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Leland model

• Taking transaction costs into account
• Original paper:

Hayne E. Leland: Option Pricing and Replication with Transactions Costs,

1985
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Assumptions of the model

• Transaction costs are characterized by a constant
c = Sask−Sbid

S , where S is the average of bid and ask price
of the stock

• S follows a geometric Brownian motion dS = µSdt+σSdw
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Computation of the constant c

EXAMPLE 1:
• Stock:

• From the data: Sbid = 39.85, Sask = 39.86

• Average of bid and ask: S = 39.855

• c = 0.01
39.855 = 2.5028× 10−4

VIII. Leland model: Derivation of the PDE for the price of a derivative – p. 4/13



Computation of the constant c

EXAMPLE 2:
• Stock:

• From the data: Sbid = 38.06, Sask = 38.07

• Average of bid and ask: S = 38.065

• c = 0.01
38.065 = 2.6271× 10−4
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Computation of the constant c

EXAMPLE 3:
• Stock:

• From the data: Sbid = 372.81, Sask = 372.94

• Average of bid and ask: S = 372.875

• c = 0.13
372.875 = 3.4864× 10−4
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Derivation of the PDE

• Portfolio:
◦ one option and δ stocks, while the number of stocks is

determined by delta hedging, i.e., δ = −∂V/∂S
◦ value of the portfolio: P = V + δS
◦ because of the transaction costs, the portfolio cannot

be hedged continuously in time → we hedge it discrete
times which are ∆t [years] apart

• Change of the portfolio value
◦ number of transactions with stocks is ∆δ
◦ costs for one transaction are cS/2⇒ total costs are

equal to cS
2
|∆δ|

◦ therefore, change of the portfolio value is:

∆P = ∆V + δ∆S − cS
2
|∆δ|
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Derivation of the PDE

• Hence we have ∆P = ∆V + δ∆S − cS
2
|∆δ| and

◦ ∆S = µS∆t+ σS∆w from the assumptions (GBM)

◦ ∆V =
(

∂V
∂t + µS ∂V

∂S +
σ2

2
S2 ∂

2V
∂S2

)

∆t+ σS ∂V
∂S∆w from

Itō lemma
◦ what remains, is to derive ∆δ

• We have δ = −∂V
∂S , hence ∂δ

∂S = −∂2V
∂S2 , from which:

∆δ ≈ ∂δ

∂S
∆S = −∂2V

∂S2
∆S

• Here we substitute ∆S from the GBM
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Derivation of the PDE

• So far we have:

∆δ ≈ −∂2V
∂S2 µS∆t− ∂2V

∂S2 σS∆w (1)
• Leland has shown:

◦ in formula (1), it suffices to consider the terms of the
lowest order (i.e. we take only ∆w ≈ (∆t)1/2, and ∆t
is neglected)

◦ when computing the absolute value |∆w|, it can be

replaced by its expected value E[|∆w|] =
√

2

π∆t

• Therefore:

∆δ ≈ −∂2V

∂S2
σS∆w

|∆δ| ≈
∣

∣

∣

∣

∂2V

∂S2

∣

∣

∣

∣

σS|∆w| ≈
∣

∣

∣

∣

∂2V

∂S2

∣

∣

∣

∣

σS

√

2

π

√
∆t
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Derivation of the PDE

• We substitute everything into the formula for the change of
the portfolio value ∆P = ∆V + δ∆S − cS

2
|∆δ|:

∆P =
(

∂V
∂t +

σ2

2
S2 ∂

2V
∂S2 − c

2
S
∣

∣

∣

∂2V
∂S2

∣

∣

∣
σS

√

2

π∆t

)

∆t (2)
• Portfolio is riskless ⇒ necessarily (to rule out arbitrage

possibilities) ∆P = rP∆t

• Portfolio consists of one option and δ = −∂V/∂S stocks ⇒
P = V + δS = V − ∂V

∂S , and so

∆P = r(V − ∂V
∂S S)∆t (3)

• Comparing (2) and (3):

∂V

∂t
+

σ2

2
S2

∂2V

∂S2
− c

2
S

∣

∣

∣

∣

∂2V

∂S2

∣

∣

∣

∣

σS

√

2

π∆t
= r(V − ∂V

∂S
S)
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Derivation of the PDE

• We write the PDE into its final form:

∂V

∂t
+

σ2

2
S2

∂2V

∂S2

[

1− c

σ
√
∆t

√

2

π
sign

(

∂2V

∂S2

)

]

+
∂V

∂S
S − rV = 0

• The PDE holds for S > 0, t ∈ [0, T ], we add the terminal
condition V (S, T ) depending on the type of the derivative,
e.g., V (S, T ) = max(0, S − E) for S > 0 when pricing a call
option

• Nonliner PDE because of the term containing the signum
function

• However, we will solve it in a closed form for call and put
options
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Remark on combined strategies

• The price of combined strategies (unlike in the
Black-Scholes setting) cannot be found be pricing every
option and then adding the prices

MATHEMATICAL POINT OF VIEW:
• PDE in the Leland model is not linear ⇒ for example a

sum, difference or some other linear combination is no
more a solution

VIII. Leland model: Derivation of the PDE for the price of a derivative – p. 12/13



Remark on combined strategies

FINANCIAL POINT OF VIEW:
• If we price every option separately, we count transaction

costs coming from hedging the portfolio for each of the
options separately

• If the transaction costs are zero, it does not matter that e.g.
we have two portfolios, for one of them we buy stock and
for the other one we sell stocks (it does not cause any
transaction costs)

• In a presence of transaction costs this is no more true. In
such a case we need to consider one portfolio, to avoid
unnecessary transactions (which would increase
transaction costs)
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