMA(2, 2) proces:

ARMAacf(ar = c(1.2, -0.8), ma = c(-0.2, -0.9), lag.max = ¢

#i# 0 1 2 3 4
## 1.0000000 0.5996344 -0.1791590 -0.6946984 -0.6903108

ARMAacf(ar = c(1.2, -0.8), ma = c(-0.2, -0.9), lag.max = 4

## [1] 0.5996344 -0.8411742 0.0400243 -0.4416171
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ARMA modely
L-Model ARMA(p.q)

# ARMA model -> ACF sa nevynuluje
plot (ARMAacf(ar = c(1.2, -0.8), ma = c(-0.2, -0.9),
lag.max = 20, pacf = FALSE), type = "h", 1lwd :

= 20, pacf = FALSE)
1.0

05
I

¢(-0.2, -0.9), lag.max

0.0

c(1.2, -0.8), ma

ARMAacf(ar
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ARMA modely
L-Model ARMA(p.q)

# ARMA model -> PACF sa nevynuluje
plot (ARMAacf(ar = c(1.2, -0.8), ma = c(-0.2, -0.9),
lag.max = 20, pacf = TRUE), type = "h", lwd =

20, pacf = TRUE)

¢(1.2, -0.8), ma = ¢(-0.2, -0.9), lag.max =

ARMAacf(ar

Index 34 /45
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L_Priklad: Reélne data

Priklad: Realne data
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ARMA modely
L Priklad: Redlne déta

Data

Prebraté z ucebnice Kirchgdssner & Wolters, example 2.15

» USA, marec 1994 - august 2003
> USR; je trojmesacna drokova miera

Percent
8 -
7
61
5
41
3
2]
0 T T T T T T T T i ' year
1984 1996 1998 2000 2002
a) New York three months money market rate, 36 /45
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ARMA modely
L Priklad: Redlne déta

Odhadnuty model

The following ARMA(1,1) model has been estimated for this time series:

AUSR; = —0.006 + 0831 AUSR; + & — 0.4571,,.
(-0.73)  (10.91) (-3.57)

R® = 0351, SE = 0.166, Q(10) = 7.897 (p = 0.639).

The AR(1) as well as the MA(1) terms are different from zero at the 0.1 percent
significance level. The autocorrelogram of the estimated residuals, which is also
given in Figure 2.10, as well as the Box-Ljung Q statistic, which is calculated for
this model with 12 autocorrelation coefficients (i.e. with 10 degrees of freedom),
do not provide any evidence of a higher order process.
p(x)
1
08
06
0.4
0.2
o]\ .
02 5 10 5
0.4
06+
08+ ¢) Autocorrelation function of the residuals
44 of the estimated ARMA(1,1)-process
with confidence intervals
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ARMA modely
L Priklad: Reélne data

Otazky k modelu

> Ukazte, ze ziskany model je stacionarny a invertovatelny

> Vysvetlite tvrdenie: “The autocorrelogram of the estimated
residuals (... ) not provide any evidence of a higher order
process”

» PiSe sa: “the Box-Ljung Q statistic, which is calculated for this
model with 12 autocorrelation coefficients (i.e. with 10 degrees
of freedom). .. "

» sformulujte hypotézu, ktora sa testuje
» zddvodnite pocet stupnov volnosti
» aky je zaver testu?
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|—Spolor“:né korene AR a MA ¢&asti

Spoloc¢né korene AR a MA casti
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ARMA modely
LSpoIoEné korene AR a MA ¢&asti

Pripomernime si definiciu ARMA(p,q) procesu:
» Nech u; je biely Sum, definujme ARMA(p,q) proces ako
Xt =0+ a1Xe 1+ +apXe_p+ U — fur1— - — Bqlt_gq,
teda v operatorovom tvare
(-l — .. aplP)x =64+ (1 = Bil — -+ — BqL)uy,
resp. po oznaceni polynémov

a(L)xe =6+ B(L)uy

» Pozadujeme, aby polynémy (L), 5(L) nemali spolo¢né korene

» Teraz sa pozrieme na tdto podmienku na korene
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ARMA modely
LSpoIoEné korene AR a MA ¢&asti

» Majme “ARMA(2,2)" proces
(1— a1l —al®)x =6 + (1 — B1L — BaLl®)uy
pricom polynémy maji tvar
l1—aiLl—al? = (1—yL)(1—y1L),1-B1L—FL? = (1—vL)(1—2L),

teda maji spolo¢ny koreri 1/~
> Potom sa proces da pisat nasledovne:

(I—=yL)(1=—mL)xt = 0+ (1—=~L)(1—yL)u
(I—mlxe = Q—AL) 76+ (1 —l)u

» |de teda v skutoénosti nie o ARMA(2,2), ale o ARMA(1,1)
proces
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ARMA modely
LSpoIoEné korene AR a MA C(asti

Blizke korene AR a MA Ccasti pri praci s datami

> Ak dostaneme blizky koren AR a MA Ccasti, treba namiesto
ARMA(p,q) modelu skisit ARMA(p-1, g-1)

Priklad 1:

» Vygenerujeme didta z ARMA(1,1) procesu a budeme pre ne
odhadovat ARMA(2,2) model
» Co ofakavame: malo by ndm vyjst, Ze model treba zjednodusit

set.seed(2020)

x <- arima.sim(model = list(ar = ¢(0.8), ma = c(0.5)),
n = 100, sd = 1)
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ARMA modely
LSpoloEné korene AR a MA ¢&asti

library(astsa)

model <- sarima(x, 2, 0, 2, details = FALSE)
model$fit$coef

## arl ar2 mal ma2 xmean

## 0.3521183 0.2290491 1.0511979 0.2299059 0.6243467

ar.korene <- polyroot(c(l, -model$fit$coef[1:2]))
ma.korene <- polyroot(c(l, model$fit$coef[3:4]))
ar.korene

## [1] 1.457713-0i -2.995018+0i

ma.korene

## [1] -1.349736-01i -3.222561+01i
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ARMA modely
LSpoIoEné korene AR a MA ¢&asti

» Cervené AR korene a modré MA korene:

Im

0 1
|

*

3

3

Re

> Blizky AR a MA korenn — mali by sme skisit namiesto
ARMA(2,2) odhadnit ARMA(1,1) (¢o sedi, tak boli tie data
generované)
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ARMA modely
LSpoIoEné korene AR a MA ¢&asti

Priklad 2. ARMA(3,1) model pre data vymennych kurzov - AR a
MA korene nie st blizko seba

oS
2
°
-
o
IS ° e
v
2
°
<
s
‘
T T T T T T T
-15 -1.0 -0.5 0.0 0.5 1.0 15 2.0
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