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Transformation to a heat equation

* Transformation
V(S,t) = e_o‘x_BTu(x,T),

r — 1 r + o2 (r—q)?
q 1.5 q, +( 2(1)
o2 2 8 20

7 =T—t,x =In(S/F),

o =

transforms the Black-Scholes equation to the following
heat equation:

forz e R,7 €[0,T]
* [nitial condition: u(x,0) = g(x)
o call option: g(z) = Fe® T max(e® — 1,0)
° put option: g(z) = Ee** T max(1 — €%, 0)
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Boundary conditions

* For a numerical scheme we also need boundary condition
- we need to think of the option value for very small and

very large stock prices
* Call option:
° V(0,t) =0
o for S — oo we have: V(S,t) ~ Se~2T=%) more
precisely: V(S,t) ~ Se~4T=t) — Ee=r(T—t)
* Put option:
° V(0,t) = Ee (T
° V(S,t) -0 for § —
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Approximation of the solution

* Numerical solution on a bounded space interval
xr € |—L, L]

* Grid points - in time and space:

x; =1th, 1=-n,..,—2,—1,0,1,2,...n,

7 =3k, 3 =0,1,...,m.

where h = L/n,k =T/m
* Approximation of the solution « in the point (z;,7;) will be
denoted by

J

”UJZ > u(xi,Tj), g, =~ g(xz‘ﬁj)
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Approximation of the solution

* Boundary conditions:

o call option:
¢ = ul =0
W= U‘?v — Eelat)Nh+(8—q)jk
© put option:
§ o= )y = BeoNhHBik
YW o= uy=0
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Implicit scheme

* Recall from the numerical methods course: explicit and
Implicit scheme for a heat equation

* |Implicit scheme - can be written aS'

—fyug_l + (1 4+ 27)ug - Wu*gﬂ = u] , Where ~ = %,
° Inamatrix form: Aw =uw/ '+t forj=1,2,....,m
where
(1+27 — 0 e 0 \
— 1+2y —~v :
A=1| o . . . 0 7
; —y 1+2y —v
\ 0 o0 =y 142y

— (7¢j+17 07 c e 707 ij—i_l)T
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Solving the linear system

* The system Az = b with the matrix

EEEES 0 \
—ry 1+2y —v :
A= 0 - S 0
; —y 1+2y —v
\ 0 0 =y 142y

* Firstly - we solve it using Gauss-Seidel method

* Then we show its generalization - SOR method (its
modification will be used in a scheme for American options)
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