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» Modelovanie sezénnych dat: kvartadlny HDP (sezénne
neoCisteny), mesacny prietok riek, mesaény pocet navstevnikov
v turistickych oblastiach
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» Niekolko teoretickych prikladov so sezénnymi ¢lenmi: aky
priecbeh ACF a PACF mo6zeme pri nich oCakavat

» Sezdénne diferencovanie
» SARIMA modely
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SARIMA modely: modelovanie sezénnych &asovych radov
I—Pn’klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Priklad 1: x; = ax_12 + u;

» Stacionarita: (1 — al™)x; = vy = a < 1
» Prenasobime x;_s a spravime stredni hodnotu — rovnice pre
autokovariancie:

A(s) = an(s — 12), (s > 0)
7(0) = a1(12) + o

» RieSenie:
o2
disperzia: ’7(0) = 1_7(12
v(12k) = a*(0), ostatné y(s) =0
> ACF:

p(12k) = ¥, ostatné p(s) =0
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SARIMA modely: modelovanie sezénnych &asovych radov
LPn’kIady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Proces x; = ax;—_1» + u; v R-ku
Méame vlastne AR(12) proces s mnohymi nulovymi koeficientami:

Xt = QXe—12 + Uy

Xt = OXt_]_ + ... OXt—ll + aXy_12 + ug

# ACF
acf_prl <- ARMAacf(ar = c(rep(0, 11), 0.8), lag.max =
plot(acf_pril, type = "h")

# PACF

pacf_prl <- ARMAacf(ar = c(rep(0, 11), 0.8), lag.max
pacf = TRUE)

plot(pacf_prl, type = "h")



SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Autokorelaéna funkcia:

1.0

0.8
I

acf_prl

0.2

Index

8/46



R

SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Parcidlna autokorelaéna funkcia:

pacf_prl
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SARIMA modely: modelovanie sezénnych &asovych radov

LPn’kIady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Priklad 2: x_t = 0.8 x_{t-12} - 0.3 x_{t-24} + u_t

» Stacionarita:

(1—0.8L'2 +0.3L%")x; = u;

substitiicia L' = y — overujeme korene polynému
1 — 0.8y + 0.3y? (z kazdej hodnoty y dostaneme 12 korefiov L,
pre ktoré [L|*? = |y|)

> Koeficienty do vypoctu ACF a PACF

ar_koef <- c(rep(0, 11), 0.8, rep(0, 11), -0.3)
acf_pr2 <- ARMAacf(ar = ar_koef, lag.max = 60)

pacf_pr2 <- ARMAacf(ar = ar_koef, lag.max = 60, pacf = TRUI

10/ 46



SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Autokorelaéna funkcia:
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SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Parcidlna autokorelaéna funkcia:
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SARIMA modely: modelovanie sezénnych &asovych radov

LPn’kIady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Priklad 3: (1 — 0.5L)(1 + 0.8L1?)x; = u;
» V SARIMA modeloch sa budt klasické a sezénne polynémy
nasobit

» Mame teraz:

(1 —0.5L)(1+0.8L%) =1—0.5L+0.8L12 — 0.4L13,

proces teda je

Xt = 0-5Xt—1 - 0.8Xt_]_2 + O.4Xt_]_3 + Ug

» Koeficienty do vypoctu ACF a PACF

ar_koef <- c(0.5, rep(0, 10), -0.8, 0.4)
acf_pr3 <- ARMAacf(ar = ar_koef, lag.max = 60)
pacf_pr3 <- ARMAacf(ar = ar_koef, lag.max = 60, pacf = TRUI
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SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Autokorelaéna funkcia:

acf_pr3
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SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Parcidlna autokorelaéna funkcia:
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SARIMA modely: modelovanie sezénnych &asovych radov
LPn’kIady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Priklad 4: x; = u; — 0.5us_19

