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VI.

Black-Scholesov vzorec a realne data
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Black-Scholesov vzorec a realne data

o 29.2.2012, posledne data pred zatvorenim burzy
o Call opcie firmy Google:

Google Inc. (GOOG) - 1iasdagos

618 25 Feb 22, 4:.00PM EST

Options

Vlew By Expiration: Mar 12 | Apr 12 | Jun 12 | Sep 12| Jan 13 | Jan 14

Call Options Explre at close Fru:ifrq,.r March 16, 2012
| Strike | Symbol | Last | Chg i Bid Ask Vol | Open Int |
| 610.00 | GOOG120317C00610000 | 14.80 | 0.00 | WA | N/A | 658 | 3,630 |
' 615.00 | GOOG120317C00615000 | 11.80 | 000 | N/A | NA | 1673 | 2492
| 620.00 | GOOG120317C00620000 |  9.00 |  0.00 | N/A | na | 2672 5369
625.00 | GOOG120317C00625000 | 6.7 | 000 | NA | NA | 2328 2585
| §30.00 | GOOG120317C00630000 |  5.00 0.00 | A | NA | 1570 | 6,240 |
| 635.00 | GOOG120317C00635000 |  3.70 |  0.00 | NiA | Nia | 558 | 2,255 |

o Aka by bolo cena tychto opcii v Black- Scholesovom
modeli?
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Black-Scholesov vzorec a realne data

o Pripomé&me siBlack-Scholesov vzorec pre call opciu:

V(S,t) = SN(di) — Ee " TN (dy),

kde N (z) \/%f T d¢ je distribiEna funkcia
normalizovaného normélneho rozdelenién, 1) a

In =+ (r+ &) (T —t
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Black-Scholesov vzorec a realne data

o Potrebujeme teda nasledujuce hodnoty:
o S =cena akcie

F = expir&na cena

T — t = Cas zostavajuci do expiracie

o = volatilita akcie

r = Urokova miera
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Black-Scholesov vzorec a realne data

e Cena akcie:

Options

View By Expiration: Mar 12 | Apr 12 | Jun 12 | Sep 12| Jan 13 | Jan 14

Call Options Expire at close Friday, March 16, 2012
| Strike | Symhbol ' Last | Chg ' Bid | Aslk vol | Open Int |
610.00 | GOOG120317C00610000 | 14.80 0.00 | N/A | N/A | 658 | 3,630
I ETE AN . o2 TaIn T T ANnE T EAON . 19 &M . [ ale . hl-n'n'u . hI.H': . T E7T2 . AT B

e Teda:.sS = 618.25

Black-Scholesov model: implikovana volatilita, greeks — p.6/3C



Black-Scholesov vzorec a realne data

e EXpiratna cena opcie:
Options

View By Expiration: Mar 12 | Apr 12 | Jun 12 | Sep 12 | Jan 13 | Jan 14

Call Options Expire at close Friday, March 16, Eﬂllzl

| Stgke | symbol | tast]|  chg] Bid | Ask| Vol | openint |
GOOG120317C00610000 |  14.80 0.00 | /A /A 658 | 3,630 |

\ coocizosizcoosisoon | 11.80 | o000 | WA | wA| 1673 | 2492

| cooc1z0317c00620000 | @00 | o0.00 |  wA| WA | 2672 5389
GOODG120317C00625000 | 6.77 |  0.00 | NiA | nA | 2328 | 2585

.00 {| GOOG120317C00630000 | 5.00 |  0.00 | na | NA| 1570 | 6.240

.09/ | G00G120317C00635000 |  3.70 | 0.00 | N | N/A | 558 | 2,255 |

» Teda jednotlivé opcie maju exptaé ceny:E = 610,
E =615, £ =620, £ =625, £E =630, &/ =635
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Black-Scholesov vzorec a realne data

o Cas zostavajuci do expiracie:

