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Content

* Black-Scholes model:

© Suppose that stock price S follows a geometric
Brownian motion

dS = uSdt + oSdw

+ other assumptions (in a moment)

o We derive a partial differential equation for the price of
a derivative

* Two ways of derivations:
o due to Black and Scholes
o due to Merton

* Explicit solution for European call and put options
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Assumptions

* Further assumptions (besides GBP):
© constant riskless interest rate r
© no transaction costs

° It Is possible to buy/sell any (also fractional) number of
stocks; similarly with the cash

© no restrictions on short selling
© option Is of European type

* Firstly, let us consider the case of a non-dividend paying
stock
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Derivation I. - due to Black and Scholes

* Notation:
S = stock price, t =time
V =V(S,t) = option price

* Portfolio: 1 option, o stocks
P = value of the portfolio: P =V +0S

* Change in the portfolio value: dP = dV + 6dS
* From the assumptions: dS = pSdt + o Sdw, From the Ito
lemma: dV = (%—‘{ + uS%e + 10252 g}‘ﬁ) dt + 05 9% dw

* Therefore:

2
ip — <8V ov 1 0°V

5 —I—,usas —|—20 S 552 +5,uS> dt

oV
+ (05% + 503) dw
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Derivation I. - due to Black and Scholes

* We eliminate the randomness: § = —g—‘g

Non-stochastic portfolio = its value has to be the same as
If being on a bank account with interest rate r: dP = r Pdt

Equality between the two expressions for dP and
substituting P =V + 055

OV 1,0 OV -

|
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Dividends in the Black-Scholes’ derivation

* We consider continuous divident rate ¢ - holding a stock
with value S during the time differential dt brings
dividends ¢Sdt

* In this case the change in the portfolio value equals
dP = dV + 0dS + 0qSdt

* We proceed in the same way as before and obtain

ov 1 L2522V % oV

6’t 532 (r—q)Sﬁ—rV—O
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Derivation due to Merton - motivation

* Problem in the previous derivation:

° we have a portfolio consisting of one option and ¢
stocks

© we compute its value and change of its value:

P = V468,
dP = dV +6dS,

l.e., treating 0 as a constant

° however, we obtain § = —‘g—‘g
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Derivation II. - due to Merton

* Portfolio consisting of options, stocks and cash with the
properties:

° In each time, the portfolio has zero value
° 1t is self-financing

* Notation:
()s = number of stocks, each of them has value S
(v = number of options, each of them has value V
B = cash on the account, which is continuously
compounded using the risk-free rate r

d()s = change in the number of stocks

d()y = change in the number of options

0B = change In the cash, caused by buying/selling stocks
and options
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Derivation II. - due to Merton

* Mathematical formulation of the required properties:
o zerovalue SQs+V Qy +B=0 (1)
o self-financing: S dQs +V dQyv + 0B =0 (2)

* Change inthe cash: dB =rBdt + 6B
e Differentiating (1):

rB dt+6B

—~
0 = d(SQs+VQy+B)=d(SQs+VQy)+ dB
=0

0 = SdQg + VdQy + 6B +QsdS + QydV + rBdt
rB

~

0 = QgdS + QudV —r(SQs+ VQy) dt.

|
V. Black-Scholes model: Derivation and solution — p.9/36



Derivation II. - due to Merton

* We divide by Qv and denote A = — =
AV — vV dt — A(dS — rS dt) —

* We have dS from the assumption of GBM and dV from
the Ito lemma

* We choose A (i.e., the ratio between the number of stocks
and options) so that it eliminates the randomness (the
coefficient at dw will be zero)

* \We obtain the same PDE as before:

OV 1 ,,0 OV -
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Dividends in the Merton’s derivation

* Assume continuous dividend rate q.

* Dividents cause an increase in the cash = change in the
cashisdB =rBdt+ 6B + ¢SQgdt

* In the same way we obtain the PDE
ov 1 0%V oV

at—FZUSaSQ—F(T Q)Sas rV =20

|
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Black-Scholes PDE: summary

* Matematical formulation of the model:
Find solution V' (S, t) to the partial differential equation (so
called Black-Scholes PDE)

oV 1 , 0%V  aV -
E+§USW—|—TS%—TV—O

which holds for S > 0,t € [0, 7).

* So far we have not used the fact that we consider an option
= PDE holds for any derivative that pays a payoff at time T
depending on the stock price at this time

* Type of the derivative determines the terminal condition at
time T

* Ingeneral: V(5,T) = payoff of the derivative
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Black-Scholes PDE: simple solutions

SOME SIMPLE "DERIVATIVES":
* How to price the derivatives with the following payoffs:
° V(5,T)=S —itisinfacta stock — V(S,t) =S
° V(S,T) = F — with a certainity we obtain the cash £
— V(S,t) = Ee "I
- by substitution into the PDE we see that they are indeed
solutions

EXERCISES:

* Find the price of a derivative with payoff V' (S,T) = S™,
wheren € N .
HINT: Look for the solution in the form V (S,t) = A(t)S™

* Find all solutions to the Black-Scholes PDE, which are
independent of time, i.e., for which V(S,t) = V(S)
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Black-Scholes PDE: binary option

* Let us consider a binary option, which pays 1 USD if the
stock price is higher that £ at expiration time, otherwise Its
payoff Is zero

®* |n this case

1 ifS>F
0 otherwise

V(s.T) = {

e The main idea is to transform the Black-Scholes PDE to a
heat equation

* Transformations are independent of the derivative type; it
affects only the initial condition of the heat equation
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Black-Scholes PDE: transtormations

FORMULATION OF THE PROBLEM
* Partial differential equation

8V 1 2 282‘/ oV
6’t 3052 TS%—’I"V—O

which holds for S > 0,t € [0, 7).