» Teoretickd ACF: jedina nenulova hodnota je pre lag 12
» Koeficienty do vypoltu ACF a PACF

ma_koef <- c(rep(0, 11), -0.5)

acf_pr4 <- ARMAacf(ma = ma_koef, lag.max = 60)
pacf_pr4 <- ARMAacf(ma = ma_koef, lag.max = 60, pacf = TRUI
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SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Autokorelaéna funkcia:
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SARIMA modely: modelovanie sezénnych &asovych radov

|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Parcidlna autokorelaéna funkcia:

pacf_prd
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SARIMA modely: modelovanie sezénnych &asovych radov
LPn’kIady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Priklad 5: x; = 0.8x;_10 + uy — 0.5u;_4

Cvicenie. Odvodte ACF pre véeobecny model tohto tvaru:

Example 3.47 A Mixed Seasonal Model
Consider an ARMA(0, 1) x (1, 0);2 model

X =Dx 1o+ wy + 0wy,

where |@| < 1 and |#| < 1. Then, because x;_12, w¢, and wy_ are uncorrelated, and
x; is stationary, 3(0) = @2y(0) + o2 + 8202 or

1+6> 5
y(0) = =g

In addition, multiplying the model by x,_p. h > 0, and taking expectations, we have
y(1) = @y(11) + B2, and y(h) = dy(h — 12), for h = 2. Thus, the ACF for this
maodel is

p(l2hy=a@" h=12...
g
p(12h=1)= p(12h+ 1) = ——&" h=01.2...,
1+62
plh)y =0, otherwise.

Shumaway, Stoffer: Time Series Annalysis and its Applications with R Examples (2017) 19/46
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SARIMA modely: modelovanie sezénnych &asovych radov

|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

#z t =08z {t-12} +u t - 0.5 u_{t-1}

acf_pr5 <- ARMAacf (ar
ma

c(rep(0, 11), 0.8),
c(-0.5),
lag.max = 60)

pacf_pr5 <- ARMAacf(ar = c(rep(0, 11), 0.8),
ma = c(-0.5),
lag.max = 60,
pacf = TRUE)
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SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Autokorelaéna funkcia:

acf_pr5
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SARIMA modely: modelovanie sezénnych &asovych radov
|—Prl'klady ARMA procesov so sezénnymi ¢lenmi, ich ACF PACF

Parcidlna autokorelaéna funkcia:

0.6

0.4
I

pacf_pr5
0.2

““‘
o
S 4
T
T T

0 10 20 30 40 50 60

0.0

Index

22/46



e
SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

Sezénne diferencovanie
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

Vzorovy priklad
» Predstavme si model pre Casovy rad x;:
Xy = St + U¢

so sezénnou zlozkou S; a bielym Sumom u;
» Sezénnu zlozku modelujeme ako

St = St—10 + wy,

kde w je biely Sum nezavisly od u
> Potom nas proces x je

Xt = St + Uy = (St_12 + Wt) + Us
= (Xt—12 — Ut—12 + W) + Ut
(1 — L12)Xt = W =+ Ug — Ug—12
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SARIMA modely: modelovanie sezénnych &asovych radov

- Sezénne diferencovanie

> Nas proces teda nie je stacionarny kvoli jednotkovému korenu
Polyném 1 — L'?> m4 okrem L = 1 este dalsich 11 koreriov s
absoltGtnou hodnotou 1.

» Vizualne na ACF: hodnoty pre nasobky 12 klesaja prilis pomaly
» V takomto pripade zoberieme sezéonne diferencie x; — x;_1»
» V R-ku diff(x, lag = 12)

A\
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

Priklad sezdnneho diferencovania |I.