View By Expiration: Mar 12 | Apr 12 | Jun 12 | Sep 12 | Jan 13 | Jan 14

Expire at close Friday, March 16, 2012

Call Options
Strike Symbol Last Chg Bid ]_ A5 : Vol E_G_i;:en Int
| 610.00 | ' " 3620 |
| 615.00 & ¢ March 2012 [ (P 2,492 |
| 620.00 B 5 5,369 |
- T T %
: . _ ; Sat Sun —2 _585 |
| 630.00 6,240
- : @ 3 4 e
| 635.00 — 2,255
® 0 Q o
@ @ .@ @ 17 18

o EXpiracia je po zatvoreni burzy 16.3.20£8,je 0 12
pracovnych dni

» Cas ma byt v modeli zadany v rokoch, uvaZzujme 252
pracovych dni v roku- 7' — ¢ = 12/252
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Black-Scholesov vzorec a realne data

o \latilita akcie:odhadneme historicku volatilitu z
dennych dat z rokov 2010 a 2011

ListPlot [sG00G, Frame - True, PlotRange - All,
PlotStyle + {Thickness[0.005], RGBColor [0, 0, 1]}.
PlotJoined + True, Axes -+ Hone];

GO0

— =
M\W\z A

450

4IZIIEI
dt = 1/ 252;

vynosy = Table [Log[sGOOG[[i+ 1]]/ =sGOOG[[i]]]. {i., 1, n-1}];
sigma = Sqrt[Variance [vynosy] / dt]

0.z500%5

e Teda:.sc =0.29
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Black-Scholesov vzorec a realne data

e Urokova miergbonds.yahoo.cojn

US Treasury Bonds Rates

| Maturity 'YieW | Yesterday | Last Week Last Month
"3 Manth : 0.06 : 0.06 . 0.a7 . 0.03

6 Montn [o11  |oa12 o [0.07

“2 Year . i].EEI . i].EEI _ 0.29 ..D.El

:-3 Year : 0.41 : 0.40 : 0.41 : 0.30

"5 Year : 0.84 : 0.82 1 0.86 . 0.73

10 Year 197 (194 | 2.00 | 184

:-3III Year .3.I'_'IE .3.I'_'IT-" 3.15 “3.I'_'II'_'I

o Dost Standardnou volbou su trojmeasa dihopisy.

» Urokova miera ma byt dana ako desatiriglo, takze:
r = 0.06/100
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Black-Scholesov vzorec a realne data

o MOzeme teda dosadit' tieto hodnoty do Black-
Scholesovho vzorca:

<< QStatistics® Continmuwoushistributions®
F[x_] := CDF [HommalDistribution[0, 1], x];

call[s_, e_, r_, sigma_, tau_ ] :=Hodule|[{dl, dZ},
dl = (Log[s/e] + ([t + 0.5+ sigma*2) + tau)/ (sigma «» Sqrt[tau]);
d? = [Log[s/e] + ([t -0.5+«sigma~2)+ tau)/ (sigma + Sqrit[tau]);
Return[s+ F[dl] -e+ Exp[-r+ tau] «F[d2]];
]

call[6l8.25, 610, 0.06/ 100, 0.29, 12/ 252]
19.5954d6

» Modeldava cenu opcie bolE.98USD
o Skutacna cenapcie bolal4.80USD
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Black-Scholesov vzorec a realne data

o Podobne ostatné opcie:

Google Inc. (GOOG) - nasdagos

6 1 8! 2 5 Feb 23, 4.00PM E5T

Options

call[el8.25, 615, 0.06 /100, 0.29, 12 7 252]

View By Expiration: Mar 12 | Apr 12 | Jun 12 | Sep 1 i
' @7.253 )

Call Options
| strike | Ssymbol | last | call[618.25, 620, 0.06/ 100, 0.29, 12/ 252]

610.00 | GOOG120317C00610000 | 14.80

' 615.00 | GOOG120317C00615000 | (11.80) a11[618.25, 625, 0.06/ 100, 0.29, 12 7 252]

620.00 | GOOG120317C00620000 | ¢5.007)
625.00 | GOOG120317C00625000 |
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Black-Scholesov vzorec a realne data

o Preco také rozdiely?

o Cena akcie, expie cenygas expiracie su
jednozn&ne dané.

o M0Ozeme skusit’ zobrat inU urokovu mieru, napr.
polrocnu 0.11 %

call[618.25, 610, 0.06/100, 0.29, 12/ 252]

19.58d6

call[618.25, 610, 0.117 100, 0.29, 12 s 252]

i s B
- rozdiel je maly a navySe opaym smerom, ako by
sme potrebovali

o \olatilita - tu sme len odhadli, odhad nemusi byt
presny— konceptimplikovanej volatility
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VII.