* Terminal condition V (.S, T") = payoff of the derivative for
S >0
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Black-Scholes PDE: transtormations

STEP 1:

* Transformation z = In(S/F) e R,7=T —t € [0,7] and a
new function Z(z,7) = V(Ee®, T — 1)

* PDE for Z(x,7), x € R,7 € [0,T]:

0Z 1 ,0°Z [(o? 0Z B
E‘§GW+<7_T>6_:E”Z_O’

Z(x,0) =V (Ee*,T)

STEP 2:
* Transformation to heat equation

* New function u(z, 7) = e®**F7 Z(z, 7), where the constants
a, 3 € R are chosen so that the PDE for u Is the heat
equation
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Black-Scholes PDE: transtormations

* PDE for u:
ou o2 d%u ou
— — — —  + A— 4+ Bu=0
orT 2 Ox2 U Ox I ’

u(x,0) =e**Z(x,0) = eV (Ee*, T),

where
2 2 2 2
A:oz02—|—%—r, B:(l—l—oz)fr—ﬁ—cuy ;OM
®* |In orderto have A = B = 0, we set
r 1 r o2 r2
o= —F5 — =, — — — -
o2 2 2 8 202
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Black-Scholes PDE: transtormations

STEP 3:

* Solution u(x,7) of the PDE 9% — 2-9°4 = ( s given by
Green formula

o (ac—s)2

202 u(s,0)ds.

1 [©.@)
— e
V2o2mT /—oo

u(x, T)

* We evaluate the integral and perform backward
substitutions u(x,7) — Z(z,7) — V(S5,1)
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Black-Scholes PDE: binary option (continued)

* Transformations from the previous slides

ou o2 0%u

* We obtain the heat equation 5~ — %55 = 0 with initial
condition

e*® If Be* > F e ifx>0
0 otherwise

u(z,0) = e=V{Ee",T) = { ~ ) 0 otherwise

* Solution u(z, 7):

2
_ (z—s)? 1_2_ 2 r—+ o°To
u(z, T) 202 s = ... =TT TY N ( )

1 /OO
= e
V2ma?T Jo o\/T

where N(y) = L% 7. e~ % d¢ is the cumulative distribution

function of a normalized normal distribution
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Black-Scholes PDE: binary option (continued)

* Option price V (S, 1):
V(S,t) = e " TN (dy),

log(% )+ (7“— "2—2) (T—t)

where dy = ST
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Black-Scholes PDE: call option

®* |n this case

—E ifS>FE
V(S,T):max(O,S—E):{ o 5=

0 otherwise

* The same sequence of transformations; inital condition for
the heat equation:

ar(§ _ FY) if 0
u(, 0) = e ( ) ifx > .
0 otherwise
and similar evaluation of the integral
® Option price:
V(S,t) = SN(d1) — Ee " T~ N (dy),
where N is the distribution function of a normalized normal

distribution and d; = o E+§TE(T_t), do =dy —ovIT —t
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Black-Scholes PDE: call option

HOMEWORK:
Solve the Black-Scholes PDE for a call option on a stock which
pays continuous dividends and write it in the form

V(S,t) = Se 1 TN (d)) — Ee "IN (dy),

I S T :
where N (x) = ﬁ |~ e = d¢ is the distribution function of a
normalized normal distribution N (0, 1) and

N

Ing+ (r—q+ 2)(T -t
dy = —£& 2 dy=dy —oVT —t
: oVT —t o

NOTE: The PDE is different, so the transformations have to be
adjusted (do the same steps for the new equation)
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Black-Scholes PDE: call option

Payoff (i.e., terminal condition at time ¢t = 1" = 1) and solution
V(S,t) for selected times ¢:

—_—_— -
Q
<
o
=+

(¢

cooco
~N O N
(63}

option pr

stock price
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Black-Scholes PDE: put option

FORMULATION OF THE PROBLEM
* Partial differential equation

8V 1 2 282‘/ oV
8t 3052 TS%—’I"V—O

which holds for S > 0,¢ € [0, T].
* Terminal condition:

V(S,T) =max(0, F — 95)

for S > 0
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Black-Scholes PDE: put option

APPROACH .

* The same sequence of computations as in the case of a
call option

APPROACH IlI.