P> Zoberieme data o pocte cestujlcich aerolinkami od Boxa a
Jenkinsa

P> Zlogaritmujeme, aby sme odstranili rasticost disperzie

> Zdiferencujeme kvéli trendu

Pozrieme sa pre tieto diferencie na:
» priebeh dat

» vyberovi ACF
> ADF test
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

plot(diff (log(AirPassengers)))
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

acf(diff (log(AirPassengers)), lag.max = 60)

Series diff(log(AirPassengers))
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SARIMA modely: modelovanie sezénnych &asovych radov

LSezc’)nne diferencovanie

library(urca)
# kriticke hodnoty: -3.46 -2.88 -2.57
ur.df (diff (log(AirPassengers)),
type = "drift", lags = 13, selectlags = "BIC")

##

H# HEHHE R
## # Augmented Dickey-Fuller Test Unit Root / Cointegratio:
HH# S R
##

## The value of the test statistic is: -3.0152 4.5457
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

Korene polynému AR procesu vyplyvajliceho z predchadzajicej

regresie:
e 24 . N .

-2.0 -15 -1.0 -0.5 0.0 0.5 1.0

30/46



SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

acf(diff (diff (log(AirPassengers)), lag = 12), lag.max

ACF

» P-hodnota medzi 0.05 a 0.01

> Tieto data s uz stacionarne, vizualne aj ADF testom

-0.2 0.0 0.2 0.4 0.6 0.8 1.0

-0.4

Series diff(diff(log(AirPassengers)), lag = 12)

= 60.
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SARIMA modely: modelovanie sezénnych &asovych radov

LSezc’)nne diferencovanie

Priklad sezdnneho diferencovania Il.

Tie isté data, iny postup:

P Zoberieme data o pocte cestujlcich aerolinkami od Boxa a
Jenkinsa

» Zlogaritmujeme, aby sme odstranili rasticost disperzie

» S cielom zbavit sa trendu tiez spravime diferencie, ale tentokrat
sezénne, budeme sa teda pozerat na medziroéné zmeny (¢o ma
interpretaciu)

plot(diff (log(AirPassengers), lag = 12))
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

acf1(diff(log(AirPassengers), lag = 12))

Series: diff(log(AirPassengers), lag = 12)

0.0 0.2
I

T T T T
0 1 2 3 a4
LAG

## 11 O 71 0. 62 048 0. 44 0. 39 039 0.24 0 194/490



SARIMA modely: modelovanie sezénnych &asovych radov

- Sezénne diferencovanie

# kriticke hodnoty -3.46 -2.88 -2.57
ur.df (diff (log(AirPassengers), lag = 12),
type = "drift", lag = 5, selectlags = "BIC")

##

s s s s s s R s s s s s s s s s s s s
## # Augmented Dickey-Fuller Test Unit Root / Cointegratio:
SIS s s s s R s s s s s s s s s s
##

## The value of the test statistic is: -3.2637 5.3267

» V datach je eSte mozno jednotkovy koreri (p medzi 0.01 a 0.05,
ACF klesa pomaly)

» Po zdiferencovani dostaneme tie isté data na hladanie modelu
ako predtym
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SARIMA modely: modelovanie sezénnych &asovych radov

L Sezénne diferencovanie

library(astsa)
acf2(diff (diff (log(AirPassengers)), lag = 12))

Series: lag = 12)
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SARIMA modely
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SARIMA modely: modelovanie sezénnych &asovych radov
L-SARIMA modely

» Data mozu byt klasicky a/alebo sezénne diferencované
> AR cleny
> klasické, napr. (1 — a1l)x:, (1 — a1l — asl?)x, ...
> sezénne, napr. (1 — ¢1L2)x., (1 — 1112 — 9oL *)xy, . ..
> vynasobia sa
> MA cleny

> klasické, napr.(1 — B1L)us, (1 — B1L — Bol?)uy, . ..
> sezénne, napr. (1 — 011 2)u;, (1 — 01112 — 0,1%%)u, . ..
» vynasobia sa
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SARIMA modely: modelovanie sezénnych &asovych radov
L-SARIMA modely

Priklady

Priklad 1. Model pre mesac¢né data:
(1— a1l — nl®)(1 = L)y = (1 = BiL)(1 — 61172 uy,
kde y; si diferencie pévodnych dat x;:

Yt = (1 — L)Xt

Priklad 2. Model pre kvartalne data:
(1—ol)(1 =LYy, = (1 — B1L)(1 — 61L% — 6518)u,

kde y; vznikn( z pévodnych dat x; diferencovanim a naslednym
sezébnnym diferencovanim:

ye=(1-LH(1 - L)x
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SARIMA modely: modelovanie sezénnych &asovych radov
L_SARIMA modely

Terminolégia SARIMA modelov

» Pripomenme si ARIMA(p, d, g) modely:
> p = pocet AR ¢lenov
» d = kolkokrat data diferencujeme
> g = pocet MA ¢&lenov
» SARIMA(p, d,q) x (P, D, @)s modely majd navyse
» P = podet sezénnych AR &lenov (vo vystupe z R-ka sar1l,
sar2, ...)
» D = kolkokrat data sezénne diferencujeme
> Q = pocet sezédnnych MA ¢lenov (vo vystupe z R-ka smal,
sma2, ...)
> s = peridda dat

» SARIMA(p, d,q) x (P, D, Q)s model v R-ku:

sarima(data, p, d, q, P, D, Q, s) #model
sarima.for(data, N, p, d, q, P, D, Q, s) # predikcie
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SARIMA modely: modelovanie sezénnych &asovych radov
L-SARIMA modely

Priklad 1. Model pre mesac¢né data:

(1— a1l —aal®)(1 — L)y, = (1 — B1L)(1 — 0111w,

kde y; si diferencie pévodnych dat x;:
ye=(1-L)x

Je to
SARIMA(2,1,1) x (1,0,1)12
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SARIMA modely: modelovanie sezénnych &asovych radov
L-SARIMA modely

Priklad 2. Model pre kvartalne data:

(1—ol)(1 =LYy, = (1 — B1L)(1 — 61L% — 6218)u,

kde y; vzniknid z povodnych dat x; diferencovanim a naslednym
sezébnnym diferencovanim:

ye=(1-LH(1 - L)x

Je to
SARIMA(1,1,1) x (1,1,2),
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SARIMA modely: modelovanie sezénnych &asovych radov

L_SARIMA modely

» Z prehladového ¢lanku J. Kaur et al. (2023). Autoregressive
models in environmental forecasting time series: a theoretical
and application review. Environmental Science and Pollution
Research, 30(8), 19617-19641.

» Aky tvar ma odhadnuty model?

The hourly and
monthly concentrations of CO spread over 7 years of data of
Hong Kong were analyzed by Lau et al. (2009) using ARIMA
modeling. Association of hourly concentration of CO with
different days of the week was examined. The hourly data of
CO was like traffic data. This strong association was proven
by SARIMA (0, 1., 1) (0, 1. 1),4 model.

Liu T, Lau AK, Sandbrink K, Fung JC (2018) Time series forecasting
of air quality based on regional numerical modeling in Hong

Kong. J Geophysical Res Atmos 123(8):4175-4196
43/46
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|—HI'adanie SARIMA modelu pre zadané data

Hladanie SARIMA modelu pre zadané data
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SARIMA modely: modelovanie sezénnych &asovych radov
LHI’adanie SARIMA modelu pre zadané data

Priklad 1: pocet cestujlcich
Dokoncime hladanie SARIMA modelu pre log(AirPassengers)
(zatial vieme, ze data budeme diferencovat klasicky aj sezénne,
alebo aspon jedno z tychto diferencovani):

6.0 6.5

log(AirPassengers)
55

5.0
I
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SARIMA modely: modelovanie sezénnych &asovych radov
|—HI'adanie SARIMA modelu pre zadané data

Priklad 2: ceny kurciat (z balika astsa)

Najdite model pre mesacné ceny kurciat:

plot(chicken)
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chicken

80
I

60
I
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