Implikovana volatilita
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Implikovana volatilita

o Otazka:Pre aku hodnotu volatility by sa Black-
Scholesova cena rovnala realnej trhovej cene?
Tato hodnota volatility sa nazyvenplikovana
volatilita

o Zoberme z predchadzajucich dat opcili s- 625, jej
cena bola&.77.

o Skusme menit volatilitu:
call[618.25, 625, 0.06/ 100, 12 1 252]

12.554

call[618.25, 625, 0.06/ 100, 12 7 252]

10,4260

call[618.25, 625, 0.06/ 100, 12 7 252]

T.78765

call[618.25, 625, 0.06/100,0.15, 12 / 252]

2, LIRS
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Implikovana volatilita

o Ako zavisi Black-Scholesova cena tejto opcie od
volatility:

1z

10 ¢

implikovand volatilita

0.1 0.1x5 n.z 0.2k5 0.3
wolabtilita

o Numericky najdeme hodnotu implikovanej volatility:

bs[sigma_] :=call[618.25, 625, 0.06/ 100, sigma, 12 s 252];
v=56.77;
FindRoot [bs[sigma] == v, {sigma, 0.17}]

[sigma - 0.180538}
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Existencia implikovanej volatility

o Pre v&si rozsah hodn6t volatility:

EDD-I
oot
400 ¢
na opole zppf
200 b
100 ¢

i :
0 10

20 20 40 ]
wolatilita

o Vo vSeobecnosti ukazeme, ze:
o Cena call opcie je rastucou funkciou volatility.
o Existujd limity Vj := lim,_.g+ V(S,t;0) a
Voo :=limy_oo V (5, t;0)
Potom zo spojitosti” = prekazdu realnu cenu opcie z
intervalu (1}, V) existuje implikovana volatilita
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Existencia implikovanej volatility

o Rastucost:
o PcacCitame derivaciu (platiy, = dy — ov/T —t):

24 _ / dd; o, —r(T—t) ar/ %
= SN'(d)5t - Be N'(dz)
= (SN'(d1) = Be TN (dy)) ot

0o

+Ee " TN (d)VT — ¢t
o Derivacia distribgnej funkcie je funkcia hustoty:

X

N'(x) = %6_7
o UzZitotna lemasSN'(di) — Ee " T N'(dy) = 0
o Takze:

g—v:Ee_TT DN'(d)VT —t > 0
o2
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Existencia implikovanej volatility

o Limity:
o Vyuzijeme limitné vlastnosti distridtne] funkcie:

lim N(z)=0, lim N(x)=1

Tr——00 Tr— 400

o Ztoho:
lim V(S.t;0) = max(0,S — Be ")
lim V(S,t;0) = S
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\olatility smile

o Implikovana volatilita pre opcie v priklade - v
zavislosti od expiranej ceny opcii:

0.1z |

0.436 [

implikowans wolakbilita L
o124

o122 .
r L

I .
0.13 -
L

10 E1E E20 E2E B30 B2E
EXpiracna Gena

o Typicky priebeh, kvoli svojmu tvaru sa nazyva
volatility smile

o Motivacia pre zlozitejSie modely (B&S model
vychadza z konstantnej volatility, a vychadza takato
iImplikovana volatilita)
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VIII.

Greeks - analyza citlivosti
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Greeks

o Greeks:
o derivacie ceny opcie podla jednotlivych
parametrov

o Vvyjadruju teda citlivost’ ceny opcie na tieto
parametre

o UZ sme vypé@itali 2t = Be "N (dy)/T — 1,
ozn&uje sar (vega)
o Ostatné:

oV 0%V oV oV
A=gg = W’P o =

Pozn.:P je grécke pismenm
o Ozn&enie:Ve =cena europskeho calluf? = cena

europskeho putu; analogicky greeks pre call aput



Delta

o Vysledok pre call opciu - z Black-Scholesovho vzorca,
ta ista lema ako pri volatilite:

oV ee
A“=——=N(d 0,1
oS ( 1) E( ) )
e Pre put opciu - nemusime derivovat, Gtgouzit

put-call paritu:

ovep
AP = = —N(—dy) € (—1,0
o (~d1) € (~1,0)
o Ukazka - call vfavo, put vravo:
0.8+ 1 -0.2 ¢
0.6 1 -0.4
A A
0.4 ] — ~0.6 |
0.2 1 -0.8 ¢
0 L ‘ ‘ ‘ ‘ g -1t ‘ ‘ ‘ ‘ g
50 60 70 80 90 100 50 60 70 80 90 100
S