* \We use the linearity of the Black- Scholes PDE and the
solution for a call which we have already found

We show the application of the latter approach.
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Black-Scholes PDE: putoption

* Recall that for the payoffs of a call and a put we have
—lcall payoff] + [put payoff| + [stock price] = E
®* Hence:
lput payoff| = |call payoff] — S + E

e Black-Scholes PDE is linear: a linear combination of
solutions Is again a solution
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Black-Scholes PDE: put option

* Recall the solutions for V' (S, 7) = Sand V(S5,7T) = E

(page 13):
terminal condition | solution
max (0, S — F) Veal(§ )
S S
E Ee—r(T—t)

* From the linearity:

terminal condition solution
max(0,8 — E) - S+ E | Veelli(S.t) — S + Ee 7T~

* Since [put payoff] = max(0,S — E) — S + E, we get

VP8 1) = Vell(S,t) — S + Be 7T
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Solution for a put option

* The solution
VP8 t) = Vell(S,t) — S + Be 7T

can be written in a similar form as the solution for a call
option:

Ver(S,t) = Ee "T"UN(—dy) — SN(—d),

where N, d;,d,; are the same as before
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Put option - example

Payoff (i.e. terminal condition at time ¢ = 1" = 1) and solution

V(S,t) for selected times ¢:

payoff
— t=0
— t=0.25
— t=05
— t=0.75
12
Q
2 10 +
o
c
2 g4
Q
o |
6 -
4 \
] s“\%%
2 \““\\\
4 \@\\/\“_
0 —
T T L I T T
35 40 50 55 60 65
stock price
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Put option - alternative computation

Comics about negative volatility on the webpage of Espen Haug:

NEGATIVE VOLATILITY

Can The Collector solve the secrets of
MNegative Volatility before it destroys the
world?

http://www.espenhaug.com/collector/collector.htmi
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Put option - alternative computation

* A nightmare about negative volatility:

THAT NIGHT | HAP A NIGHTMARE.
| PREAMT THAT VOLATILITY HAD GONE
NEGATIVE! MY HEPGE FUND COLLAPSED!

* Not only a dream... according to internet, it really exists

and is connected with professor Shiryaev from Moscow...
|
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Put option - alternative computation

 CONT LIE TO ME! T KNOW
ALL ABOUT YOUR PLAN TO WRECK |
\ WESTERN FINANCIAL MARKETS! /

UT NEGATIVE Yo |
VOLATILITY 15 JUST A%
Q‘Mfﬁﬂﬂdﬂm ﬂﬂl"ﬁﬁ]"f /

I'M HEFE TO TEEMINATE
THE RUSSIAN SECRET
WEAFPON ENOWN AS
NEGATIVE VOLATILITYY

| ﬂﬂ'H"T II‘-"HGW
WHAT YOU'EE
TALKING ﬁ:HGUT

FANTASTIC! S0 ONE CAN FIND THE
VALUE OF A CALL FROM A PUT

AND VICE VERSA JUST BY INFUTTING
NEGATIVE VOLATILITY IN A BLACK-

r:mr;rw IT'S VERY HELFFUL
IN IMPLEMENTATIONS, AND AL-SO
B\ WORKS WELL FOR OPTION GEEELS.

what compuation is
he talking about?

QUESTION: Why does this computation work?
|
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Stocks paying dividends

* HOMEWORK:
Solve the Black-Scholes equation for a put option, if the
underlying stock pays continuous dividends.

HINT:
© In this case, V (S,t) = S is not a solution

©  What is the solution satisfying the terminal condition V' (S, T') = S? Use
financial interpretation and check your answer by substituting it into the PDE

* HOMEWORK:
Denote V (S, t; E,r, q) the price of an option with exercise
price F, if the interest rate is r» and the dividend rate Is q.
Show that

Vp“t(S,t; E.r q) = Vca”(E,t; S,q,r)

HINT: How do the terms d;d2 change when replacing S <+ E, r <+ g7
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Combined strategies

* From the linearity of the Black-Scholes PDE: if the strategy
IS a linear combination of call and put options, then its price
IS the same linear combination of the call and put options
prices

* |t does not necessarily hold in other models:

© consider a model with some transaction costs; it IS not
equivalent
o whether we hedge the options independenty
o or we hedge the portfolio - in this case, we might be
able to reduce transaction costs
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Combined strategies

EXAMPLE:

* we buy call options with exerise prices E;, F3 and sell two
call options with exercise prices E5, with exercise prices
satisfying £y < Fy < E3 and E; + E3 = 2Es.

* Payoff of the strategy can be written as
V(S,T) = max(S—F1,0) — 2max(S— FEs,0)+max(S—F3,0)

* Hence its Black-Scholes price Is:
V(Sv t) — Vcall(s) t; El) - zvcall(sj t; EQ) + Vcall(s) t; E3)
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Combined strategies

* Numerical example - butterfly with 1" = 1:

Butterfly option strategy

20'_ ——— payoff
18 - N

~ ~ ~—

cooo

~N O N
[6)]

16

ol

> 14 1

e
© O N
| I I |

price of the strateg

- ) =

| | | | | | | | | | | | | | | | |
10 15 20 25 30 35 40 45 50 55 60 65 70 75 80 85 90
stock price
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