S
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Delta - delta hedzing

o Pripomeéme si odvodenie Black-Scholesovho modelu
a konstrukciu bezrizikového portfolia:

Qg oV
=S _ 9V A
Qv S5

kdeQy, Q5 Je pacet opcii a poet akcii v portfdliu

o Vytvaraniu takéhoto portfolia sa hovaiéelta hedzing
(hedzing = zaistovanie proti riziku)
® DU: Korko akcii musime mat v portfoliu pri delta hedzingak
¢ sme vypisali dve call opcie s expir@aou cenou 25 USD a expiraciou o pol roka,
¢ sme vypisali dve put opcie s expiraou cenou 20 USD a expiraciou o Strt’ roka,
o sme kupili dve call opcie s expitaou cenou 30 USD a expiraciou o rok,
o

sme kupili dve put opcie s expitaou cenou 20 USD a expiraciou o mesiac,

ak dnesna cena akcie je 20 USD, volatilita je 0.3 a urokovaanepol percenta?
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Delta - ukazka delta hedzingu

o Priklad z realnych dat - call opcia na akciu IBM,
21.5.2002, data v 5-minutovych intervaloch

o V Case:
o mame k dispozicii cenu opcié. () a cenu akcie

Sreal(t)
o vypocitame implikovanu volatilitu, t. j. rieSime
FOVNICU Ve (1) = V(Sreai(t), 5 0imp(T)).

o Implikovanu volatilitus;,,,,,; () dosadime do delty
call opeie:A(t) = 25 (Sear(t), ; Tinnpi (1)
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Delta - ukazka delta hedzingu

o Ako sa p@as da meni delta:

0.71 ¢

0.7 ¢
A
0.69 |

0.68 |

0 50 100 150 200 250 300 350
t

o Ak by sme vypisali jednu opciu, toto by bol pet akcii
v nasom portfoliu
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Gama

o Vypocet:

O Od exp(——d2>
[ = = N'(d —

o5 N es = e s "
eP — 1ec

o Meriacitlivost delty na zmenu ceny akcie
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Gama

25 T . 1
IR =
ot fraf ceny opcie /
2 15t je tu skoro rovna ciara, 7]
Lo
=, .
ak]
(] 5 | &
_ ——najvacsia krivost grafu
_D | | 1 1 1 1 1 L =
a0 35 40 45 a0 55 0 G5 70 i
cena akcie
_I B I 1 ) I I I ) _.-I
delta sa velmi e
hemeni
o
= 05+ -
E -
T wyrazna zmena delty
A -
| | | | | | | |
30 35 40 45 50 59 £0 5 70 75
cena akcie
|:|'| C T T T T T T T T ]
s}
£ 005+ .
[nz)
I:I | 1 1 | | | 1 1
30 J5 41 43 a0 25 0 5 il 75

cena akcie
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Vega, ro, theta

o Vega
o vypocitali sme uz:
Tee — g(:c_Ee—rT tN/( )/ r>0
o Z put-call parity: Y = 1°c
o vacsSia volatilita=- vacsSia pravdep. vysokych
ziskov, pritom strata je ohratena=- kladna vega
e RO:
o call: P =% — = B(T —t)e "T-N(dy) > 0
o put: PP =22 = —B(T — 1)e " TUN(—dy) < 0

e Theta

o call: neskor ukazeme, ze ak akcia nevyplaca
dividendy, americku call opciu sa neoplati uplatnit
skor=- cena eurdpske] a americkej opcie je rovnka

j ('—')ec < O Black-Scholesov model: implikovana volatilita, greeks — p.29/30C




Vega, ro, theta

e Theta
o put: nema jednozriae uceneé znamienko:
a0 . . T . . T T . .
—— cena puty
—— payoff putu

24

20 F —

15

10+ -

R 4

|:| | 1 | | 1 | | |
20 25 30 35 40 45 50 55 B0 RS 7O

cena akcie

Ak je cena akcie nizka, hodnota putu lezi pod payoffontage expiracie bude cena opcie rovna
payoffu=- niekedy do expiracie musi tato cena vzrast.

Ak je cena akcie vysoka, hodnota putu lezi nad payofforhase expiracie bude cena opcie rovna

payoffu=- niekedy do expiracie musi tato cena klesnut.
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